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1. Question | 9231 May-June 2020 P2 V1 Q2

2 Itis given that y = 2",
d

(a) By differentiating Iny with respect to x, show that = 2%In2. [3]
4
(b) Write down TJ; [1]
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2. Question part 1/2 | 9231 May-June 2020 P2 V1 Q4

4

2 n—1 1
n

3=

The diagram shows the curve with equation y = x> for0<x<1, together with a set of n rectangles of
width L.

n
(a) By considering the sum of the areas of these rectangles, show that

1 2
[ star < 222301 ”
0 6n
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1
(b) Use a similar method to find, in terms of n, a lower bound for f xdx. [4]
0
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3. Question | 9231 May-June 2020 P2 V2 Q2

2 Itis given that y = 2",
d

(a) By differentiating Iny with respect to x, show that = 2%In2. [3]
4
(b) Write down TJ; [1]
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4. Question part 1/2 | 9231 May-June 2020 P2 V2 Q4

4

2 n—1 1
n

3=

The diagram shows the curve with equation y = x> for0<x<1, together with a set of n rectangles of
width L.

n
(a) By considering the sum of the areas of these rectangles, show that

1 2
[ star < 222301 ”
0 6n
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1
(b) Use a similar method to find, in terms of n, a lower bound for f xdx. [4]
0
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1 n s
2 Letl = J’ (1 +3x> e ~"dx, where n is an integer.
0

(a) Show that3/ =1-4"¢+3nl . [3]
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4

P <

The diagram shows the curve with equation y = Inx for x = 1, together with a set of (N— 1) rectangles
of unit width.

(a) By considering the sum of the areas of these rectangles, show that

InN!'>NInN-N+1. [5]
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(b) Use a similar method to find, in terms of N, an upper bound for In N!. [3]
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5  The curve C has parametric equations
x=2—Int, y=2+1, fory<t<2.
(a) Find the exact length of C. [5]
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2
(b) Find d—x); in terms of ¢, simplifying your answer. [4]
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8. Question part 1/2 | 9231 Oct-Nov 2020 P2 V1 Q4

4

________

__________

1
n

The diagram shows the curve with equation y = 1—x> for 0 <x < 1, together with a set of  rectangles

of width L.
n

(a) By considering the sum of the areas of the rectangles, show that

3’ +2n—1

1
1—xY)dx <
Jla= =
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N[ —

2 Acurve has equation y = coshx, for 0 < x <

Find, in terms of 7 and e, the area of the surface generated when the curve is rotated through 27 radians
about the x-axis. [6]
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10. Question part 1/2 | 9231 Oct-Nov 2020 P2 V2 Q8

8
y
A

The diagram shows the curve y = for x = 0, together with a set of n rectangles of unit

1
Vit +x+1

width. By considering the sum of the areas of these rectangles, show that

<mn(§+2n+ 2V +n 1), [10]

Y 1
rZ=1: Vit +r+1
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11. Question part 1/2 | 9231 Oct-Nov 2020 P2 V3 Q4

4

________

__________

1
n

The diagram shows the curve with equation y = 1—x> for 0 <x < 1, together with a set of  rectangles

of width L.
n

(a) By considering the sum of the areas of the rectangles, show that

3’ +2n—1

1
1—xY)dx <
Jla= =
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12. Question | 9231 Specimen 2020 P2 Q2

1

1

Find the exact value of —
o V3 +4x—4x

2
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13. Question part 1/2 | 9231 Specimen 2020 P2 Q4

4

P <

The diagram shows the curve with equation y = Lz for x>0, together with a set of (n — 1) rectangles of unit
X

width.
(a) By considering the sum of the areas of these rectangles, show that

¢1 _2n-1
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(b) Use a similar method to find, in terms of », a lower bound for i Lz [3]
=1r
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5  The curve C has parametric equations

x=¢ —4t+3,  y=8e', for0<t<2.

(a) Find, in terms of e, the length of C. [5]
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(b) Find, in terms of m and e, the area of the surface generated when C is rotated through 27 radians
about the x-axis. [5]
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15. Question part 1/2 | 9231 May-June 2021 P2 V1 Q3

3
A

r

o 1 2
n n

The diagram shows the curve with equation y = x> for 0 < x < 1, together with a set of n rectangles

of width .
n

1

(a) By considering the sum of the areas of these rectangles, show that f X dx < U,, where

0
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1
(b) Use a similar method to find, in terms of 7, a lower bound L for f x2dx. [4]
0
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3
A

r

o 1 2
n n

The diagram shows the curve with equation y = x> for 0 < x < 1, together with a set of n rectangles

of width .
n

1

(a) By considering the sum of the areas of these rectangles, show that f X dx < U,, where

0
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1
(b) Use a similar method to find, in terms of 7, a lower bound L for f x2dx. [4]
0
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17. Question part 1/2 | 9231 May-June 2021 P2 V2 Q6

6  The matrix A is given by

22
5 -2 3
A=[0 -6 0
0 0 1
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18. Question part 1/2 | 9231 May-June 2021 P2 V3 Q3

3
A
0 N-1 Nx

The diagram shows the curve y = 2x for x = 1, together with a set of N—1 rectangles of unit
width. 2" =1

(a) By considering the sum of the areas of these rectangles, show that
N

r 1 2

E <7In@2N =1 +1. [7]
2 4

—2r -1
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19. Question part 1/2 | 9231 May-June 2021 P2 V3 Q7
7  The integral I , where n is an integer, is defined by /, = Jj<4 +x2>_%ndx.
(a) Find the exact value of /,, expressing your answer in logarithmic form. [3]
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20. Question part 1/2 | 9231 Oct-Nov 2021 P2 V1 Q4

4

(S 7
N T

b

=

=

PO fmm e

The diagram shows the curve with equation y = ln_2x for x = 2, together with a set of (N—2) rectangles
of unit width. X

(a) By considering the sum of the areas of these rectangles, show that

N
Inr ~2+4+3In2 1+InN
= e 7]
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N
(b) Use a similar method to find, in terms of &V, a lower bound for E 111_2r [3]
r

r=I1
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21. Question part 1/2 | 9231 Oct-Nov 2021 P2 V2 Q3

3

__________

__________

2
n

T et et

The diagram shows the curve with equation y = 1 —x?for0<x<1, together with a set of n rectangles
of width 1

(a) By considering the sum of the areas of the rectangles, show that

1 2 _
fo (1—x?)dx < %' [4]

n
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22. Question part 1/3 | 9231 Oct-Nov 2021 P2 V3 Q8

8 (a) Starting from the definition of cosh in terms of exponentials, prove that

2cosh’4 = cosh24 + 1. [3]

The curve C has parametric equations

x =2cosh2¢+3¢t, y= %cosh2t—4t, for —% SIS %
The area of the surface generated when C is rotated through 27 radians about the y-axis is denoted
by 4.

1

(b) (i) Show that 4 = 101[[?(2 cosh 27+ 3f)cosh 2z dr. (4]

2
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(ii) Hence find 4 in terms of 7 and e. [7]
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3
1 The curve C has polar equation » = e’ for0<O<a.

Given that the length of C is s, find « in terms of s. [5]
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24. Question part 1/2 | 9231 May-June 2022 P2 V1 Q4

4  The diagram shows the curve with equation y = 2" for 0 < x < 1, together with a set of N rectangles
each of width .

N
A
2 T .
I : : : :
0 I : ; —
0 1 2 N—1 |
N N N

1
(a) By considering the sum of the areas of these rectangles, show that f 2%dx < U,;, where
0

2
—=—. (4]
)

U. =
Mony
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1
(b) Use a similar method to find, in terms of N, a lower bound L, for J. 2%dx. [4]
0
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3
1 The curve C has polar equation » = e’ for0<O<a.

Given that the length of C is s, find « in terms of s. [5]
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26. Question part 1/2 | 9231 May-June 2022 P2 V2 Q4

4  The diagram shows the curve with equation y = 2" for 0 < x < 1, together with a set of N rectangles
each of width .

N
A
2 T .
I : : : :
0 I : ; —
0 1 2 N—1 |
N N N

1
(a) By considering the sum of the areas of these rectangles, show that f 2%dx < U,;, where
0

2
—=—. (4]
)

U. =
Mony
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1
(b) Use a similar method to find, in terms of N, a lower bound L, for J. 2%dx. [4]
0
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27. Question part 1/2 | 9231 May-June 2022 P2 V2 Q7

7 (a) Use de Moivre’s theorem to show that

cosec’ 6
7 cosec®0—56cosec*O+ 112 cosec’0—64 [6]

cosec 76 =
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(b) Hence obtain the roots of the equation
x'—14x° +112x* —224x* +128 = 0
in the form cosec g1, where ¢ is rational. [5]
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28. Question part 1/2 | 9231 May-June 2022 P2 V3 Q6

6
A

>

[ R )
et = e m m e Em e, —, e —————————

S

o1 2
n n

N

The diagram shows the curve with equation y =In(1+x) for 0 < x < 1, together with a set of n

rectangles each of width %

1

(a) By considering the sum of the areas of these rectangles, show that f In(1+x)dx < U, , where
0

(2n)!

U,=11n Inn. [4]
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1
(b) Use a similar method to find, in terms of 7, a lower bound L for f In(1+x)dx. [4]
0
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29. Question part 1/4 | 9231 May-June 2022 P2 V3 Q8
8 (a) Find fsin@cos”GdG, where n # —1. [2]

T
Let / :fz sin”0cos"0d6.
’ 0

(b) Show that, for m =22 and n = 0,
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5
(¢) By considering the binomial expansion of (z+%> , where z = cos@+isin6, use de Moivre’s
theorem to show that

c0s°0 = acos 560+ bcos360+ccosO,

where a, b and ¢ are constants to be determined. [5]
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29. Question part 3/4 | 9231 May-June 2022 P2 V3 Q8

(d) Using the results given in parts (b) and (¢), find the exact value of 1. [4]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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30. Question | 9231 Oct-Nov 2022 P2 V1 Q3
3 The curve C has parametric equations
—e'— 1A, y=4er(1—2 for 0 <1<2
X=¢€ 31, y = e(t ), orsrs 2.

Find, in terms of e, the length of C. [6]
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31. Question part 1/2 | 9231 Oct-Nov 2022 P2 V2 Q3

3 (a) A curve has equation y=¢"+ %e_x, for 0 <x < 1. Find, in terms of © and e, the area of the

surface generated when the curve is rotated through 27 radians about the x-axis. [6]
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(b) Using standard results from the list of formulae (MF19), or otherwise, find the Maclaurin’s series

for e* + %e_x up to and including the term in x°. [2]
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32. Question part 1/2 | 9231 Oct-Nov 2022 P2 V2 Q6

6
A
|
I
| i |
: | : | |
| | | | |
T T T T T »
0 1 2 3 n—1 n X

. 1 . .
The diagram shows the curve y = ——— for x > 0, together with a set of (n — 1) rectangles of unit
width, Va?+2x

By considering the sum of the areas of these rectangles, show that

3 <l ) 1 (), 10
r=1 r r
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33. Question | 9231 Oct-Nov 2022 P2 V3 Q3
3 The curve C has parametric equations
—e'— 1A, y=4er(1—2 for 0 <1<2
X=¢€ 31, y = e(t ), orsrs 2.

Find, in terms of e, the length of C. [6]
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34. Question part 1/3 | 9231 Oct-Nov 2022 P2 V3 Q8

8 (a) Use the substitution u = 1—(6—1)? to find

0—1
—Z 6. 3
f«/l—(e—l)2 B

(b) Find the solution of the differential equation

dy 02—l
edG y=0%sin (6—1),

where 0 < 6 < 2, given that y = 1 when 6 = 1. Give your answer in the form y = £(6). [11]
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35. Question part 1/2 | 9231 May-June 2023 P2 V1 Q4

1
4  Theintegral / is defined by / = f (1+x°)"dx.
0
S d S\n .
(a) By considering a(x(l +x7) ), or otherwise, show that

(Sn+1)[ =2"+5nl . [5]



9231 Further Mathematics Paper 2 - Integration

Topical questions | 67 questions
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(b) Find the exact value of /,. [4]
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36. Question part 1/2 | 9231 May-June 2023 P2 V2 Q4

1
4  Theintegral / is defined by / = f (1+x°)"dx.
0
S d S\n .
(a) By considering a(x(l +x7) ), or otherwise, show that

(Sn+1)[ =2"+5nl . [5]
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(b) Find the exact value of /,. [4]
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37. Question part 1/2 | 9231 May-June 2023 P2 V3 Q6

6
y
N
1 e gy >
o 1 2 n—1 1 ¥
n n n

The diagram shows the curve with equation y = (1 —x)* for 0 <x < 1, together with a set of n
rectangles of width %

1
(a) By considering the sum of the areas of these rectangles, show that f (1 —x)zdx < U,, where
0
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1
(b) Use a similar method to find, in terms of 7, a lower bound L for f (1 —x)2 dx. [4]
0
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38. Question part 1/2 | 9231 May-June 2023 P2 V3 Q7
3 1
. . . . 3 4
7  Theintegral / , where n is an integer, is defined by / = | (1 +x2) 2dx.
n n 0

(a) Find the exact value of /_, giving your answer in the form Ina, where a is an integer to be
determined. [2]

(b) By considering %(x(l +x7) %”>, or otherwise, show that
(n+ 1)1 = n]n_2+§<§) . 5]
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(¢) A curve has equation y = x?, for 0 <x < 2. The arc length of the curve is denoted by s.
3

Use the substitution # = 2x to show that s = %I , and find the exact value of's. [4]
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5  The curve C has parametric equations

=222, y=2+5  for0<i<3.
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39. Question part 2/2 | 9231 Oct-Nov 2023 P2 V1 Q5

. o d
(b) Find the set of values of # for which £y > 0. [5]
A2
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5  The curve C has parametric equations

=222, y=2+5  for0<i<3.
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40. Question part 2/2 | 9231 Oct-Nov 2023 P2 V3 Q5

. o d
(b) Find the set of values of # for which £y > 0. [5]
A2
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41. Question part 1/2 | 9231 May-June 2024 P2 V1 Q4
In3
4 Itis given that, forn >0, [ = f sech” xdx.
0
(a) Show that, for n =2,

(=11, =) " (3 + (-2, . (5]

[You may use the result that —(sechx

~—

—tanhxsechx .]
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41. Question part 2/2 | 9231 May-June 2024 P2 V1 Q4

(b) Find the value of /. [3]
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42. Question part 1/2 | 9231 May-June 2024 P2 V1 Q5

5

_____

[ e

N
I
—

2
n

S
X=f- NG -
N

The diagram shows the curve with equation y = 2x—x* for 0<x<1, together with a set of n

rectangles of width % .

1
(a) By considering the sum of the areas of these rectangles, show that f (2x—x2>dx < U, , where
0
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1
(b) Use a similar method to find, in terms of n, a lower bound L, for f <2x—x2>dx. [4]
0

~
()
~
2]
=
Q
€
—
=
o
—
:i—‘
1)—‘.
83
—
=
|
~
S
~—
Il
=
~
3
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In3
4 Itis given that, forn >0, [ = f sech” xdx.
0
(a) Show that, for n =2,

(=11, =) " (3 + (-2, . (5]

[You may use the result that —(sechx

~—

—tanhxsechx .]
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43. Question part 2/2 | 9231 May-June 2024 P2 V2 Q4

(b) Find the value of /. [3]
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44. Question part 1/2 | 9231 May-June 2024 P2 V2 Q5

5

_____

[ e

N
I
—

2
n

S
X=f- NG -
N

The diagram shows the curve with equation y = 2x—x* for 0<x<1, together with a set of n

rectangles of width % .

1
(a) By considering the sum of the areas of these rectangles, show that f (2x—x2>dx < U, , where
0
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1
(b) Use a similar method to find, in terms of n, a lower bound L, for f <2x—x2>dx. [4]
0

~
()
~
2]
=
Q
€
—
=
o
—
:i—‘
1)—‘.
83
—
=
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~
S
~—
Il
=
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1  Find the exact value of fz
2

1
——————dx. 5
Vax—x*—1 >l
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46. Question part 1/2 | 9231 May-June 2024 P2 V3 Q4

4
yA _______
| S~
0 T 2 3 4 Nl N X

The diagram shows the curve with equation y = x? for 2<x<N together with a set of (N—2)
rectangles of unit width.

(a) By considering the sum of the areas of these rectangles, show that

N
1 3 1 1
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WA RRAC R - -

N
(b) Use a similar method to find, in terms of N, an upper bound for Z Lz [3]
r
r=I1
i
(¢) Deduce lower and upper bounds for Z - [2]
r

r=1
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3 A curve has equation y =e¢" for lng SX < ln%. The area of the surface generated when the curve is
rotated through 27 radians about the x-axis is denoted by A.

(a) Use the substitution u# = e” to show that
12
A=2nﬁ5\/1+u2du. 2]
3
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6

y
1
! : aksianinin T
0 1 2 N-1 ] X
N N N

The diagram shows the curve with equation y = <%) for 0 < x < 1, together with a set of N rectangles

each of width %

1/.\X
(a) By considering the sum of the areas of these rectangles, show that f (%) dx > L, where

0
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(b) Use a similar method to find, in terms of N, an upper bound U, for f
0

l(gfdx. [4]
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1 X
(d) Given that f <l> dx = ﬁ, use the value of N found in part (¢) to find upper and lower bounds
0

for In2. 2 [4]
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49. Question | 9231 Oct-Nov 2024 P2 V2 Q1

.

integers to be determined. [4]

7
1  Find the value of f dx, giving your answer in the form In(a+ +/b), where a and b are
6
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3 The curve C has parametric equations

x=ged -1 - y=2¢e'(t—1), for 0<r< 1.

1
2 2’
Find the exact length of C. [7]
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6

______

______

______

>

U R

S

R R

N

The diagram shows the curve with equation y = e' ™ for 0 < x < 1, together with a set of n rectangles
of width 1

1
(a) By considering the sum of the areas of these rectangles, show that f el dx < U, , where
0

U =L11' [4]
" on(l—em)
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1
(b) Use a similar method to find, in terms of », a lower bound L, for f el *dx. [4]
0
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51. Question part 3/3 | 9231 Oct-Nov 2024 P2 V2 Q6

JAV 0 OO OO O
(d) Use the Maclaurin’s series for e* given in the list of formulae (MF19) to find the first three
terms of the series expansion of z(1 —e_%), in ascending powers of %, and deduce the value of
lim (U). (3]
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3 A curve has equation y =e¢" for lng SX < ln%. The area of the surface generated when the curve is
rotated through 27 radians about the x-axis is denoted by A.

(a) Use the substitution u# = e” to show that
12
A=2nﬁ5\/1+u2du. 2]
3
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53. Question part 1/3 | 9231 Oct-Nov 2024 P2 V3 Q6

6

y
1
! : aksianinin T
0 1 2 N-1 ] X
N N N

The diagram shows the curve with equation y = <%) for 0 < x < 1, together with a set of N rectangles

each of width %

1/.\X
(a) By considering the sum of the areas of these rectangles, show that f (%) dx > L, where

0
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(b) Use a similar method to find, in terms of N, an upper bound U, for f
0

l(gfdx. [4]
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53. Question part 3/3 | 9231 Oct-Nov 2024 P2 V3 Q6

1 X
(d) Given that f (%) dx = ﬁ, use the value of N found in part (¢) to find upper and lower bounds
0

for In2. [4]
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1 n
2 Letl = f (1 —x) sinhx dx, where » is a non-negative integer.
0

(a) Show that,forn=>2, [ =—1+n(n—1)1I, _

n

2 [4]
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55. Question part 1/2 | 9231 May-June 2025 P2 V1 Q4

2 3

g

The diagram shows the curve with equation y = %eﬁ for x = 1, together with a set of » — 1 rectangles
of unit width. *

(a) By considering the sum of the areas of these rectangles, show that
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56. Question | 9231 May-June 2025 P2 V2 Q2
1 n
2 Letl = f (1 —x) sinhx dx, where » is a non-negative integer.
0

(a) Show that,forn=>2, [ =—1+n(n—1)1I, _

n

2 [4]
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2 3

g

The diagram shows the curve with equation y = %eﬁ for x = 1, together with a set of » — 1 rectangles
of unit width. *

(a) By considering the sum of the areas of these rectangles, show that
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[

0 102 n—1 ¥
n n n
The diagram shows the curve with equation y = 21+ " for 0 < x < 1, together with a set of » rectangles
X

of width 1.
n

(a) By considering the sum of the areas of these rectangles, show that
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58. Question part 2/2 | 9231 May-June 2025 P2 V3 Q6

(b) Use a similar method to find a lower bound for z 5— - Give your answer in terms of n
n
=1
and T. [4]
(¢) Deduce the exact value of lim 3 L 5 [1]
n +r
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2 Find the exact value of fa dx, giving your answer in logarithmic form. [6]
1

1
\/x2—2x+5
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60. Question part 1/2 | 9231 Oct-Nov 2025 P2 V1 Q3

1 n
3 The integral / is definedby / = j (1 +x2> dx.
0

(a) By considering %(x(l +x2)”>, or otherwise, show that
Qn+1)I =2"+2nl _,. [5]
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| A OO OO OO
(b) Find the exact value of /_,. [4]
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61. Question part 1/2 | 9231 Oct-Nov 2025 P2 V1 Q5

N

e

—_

S of---------
3

o 1
n

S

The diagram shows the curve with equation y = %x3 +x for 0 <x< 1, together with a set of n

rectangles of width %

1
(lx3 +x)dx < U,, where

(a) By considering the sum of the areas of these rectangles, show that f 3

0
o+
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4
1  The curve C has polar equation » = e3° for 0 <0 < 7.

Find the length of C. Give your answer in an exact form. [4]
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6 (a) Use the substitution x = 3+2sinhu to find f

1
——dx. 3
Vaxt+1 B]

______

[

L2
n n

The diagram shows the curve with equation y = for 0 <x <1, together with a set of

1
Vax?t+1

n rectangles of width %

(b) By considering the sum of the areas of these rectangles, show that

Z# — <I2m(V2+v3). [5]

r=1
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— (4]
= V2ri+n

N 1
(d) Deduce the exact value of HILnQO ZT [1]
T V2ri+n
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1 n
3 The integral / is definedby / = j (1 +x2> dx.
0

(a) By considering %(x(l +x2)”>, or otherwise, show that
Qn+1)I =2"+2nl _,. [5]
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64. Question part 2/2 | 9231 Oct-Nov 2025 P2 V3 Q3

| A OO OO OO
(b) Find the exact value of /_,. [4]
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N

e

—_

S of---------
3

o 1
n

S

The diagram shows the curve with equation y = %x3 +x for 0 <x< 1, together with a set of n

rectangles of width %

1
(lx3 +x)dx < U,, where

(a) By considering the sum of the areas of these rectangles, show that f 3

0
o+
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_________

_________

I

0 2 N-1
N N

The diagram shows the curve with equation y = %(3’“) for 0 < x < 1, together with a set of N rectangles

. 1
each of width v

1
(a) By considering the sum of the areas of these rectangles, show that f %(3 x)dx < Uy, where

0
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7  The curve C has parametric equations

x= 8ln(tan%t) —3cott—3t, y= 6ln(tan%t) +4cott+4t, for %n St< %n.

(a) (i) Show that % = 8 cosec’+ 3 cot’t. [1]
d
(i) Find d—ﬁ. [1]

(iii) Find the exact value of the length of C. [6]
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67. Question part 2/2 | 9231 Oct-Nov 2025 P2 V4 Q7
| WO O
(b) Show that
dzy __acotztcosec t(coseczt+ 1)
- (bcosect+ ccot’r)”

where a, b, ¢ and n are integers to be determined. [5]



