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6 Let A
2
1
0
1= e o. 

 (a) The transformation in the x-y plane represented by A 1-  transforms a triangle of area cm30 2 into a 
triangle of area cmd 2 . 

  Find the value of d. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................  

 (b) Prove by mathematical induction that, for all positive integers n,

    A 2
2 1

0
1

n
n

n=
-

e o. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) The line y x2=  is invariant under the transformation in the x-y plane represented by A Bn , where 
 
B

1
33

0
0= e o.

  Find the value of n. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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6 Let A
2
1
0
1= e o. 

 (a) The transformation in the x-y plane represented by A 1-  transforms a triangle of area cm30 2 into a 
triangle of area cmd 2 . 

  Find the value of d. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................  

 (b) Prove by mathematical induction that, for all positive integers n,

    A 2
2 1

0
1

n
n

n=
-

e o. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 (c) The line y x2=  is invariant under the transformation in the x-y plane represented by A Bn , where 
 
B

1
33

0
0= e o.

  Find the value of n. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrix A is given by

    A
k

k
0
1

0
1
1

2
1= - -

-
f p,

 where k is a real constant.

 (a) Show that A is non-singular. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The matrices B and C are given by

    B
0
1
0

3
3
0

= -

-

f p and C
3
1

1
1
1
2=

- -e o.

 It is given that CAB
2
1

2
3

2
3=

-

-

-

-
f p.

 (b) Find the value of k. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane 
represented by CAB. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 The matrix M is given by 
b a

M
1
0 1 0

0
1= e eo o, where a and b are positive constants.

 (a) The matrix M represents a sequence of two geometrical transformations.

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The unit square in the x-y plane is transformed by M onto parallelogram OPQR.

 (b) Find, in terms of a and b, the matrix which transforms parallelogram OPQR onto the unit square.
 [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 It is given that the area of OPQR is 2 cm2 and that the line x y3 0+ =  is invariant under the 
transformation represented by M.

 (c) Find the values of a and b. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrices A and B are given by

A
0
1
1
0= e o and B

3

32
1

2
1

2
1

2
1=

-f p.

 (a) Give full details of the geometrical transformation in the x-y plane represented by A. [1]

 ............................................................................................................................................................

 (b) Give full details of the geometrical transformation in the x-y plane represented by B. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The triangle DEF in the x-y plane is transformed by AB onto triangle PQR.

 (c) Show that the triangles DEF and PQR have the same area. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................



9231 Further Mathematics Paper 1 - Matrices
Topical questions | 40 questions

5. Question part 2/2 | 9231 Oct-Nov 2020 P1 V2 Q4
7

9231/12/O/N/20© UCLES 2020 [Turn over

 (d) Find the matrix which transforms triangle PQR onto triangle DEF. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (e) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane 
represented by AB. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 The matrix M is given by 
b a

M
1
0 1 0

0
1= e eo o, where a and b are positive constants.

 (a) The matrix M represents a sequence of two geometrical transformations.

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The unit square in the x-y plane is transformed by M onto parallelogram OPQR.

 (b) Find, in terms of a and b, the matrix which transforms parallelogram OPQR onto the unit square.
 [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 It is given that the area of OPQR is 2 cm2 and that the line x y3 0+ =  is invariant under the 
transformation represented by M.

 (c) Find the values of a and b. [5]

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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5	 The matrix A is given by 

A = 
k5

3 4- -
f p.

	 (a)	 Find the value of k for which A is singular.� [2]

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

	 It is now given that k = 6 so that A = 
5
3

6
4- -

f p.

	 (b)	 Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane 
represented by A.� [6]

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................  
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.............................................................................................................................................................
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.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................  

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

.............................................................................................................................................................

	 (c)	 The triangle DEF in the x-y plane is transformed by A onto triangle PQR. 

		  (i)	 Given that the area of triangle DEF is 10 cm2, find the area of triangle PQR. � [2]

.....................................................................................................................................................

.....................................................................................................................................................

.....................................................................................................................................................

.....................................................................................................................................................

.....................................................................................................................................................

.....................................................................................................................................................

		  (ii) 	 Find the matrix which transforms triangle PQR onto triangle DEF.� [2]

.....................................................................................................................................................

.....................................................................................................................................................

.....................................................................................................................................................

.....................................................................................................................................................
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4 The matrix M represents the sequence of two transformations in the x-y plane given by a rotation of 60° 
anticlockwise about the origin followed by a one-way stretch in the x-direction, scale factor d ( )d 0! .

 (a) Find M in terms of d. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) The unit square in the x-y plane is transformed by M onto a parallelogram of area d2
1 2  units2. 

  Show that d 2= . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 The matrix N is such that 
1 1

MN
2
1

2
1=

J

L

K
K

N

P

O
O.  

 (c) Find N. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane 
represented by MN. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrix M represents the sequence of two transformations in the x-y plane given by a rotation of 60° 
anticlockwise about the origin followed by a one-way stretch in the x-direction, scale factor d ( )d 0! .

 (a) Find M in terms of d. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) The unit square in the x-y plane is transformed by M onto a parallelogram of area d2
1 2  units2. 

  Show that d 2= . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 The matrix N is such that 
1 1

MN
2
1

2
1=

J

L

K
K

N

P

O
O.  

 (c) Find N. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane 
represented by MN. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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4 The matrices A, B and C are given by 

k k2
5
1

1
0
3
1

A = -f p, B
0

1
0
1

0
1= f p and C 1

1 10
2 0=

-
e o,

 where k is a real constant. 

 (a) Find CAB. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that A is singular, find the value of k.   [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) Using the value of k from part (b), find the equations of the invariant lines, through the origin, of 
the transformation in the x-y plane represented by CAB. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrix M is given by 
cos
sin

sin
cos

3
0
0
1M

i

i

i

i
=

-e eo o.

 (a) The matrix M represents a sequence of two geometrical transformations. 

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the values of i, for 0 G G ri , for which the transformation represented by M has exactly 
one invariant line through the origin, giving your answers in terms of r. [9]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 (a) Give full details of the geometrical transformation in the x-y plane represented by the matrix  
6
0
0
6

e o. [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 Let  
3
2
4
2A = e o.

 (b) The triangle DEF in the x-y plane is transformed by A onto triangle PQR.

  Given that the area of triangle DEF is 13 cm2, find the area of triangle PQR. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the matrix B such that 
6
0
0
6AB = e o. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Show that the origin is the only invariant point of the transformation in the x-y plane represented 
by A. [4]  

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrix M is given by 
cos
sin

sin
cos

3
0
0
1M

i

i

i

i
=

-e eo o.

 (a) The matrix M represents a sequence of two geometrical transformations. 

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the values of i, for 0 G G ri , for which the transformation represented by M has exactly 
one invariant line through the origin, giving your answers in terms of r. [9]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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7 The matrix A is given by  kA
1
4
7

2

8

3
6
9

= f p.

 (a) Find the set of values of k for which A is non‑singular. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that A is non‑singular, find, in terms of k, the entries in the top row of A 1- . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) Given that B
1
0
0
1
0
0= e o, give an example of a matrix C such that kBAC

2 1
4= e o. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (d) Find the set of values of k for which the transformation in the x‑y plane represented by k
2 1
4

e o has 

two distinct invariant lines through the origin. [6]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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7 The matrix A is given by  kA
1
4
7

2

8

3
6
9

= f p.

 (a) Find the set of values of k for which A is non‑singular. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that A is non‑singular, find, in terms of k, the entries in the top row of A 1- . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) Given that B
1
0
0
1
0
0= e o, give an example of a matrix C such that kBAC

2 1
4= e o. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (d) Find the set of values of k for which the transformation in the x‑y plane represented by k
2 1
4

e o has 

two distinct invariant lines through the origin. [6]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 1 - Matrices
Topical questions | 40 questions

15. Question part 4/4 | 9231 May-June 2022 P1 V2 Q7
17

9231/12/M/J/22© UCLES 2022

Additional page

If you use the following page to complete the answer to any question, the question number must be clearly 
shown.

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................



9231 Further Mathematics Paper 1 - Matrices
Topical questions | 40 questions

16. Question part 1/2 | 9231 May-June 2022 P1 V3 Q5
10

9231/13/M/J/22© UCLES 2022

5 Let 
a

A
1
0 1= e o, where a is a positive constant.

 (a) State the type of the geometrical transformation in the x–y plane represented by A. [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Prove by mathematical induction that, for all positive integers n, 

    
na

A
1
0 1

n = e o. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 Let 
b
a

b
aB 1 1= - -e o, where b is a positive constant.

 (c) Find the equations of the invariant lines, through the origin, of the transformation in the x–y plane 
represented by A Bn  . [6]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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5 The matrix M is given by 
k

M
2
2

2
2
1
0 12

1
2
1

2
1

2
1

=
-f ep o, where k is a constant.

 (a) The matrix M represents a sequence of two geometrical transformations.

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) The triangle ABC in the x–y plane is transformed by M onto triangle DEF.

  Find, in terms of k, the single matrix which transforms triangle DEF onto triangle ABC. [2]  

 ............................................................................................................................................................
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 (c) Find the set of values of k for which the transformation represented by M has no invariant lines 
through the origin. [7]

 ............................................................................................................................................................
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3 The matrix M is given by M k k
1
0
0 1 0

1= e eo o, where k is a constant and k 0!  or 1.

 (a) The matrix M represents a sequence of two geometrical transformations. 

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Write M 1-  as the product of two matrices, neither of which is I. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Show that the invariant points of the transformation represented by M lie on the line y k
k x1
2

=
-

.
 [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) The triangle ABC in the x-y plane is transformed by M onto triangle DEF.  

  Find the value of k for which the area of triangle DEF is equal to the area of triangle ABC. [2]  

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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5 The matrix M is given by 
k

M
2
2

2
2
1
0 12

1
2
1

2
1

2
1

=
-f ep o, where k is a constant.

 (a) The matrix M represents a sequence of two geometrical transformations.

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) The triangle ABC in the x–y plane is transformed by M onto triangle DEF.

  Find, in terms of k, the single matrix which transforms triangle DEF onto triangle ABC. [2]  
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 (c) Find the set of values of k for which the transformation represented by M has no invariant lines 
through the origin. [7]

 ............................................................................................................................................................
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4 The matrix M is given by 
a

a bM 2

2
=
c
e o, where a, b, c are real constants and b 0! .

 (a) Show that M does not represent a rotation about the origin. [2] 

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation in the x – y plane 
represented by M. [5]
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 It is given that M represents the sequence of two transformations in the x – y plane given by an 
enlargement, centre the origin, scale factor 5 followed by a shear, x-axis fixed, with (0, 1) mapped 
to (5, 1).

 (c) Find M. [3]

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) The triangle DEF in the x – y plane is transformed by M onto triangle PQR.

  Given that the area of triangle DEF is 12 cm2, find the area of triangle PQR. [2]

 ............................................................................................................................................................
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4 The matrix M is given by 
a

a bM 2

2
=
c
e o, where a, b, c are real constants and b 0! .

 (a) Show that M does not represent a rotation about the origin. [2] 

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation in the x – y plane 
represented by M. [5]
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 It is given that M represents the sequence of two transformations in the x – y plane given by an 
enlargement, centre the origin, scale factor 5 followed by a shear, x-axis fixed, with (0, 1) mapped 
to (5, 1).

 (c) Find M. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) The triangle DEF in the x – y plane is transformed by M onto triangle PQR.

  Given that the area of triangle DEF is 12 cm2, find the area of triangle PQR. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrix M is given by 
cos
sin

sin
cos

k
M

2
2

2
2

1
0 1

i

i

i

i
=

-e eo o, where r0 1 1i  and k is a non-zero constant. 

The matrix M represents a sequence of two geometrical transformations, one of which is a shear.

 (a) Describe fully the other transformation and state the order in which the transformations are 
applied. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Write M 1-  as the product of two matrices, neither of which is I. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find, in terms of k, the value of tani  for which M I-  is singular. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Given that k 2 3=  and r3
1i = , show that the invariant points of the transformation represented 

by M lie on the line y x3 3 0+ = . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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5 Let k be a constant. The matrices A, B and C are given by

,A
k1

2
3
1
2

3
3
5

= f p   B
0
1
0

2
3
0

= -

-

f p  and  C
2
1

1
1
1
3=

- -e o.

 It is given that  A  is singular.

 (a) Show that CAB
3
9

7
3=

-

-e o. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation in the x - y plane 
represented by CAB. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) The matrices D, E and F represent geometrical transformations in the x - y plane.

• D represents an enlargement, centre the origin.
• E represents a stretch parallel to the x-axis.
• F represents a reflection in the line y = x.

  Given that CAB D EF9= - , find D, E and F. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 1 - Matrices
Topical questions | 40 questions

24. Question | 9231 Oct-Nov 2023 P1 V2 Q3
5

9231/12/O/N/23© UCLES 2023 [Turn over

3 The matrix M is given by M
k
0
0 1 0

11 1= e eo o, where k is a constant and k 0!  and k 1! .

 (a) The matrix M represents a sequence of two geometrical transformations. State the type of each 
transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The unit square in the x – y plane is transformed by M onto parallelogram OPQR.

 (b) Find, in terms of k, the area of parallelogram OPQR and the matrix which transforms OPQR onto 
the unit square. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Show that the line through the origin with gradient k 1
1
-

 is invariant under the transformation in 
the x – y plane represented by M. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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5 Let k be a constant. The matrices A, B and C are given by

,A
k1

2
3
1
2

3
3
5

= f p   B
0
1
0

2
3
0

= -

-

f p  and  C
2
1

1
1
1
3=

- -e o.

 It is given that  A  is singular.

 (a) Show that CAB
3
9

7
3=

-

-e o. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation in the x - y plane 
represented by CAB. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) The matrices D, E and F represent geometrical transformations in the x - y plane.

• D represents an enlargement, centre the origin.
• E represents a stretch parallel to the x-axis.
• F represents a reflection in the line y = x.

  Given that CAB D EF9= - , find D, E and F. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrix M is given by 0M
3

3 14 0
1

2
1

2
1

2
1

2
1=

-f ep o.

 (a) The matrix M represents a sequence of two geometrical transformations in the x-y plane. 

  Give full details of each transformation, and make clear the order in which they are applied. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Write M 1-  as the product of two matrices, neither of which is I. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) Find the equations of the invariant lines, through the origin, of the transformation represented 
by M. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) The triangle ABC in the x-y plane is transformed by M onto triangle DEF.

  Given that the area of triangle DEF is cm28 2, find the area of triangle ABC. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 The matrix M is given by 0M
3

3 14 0
1

2
1

2
1

2
1

2
1=

-f ep o.

 (a) The matrix M represents a sequence of two geometrical transformations in the x-y plane. 

  Give full details of each transformation, and make clear the order in which they are applied. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Write M 1-  as the product of two matrices, neither of which is I. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) Find the equations of the invariant lines, through the origin, of the transformation represented 
by M. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) The triangle ABC in the x-y plane is transformed by M onto triangle DEF.

  Given that the area of triangle DEF is cm28 2, find the area of triangle ABC. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 The matrix A is given by

6

k 0

2

k

A

1

1

5

3

=

- -

f p,
 where k is a real constant.

 (a) Show that A is non-singular. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that 0

3

A

3

1

0

0

1
1

2

23

2

1

=

-

-

-

pf  , find the value of k. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321203 *
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2 The cubic equation x x x2 3 1 0
3 2
+ + + =  has roots a, b, c.

 (a) Find a cubic equation whose roots are , ,1 1 1
2 2 2a b c+ + + . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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3 The matrix M is given by M
1

0

2

1

7

0

0

1
= e eo o.

 (a) The matrix M represents a sequence of two geometrical transformations in the x-y plane. 

  Give full details of each transformation, and make clear the order in which they are applied. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation represented 
by M. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321206 *
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The triangle DEF in the x-y plane is transformed by M onto triangle PQR.

 (c) Given that the area of triangle PQR is cm35
2 , find the area of triangle DEF. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 The matrix M represents the sequence of two transformations in the x-y plane given by a stretch parallel to the x-axis, scale factor k ( )k 0! , followed by a shear, x-axis fixed, with (0, 1) mapped to (k, 1).
 (a) Show that k kM 0 1= e o. [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) The transformation represented by M has a line of invariant points.
  Find, in terms of k, the equation of this line. [3]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
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 The unit square S in the x-y plane is transformed by M onto the parallelogram P.
 (c) Find, in terms of k, a matrix which transforms P onto S. [1]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (d) Given that the area of P is k3 units2 2 , find the possible values of k. [2]  
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4 The matrices A, B and C are given by 

A 123
212

335= f p, B 010
230= - -f p and C 21 11 13= - -e o.

 (a) Show that CAB 39 73= - -e o. [3]

 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane represented by CAB. [5]
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 Let  M 30 01= e o.

 (c) Give full details of the transformation represented by M. [2]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (d) Find the matrix N such that NM CAB= . [3]
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1 The matrix M represents the sequence of two transformations in the x-y plane given by a stretch parallel to the x-axis, scale factor k ( )k 0! , followed by a shear, x-axis fixed, with (0, 1) mapped to (k, 1).
 (a) Show that k kM 0 1= e o. [4]

 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) The transformation represented by M has a line of invariant points.
  Find, in terms of k, the equation of this line. [3]
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 The unit square S in the x-y plane is transformed by M onto the parallelogram P.
 (c) Find, in terms of k, a matrix which transforms P onto S. [1]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (d) Given that the area of P is k3 units2 2 , find the possible values of k. [2]  
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4 The matrix M is given by cos
sin

sin
cosM 1

0
2
1

i
i

i
i= -e eo o, where r0 21 1i .

 (a) The matrix M represents a sequence of two geometrical transformations in the x–y plane.
  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Find the value of i for which the transformation represented by M has a line of invariant points. [7]
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4 The matrix M is given by cos
sin

sin
cosM 1

0
2
1

i
i

i
i= -e eo o, where r0 21 1i .

 (a) The matrix M represents a sequence of two geometrical transformations in the x–y plane.
  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Find the value of i for which the transformation represented by M has a line of invariant points. [7]
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1 The matrix M represents the sequence of two transformations in the x-y plane given by a stretch parallel to the x-axis, scale factor 14, followed by a rotation anticlockwise about the origin through angle 31 r.
 (a) Show that M2 14

14 3
3

1= -e o. [4]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane represented by M. [5]
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 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 The unit square S in the x-y plane is transformed by M onto the rectangle P.
 (c) Find the matrix which transforms P onto S. [2]
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5 The matrix M represents a sequence of two transformations in the x-y plane given by a one-way stretch in the x-direction, scale factor 3, followed by a reflection in the line y x= . 
 (a) Find M. [3]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Give full details of the geometrical transformation in the x-y plane represented by M 1- . [3]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 The matrix N is such that MN 13 22= e o.
 (c) Find N. [3]
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 (d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane represented by MN. [5]
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2 The matrices A and B are given by
A 10 12

3= f p and B 1 0123= f p.
 (a) Give full details of the geometrical transformation in the x-y plane represented by A. [2]

 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 (b) Give full details of the geometrical transformation in the x-y plane represented by B. [2]
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 The triangle DEF in the x-y plane is transformed by AB onto triangle PQR.
 (c) Show that the triangles DEF and PQR have the same area. [2]
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 (d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane represented by AB. [5]
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4 Let k and m be non-zero constants. The matrices A, B and C are given by

A 011
111= -f p, k mB 0 0= e o and C 21 11 12= -e o.

 (a) Give full details of the geometrical transformation in the x-y plane represented by the matrix B in each of the following cases.
  (i) m = 1 [2]

 ....................................................................................................................................................
 ....................................................................................................................................................

  (ii) m = k [2]
 ....................................................................................................................................................
 ....................................................................................................................................................

 (b) Show that the matrix ABC is singular. [6] 
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2 The matrices A and B are given by
A 10 12

3= f p and B 1 0123= f p.
 (a) Give full details of the geometrical transformation in the x-y plane represented by A. [2]

 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 (b) Give full details of the geometrical transformation in the x-y plane represented by B. [2]
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 The triangle DEF in the x-y plane is transformed by AB onto triangle PQR.
 (c) Show that the triangles DEF and PQR have the same area. [2]
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 (d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane represented by AB. [5]
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5 (a) (i) By writing rcos 121b l as r rcos 41 61-b l, show that rcos 6 2121 41= +b `l j. [1]
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................

  (ii) Show also that rsin 6 2121 41= -b `l j. [1]
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................

 The matrix M is such that M 6 2
6 2

2 6
6 2

1
0

0
141= +

-
-
+ -f ep o.

 (b) The matrix M represents a sequence of two geometrical transformations in the x-y plane.
  Give full details of each transformation, and make clear the order in which they are applied. [4]
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 (c) Write M 1-  as the product of two matrices, neither of which is I. [2]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (d) Given that y = mx is an invariant line of the transformation represented by M, show that
r r rsin cos sinm m2 02 121 121121 + - =b b bl l l

  and find the values of m in the form r reccot cosa b121 121+b bl l, where a and b are integers to be determined. [6]
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