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8 (a) Find the values of a for which the system of equations
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  does not have a unique solution.  [3]
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 (b) Use the characteristic equation of A to find the inverse of A2 . [4]
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 (c) Find a matrix P and a diagonal matrix D such that A PDP5 1= - . [7]
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8 (a) Find the values of a for which the system of equations
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  does not have a unique solution.  [3]
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 (b) Use the characteristic equation of A to find the inverse of A2 . [4]
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 (c) Find a matrix P and a diagonal matrix D such that A PDP5 1= - . [7]
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3 The matrix A is given by

    
5
0
7

1
6
7

7
0
5

-

A = f p.

 (a) Find the eigenvalues of A. [4]
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 (b) Use the characteristic equation of A to find A 1- . [4]
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3 (a) Show that the system of equations

,
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2 4 1
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  where k is a constant, does not have a unique solution. [2]
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 (b) Given that k 4=- , show that the system of equations in part (a) is consistent. Interpret this 
situation geometrically. [3]
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 (c) Given instead that k 2=- , show that the system of equations in part (a) is inconsistent. Interpret 
this situation geometrically. [2]
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 (d) For the case where k 2!-  and k 4!- , show that the system of equations in part (a) is inconsistent. 
Interpret this situation geometrically. [2]
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7 The matrix P is given by
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 (a) State the eigenvalues of P. [1]
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 (b) Use the characteristic equation of P to find P 1- . [4]
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 The 3 3#  matrix A has distinct eigenvalues b, 1- , 1 with corresponding eigenvectors

1
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2
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 respectively.

 (c) Find A in terms of b. [4]
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9 It is given that a is a positive constant.

 (a) Show that the system of equations

( ) ( ) ,
,
,

ax a y a z
y
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- =
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  has a unique solution and interpret this situation geometrically. [3]
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 The matrix A is given by

a a a
A 0
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0
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 (b) Show that the eigenvalues of A are a, 1-  and 4- . [2]
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 (c) Find a matrix P such that
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 (d) Use the characteristic equation of A to find A 1- . [6]
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3 (a) Show that the system of equations

,
,
,

x y z
x y kz
x y z

2 4 1
2 1
2 2 1

- - =

- + =

- + + =

  where k is a constant, does not have a unique solution. [2]
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 (b) Given that k 4=- , show that the system of equations in part (a) is consistent. Interpret this 
situation geometrically. [3]
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 (c) Given instead that k 2=- , show that the system of equations in part (a) is inconsistent. Interpret 
this situation geometrically. [2]
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 (d) For the case where k 2!-  and k 4!- , show that the system of equations in part (a) is inconsistent. 
Interpret this situation geometrically. [2]
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7 The matrix P is given by
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 (a) State the eigenvalues of P. [1]
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 The 3 3#  matrix A has distinct eigenvalues b, 1- , 1 with corresponding eigenvectors
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 (c) Find A in terms of b. [4]
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8	 (a)	 (i)	 Find the set of values of a for which the system of equations 

				    x – 2y –	 2z +	 7 = 0,
				    2x + (a – 9)y –	10z +	11 = 0,
				    3x – 6y +	2az +	29 = 0,

			   has a unique solution. � [4]
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		  (ii)	 Given that a = –3, show that the system of equations in part (i) has no solution. Interpret this 
situation geometrically. � [3]
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	 (b)	 The matrix A is given by 

A = 
1
0
1

1
2
1

2
2
3-

f p.

		  (i)	 Find the eigenvalues of A.� [4]
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		  (ii)	 Use the characteristic equation of A to find A–1.� [4]
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1 (a) Given that a is an integer, show that the system of equations 

,
,
,

ax y z
x y z
x y z

3 14
2 3 0

2 5 17

+ + =

+ + =

- + - =

  has a unique solution and interpret this situation geometrically. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the value of a for which x 1= , y 4= , z 2=-  is the solution to the system of equations in 
part (a). [1]

 ...................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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6 The matrix A is given by

    A
5
0
0

6
0

8
0
1

3
22

=

-

-f p.

 (a) Find a matrix P and a diagonal matrix D such that A PDP2 1= - . [7]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Use the characteristic equation of A to find A3 . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 (a) Given that a is an integer, show that the system of equations 

,
,
,

ax y z
x y z
x y z

3 14
2 3 0

2 5 17

+ + =

+ + =

- + - =

  has a unique solution and interpret this situation geometrically. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the value of a for which x 1= , y 4= , z 2=-  is the solution to the system of equations in 
part (a). [1]

 ...................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ...................................................................................................................................................
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8 (a) Find the value of a for which the system of equations 

,
,
,

x y z
x ay z
x y z

13 18 28 0
4 8 0
2 6 5 0

+ - =

- - + =

+ - =

  does not have a unique solution. [2] 

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 The matrix A is given by 

A
13
4
2

18
1
6

28
8
5

= - -

-

-
f p.

 (b) Find the eigenvalue of A corresponding to the eigenvector 
2
0
1
f p. [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find a matrix P and a diagonal matrix D such that A PDP 1= - . [8]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Use the characteristic equation of A to find A 1-  in terms of A. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................
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2 The matrix A is given by

A
1
0
0

2
1
0

12
0
3

=

-

f p.

 Use the characteristic equation of A to show that

p qA A I4 2= + ,

 where p and q are integers to be determined. [6] 

 ....................................................................................................................................................................
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 ....................................................................................................................................................................
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6 The matrix P is given by

P
1
0
0

6
2
0

6
6
3

=

-
f p.

 (a) Use the characteristic equation of P to find P 1- . [5]
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (b) Find the matrix A such that

    P AP
4
0
0

0
5
0

0
0
6

1 =- f p. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) State the eigenvalues and corresponding eigenvectors of A3 . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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2 The matrix A is given by

A
1
0
0

2
1
0

12
0
3

=

-

f p.

 Use the characteristic equation of A to show that

p qA A I4 2= + ,

 where p and q are integers to be determined. [6] 

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................
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8 (a) Find the value of a for which the system of equations

,
,
,

x ay
x y
x y z

3 0
5 0

3 2 0

+ =

- =

+ + =

  does not have a unique solution. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The matrix A is given by 

A
3
5
1

0
1
3

0
0
2

= -f p.

 (b) Find a matrix P and a diagonal matrix D such that A PDP2 1= - . [7]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Use the characteristic equation of A to show that

( ) ( )A I A A Ib6 2 4 2+ = + ,

  where b is an integer to be determined. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 2 - Matrices
Topical questions | 54 questions

17. Question part 3/3 | 9231 May-June 2022 P2 V1 Q8
16

9231/21/M/J/22© UCLES 2022

Additional page

If you use the following page to complete the answer to any question, the question number must be clearly 
shown.

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every 
reasonable effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the 
publisher will be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge 
Assessment International Education Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download 
at www.cambridgeinternational.org after the live examination series.

Cambridge Assessment International Education is part of Cambridge Assessment. Cambridge Assessment is the brand name of the University of Cambridge 
Local Examinations Syndicate (UCLES), which is a department of the University of Cambridge.



9231 Further Mathematics Paper 2 - Matrices
Topical questions | 54 questions

18. Question part 1/3 | 9231 May-June 2022 P2 V2 Q8 14

9231/22/M/J/22© UCLES 2022

8 (a) Find the value of a for which the system of equations

,
,
,

x ay
x y
x y z

3 0
5 0

3 2 0

+ =

- =

+ + =

  does not have a unique solution. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The matrix A is given by 

A
3
5
1

0
1
3

0
0
2

= -f p.

 (b) Find a matrix P and a diagonal matrix D such that A PDP2 1= - . [7]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Use the characteristic equation of A to show that

( ) ( )A I A A Ib6 2 4 2+ = + ,

  where b is an integer to be determined. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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3 The matrix A is given by 

A
6
5
1

9
8
1

5
5
2

=

-

-

-
f p.

 

 (a) Find the eigenvalues of A. [4]

 ............................................................................................................................................................
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 (b) Use the characteristic equation of A to show that p qA A I1 2= +- , where p and q are constants to 
be determined. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................
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2 (a) Show that the system of equations 

,
,
,

x y z
x y z a
x y z

2 4
3
7 13

- + =

- - =

- + = 

  where a is a constant, does not have a unique solution. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that a 5= - , show that the system of equations in part (a) is consistent. Interpret this 
situation geometrically. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Given instead that a 5! - , show that the system of equations in part (a) is inconsistent. Interpret 
this situation geometrically. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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6 The matrix A is given by 

A
2
0
0

3
5
0

7
7
2

=

- -

-
f p.

 (a) Find a matrix P and a diagonal matrix D such that A PDP5 1= - .  [7]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 (b) Use the characteristic equation of A to show that

a bA A I4 2= + ,

  where a and b are integers to be determined. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 (a) Find the set of values of k for which the system of equations 

,
,
,

x y z
kx y z
x y z

2 3 1
4 6 0

7 8 9 3

+ =

+ + =

+ + =

+

  has a unique solution. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Interpret the situation geometrically in the case where the system of equations does not have a 
unique solution. [2]

   
 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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7 (a) It is given that m  is an eigenvalue of the non-singular square matrix A, with corresponding 
eigenvector e. 

  Show that 1m-  is an eigenvalue of A 1-  for which e is a corresponding eigenvector. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The matrix A is given by 

A
2
15
3

0
4
0

3
3
2

-= f p.

 (b) Given that 1-  is an eigenvalue of A, find a corresponding eigenvector. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) It is also given that 
0
1
0
f p and 

1
2
1
f p are eigenvectors of A. Find the corresponding eigenvalues. [2]

 ............................................................................................................................................................
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 (d) Hence find a matrix P and a diagonal matrix D such that A PDP1 1=- - . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (e) Use the characteristic equation of A to show that A A Ip q1 2= +- , where p and q are rational 
numbers to be determined. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 2 - Matrices
Topical questions | 54 questions

24. Question | 9231 Oct-Nov 2022 P2 V3 Q2 4

9231/23/O/N/22© UCLES 2022

2 (a) Show that the system of equations 

,
,
,

x y z
x y z a
x y z

2 4
3
7 13

- + =

- - =

- + = 

  where a is a constant, does not have a unique solution. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that a 5= - , show that the system of equations in part (a) is consistent. Interpret this 
situation geometrically. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Given instead that a 5! - , show that the system of equations in part (a) is inconsistent. Interpret 
this situation geometrically. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................
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6 The matrix A is given by 

A
2
0
0

3
5
0

7
7
2

=

- -

-
f p.

 (a) Find a matrix P and a diagonal matrix D such that A PDP5 1= - .  [7]

 ............................................................................................................................................................
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 (b) Use the characteristic equation of A to show that

a bA A I4 2= + ,

  where a and b are integers to be determined. [4]

 ............................................................................................................................................................
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1 (a) Show that the system of equations

,
,
,

x y z
x y z
x y z

2 3 1
4 5 6 1
7 8 9 1

+ + =

+ + =

+ + =

  does not have a unique solution. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Show that the system of equations in part (a) is consistent. Interpret this situation geometrically.
 [3]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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5 The matrix A is given by 

A
18
8
32

5
6
10

11
4
20

=

-

-

-
f p.

 (a) Show that the characteristic equation of A is 4 20 48 023m m m- - + =  and hence find the 
eigenvalues of A. [4]

 ............................................................................................................................................................
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 (b) Find a matrix P and a diagonal matrix D such that A PDP5 1= - . [6]

 ............................................................................................................................................................
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1 (a) Show that the system of equations

,
,
,

x y z
x y z
x y z

2 3 1
4 5 6 1
7 8 9 1

+ + =

+ + =

+ + =

  does not have a unique solution. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Show that the system of equations in part (a) is consistent. Interpret this situation geometrically.
 [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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5 The matrix A is given by 

A
18
8
32

5
6
10

11
4
20

=

-

-

-
f p.

 (a) Show that the characteristic equation of A is 4 20 48 023m m m- - + =  and hence find the 
eigenvalues of A. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (b) Find a matrix P and a diagonal matrix D such that A PDP5 1= - . [6]

 ............................................................................................................................................................
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8 The matrix A is given by

a a
a
a

a
A 0

0

6
1
2

2 2
0
1

=

-

-

-

+

-
f p

 where a is a constant with a 0!  and a 1! .

 (a) Show that the equation 
x
y
z

A
1
2
3

=f fp p has a unique solution and interpret this situation geometrically.

 [3]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Show that the eigenvalues of A are a, a1-  and 1- . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (c) Find a matrix P and a diagonal matrix D such that A PDP4 1= - . [6]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Use the characteristic equation of A to find A4  in terms of A and a. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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1 Show that the system of equations 

 
,
,
,

x y z
x y kz
x y z

14 4 6 5
3

21 6 9 14

- + =

+ + =

- + - =

 where k is a constant, does not have a unique solution and interpret this situation geometrically. [4]
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7 The matrix A is given by 

 A 0
0

2
0

6 2 13
5
8

-

-= f p.

 (a) Find a matrix P and a diagonal matrix D such that  A PDP1 1=- - . [7]
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Use the characteristic equation of A to find A 1- . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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6 The matrix P is given by

    P
1
0
0

1
2
0

1
1
1

=

-

-
f p.

 (a) State the eigenvalues of P. [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Use the characteristic equation of P to find P 1- . [4]
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 The 3 3#  matrix A has distinct non-zero eigenvalues a, 2
1 , 2 with corresponding eigenvectors

    , , ,
1
0
0

1
2
0

1
1
1

-

-
f f fp p p

 respectively. 

 (c) Find A 1-  in terms of a. [5]

 ............................................................................................................................................................
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1 Show that the system of equations 

 
,
,
,

x y z
x y kz
x y z

14 4 6 5
3

21 6 9 14

- + =

+ + =

- + - =

 where k is a constant, does not have a unique solution and interpret this situation geometrically. [4]
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7 The matrix A is given by 

 A 0
0

2
0

6 2 13
5
8

-

-= f p.

 (a) Find a matrix P and a diagonal matrix D such that  A PDP1 1=- - . [7]
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Use the characteristic equation of A to find A 1- . [4]

 ............................................................................................................................................................
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8 (a) Find the set of values of a  for which the system of equations 

x2 - y
x ay6 + ,

,
x y z

3
1

5 4 2

=

=

+ + =

  has a unique solution. [2]
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Show that the system of equations in part (a) is consistent for all values of a . [3] 
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 The matrix A  is given by 

6
2
1

0
1
5

0
0
4

A = -f p.

 (c) Find a matrix P and a diagonal matrix D such that 14 24A I PDP
2 1+ = -` j . [7]
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 (d) Use the characteristic equation of A  to show that

b14 24A I A A I
2 4 2

+ = +` `j j ,

  where b is an integer to be determined. [4]
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8 (a) Find the set of values of a  for which the system of equations 

x2 - y
x ay6 + ,

,
x y z

3
1

5 4 2

=

=

+ + =

  has a unique solution. [2]

 ............................................................................................................................................................
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 (b) Show that the system of equations in part (a) is consistent for all values of a . [3] 
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 The matrix A  is given by 

6
2
1

0
1
5

0
0
4

A = -f p.

 (c) Find a matrix P and a diagonal matrix D such that 14 24A I PDP
2 1+ = -` j . [7]
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 (d) Use the characteristic equation of A  to show that

b14 24A I A A I
2 4 2

+ = +` `j j ,

  where b is an integer to be determined. [4]
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8 The planes 
1

P  and 
2

P  do not intersect and are both perpendicular to i j k2 3+ + . The line l intersects 

1
P  at the point ( , , )1 6 0  and intersects 

2
P  at the point ( , , )3 6 0- .

 (a) Find Cartesian equations of 
1

P  and 
2

P . [3]

 ............................................................................................................................................................
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 (b) Express the vector equation of l in the form a b

x

y

z

m= +f p , where a and b are vectors to be  
 
 
determined, and hence show that for points on l, x y 1

2

1

12

1
+ =  and z 0= . [2]
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 The matrix A is given by 

    A

1

1

2

2

3

3

0
2

1

12

1

= f p.
 (c) Show that the characteristic equation of A is 3 0

3 2

4

7
m m m- + =+  and hence find the eigenvalues 

of A. [3]
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 (d) Find a matrix P and a diagonal matrix D such that A PDP
n 1
=

- , where n is a positive integer. [6]
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1 Find the set of values of k for which the system of equations 
,
,
,

x y z
kx y z
x y z

5 6 1
2 2 2

3 4 8 3
+ + =
+ + =

- + + =
 has a unique solution and interpret this situation geometrically.  [4]
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4 The matrix A is given by

A 11016
121

8013= -
- -f p.

 (a) Show that 111f p is an eigenvector of A and state the corresponding eigenvalue. [2]
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 (b) Show that the characteristic equation of A is 19 30 03m m- - =  and hence find the other eigenvalues of A. [3]
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 (c) Use the characteristic equation of A to find A 1- . [4]
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8 The matrix A is given by 

A 204
071

097= -f p.

 (a) Show that the characteristic equation of A is 12 12 80 03 2m m m- + + =  and find the eigenvalues of A. [4]
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 (b) Use the characteristic equation of A to show that 
A A A Ip q r4 2= + + ,

  where p, q and r are integers to be determined. [4]
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 (c) Find a matrix P and a diagonal matrix D such that ( )A I PDP3 4 1- = - . [6]
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1 Find the set of values of k for which the system of equations 
,
,
,

x y z
kx y z
x y z

5 6 1
2 2 2

3 4 8 3
+ + =
+ + =

- + + =
 has a unique solution and interpret this situation geometrically.  [4]
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4 The matrix A is given by

A 11016
121

8013= -
- -f p.

 (a) Show that 111f p is an eigenvector of A and state the corresponding eigenvalue. [2]
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 (b) Show that the characteristic equation of A is 19 30 03m m- - =  and hence find the other eigenvalues of A. [3]
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 (c) Use the characteristic equation of A to find A 1- . [4]
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8 (a) It is given that m  is an eigenvalue of the non-singular square matrix A, with corresponding eigenvector e.
  Show that e is an eigenvector of A3  with corresponding eigenvalue 3m . [2]
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 The matrix A is given by

A 100
312

405= -
-f p.

 (b) Show that the eigenvalues of A are 1- , 1 and 5. [2]
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 (c) Find a matrix P and a diagonal matrix D such that A PDPI2 1- = - . [6]
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 (d) Use the characteristic equation of A to show that ( )A I A A Ia b c2 3 2- = + +  where a, b and c are constants to be determined. [3]
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8 (a) It is given that m  is an eigenvalue of the non-singular square matrix A, with corresponding eigenvector e.
  Show that e is an eigenvector of A3  with corresponding eigenvalue 3m . [2]
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 The matrix A is given by

A 100
312

405= -
-f p.

 (b) Show that the eigenvalues of A are 1- , 1 and 5. [2]
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 (c) Find a matrix P and a diagonal matrix D such that A PDPI2 1- = - . [6]
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 (d) Use the characteristic equation of A to show that ( )A I A A Ia b c2 3 2- = + +  where a, b and c are constants to be determined. [3]
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8 (a) Find the values of a for which the system of equations
,
,
,

x y z
ax y z

ay z
3 8 1
3 4 2

3
23 + + =

+ + =
- =

  does not have a unique solution. [3]
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 The matrix A is given by

    A 00
330

841
23= -f p.

 (b) Given that B A 1= - , use the characteristic equation of A to show that B I Ap q2 = + , where p and q are constants to be determined. [4]
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 (c) Find a matrix P and a diagonal matrix D such that A PDP1 1=- - . [7]
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1 (a) Find the values of k for which the system of equations
,
,
,

x y z
kx y z
x ky z

2 3 1
5 6 2

7 2 9 3
+ + =
+ + =
+ + =

  does not have a unique solution. [3]
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 (b) Given that k 1= , show that the system of equations in part (a) is consistent. Interpret this situation geometrically. [3]
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2 Find the exact value of dx x x2 5
1

21
25

- +y , giving your answer in logarithmic form. [6]
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7 The matrix A is given by

    A 100
720

1153= -f p.

 (a) Find a matrix P and a diagonal matrix D such that A PDP6 1= - . [7]
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 (b) Use the characteristic equation of A to show that
    A A A Ia b c6 2= + + ,
  where a, b and c are integers to be determined. [4]
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1 Find the values of k for which the system of equations
,
,
,

x y z
x ky z
x y kz

0
3 0

2 0
- + =
+ + =
+ + =

 does not have a unique solution. [3]
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6 The matrix P has non-zero eigenvalues and is given by

    P a a a00
120

113= --f p.

 (a) State, in terms of a, the eigenvalues of P. [1]
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) (i) Find P2  in terms of a. [1]
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  (ii) Use the characteristic equation of P to find P 1-  in terms of a. [3]
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 The 3 3#  matrix A has eigenvalues 1, 2, 3 with corresponding eigenvectors
a00f p, a0

12f p, a
113--f p,

 respectively.
 (c) Find A in terms of a. [5]
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8 (a) Find the values of k for which the system of equations
,
,
,

x y kz
kx y z
x y z

2 1
2 2

2 3
- + =
+ + =
- + =

  does not have a unique solution. [3]
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 ...................................................................................................................................................
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 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 (b) Given that k 21=- , show that the system of equations in part (a) is inconsistent. Interpret this 
situation geometrically. [3]
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 (c) Given instead that k 1=- , show that the system of equations in part (a) is also inconsistent. Interpret this situation geometrically. [4]
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 The matrix A is given by

A 112
111

221= - -
-

-f p.

 (d) Use the characteristic equation of A to show that A A Ap q4 2= +  where p and q are integers to be determined. [5]
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1 Find the values of k for which the system of equations
,
,
,

x y z
x ky z
x y kz

0
3 0

2 0
- + =
+ + =
+ + =

 does not have a unique solution. [3]
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6 The matrix P has non-zero eigenvalues and is given by

    P a a a00
120

113= --f p.

 (a) State, in terms of a, the eigenvalues of P. [1]
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) (i) Find P2  in terms of a. [1]
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 ....................................................................................................................................................
 ....................................................................................................................................................

  (ii) Use the characteristic equation of P to find P 1-  in terms of a. [3]
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 The 3 3#  matrix A has eigenvalues 1, 2, 3 with corresponding eigenvectors
a00f p, a0

12f p, a
113--f p,

 respectively.
 (c) Find A in terms of a. [5]
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8 (a) Find the set of values of a for which the system of equations 

    
x ay
x y

5
20 5

+
- ,2=

,3=
,x y z2 3 1- + =

  has a unique solution and interpret this situation geometrically. [3]
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 (b) Given that a 45=- , show that the system of equations in part (a) is inconsistent and interpret this 
situation geometrically. [3]  
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  The matrix A is given by 

    A 5202
053

001= --f p.

 (c) Find a matrix P and a diagonal matrix D such that ( )A I PDP3 2 1+ = - . [7]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000015 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD



9231 Further Mathematics Paper 2 - Matrices
Topical questions | 54 questions

54. Question part 3/3 | 9231 Oct-Nov 2025 P2 V4 Q8 16

9231/24/O/N/25© UCLES 2025

Additional page
If you use the following page to complete the answer to any question, the question number must be clearly shown.
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
............................................................................................................................................................................
Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will be pleased to make amends at the earliest possible opportunity.
To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge Assessment International Education Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download at www.cambridgeinternational.org after the live examination series.
Cambridge Assessment International Education is part of Cambridge Assessment. Cambridge Assessment is the brand name of the University of Cambridge Local Examinations Syndicate (UCLES), which is a department of the University of Cambridge.

* 0000800000016 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD


