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1. Question | 9709 Feb-March 2016 P1 V2 Q4

2

1 (i) Find the coefficients of x4 and x5 in the expansion of �1 − 2x�5. [2]

(ii) It is given that, when �1 + px��1 − 2x�5 is expanded, there is no term in x5. Find the value of the

constant p. [2]

2 A curve for which
dy

dx
= 3x2 −

2

x3
passes through �−1, 3�. Find the equation of the curve. [4]

3 The 12th term of an arithmetic progression is 17 and the sum of the first 31 terms is 1023. Find the

31st term. [5]

4 (a) Solve the equation sin−1�3x� = −1
3
0, giving the solution in an exact form. [2]

(b) Solve, by factorising, the equation 2 cos1 sin1 − 2 cos1 − sin 1 + 1 = 0 for 0 ≤ 1 ≤ 0. [4]

5 Two points have coordinates A �5, 7� and B �9, −1�.

(i) Find the equation of the perpendicular bisector of AB. [3]

The line through C �1, 2� parallel to AB meets the perpendicular bisector of AB at the point X.

(ii) Find, by calculation, the distance BX. [5]

6 A vacuum flask (for keeping drinks hot) is modelled as a closed cylinder in which the internal radius

is r cm and the internal height is h cm. The volume of the flask is 1000 cm3. A flask is most efficient

when the total internal surface area, A cm2, is a minimum.

(i) Show that A = 20r2 +
2000

r
. [3]

(ii) Given that r can vary, find the value of r, correct to 1 decimal place, for which A has a stationary

value and verify that the flask is most efficient when r takes this value. [5]
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2

1 Find the term independent of x in the expansion of

@
x −

3

2x

A6
. [3]

2 Solve the equation 3 sin21 = 4 cos1 − 1 for 0Å ≤ 1 ≤ 360Å. [4]

3

x

y

O

1

2 x =
12

y2
− 2

The diagram shows part of the curve x =
12

y2
− 2. The shaded region is bounded by the curve, the

y-axis and the lines y = 1 and y = 2. Showing all necessary working, find the volume, in terms of 0,

when this shaded region is rotated through 360Å about the y-axis. [5]

4 A curve is such that
dy

dx
= 2 − 8�3x + 4�−

1
2 .

(i) A point P moves along the curve in such a way that the x-coordinate is increasing at a constant

rate of 0.3 units per second. Find the rate of change of the y-coordinate as P crosses the y-axis.

[2]

The curve intersects the y-axis where y =
4
3
.

(ii) Find the equation of the curve. [4]

5

ym

xm

A farmer divides a rectangular piece of land into 8 equal-sized rectangular sheep pens as shown in the

diagram. Each sheep pen measures xm by ym and is fully enclosed by metal fencing. The farmer

uses 480m of fencing.

(i) Show that the total area of land used for the sheep pens, Am2, is given by

A = 384x − 9.6x2. [3]

(ii) Given that x and y can vary, find the dimensions of each sheep pen for which the value of A is a

maximum. (There is no need to verify that the value of A is a maximum.) [3]
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2

1 Functions f and g are defined by

f : x  → 10 − 3x, x ∈ >,
g : x  → 10

3 − 2x
, x ∈ >, x ≠ 3

2
.

Solve the equation ff�x� = gf�2�. [3]

2 A curve is such that
dy

dx
= 8

�5 − 2x�2
. Given that the curve passes through �2, 7�, find the equation of

the curve. [4]

3 Relative to an origin O, the position vectors of points A and B are given by

−−→
OA = 2i − 5j − 2k and

−−→
OB = 4i − 4j + 2k.

The point C is such that
−−→
AB = −−→

BC. Find the unit vector in the direction of
−−→
OC. [4]

4 Find the term that is independent of x in the expansion of

(i)

@
x − 2

x

A6
, [2]

(ii)

@
2 + 3

x2

A @
x − 2

x

A6
. [4]

5

1

3
0

1

CB

A

Mx x

In the diagram, triangle ABC is right-angled at C and M is the mid-point of BC. It is given that

angle ABC = 1
3
0 radians and angle BAM = 1 radians. Denoting the lengths of BM andMC by x,

(i) find AM in terms of x, [3]

(ii) show that 1 = 1
6
0 − tan−1

@
1

2ï3
A
. [2]
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3

6

! rad

O

P
T

Qr cm

The diagram shows a circle with radius r cm and centre O. The line PT is the tangent to the circle

at P and angle POT = ! radians. The line OT meets the circle at Q.

(i) Express the perimeter of the shaded region PQT in terms of r and !. [3]

(ii) In the case where ! = 1
3
0 and r = 10, find the area of the shaded region correct to 2 significant

figures. [3]

7 (i) Prove the identity
1 + cos1
1 − cos1 − 1 − cos1

1 + cos1 � 4

sin1 tan1 . [4]

(ii) Hence solve, for 0Å < 1 < 360Å, the equation
sin 1

@
1 + cos1
1 − cos1 − 1 − cos1

1 + cos1
A
= 3. [3]

8 Three points have coordinates A �0, 7�, B �8, 3� and C �3k, k�. Find the value of the constant k for

which

(i) C lies on the line that passes through A and B, [4]

(ii) C lies on the perpendicular bisector of AB. [4]

9 A water tank holds 2000 litres when full. A small hole in the base is gradually getting bigger so that

each day a greater amount of water is lost.

(i) On the first day after filling, 10 litres of water are lost and this increases by 2 litres each day.

(a) How many litres will be lost on the 30th day after filling? [2]

(b) The tank becomes empty during the nth day after filling. Find the value of n. [3]

(ii) Assume instead that 10 litres of water are lost on the first day and that the amount of water lost

increases by 10% on each succeeding day. Find what percentage of the original 2000 litres is

left in the tank at the end of the 30th day after filling. [4]

[Questions 10 and 11 are printed on the next page.]
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3

6

A B

C

E

F G

1 1

2

2

3

3

The diagram shows triangle ABC where AB = 5 cm, AC = 4 cm and BC = 3 cm. Three circles with

centres at A, B and C have radii 3 cm, 2 cm and 1 cm respectively. The circles touch each other at

points E, F and G, lying on AB, AC and BC respectively. Find the area of the shaded region EFG.

[7]

7 The point P �x, y� is moving along the curve y = x2 − 10
3
x
3
2 + 5x in such a way that the rate of change

of y is constant. Find the values of x at the points at which the rate of change of x is equal to half the

rate of change of y. [7]

8 (i) Show that 3 sin x tan x − cos x + 1 = 0 can be written as a quadratic equation in cos x and hence

solve the equation 3 sin x tan x − cos x + 1 = 0 for 0 ≤ x ≤ 0. [5]

(ii) Find the solutions to the equation 3 sin 2x tan 2x − cos 2x + 1 = 0 for 0 ≤ x ≤ 0. [3]

9 The position vectors of A, B and C relative to an origin O are given by

−−→
OA =

`
2

3

−4

a
,

−−→
OB =

`
1

5

p

a
and

−−→
OC =

`
5

0

2

a
,

where p is a constant.

(i) Find the value of p for which the lengths of AB and CB are equal. [4]

(ii) For the case where p = 1, use a scalar product to find angle ABC. [4]

[Questions 10 and 11 are printed on the next page.]
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2

1 (i) Express x2 + 6x + 2 in the form �x + a�2 + b, where a and b are constants. [2]

(ii) Hence, or otherwise, find the set of values of x for which x2 + 6x + 2 > 9. [2]

2 Find the term independent of x in the expansion of

@
2x +

1

2x3

A8
. [4]

3

! radO

A

B

C

D

r

r

In the diagram OCA and ODB are radii of a circle with centre O and radius 2r cm. Angle

AOB = ! radians. CD and AB are arcs of circles with centreO and radii r cm and 2r cm respectively.

The perimeter of the shaded region ABDC is 4.4r cm.

(i) Find the value of !. [2]

(ii) It is given that the area of the shaded region is 30 cm2. Find the value of r. [3]

4 C is the mid-point of the line joining A �14, −7� to B �−6, 3�. The line through C perpendicular to AB

crosses the y-axis at D.

(i) Find the equation of the line CD, giving your answer in the form y = mx + c. [4]

(ii) Find the distance AD. [2]

5 The sum of the 1st and 2nd terms of a geometric progression is 50 and the sum of the 2nd and 3rd

terms is 30. Find the sum to infinity. [6]

6 (i) Show that cos4x � 1 − 2 sin2x + sin4x. [1]

(ii) Hence, or otherwise, solve the equation 8 sin4x + cos4x = 2 cos2x for 0Å ≤ x ≤ 360Å. [5]

© UCLES 2016 9709/11/O/N/167. Question | 9709 Oct-Nov 2016 P1 V2 Q2

2

1 A curve is such that
dy

dx
=

8��4x + 1� . The point �2, 5� lies on the curve. Find the equation of the

curve. [4]

2 (i) Express the equation sin 2x + 3 cos 2x = 3�sin 2x − cos 2x� in the form tan 2x = k, where k is a

constant. [2]

(ii) Hence solve the equation for −90Å ≤ x ≤ 90Å. [3]

3 A curve has equation y = 2x2 − 6x + 5.

(i) Find the set of values of x for which y > 13. [3]

(ii) Find the value of the constant k for which the line y = 2x + k is a tangent to the curve. [3]

4 In the expansion of �3 − 2x�
0
1 +

x

2

1n
, the coefficient of x is 7. Find the value of the constant n and

hence find the coefficient of x2. [6]

5 The line
x

a
+
y

b
= 1, where a and b are positive constants, intersects the x- and y-axes at the points A

and B respectively. The mid-point of AB lies on the line 2x + y = 10 and the distance AB = 10. Find

the values of a and b. [6]

6

1.2 radOA

B

C

D

10
cm

The diagram shows a metal plate ABCD made from two parts. The part BCD is a semicircle. The

part DAB is a segment of a circle with centre O and radius 10 cm. Angle BOD is 1.2 radians.

(i) Show that the radius of the semicircle is 5.646 cm, correct to 3 decimal places. [2]

(ii) Find the perimeter of the metal plate. [3]

(iii) Find the area of the metal plate. [3]
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2

1 Find the set of values of k for which the curve y = kx2 − 3x and the line y = x − k do not meet. [3]

2 The coefficient of x3 in the expansion of �1 − 3x�6 + �1 + ax�5 is 100. Find the value of the constant a.

[4]

3 Showing all necessary working, solve the equation 6 sin2 x − 5 cos2 x = 2 sin2 x + cos2 x for

0Å ≤ x ≤ 360Å. [4]

4 The function f is such that f�x� = x3 − 3x2 − 9x + 2 for x > n, where n is an integer. It is given that f is

an increasing function. Find the least possible value of n. [4]

5

1.8 rad

O

A

B

C

D

E
6 cm

The diagram shows a major arc AB of a circle with centre O and radius 6 cm. Points C and D on OA

and OB respectively are such that the line AB is a tangent at E to the arc CED of a smaller circle also

with centre O. Angle COD = 1.8 radians.

(i) Show that the radius of the arc CED is 3.73 cm, correct to 3 significant figures. [2]

(ii) Find the area of the shaded region. [4]

6 Three points, A, B and C, are such that B is the mid-point of AC. The coordinates of A are �2, m� and

the coordinates of B are �n, −6�, where m and n are constants.

(i) Find the coordinates of C in terms of m and n. [2]

The line y = x + 1 passes through C and is perpendicular to AB.

(ii) Find the values of m and n. [5]
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9. Question | 9709 Oct-Nov 2016 P1 V3 Q7 3

7

A B

C

D

The diagram shows a triangular pyramid ABCD. It is given that

−−→
AB = 3i + j + k,

−−→
AC = i − 2j − k and

−−→
AD = i + 4j − 7k.

(i) Verify, showing all necessary working, that each of the angles DAB, DAC and CAB is 90Å. [3]

(ii) Find the exact value of the area of the triangle ABC, and hence find the exact value of the volume

of the pyramid. [4]

[The volume V of a pyramid of base area A and vertical height h is given by V = 1
3
Ah.]

8 (i) Express 4x2 + 12x + 10 in the form �ax + b�2 + c, where a, b and c are constants. [3]

(ii) Functions f and g are both defined for x > 0. It is given that f�x�= x2 + 1 and fg�x�= 4x2 + 12x+ 10.

Find g�x�. [1]

(iii) Find �fg�−1�x� and give the domain of �fg�−1. [4]

9 (a) Two convergent geometric progressions, P and Q, have the same sum to infinity. The first and

second terms of P are 6 and 6r respectively. The first and second terms of Q are 12 and −12r

respectively. Find the value of the common sum to infinity. [3]

(b) The first term of an arithmetic progression is cos 1 and the second term is cos1 + sin21, where

0 ≤ 1 ≤ 0. The sum of the first 13 terms is 52. Find the possible values of 1. [5]

[Questions 10 and 11 are printed on the next page.]
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10. Question part 1/2 | 9709 Feb-March 2017 P1 V2 Q5 8

5

x

y

O

A

B

0

y = tan x

y = cos x

The diagram shows the graphs of y = tan x and y = cos x for 0 ≤ x ≤ 0. The graphs intersect at points

A and B.

(i) Find by calculation the x-coordinate of A. [4]
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9

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Find by calculation the coordinates of B. [3]
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11. Question part 1/2 | 9709 May-June 2017 P1 V1 Q3
4

3 (i) Prove the identity
1 + cos1

sin1
+

sin 1

1 + cos1
�

2

sin1
. [3]

........................................................................................................................................................
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11. Question part 2/2 | 9709 May-June 2017 P1 V1 Q3
5

(ii) Hence solve the equation
1 + cos1

sin 1
+

sin 1

1 + cos1
=

3

cos1
for 0Å ≤ 1 ≤ 360Å. [3]
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5 The equation of a curve is y = 2 cos x.

(i) Sketch the graph of y = 2 cos x for −0 ≤ x ≤ 0, stating the coordinates of the point of intersection
with the y-axis. [2]

Points P and Q lie on the curve and have x-coordinates of 1
3
0 and 0 respectively.

(ii) Find the length of PQ correct to 1 decimal place. [2]
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9

The line through P and Q meets the x-axis at H �h, 0� and the y-axis at K �0, k�.

(iii) Show that h = 5
9
0 and find the value of k. [3]
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13. Question part 1/2 | 9709 May-June 2017 P1 V2 Q3
4

3 (i) Prove the identity

@
1

cos1
− tan1

A2
�
1 − sin1

1 + sin1
. [3]

........................................................................................................................................................
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5

(ii) Hence solve the equation

@
1

cos 1
− tan1

A2
=

1
2
, for 0Å ≤ 1 ≤ 360Å. [3]

........................................................................................................................................................
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6

5 (i) Show that the equation
2 sin1 + cos 1

sin1 + cos 1
= 2 tan1 may be expressed as cos21 = 2 sin21. [3]
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14. Question part 2/2 | 9709 May-June 2017 P1 V3 Q5
7

(ii) Hence solve the equation
2 sin1 + cos 1

sin1 + cos1
= 2 tan1 for 0Å < 1 < 180Å. [3]
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15. Question part 1/2 | 9709 Oct-Nov 2017 P1 V1 Q7 12

7 (a)

x

y

O

1

−2

y = a + b sin x

The diagram shows part of the graph of y = a + b sin x. Find the values of the constants a and b.

[2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2017 9709/11/O/N/17



9709 Mathematics Paper 1 - Trigonometry
Topical questions | 99 questions

15. Question part 2/2 | 9709 Oct-Nov 2017 P1 V1 Q7
13

(b) (i) Show that the equation

�sin1 + 2 cos 1��1 + sin1 − cos 1� = sin1�1 + cos1�

may be expressed as 3 cos21 − 2 cos1 − 1 = 0. [3]

................................................................................................................................................
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(ii) Hence solve the equation

�sin1 + 2 cos 1��1 + sin1 − cos 1� = sin1�1 + cos1�

for −180Å ≤ 1 ≤ 180Å. [4]
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16. Question part 1/2 | 9709 Oct-Nov 2017 P1 V2 Q5 8

5 (i) Show that the equation cos 2x�tan22x + 3� + 3 = 0 can be expressed as

2 cos22x + 3 cos 2x + 1 = 0. [3]
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9

(ii) Hence solve the equation cos 2x�tan22x + 3� + 3 = 0 for 0Å ≤ x ≤ 180Å. [4]
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6 (a) The function f, defined by f : x  → a + b sin x for x ∈ >, is such that f
�
1
6
0
�
= 4 and f

�
1
2
0
�
= 3.

(i) Find the values of the constants a and b. [3]
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(ii) Evaluate ff�0�. [2]
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(b) The function g is defined by g : x  → c+ d sin x for x ∈ >. The range of g is given by −4 ≤ g�x� ≤ 10.
Find the values of the constants c and d. [3]
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18. Question part 1/2 | 9709 Oct-Nov 2017 P1 V3 Q5
6

5 (i) Show that the equation
cos1 + 4

sin1 + 1
+ 5 sin1 − 5 = 0 may be expressed as 5 cos21 − cos1 − 4 = 0.

[3]
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(ii) Hence solve the equation
cos1 + 4

sin1 + 1
+ 5 sin1 − 5 = 0 for 0Å ≤ 1 ≤ 360Å. [4]
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6

5 (a) Express the equation
5 + 2 tan x

3 + 2 tan x
= 1 + tan x as a quadratic equation in tan x and hence solve the

equation for 0 ≤ x ≤ 0. [4]
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(b)

1

y

O 150Å

2

y = k sin�1 + !�

The diagram shows part of the graph of y = k sin�1 + !�, where k and ! are constants and

0Å < ! < 180Å. Find the value of ! and the value of k. [2]
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4 (i) Prove the identity �sin1 + cos 1��1 − sin 1 cos1� � sin31 + cos31. [3]
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7

(ii) Hence solve the equation �sin 1 + cos1��1 − sin 1 cos1� = 3 cos31 for 0Å ≤ 1 ≤ 360Å. [3]
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4 The function f is such that f�x� = a + b cos x for 0 ≤ x ≤ 20. It is given that f
�
1
3
0
�
= 5 and f�0� = 11.

(i) Find the values of the constants a and b. [3]
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(ii) Find the set of values of k for which the equation f�x� = k has no solution. [3]
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5

O A

B

C

D

i

k

j

The diagram shows a three-dimensional shape. The base OAB is a horizontal triangle in which

angle AOB is 90Å. The side OBCD is a rectangle and the side OAD lies in a vertical plane. Unit

vectors i and j are parallel to OA and OB respectively and the unit vector k is vertical. The position

vectors of A, B and D are given by
−−→
OA = 8i,

−−→
OB = 5j and

−−→
OD = 2i + 4k.

(i) Express each of the vectors
−−→
DA and

−−→
CA in terms of i, j and k. [2]
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(ii) Use a scalar product to find angle CAD. [4]
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23. Question part 1/2 | 9709 May-June 2018 P1 V2 Q10 16

10 (i) Solve the equation 2 cos x + 3 sin x = 0, for 0Å ≤ x ≤ 360Å. [3]
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(ii) Sketch, on the same diagram, the graphs of y = 2 cos x and y = −3 sin x for 0Å ≤ x ≤ 360Å. [3]

(iii) Use your answers to parts (i) and (ii) to find the set of values of x for 0Å ≤ x ≤ 360Å for which

2 cos x + 3 sin x > 0. [2]
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7 (a) (i) Express
tan21 − 1

tan21 + 1
in the form a sin21 + b, where a and b are constants to be found. [3]
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................................................................................................................................................

(ii) Hence, or otherwise, and showing all necessary working, solve the equation

tan21 − 1

tan21 + 1
=
1

4

for −90Å ≤ 1 ≤ 0Å. [2]
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(b)

x

y

O
0−0

y = 2 cos x

y = sin xA

B

The diagram shows the graphs of y = sin x and y = 2 cos x for −0 ≤ x ≤ 0. The graphs intersect

at the points A and B.

(i) Find the x-coordinate of A. [2]

................................................................................................................................................
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................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

(ii) Find the y-coordinate of B. [2]
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9

i

k j

O A

BC

D

E

8

7

2

6

The diagram shows a pyramid OABCD with a horizontal rectangular base OABC. The sides OA and

AB have lengths of 8 units and 6 units respectively. The point E on OB is such that OE = 2 units.

The point D of the pyramid is 7 units vertically above E. Unit vectors i, j and k are parallel to OA,

OC and ED respectively.

(i) Show that
−−→
OE = 1.6i + 1.2j. [2]
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(ii) Use a scalar product to find angle BDO. [7]
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26. Question part 1/2 | 9709 Oct-Nov 2018 P1 V1 Q5 6

5 (i) Show that the equation

cos1 − 4

sin 1
−

4 sin1

5 cos1 − 2
= 0

may be expressed as 9 cos21 − 22 cos1 + 4 = 0. [3]
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7

(ii) Hence solve the equation

cos1 − 4

sin 1
−

4 sin1

5 cos1 − 2
= 0

for 0Å ≤ 1 ≤ 360Å. [3]
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4 Functions f and g are defined by

f : x  → 2 − 3 cos x for 0 ≤ x ≤ 20,
g : x  → 1

2
x for 0 ≤ x ≤ 20.

(i) Solve the equation fg�x� = 1. [3]
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(ii) Sketch the graph of y = f�x�. [3]
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28. Question part 1/2 | 9709 Oct-Nov 2018 P1 V2 Q6 8

6

1Å
A

B

C
D

20 cm

9 cm

The diagram shows a triangle ABC in which BC = 20 cm and angle ABC = 90Å. The perpendicular
from B to AC meets AC at D and AD = 9 cm. Angle BCA = 1Å.
(i) By expressing the length of BD in terms of 1 in each of the triangles ABD and DBC, show that

20 sin21 = 9 cos1. [4]
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(ii) Hence, showing all necessary working, calculate 1. [3]
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29. Question part 1/2 | 9709 Oct-Nov 2018 P1 V3 Q7
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7 (i) Show that
tan1 + 1

1 + cos 1
+
tan 1 − 1

1 − cos1
�
2�tan1 − cos1�

sin21
. [3]
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(ii) Hence, showing all necessary working, solve the equation

tan1 + 1

1 + cos 1
+
tan1 − 1

1 − cos 1
= 0

for 0Å < 1 < 90Å. [4]
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30. Question part 1/2 | 9709 Feb-March 2019 P1 V2 Q5 8

5 Two vectors, u and v, are such that

u =

`
q

2

6

a
and v =

`
8

q − 1

q2 − 7

a
,

where q is a constant.

(i) Find the values of q for which u is perpendicular to v. [3]
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(ii) Find the angle between u and v when q = 0. [4]

........................................................................................................................................................
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7 (a) Solve the equation 3 sin221 + 8 cos 21 = 0 for 0Å ≤ 1 ≤ 180Å. [5]
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(b)

x

y

O

ï3

− 1

6
0

y = a + tan bx

The diagram shows part of the graph of y = a + tan bx, where x is measured in radians and a and

b are constants. The curve intersects the x-axis at
�
−1
6
0, 0

�
and the y-axis at �0, ï3�. Find the

values of a and b. [3]
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6 (i) Prove the identity

@
1

cos x
− tan x

A2
�
1 − sin x

1 + sin x
. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(ii) Hence solve the equation

@
1

cos 2x
− tan 2x

A2
=

1
3
for 0 ≤ x ≤ 0. [3]

........................................................................................................................................................
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4 Angle x is such that sin x = a + b and cos x = a − b, where a and b are constants.

(i) Show that a2 + b2 has a constant value for all values of x. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

(ii) In the case where tan x = 2, express a in terms of b. [2]
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6 The equation of a curve is y = 3 cos 2x and the equation of a line is 2y + 3x

0 = 5.

(i) State the smallest and largest values of y for both the curve and the line for 0 ≤ x ≤ 20. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Sketch, on the same diagram, the graphs of y = 3 cos 2x and 2y + 3x

0 = 5 for 0 ≤ x ≤ 20. [3]

(iii) State the number of solutions of the equation 6 cos 2x = 5 − 3x

0 for 0 ≤ x ≤ 20. [1]

........................................................................................................................................................
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9

x

y

O 1

2
0 0

y = f�x�

The function f : x  → p sin2 2x + q is defined for 0 ≤ x ≤ 0, where p and q are positive constants. The

diagram shows the graph of y = f�x�.

(i) In terms of p and q, state the range of f. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) State the number of solutions of the following equations.

(a) f�x� = p + q [1]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

(b) f�x� = q [1]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

(c) f�x� = 1
2
p + q [1]

................................................................................................................................................
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(iii) For the case where p = 3 and q = 2, solve the equation f�x� = 4, showing all necessary working.

[5]
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6

5 (i) Given that 4 tan x + 3 cos x +
1

cos x
= 0, show, without using a calculator, that sin x = −2

3
. [3]
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(ii) Hence, showing all necessary working, solve the equation

4 tan�2x − 20Å� + 3 cos�2x − 20Å� + 1

cos�2x − 20Å� = 0

for 0Å ≤ x ≤ 180Å. [4]

........................................................................................................................................................
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6 (a) Given that x > 0, find the two smallest values of x, in radians, for which 3 tan�2x + 1� = 1. Show

all necessary working. [4]

........................................................................................................................................................
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(b) The function f : x  → 3 cos2x − 2 sin2x is defined for 0 ≤ x ≤ 0.
(i) Express f�x� in the form a cos2x + b, where a and b are constants. [1]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

(ii) Find the range of f. [2]

................................................................................................................................................

................................................................................................................................................
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7

j

i

k

O A

B

C

D
E

F
G Q

P

The diagram shows a three-dimensional shape OABCDEFG. The base OABC and the upper surface

DEFG are identical horizontal rectangles. The parallelograms OAED and CBFG both lie in vertical

planes. Points P andQ are the mid-points ofOD andGF respectively. Unit vectors i and j are parallel

to
−−→
OA and

−−→
OC respectively and the unit vector k is vertically upwards. The position vectors of A, C

and D are given by
−−→
OA = 6i,

−−→
OC = 8j and

−−→
OD = 2i + 10k.

(i) Express each of the vectors
−−→
PB and

−−→
PQ in terms of i, j and k. [4]

........................................................................................................................................................
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........................................................................................................................................................
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(ii) Determine whether P is nearer to Q or to B. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Use a scalar product to find angle BPQ. [3]

........................................................................................................................................................

........................................................................................................................................................
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39. Question part 1/2 | 9709 Oct-Nov 2019 P1 V3 Q7 10

7 (i) Show that the equation 3 cos41 + 4 sin21 − 3 = 0 can be expressed as 3x2 − 4x + 1 = 0, where

x = cos21. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2019 9709/13/O/N/19



9709 Mathematics Paper 1 - Trigonometry
Topical questions | 99 questions

39. Question part 2/2 | 9709 Oct-Nov 2019 P1 V3 Q7
11

(ii) Hence solve the equation 3 cos41 + 4 sin21 − 3 = 0 for 0Å ≤ 1 ≤ 180Å. [5]

........................................................................................................................................................
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40. Question | 9709 Feb-March 2020 P1 V2 Q5 6

5 Solve the equation

tan1 + 3 sin1 + 2

tan1 − 3 sin1 + 1
= 2

for 0Å ≤ 1 ≤ 90Å. [5]

................................................................................................................................................................

................................................................................................................................................................
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41. Question part 1/2 | 9709 Feb-March 2020 P1 V2 Q11 14

11 (a) Solve the equation 3 tan2x − 5 tan x − 2 = 0 for 0Å ≤ x ≤ 180Å. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Find the set of values of k for which the equation 3 tan2x − 5 tan x + k = 0 has no solutions. [2]
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(c) For the equation 3 tan2x − 5 tan x + k = 0, state the value of k for which there are three solutions
in the interval 0Å ≤ x ≤ 180Å, and find these solutions. [3]

........................................................................................................................................................
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4

x

y

O

y = f�x�

π

The diagram shows the graph of y = f�x�, where f�x� = 3
2
cos 2x + 1

2
for 0 ≤ x ≤ π.

(a) State the range of f. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

A function g is such that g�x� = f�x� + k, where k is a positive constant. The x-axis is a tangent to the

curve y = g�x�.

(b) State the value of k and hence describe fully the transformation that maps the curve y = f�x� on
to y = g�x�. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) State the equation of the curve which is the reflection of y = f�x� in the x-axis. Give your answer
in the form y = a cos 2x + b, where a and b are constants. [1]

........................................................................................................................................................
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7 (a) Prove the identity
1 + sin 1

cos1
+

cos1

1 + sin 1
�

2

cos1
. [3]

........................................................................................................................................................
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9

(b) Hence solve the equation
1 + sin1

cos 1
+

cos1

1 + sin 1
=

3

sin1
, for 0 ≤ 1 ≤ 2π. [3]
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44. Question | 9709 May-June 2020 P1 V2 Q2 3

2 (a) Express the equation 3 cos1 = 8 tan1 as a quadratic equation in sin 1. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence find the acute angle, in degrees, for which 3 cos 1 = 8 tan 1. [2]
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7 (a) Show that
tan1

1 + cos 1
+

tan1

1 − cos1
�

2

sin1 cos1
. [4]
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(b) Hence solve the equation
tan1

1 + cos1
+

tan 1

1 − cos1
=

6

tan1
for 0Å < 1 < 180Å. [4]
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46. Question | 9709 Oct-Nov 2020 P1 V1 Q4 5

4

1

y

−1

1

2

3

4

5

π 2π 3π 4π0

y = cos 1

In the diagram, the lower curve has equation y = cos 1. The upper curve shows the result of applying

a combination of transformations to y = cos 1.

Find, in terms of a cosine function, the equation of the upper curve. [3]
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47. Question part 1/2 | 9709 Oct-Nov 2020 P1 V1 Q7
8

7 (a) Show that
sin1

1 − sin 1
−

sin1

1 + sin1
� 2 tan21. [3]
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47. Question part 2/2 | 9709 Oct-Nov 2020 P1 V1 Q7
9

(b) Hence solve the equation
sin1

1 − sin1
−

sin1

1 + sin 1
= 8, for 0Å < 1 < 180Å. [3]
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48. Question | 9709 Oct-Nov 2020 P1 V2 Q6
8

6 (a) Prove the identity

@
1

cos x
− tan x

A @
1

sin x
+ 1

A
� 1

tan x
. [4]
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(b) Hence solve the equation

@
1

cos x
− tan x

A @
1

sin x
+ 1

A
= 2 tan2x for 0Å ≤ x ≤ 180Å. [2]
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49. Question part 1/3 | 9709 Oct-Nov 2020 P1 V2 Q11 16

11 A curve has equation y = 3 cos 2x + 2 for 0 ≤ x ≤ π.
(a) State the greatest and least values of y. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Sketch the graph of y = 3 cos 2x + 2 for 0 ≤ x ≤ π. [2]

(c) By considering the straight line y = kx, where k is a constant, state the number of solutions of the

equation 3 cos 2x + 2 = kx for 0 ≤ x ≤ π in each of the following cases.

(i) k = −3 [1]

................................................................................................................................................

................................................................................................................................................

(ii) k = 1 [1]

................................................................................................................................................

................................................................................................................................................

(iii) k = 3 [1]
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49. Question part 2/3 | 9709 Oct-Nov 2020 P1 V2 Q11
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Functions f, g and h are defined for x ∈ > by

f�x� = 3 cos 2x + 2,

g�x� = f�2x� + 4,

h�x� = 2f
�
x + 1

2
π�.

(d) Describe fully a sequence of transformations that maps the graph of y = f�x� on to y = g�x�. [2]
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(e) Describe fully a sequence of transformations that maps the graph of y = f�x� on to y = h�x�. [2]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)

must be clearly shown.
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50. Question | 9709 Oct-Nov 2020 P1 V3 Q3
4

3 Solve the equation 3 tan21 + 1 = 2

tan21 for 0Å < 1 < 180Å. [5]
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51. Question | 9709 Feb-March 2021 P1 V2 Q3
5

3 Solve the equation
tan 1 + 2 sin1

tan 1 − 2 sin1
= 3 for 0Å < 1 < 180Å. [4]
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52. Question | 9709 May-June 2021 P1 V1 Q4 5

4

x

y

−
1

4
π

1

4
π

1

2
π

3

4
π π

5

4
π

3

2
π

7

4
π

−6

−4

−2

2

4

6

0

The diagram shows part of the graph of y = a tan�x − b� + c.

Given that 0 < b < π, state the values of the constants a, b and c. [3]
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53. Question part 1/2 | 9709 May-June 2021 P1 V1 Q7
8

7 (a) Prove the identity
1 − 2 sin21

1 − sin21
� 1 − tan21. [2]
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53. Question part 2/2 | 9709 May-June 2021 P1 V1 Q7
9

(b) Hence solve the equation
1 − 2 sin21

1 − sin21
= 2 tan41 for 0Å ≤ 1 ≤ 180Å. [3]
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54. Question part 1/2 | 9709 May-June 2021 P1 V2 Q10
12

10 (a) Prove the identity
1 + sin x

1 − sin x
−
1 − sin x

1 + sin x
�
4 tan x

cos x
. [4]
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54. Question part 2/2 | 9709 May-June 2021 P1 V2 Q10
13

(b) Hence solve the equation
1 + sin x

1 − sin x
−
1 − sin x

1 + sin x
= 8 tan x for 0 ≤ x ≤ 1

2
π. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/12/M/J/21 [Turn over



9709 Mathematics Paper 1 - Trigonometry
Topical questions | 99 questions

55. Question | 9709 May-June 2021 P1 V3 Q4 6

4 (a) Show that the equation

tan x + sin x

tan x − sin x
= k,

where k is a constant, may be expressed as

1 + cos x

1 − cos x
= k. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence express cos x in terms of k. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Hence solve the equation
tan x + sin x

tan x − sin x
= 4 for −π < x < π. [2]
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56. Question | 9709 Oct-Nov 2021 P1 V1 Q3 5

3 Solve, by factorising, the equation

6 cos 1 tan 1 − 3 cos1 + 4 tan1 − 2 = 0,

for 0Å ≤ 1 ≤ 180Å. [4]
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57. Question | 9709 Oct-Nov 2021 P1 V1 Q5 7

5

x

y

12

10

8

6

4

2

0

−2

−4

π 2π

y = a cos�bx� + c

The diagram shows part of the graph of y = a cos�bx� + c.

(a) Find the values of the positive integers a, b and c. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) For these values of a, b and c, use the given diagram to determine the number of solutions in the

interval 0 ≤ x ≤ 2π for each of the following equations.

(i) a cos�bx� + c = 6π x [1]

................................................................................................................................................

................................................................................................................................................

(ii) a cos�bx� + c = 6 − 6π x [1]

................................................................................................................................................

................................................................................................................................................
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58. Question | 9709 Oct-Nov 2021 P1 V2 Q1
2

1 Solve the equation 2 cos1 = 7 −
3

cos1
for −90Å < 1 < 90Å. [4]
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59. Question part 1/2 | 9709 Oct-Nov 2021 P1 V3 Q7 10

7 (a) Show that the equation
tan x + cos x

tan x − cos x
= k, where k is a constant, can be expressed as

�k + 1� sin2x + �k − 1� sin x − �k + 1� = 0. [4]
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59. Question part 2/2 | 9709 Oct-Nov 2021 P1 V3 Q7
11

(b) Hence solve the equation
tan x + cos x

tan x − cos x
= 4 for 0Å ≤ x ≤ 360Å. [4]
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60. Question part 1/2 | 9709 Feb-March 2022 P1 V2 Q7
10

7 (a) Show that
sin 1 + 2 cos1

cos 1 − 2 sin1
−
sin1 − 2 cos 1

cos 1 + 2 sin1
�

4

5 cos21 − 4
. [4]
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60. Question part 2/2 | 9709 Feb-March 2022 P1 V2 Q7
11

(b) Hence solve the equation
sin1 + 2 cos 1

cos1 − 2 sin 1
−
sin 1 − 2 cos1

cos 1 + 2 sin1
= 5 for 0Å < 1 < 180Å. [3]
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61. Question part 1/2 | 9709 May-June 2022 P1 V1 Q4
6

4 (a) Prove the identity
sin31

sin 1 − 1
−

sin21

1 + sin 1
� − tan21�1 + sin21�. [4]
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61. Question part 2/2 | 9709 May-June 2022 P1 V1 Q4
7

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

(b) Hence solve the equation

sin31

sin1 − 1
−

sin21

1 + sin1
= tan21�1 − sin21�

for 0 < 1 < 2π. [2]
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62. Question part 1/3 | 9709 May-June 2022 P1 V2 Q11 18

11 The function f is given by f�x� = 4 cos4x + cos2x − k for 0 ≤ x ≤ 2π, where k is a constant.

(a) Given that k = 3, find the exact solutions of the equation f�x� = 0. [5]
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62. Question part 2/3 | 9709 May-June 2022 P1 V2 Q11
19

(b) Use the quadratic formula to show that, when k > 5, the equation f�x� = 0 has no solutions. [5]
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62. Question part 3/3 | 9709 May-June 2022 P1 V2 Q11
20
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63. Question | 9709 May-June 2022 P1 V3 Q2 4

2

1

y

π 2π 3π 4π

−5

−4

−3

−2

−1

0

1

0

y = p sin�q1� + r

The diagram shows part of the curve with equation y = p sin�q1� + r, where p, q and r are constants.

(a) State the value of p. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) State the value of q. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) State the value of r. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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64. Question | 9709 May-June 2022 P1 V3 Q5
7

5 (a) Solve the equation 6
�
y + 2�

y
− 7 = 0. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence solve the equation 6
�
tan x + 2�

tan x
− 7 = 0 for 0Å ≤ x ≤ 360Å. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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65. Question part 1/2 | 9709 Oct-Nov 2022 P1 V1 Q6 8

6 (a) Show that the equation

1

sin1 + cos 1
+

1

sin1 − cos 1
= 1

may be expressed in the form a sin21 + b sin 1 + c = 0, where a, b and c are constants to be

found. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2022 9709/11/O/N/22



9709 Mathematics Paper 1 - Trigonometry
Topical questions | 99 questions

65. Question part 2/2 | 9709 Oct-Nov 2022 P1 V1 Q6
9

(b) Hence solve the equation
1

sin1 + cos1
+

1

sin1 − cos 1
= 1 for 0Å ≤ 1 ≤ 360Å. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................
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66. Question | 9709 Oct-Nov 2022 P1 V2 Q3 5

3 (a) Find the set of values of k for which the equation 8x2 + kx + 2 = 0 has no real roots. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Solve the equation 8 cos21 − 10 cos1 + 2 = 0 for 0Å ≤ 1 ≤ 180Å. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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67. Question part 1/2 | 9709 Oct-Nov 2022 P1 V2 Q7
10

7 (a) Prove the identity
sin1

sin 1 + cos1
+

cos 1

sin1 − cos1
�
tan21 + 1

tan21 − 1
. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................
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67. Question part 2/2 | 9709 Oct-Nov 2022 P1 V2 Q7
11

(b) Hence find the exact solutions of the equation
sin 1

sin 1 + cos1
+

cos1

sin1 − cos 1
= 2 for 0 ≤ 1 ≤ π.

[4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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68. Question | 9709 Oct-Nov 2022 P1 V3 Q1 2

1 Solve the equation 8 sin21 + 6 cos1 + 1 = 0 for 0Å < 1 < 180Å. [3]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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69. Question | 9709 Oct-Nov 2022 P1 V3 Q6 7

6 It is given that ! = cos−1
�
8
17

�
.

Find, without using the trigonometric functions on your calculator, the exact value of
1

sin!
+

1

tan !
.

[5]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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................................................................................................................................................................

................................................................................................................................................................
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70. Question part 1/2 | 9709 Feb-March 2023 P1 V2 Q7 8

7 (a) By first obtaining a quadratic equation in cos 1, solve the equation

tan1 sin1 = 1

for 0Å < 1 < 360Å. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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70. Question part 2/2 | 9709 Feb-March 2023 P1 V2 Q7
9

(b) Show that
tan1

sin1
−
sin 1

tan1
� tan1 sin1. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................
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71. Question | 9709 May-June 2023 P1 V1 Q1 2

1 Solve the equation 4 sin1 + tan 1 = 0 for 0Å < 1 < 180Å. [3]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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................................................................................................................................................................
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72. Question | 9709 May-June 2023 P1 V1 Q7 9

7 A curve has equation y = 2 + 3 sin 1
2
x for 0 ≤ x ≤ 4π.

(a) State greatest and least values of y. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Sketch the curve. [2]

x

y

π 2π 3π 4π0

(c) State the number of solutions of the equation

2 + 3 sin 1
2
x = 5 − 2x

for 0 ≤ x ≤ 4π. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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73. Question part 1/2 | 9709 May-June 2023 P1 V2 Q7 8

7 (a) (i) By first expanding �cos1 + sin1�2, find the three solutions of the equation

�cos1 + sin1�2 = 1

for 0 ≤ 1 ≤ π. [3]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

(ii) Hence verify that the only solutions of the equation cos 1 + sin 1 = 1 for 0 ≤ 1 ≤ π are

0 and 1
2
π. [2]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................
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73. Question part 2/2 | 9709 May-June 2023 P1 V2 Q7
9

(b) Prove the identity
sin1

cos1 + sin1
+

1 − cos1

cos1 − sin1
�
cos 1 + sin1 − 1

1 − 2 sin21
. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Using the results of (a)(ii) and (b), solve the equation

sin 1

cos1 + sin1
+

1 − cos 1

cos 1 − sin 1
= 2�cos1 + sin1 − 1�

for 0 ≤ 1 ≤ π. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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74. Question | 9709 May-June 2023 P1 V3 Q4 5

4 (a) Show that the equation

3 tan2x − 3 sin2x − 4 = 0

may be expressed in the form a cos4x + b cos2x + c = 0, where a, b and c are constants to be

found. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence solve the equation 3 tan2x − 3 sin2x − 4 = 0 for 0Å ≤ x ≤ 180Å. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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75. Question | 9709 Oct-Nov 2023 P1 V1 Q5 7

5 (a) Show that the equation

4 sin x +
5

tan x
+

2

sin x
= 0

may be expressed in the form a cos2x + b cos x + c = 0, where a, b and c are integers to be found.

[3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence solve the equation 4 sin x +
5

tan x
+

2

sin x
= 0 for 0Å ≤ x ≤ 360Å. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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76. Question | 9709 Oct-Nov 2023 P1 V2 Q2 3

2 Find the exact solution of the equation

1
6
π + tan−1�4x� = − cos−1

�
1
2

�
3
�
. [2]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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................................................................................................................................................................
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................................................................................................................................................................

................................................................................................................................................................
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77. Question part 1/2 | 9709 Oct-Nov 2023 P1 V2 Q7 10

7 (a) Verify the identity �2x − 1��4x2 + 2x − 1� � 8x3 − 4x + 1. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Prove the identity
tan21 + 1

tan21 − 1
�

1

1 − 2 cos21
. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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77. Question part 2/2 | 9709 Oct-Nov 2023 P1 V2 Q7
11

(c) Using the results of (a) and (b), solve the equation

tan21 + 1

tan21 − 1
= 4 cos 1,

for 0Å ≤ 1 ≤ 180Å. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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78. Question | 9709 Oct-Nov 2023 P1 V3 Q3 5

3 (a) Show that the equation

5 cos 1 − sin1 tan 1 + 1 = 0

may be expressed in the form a cos21 + b cos 1 + c = 0, where a, b and c are constants to be

found. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence solve the equation 5 cos1 − sin1 tan1 + 1 = 0 for 0 < 1 < 2π. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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79. Question | 9709 Feb-March 2024 P1 V2 Q2 3

9709/12/F/M/24© UCLES 2024 [Turn over

2

O

A

y

x

 The diagram shows part of the curve with equation siny k x2
1=  , where k is a positive constant and x is 

measured in radians. The curve has a minimum point A.

 (a) State the coordinates of A. [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) A sequence of transformations is applied to the curve in the following order.

       Translation of 2 units in the negative y-direction

       Reflection in the x-axis

  Find the equation of the new curve and determine the coordinates of the point on the new curve 
corresponding to A. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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80. Question | 9709 Feb-March 2024 P1 V2 Q4
5

9709/12/F/M/24© UCLES 2024 [Turn over

4 (a) Prove that 
( )sin cos

cos
tan

1
2

2

2 /
i

i i
i

+ -
. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Hence solve the equation 
( )

cos
sin cos

tan
1

52

2
3

i

i i
i

+ -
=  for 90 90c c1 1i- . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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81. Question | 9709 May-June 2024 P1 V1 Q5
6

9709/11/M/J/24© UCLES 2024

5 (a) Prove the identity cos
sin cos cosx

x x x1
12
/

+
- -

- . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Hence solve the equation cos
sin cos forx

x x x2 2
1

4
1 0 360° °

2
G G

+
- -

= .  [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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3 (a) Show that the equation cos
tan7 12 0
i
i
+ =  can be expressed as

    sin sin12 12 072i i- - = . [3]

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Hence solve the equation  cos
tan7 12 0
i
i
+ =  for 0 360G Gic c. [3]
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2 (a)

y

x
O

A

B

  The diagram shows the curve r( )cosy k x
6

1
= -  where k is a positive constant and x is measured 

in radians. The curve crosses the x-axis at point A and B is a minimum point.

  Find the coordinates of A and B. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the exact value of t that satisfies the equation

    r( )sin cost3 3 2 21 1 1

2
+ =

- - b l . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................
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4 (a) Show that the equation ( )cos tan cos5 17i i i- =  can be written in the form 

sin sina b c 0
2
i i+ + = , where a, b and c are integers to be found. [3]

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Hence solve the equation ( )cos tan cosx x x2 7 2 5 2 1- =  for x0 180° °1 1 . [3]
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 ............................................................................................................................................................
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5 The equation of a curve is y x
x

2
2

1
3

2
= - + .

 (a) Find the coordinates of the stationary point. [3]

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Determine the nature of the stationary point. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) For positive values of x, determine whether the curve shows a function that is increasing, 
decreasing or neither. Give a reason for your answer. [2]
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8 (a) It is given that b is an angle between 90° and 180° such that sin ab = .
  Express tan sin cos32 b b b-  in terms of a. [3]
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 (b) Solve the equation  sin cos sin2 4 32 2i i i+ = +   for ° °0 3601 1i . [5]
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86. Question | 9709 Oct-Nov 2024 P1 V2 Q1 2
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1

1
0

−1

2
3
4
5
6
7
8

r 2rr r21 r 23 r

y

0 x

 The diagram shows the curve with equation ( )siny a bx c= +  for x0 2G G r, where a, b and c are positive constants.
 (a) State the values of a, b and c. [3]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) For these values of a, b and c, determine the number of solutions in the interval x0 2G G r for each of the following equations:
  (i) ( )sina bx c x7+ = -  [1]

 ....................................................................................................................................................
 ....................................................................................................................................................

  (ii) ( ) ( )sina bx c x2 1r+ = - . [1]
 ....................................................................................................................................................
 ....................................................................................................................................................
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2 Find the exact solution of the equation 

    rcos tan x
6
1

2
2
3

0+ + =  for r rx
4
1

4
1

1 1- . [2]

 ....................................................................................................................................................................
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4 Solve the equation sin sin4 12 7 04 2
i i+ - =  for ° °0 360G Gi . [4]

 ....................................................................................................................................................................
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7 (a) Show that tan sin sin
sin sin3 5 1

8 52 2 2
2 4/i i i
i i+ -

- . [3]
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 (b) Hence solve the equation tan sin3 5 92 2i i+ =  for ° °0 2701 1i . [4]
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1 Solve the equation sin sin6 1 2i i= +  for ° °180 1801 1i- . [4]
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5 The equation of a curve is cosy x4 2 3= +  for x0 2G G r.
 (a) State the greatest and least possible values of y. [2]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Sketch the curve. [2]

21 rO

y

xr 2r23 rr r

 (c) Hence determine the number of solutions of the equation cos x x4 2 3 2 1+ = -  for x0 2G G r. [1]
 ............................................................................................................................................................
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92. Question part 1/2 | 9709 May-June 2025 P1 V2 Q7
8
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7 (a) Prove the identity tan
tan sin

cos
cos cos

3
7

1 4
7

2 2
2/i

i
i

i i i
-
+

-
+ . [3] 
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 (b) Hence solve the equation cos
sin cos cos

1 4
7 5
2

2
i

i i i
-

+ = tan i  for ° °0 180G Gi . [4]
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5 Solve the equation
sin tan cos4 1 5i i i= +

 for ° °180 1801 1i- . [6]
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3 (a) Use completing the square to find the exact solutions of the equation x x4 4 1 02 - - = . [2]
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 (b) Hence solve the equation tan tan4 4 1i i= +  for ° °0 1801 1i . [3]
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0000800000004 *

DO
 N

O
T 

W
RI

TE
 IN

 T
HI

S 
M

AR
G

IN
   

   
   

   
   

   
DO

 N
O

T 
W

RI
TE

 IN
 T

HI
S 

M
AR

G
IN

   
   

   
   

   
   

DO
 N

O
T 

W
RI

TE
 IN

 T
HI

S 
M

AR
G

IN
   

   
   

   
   

   
DO

 N
O

T 
W

RI
TE

 IN
 T

HI
S 

M
AR

G
IN

   
   

   
   

   
   

DO
 N

O
T 

W
RI

TE
 IN

 T
HI

S 
M

AR
G

IN



9709 Mathematics Paper 1 - Trigonometry
Topical questions | 99 questions

95. Question part 1/2 | 9709 May-June 2025 P1 V5 Q9 14

9709/15/M/J/25© UCLES 2025

9 Functions f and g are defined as follows.

( )
( ) ( )

cos
cos

x x x
x x x

0
3 2 2

f for
g for

G G
G G

r
r r r

=
= - +

 (a) Describe fully the transformations that have been combined to transform the graph of ( )y xf=  to 
the graph of ( )y xg= . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) On the given axes, sketch the graphs of ( )y xf=  and ( )y xg= . [4]

y

xO r 2r
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 (c) Find g f1
3
1 r- ` j. [4]
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 (d) Explain why the composite function fg cannot be formed. [1]
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5 (a) Show that tan cos
cos1 1 24 4

2/i i
i- - . [3]
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 (b) Hence solve the equation ( )cos tan 1 72 4i i - =  for ° °0 1801 1i . [4]
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6 (a) Sketch the graph of siny x3 2= +  for rx0 2G G . [2]

0

y

xr2
1 r2

3 rr 2

 (b) Determine the number of solutions in the interval rx0 2G G  of each of the following equations.
  (i) sin x x3 2+ =  [1]

 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................

  (ii) sin x x3 2 5+ = -  [1]
 ....................................................................................................................................................
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 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
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 (c) Solve the equation sin cosx x3 2 5 12+ = -  for rx0 2G G . [5]
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2 (a) Solve the equation ( )tan x5 31
4
1 r- =-- . [2]

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 (b) Solve the equation cos sin5 4 42i i= +  for r r22
1 G Gi . [4]
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8

6 (a) Show that the equation

    sin
ntan si

6
1 4

i
i i

+ =

  can be written in the form

    coscos6 2 02
i i- - = . [3]
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 (b) Hence, solve the equation

    sin
ntan si

6
1 4

i
i i

+ =

  for ° °0 036G Gi . [4]
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