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2 It is given that y 2x= .

 (a) By differentiating ln y  with respect to x, show that d
d

lnx
y

2 2x= . [3]
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 (c) Hence find the first three terms in the Maclaurin’s series for 2x . [3]
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 The diagram shows the curve with equation y x2=  for x0 1G G  , together with a set of n rectangles of 
 
width n

1 .

 (a) By considering the sum of the areas of these rectangles, show that 

    
1
dx x

n
n n
6

2 3 12
2

2

0
1 + +y . [4]

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ...................................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

2. Question part 2/2 | 9231 May-June 2020 P2 V1 Q4
7

9231/21/M/J/20© UCLES 2020 [Turn over

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Use a similar method to find, in terms of n, a lower bound for 
1
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0
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2 It is given that y 2x= .

 (a) By differentiating ln y  with respect to x, show that d
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2 2x= . [3]
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 The diagram shows the curve with equation y x2=  for x0 1G G  , together with a set of n rectangles of 
 
width n
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 (a) By considering the sum of the areas of these rectangles, show that 
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 (b) Use a similar method to find, in terms of n, a lower bound for 
1
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2 Let 
1

e dI x x1 3n
n x3

0
= + -` jy , where n is an integer.

 (a) Show that eI nI3 1 4 3n
n

n
3

1= - +- - . [3]
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 (b) Find the exact value of I2 . [3]
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 The diagram shows the curve with equation lny x=  for x 1H , together with a set of ( )N 1-  rectangles 
of unit width.

 (a) By considering the sum of the areas of these rectangles, show that

    !ln lnN N N N 12 - + . [5]
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 (b) Use a similar method to find, in terms of N, an upper bound for !lnN . [3]
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5 The curve C has parametric equations

    lnx t t2
1 2= - ,  y t2 1= + ,  for t 22

1 G G .

 (a) Find the exact length of C. [5]
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 (b) Find 
d
d
x
y
2

2
 in terms of t, simplifying your answer. [4]
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 The diagram shows the curve with equation y x1 3= -  for x0 1G G , together with a set of n rectangles 

of width n
1 .

 (a) By considering the sum of the areas of the rectangles, show that
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 (b) Use a similar method to find, in terms of n, a lower bound for 
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0
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1 Find the Maclaurin’s series for rtan x 4
1+` j up to and including the term in x2 . [5]
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2 A curve has equation coshy x= , for x0 2
1G G .

 Find, in terms of r and e, the area of the surface generated when the curve is rotated through r2  radians 
about the x-axis. [6]
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3 Find all the roots of the equation ( )w 1 16+ = , giving your answers in the form x yi+  where x and y are 
real and exact. [4]
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 The diagram shows the curve with equation y x1 3= -  for x0 1G G , together with a set of n rectangles 

of width n
1 .

 (a) By considering the sum of the areas of the rectangles, show that
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	 The diagram shows the curve with equation y = 
x
1
2  for x > 0, together with a set of (n – 1) rectangles of unit 

	 width.

	 (a)	  By considering the sum of the areas of these rectangles, show that
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5	 The curve C has parametric equations
x = et – 4t + 3,        y = 8e t2

1
,        for 0 ⩽ t ⩽ 2.

	 (a)	 Find, in terms of e, the length of C.� [5]
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	 (b)	 Find, in terms of π and e, the area of the surface generated when C is rotated through 2π radians 
about the x-axis.� [5]
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 The diagram shows the curve with equation y x3=  for x0 1G G , together with a set of n rectangles 
 of width n

1 .

 (a) By considering the sum of the areas of these rectangles, show that dx x Un
3
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1
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x xd3
0

1y . [4]

 ............................................................................................................................................................
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 (c) Find the least value of n such that U L 10n n
31- - . [2]
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3 
y

x0 1
n
1

n
2

n
n 1-

 The diagram shows the curve with equation y x3=  for x0 1G G , together with a set of n rectangles 
 of width n

1 .

 (a) By considering the sum of the areas of these rectangles, show that dx x Un
3

0

1
1y , where

    U n
n
2
1

n

2

=
+e o . [4]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x xd3
0

1y . [4]
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 (c) Find the least value of n such that U L 10n n
31- - . [2]
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6 The matrix A is given by

    A
5
0
0

6
0

8
0
1

3
22

=

-

-f p.

 (a) Find a matrix P and a diagonal matrix D such that A PDP2 1= - . [7]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

17. Question part 2/2 | 9231 May-June 2021 P2 V2 Q6
11

9231/22/M/J/21© UCLES 2021 [Turn over

 ............................................................................................................................................................
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 (b) Use the characteristic equation of A to find A3 . [4]
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3 
y

x0 1 2 3 N – 1 N

 The diagram shows the curve y
x
x

2 12=
-

 for x 1H , together with a set of N 1-  rectangles of unit 
width. 

 
 (a) By considering the sum of the areas of these rectangles, show that

    ( )ln
r
r N

2 1
2 1 1
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N

2
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4
1 21

-
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=

/ . [7]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

18. Question part 2/2 | 9231 May-June 2021 P2 V3 Q3
5

9231/23/M/J/21© UCLES 2021 [Turn over

 ............................................................................................................................................................
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 (b) Use a similar method to find, in terms of N, a lower bound for 
r
r

2 1r

N

2
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/ . [3]
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7 The integral In , where n is an integer, is defined by dI x x4n
n2

0

2
3

2
1

= +
-` jy . 

 (a) Find the exact value of I1 , expressing your answer in logarithmic form. [3]
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 (b) By considering d
d
x xx 4

n2 2
1

+
-b ` j l, or otherwise, show that 

    ( )nI n I4 1n
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n2 2
3
5
2= + -+
b l . [5]
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 (c) Find the value of I5 . [3]
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4

 0 1 2 3 4 N – 1 N 

y

x

 The diagram shows the curve with equation lny
x
x
2=  for x 2H , together with a set of ( )N 2-  rectangles 

of unit width. 

 (a) By considering the sum of the areas of these rectangles, show that

    ln ln ln
r
r

N
N

4
2 3 2 1

r

N

2
1

1 +
-
+

=

/ . [7]
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 (b) Use a similar method to find, in terms of N, a lower bound for ln
r
r

r

N

2
1=

/ . [3]
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3

0 1

1
y

x
n
1

n
2

n
n 1-

 The diagram shows the curve with equation y x1 2= -  for x0 1G G , together with a set of n rectangles 
 of width n

1 .

 (a) By considering the sum of the areas of the rectangles, show that

    ( )x x
n

n n1
6

4 3 1d2 2

2

0

1
1-

+ -y . [4]
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 (b) Use a similar method to find, in terms of n, a lower bound for ( )x x1 d2
0

1
-y . [4] 
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8 (a) Starting from the definition of cosh in terms of exponentials, prove that

    cosh coshA A2 2 12 = + . [3]
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 ............................................................................................................................................................

 The curve C has parametric equations

    ,coshx t t2 2 3= +    coshy t t2 42
3= - ,   for .t2

1
2
1G G-

 The area of the surface generated when C is rotated through 2r radians about the y-axis is denoted 
by A.

 (b) (i) Show that ( )cosh coshA t t t t10 2 2 3 2 d
2
1

2
1

r= +
-
y . [4] 
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  (ii) Hence find A in terms of r and e. [7]
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1 The curve C has polar equation er 4
3

= i  for 0 G Gi a .

 Given that the length of C is s, find a in terms of s. [5]    
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4 The diagram shows the curve with equation y 2x=  for x0 1G G , together with a set of N rectangles
 each of width N

1 .

x

y

10
0

1

2

N
1

N
2

N
N 1-

 (a) By considering the sum of the areas of these rectangles, show that dx U2x N0

1
1y , where 

    U
N 2 1
2

N
N

N

1

1

=
-` j . [4]
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 (b) Use a similar method to find, in terms of N, a lower bound LN  for dx2x

0

1y . [4] 

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the least value of N such that U L 10N N
41- - . [2]
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1 The curve C has polar equation er 4
3

= i  for 0 G Gi a .

 Given that the length of C is s, find a in terms of s. [5]    

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

26. Question part 1/2 | 9231 May-June 2022 P2 V2 Q4 6

9231/22/M/J/22© UCLES 2022

4 The diagram shows the curve with equation y 2x=  for x0 1G G , together with a set of N rectangles
 each of width N
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N 1-

 (a) By considering the sum of the areas of these rectangles, show that dx U2x N0

1
1y , where 
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N 2 1
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N
N
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-` j . [4]
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 (b) Use a similar method to find, in terms of N, a lower bound LN  for dx2x

0

1y . [4] 
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 (c) Find the least value of N such that U L 10N N
41- - . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

27. Question part 1/2 | 9231 May-June 2022 P2 V2 Q7 12

9231/22/M/J/22© UCLES 2022

7 (a) Use de Moivre’s theorem to show that

cosec
cosec cosec cosec

cosec7
7 56 112 646 4 2

7
i

i i i

i
=

- + -
.

 [6] 
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 (b) Hence obtain the roots of the equation

x x x x14 112 224 128 07 6 4 2- + - + =

  in the form cosecqr, where q is rational. [5] 
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6

n
1

n
2

n
n 1- x

y

10

 The diagram shows the curve with equation ( )lny x1= +  for x0 1G G , together with a set of n 
rectangles each of width n

1 .

 (a) By considering the sum of the areas of these rectangles, show that ( )ln x x U1 d n0

1
1+y , where

 !
( )!

ln lnU n n
n

n1 2
n = - . [4]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for ( )ln x x1 d
0

1
+y . [4]
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 (c) By simplifying U Ln n- , show that ( )lim U L 0n n n- =
"3

. [2]
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8 (a) Find sin cos dni i iy , where n 1! - . [2]

 ............................................................................................................................................................
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 ............................................................................................................................................................

 Let sin cosI d
r

,m n
m n

0

2
1

i i i= y .

 (b) Show that, for m 2H  and n 0H ,

 I m n
m I1, ,m n m n2=
+
-

- . [5]
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 (c) By considering the binomial expansion of z z
1 5
+b l , where cos sinz ii i= + , use de Moivre’s 

theorem to show that

cos cos cos cosa b c5 35i i i i= + + ,

  where a, b and c are constants to be determined. [5]
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 (d) Using the results given in parts (b) and (c), find the exact value of I ,2 5 . [4]
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3 The curve C has parametric equations 

x tet 3
1 3= - , ( )y t4 2e t2

1

= - ,   for t0 2G G .

 Find, in terms of e, the length of C. [6]
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3 (a) A curve has equation e ey x x
4
1= + - , for x0 1G G . Find, in terms of r and e, the area of the 

surface generated when the curve is rotated through r2  radians about the x-axis. [6] 
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 (b) Using standard results from the list of formulae (MF19), or otherwise, find the Maclaurin’s series 
for e ex x

4
1+ -  up to and including the term in x2 . [2]
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6

nn – 13210

y

x

 The diagram shows the curve y
x x2
1
2=
+

 for x 02 , together with a set of ( )n 1-  rectangles of unit 
width.

 By considering the sum of the areas of these rectangles, show that

    ln ln
r r

n n n
2

1 1 2 3 2 3
r

n

2
1

2
3
11

+
+ + + + - +

=

` `j j/ . [10]
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3 The curve C has parametric equations 

x tet 3
1 3= - , ( )y t4 2e t2

1

= - ,   for t0 2G G .

 Find, in terms of e, the length of C. [6]
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8 (a) Use the substitution ( )u 1 1 2i= - -  to find

 
( )1 1
1 d2i

i
i

- -

-y .
 

[3]
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 (b) Find the solution of the differential equation

( )sin
y

y 1d
d 2 1i
i

i i- = -- ,

  where 0 21 1i , given that y 1=  when 1i = . Give your answer in the form ( )y f i= . [11]
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4 The integral In  is defined by ( ) dI x x1n
n5

0

1
= +y .

 (a) By considering ( )d
d
x x x1 n5+` j, or otherwise, show that

    ( )n I nI5 1 2 5n
n

n 1+ = + - . [5]
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 (b) Find the exact value of I3 . [4]
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4 The integral In  is defined by ( ) dI x x1n
n5

0

1
= +y .

 (a) By considering ( )d
d
x x x1 n5+` j, or otherwise, show that

    ( )n I nI5 1 2 5n
n

n 1+ = + - . [5]
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 (b) Find the exact value of I3 . [4]
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6

x

y

O

1

1
n
1

n
2

n
n 1-

 The diagram shows the curve with equation ( )y x1 2= -  for x0 1G G , together with a set of n 
rectangles of width n

1 .

 (a) By considering the sum of the areas of these rectangles, show that ( )x x U1 d n
2

0

1
1-y , where

    U
n

n n
6

2 3 1
n 2

2
=

+ + . [5]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for ( )x x1 d2
0

1
-y . [4]
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 (c) Show that ( )lim U L 0n n n- =
"3

. [2]
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7 The integral In , where n is an integer, is defined by ( )I x x1 dn
n2

0
2
13

4

= +y .

 (a) Find the exact value of I 1-  giving your answer in the form lna , where a is an integer to be 
determined. [2]
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 ............................................................................................................................................................

 (b) By considering ( )x x x1d
d n2 2

1

+b l, or otherwise, show that

    ( )n I nI1 n n

n

2 3
4
3
5+ = +- b l . [5]
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 (c) A curve has equation y x2= , for x0 3
2G G . The arc length of the curve is denoted by s.

  Use the substitution u x2=  to show that s I2
1
1=  and find the exact value of s. [4] 

 ............................................................................................................................................................
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5 The curve C has parametric equations 

 x t t23
2
2
3

2
1

= - ,  y t2 5= + ,  for t0 31 G .

 (a) Find the exact length of C. [5]
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 (b) Find the set of values of t for which 
x
y

0
d
d

2

2 2 . [5]
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5 The curve C has parametric equations 

 x t t23
2
2
3

2
1

= - ,  y t2 5= + ,  for t0 31 G .

 (a) Find the exact length of C. [5]
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 (b) Find the set of values of t for which 
x
y

0
d
d

2

2 2 . [5]
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4 It is given that, for n 0H , h dsecI xx
ln

n
n

0

3
= y .

 (a) Show that, for n 2H ,

    n I n I1 25
3

5
4

n

n

n

2

2- = + -
-

-
` b b `j l l j . [5]

  [You may use the result that h hsecxd
d tanh secx x= - x` j  .]
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 (b) Find the value of I4 . [3]
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5

1

y

x0
n
1

n
2

n
n 1-

 The diagram shows the curve with equation y x x2 2= -  for x0 1G G , together with a set of n 
rectangles of width n

1  .

 (a) By considering the sum of the areas of these rectangles, show that x x x U2 d n0

21
1-` jy , where

    U n n1 1
3
2

6
1

n = + -b el o. [5]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x x x2 d2
0

1
-` jy . [4]
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 (c) Show that lim U L 0n n n- =
"3` j . [2]
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4 It is given that, for n 0H , h dsecI xx
ln

n
n

0

3
= y .

 (a) Show that, for n 2H ,

    n I n I1 25
3

5
4

n

n

n

2

2- = + -
-

-
` b b `j l l j . [5]

  [You may use the result that h hsecxd
d tanh secx x= - x` j  .]
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 (b) Find the value of I4 . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

44. Question part 1/2 | 9231 May-June 2024 P2 V2 Q5 8

9231/22/M/J/24© UCLES 2024

5

1

y

x0
n
1

n
2

n
n 1-

 The diagram shows the curve with equation y x x2 2= -  for x0 1G G , together with a set of n 
rectangles of width n

1  .

 (a) By considering the sum of the areas of these rectangles, show that x x x U2 d n0

21
1-` jy , where

    U n n1 1
3
2

6
1

n = + -b el o. [5]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x x x2 d2
0

1
-` jy . [4]
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 (c) Show that lim U L 0n n n- =
"3` j . [2]
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1 Find the exact value of dx
x x

1

4 12
2

2

7

- -
y . [5]
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4 

x

y

0 1 2 3 4 NN 1-

 The diagram shows the curve with equation y x
2

=
-  for x N2 G G  together with a set of ( )N 2-  

rectangles of unit width.

 (a) By considering the sum of the areas of these rectangles, show that 

    
r N N

1

2

3 1 1

r

N

2

1

2
2 - +

=

/ . [5]
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 (b) Use a similar method to find, in terms of N, an upper bound for 
r

1

r

N

2

1=

/ . [3]
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 (c) Deduce lower and upper bounds for 
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/ . [2]
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3 A curve has equation ey x=  for ln lnx34 512G G . The area of the surface generated when the curve is rotated through 2r radians about the x-axis is denoted by A.
 (a) Use the substitution eu x=  to show that
 A u u2 1 d2

34
512

r= +y . [2]
 ............................................................................................................................................................
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 (b) Use the substitution sinhu v=  to show that 
 r lnA 225904 35= +b l. [6]
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6 
1
y

x1N1 N2 NN 1-0

 The diagram shows the curve with equation y x
21= b l  for x0 1G G , together with a set of N rectangles 

each of width N1 .
 (a) By considering the sum of the areas of these rectangles, show that x Ldx

N210
1 2b ly , where

    L N2
1

2 1N N1
= -` j . [4]
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 (b) Use a similar method to find, in terms of N, an upper bound UN  for xdx
210

1b ly . [4]
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 (c) Find the least value of N such that U L 10N N 3G- - . [2]
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 (d) Given that lnx21 2 21dx
0
1 =b ly , use the value of N found in part (c) to find upper and lower bounds for ln 2. [4]
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7 (a) Show that an appropriate integrating factor for
x xy y x x16 16dd2 2+ + = +

  is x x 1641 14 2+ + . [4]
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1 Find the value of ( )x x5 1
1 d2- -

7
6y , giving your answer in the form ( )ln a b+ , where a and b are 

integers to be determined. [4]
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3 The curve C has parametric equations 
x t21 31 21e t2 3= - - ,               ( )y t2 1et= - ,               for t0 1G G .

 Find the exact length of C. [7]
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6 y

x
n1 n2

0 1nn 1-

 The diagram shows the curve with equation y e x1= -  for x0 1G G , together with a set of n rectangles 
of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that e x Udx n11 1-
0y , where

( )U n 1
1
e

en n1
= -

-
- . [4]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for e xdx1
0
1 -y . [4]
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 (c) Show that ( )lim U L 0n nn - =" 3 . [2]
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 (d) Use the Maclaurin’s series for ex  given in the list of formulae (MF19) to find the first three 
terms of the series expansion of ( )z 1 e z1- - , in ascending powers of z1 , and deduce the value of 

(lim Unn " 3 ). [3]
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7 (a) Show that ( ( ))ln tanh cosechx x x2 2dd = . [3]
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3 A curve has equation ey x=  for ln lnx34 512G G . The area of the surface generated when the curve is rotated through 2r radians about the x-axis is denoted by A.
 (a) Use the substitution eu x=  to show that
 A u u2 1 d2

34
512

r= +y . [2]
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 (b) Use the substitution sinhu v=  to show that 
 r lnA 225904 35= +b l. [6]
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6 
1
y

x1N1 N2 NN 1-0

 The diagram shows the curve with equation y x
21= b l  for x0 1G G , together with a set of N rectangles 

each of width N1 .
 (a) By considering the sum of the areas of these rectangles, show that x Ldx

N210
1 2b ly , where

    L N2
1

2 1N N1
= -` j . [4]
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 (b) Use a similar method to find, in terms of N, an upper bound UN  for xdx
210

1b ly . [4]
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 (c) Find the least value of N such that U L 10N N 3G- - . [2]
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 (d) Given that lnx21 2 21dx
0
1 =b ly , use the value of N found in part (c) to find upper and lower bounds for ln 2. [4]
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7 (a) Show that an appropriate integrating factor for
x xy y x x16 16dd2 2+ + = +

  is x x 1641 14 2+ + . [4]
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2 Let sinhI x x1 dxn
n

0
1= -` jy , where n is a non-negative integer.

 (a) Show that, for n 2H ,   ( )I n n I1 1n n 2=- + - - . [4]
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 (b) Find the exact value of I2 . [3]
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4 y

x0 1 2 3 nn-1
 The diagram shows the curve with equation y x1 e x=  for x 1H , together with a set of n 1-  rectangles of unit width.
 (a) By considering the sum of the areas of these rectangles, show that

    .r n2 1 21 e e er n
r

n

1
1 + -

=
e o/  [5]
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 ............................................................................................................................................................
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 (b) Use a similar method to find, in terms of n, a lower bound for r1 e r
r

n

1=
/ . [4]
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2 Let sinhI x x1 dxn
n

0
1= -` jy , where n is a non-negative integer.

 (a) Show that, for n 2H ,   ( )I n n I1 1n n 2=- + - - . [4]
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 (b) Find the exact value of I2 . [3]
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4 y

x0 1 2 3 nn-1
 The diagram shows the curve with equation y x1 e x=  for x 1H , together with a set of n 1-  rectangles of unit width.
 (a) By considering the sum of the areas of these rectangles, show that

    .r n2 1 21 e e er n
r

n

1
1 + -

=
e o/  [5]
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 (b) Use a similar method to find, in terms of n, a lower bound for r1 e r
r

n

1=
/ . [4]
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6

x

y

10
n1 n2 nn 1-

 The diagram shows the curve with equation y x 112= +  for x0 1G G , together with a set of n rectangles 
of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that

    rn r
n 41r

n

1
2 2 1+=

/ . [5]
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 (b) Use a similar method to find a lower bound for rn
n

r

n
2 2

1 +=
/ . Give your answer in terms of n  

and r. [4]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (c) Deduce the exact value of lim rn
n

n r

n
2 2

1 +" 3 =
/ . [1]

 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000011 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

59. Question | 9231 May-June 2025 P2 V4 Q2

3

9231/24/M/J/25© UCLES 2025 [Turn over

2 Find the exact value of dx x x2 5
1

21
25

- +y , giving your answer in logarithmic form. [6]
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3 The integral In  is defined by I x x1 dn
n2

0
1= +` jy .

 (a) By considering ( )x x x1dd n2+` j, or otherwise, show that
    ( )n I nI2 1 2 2n n n 1+ = + - . [5]
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 (b) Find the exact value of I 2- . [4]
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5

x

y

10 n1 n2 nn 1-

 The diagram shows the curve with equation y x x31 3= +  for x0 1G G , together with a set of n 
rectangles of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that x x x U31 d n3
0
1 1+e oy , where

    U n n121 1 1 17n = + +b bl l. [5]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x x x31 d3
0
1 +e oy . [4]
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 (c) Show that ( )lim U L 0n n n- =" 3 . [2]
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1 The curve C has polar equation er 34= i  for r0 G Gi .
 Find the length of C. Give your answer in an exact form. [4]
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6 (a) Use the substitution sinhx u221=  to find xx2 1
1 d2 +y . [3]
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x

y

10 n1 n2 nn 1-

 The diagram shows the curve with equation y x2 1
1
2= +  for x0 1G G , together with a set of  

n rectangles of width n1 .
 (b) By considering the sum of the areas of these rectangles, show that

    lnr n2
1 2 2 3

r

n
21

1 2 2 1+ +
=

` j/ . [5]
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 (c) Use a similar method to find, in terms of n, a lower bound for r n2
1

r

n
2 21 +=

/ . [4]
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 (d) Deduce the exact value of lim r n2
1

n r

n
2 21 +" 3 =

/ . [1]

 ...................................................................................................................................................
 ...................................................................................................................................................

* 0000800000011 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

64. Question part 1/2 | 9231 Oct-Nov 2025 P2 V3 Q3
6

9231/23/O/N/25© UCLES 2025

3 The integral In  is defined by I x x1 dn
n2

0
1= +` jy .

 (a) By considering ( )x x x1dd n2+` j, or otherwise, show that
    ( )n I nI2 1 2 2n n n 1+ = + - . [5]
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 (b) Find the exact value of I 2- . [4]
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5

x

y

10 n1 n2 nn 1-

 The diagram shows the curve with equation y x x31 3= +  for x0 1G G , together with a set of n 
rectangles of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that x x x U31 d n3
0
1 1+e oy , where

    U n n121 1 1 17n = + +b bl l. [5]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x x x31 d3
0
1 +e oy . [4]
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 (c) Show that ( )lim U L 0n n n- =" 3 . [2]
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4

 

y

x0 1N1 N2 NN 1-

 The diagram shows the curve with equation y 3x21= ` j for x0 1G G , together with a set of N rectangles 
each of width N1 .

 (a) By considering the sum of the areas of these rectangles, show that x U3 dx N210
1 1` jy , where 

    U N 3
3

1N N
N

1
1= -` j . [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000006 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD



9231 Further Mathematics Paper 2 - Integration
Topical questions | 67 questions

66. Question part 2/2 | 9231 Oct-Nov 2025 P2 V4 Q4 7

9231/24/O/N/25© UCLES 2025 [Turn over

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Use a similar method to find, in terms of N, a lower bound LN for x3 dx210
1 ` jy . [4] 
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 (c) By simplifying U LN N- , show that lim U L 0N N N- =" 3` j . [2]
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7 The curve C has parametric equations  
    ( )ln tan cotx t t t8 3 321= - - ,     ( )ln tan coty t t t6 4 421= + + ,      for r rt61 31G G .

 (a) (i) Show that cosec cottx t t8 3dd 2= + . [1]
 ....................................................................................................................................................
 ....................................................................................................................................................
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  (ii) Find tydd . [1]
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  (iii) Find the exact value of the length of C. [6]
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 (b) Show that     ( )
( )

cosec cot
cot cosec cosec

x
y

b t c t
a t t t 1

d
d

n2
2

2
2= +

+ ,
  where a, b, c and n are integers to be determined. [5]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000013 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD


