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1. Question | 9709 Feb-March 2016 P3 V2 Q2

2

1 Solve the equation ln�x2 + 4� = 2 ln x + ln 4, giving your answer in an exact form. [3]

2 Express the equation tan�1 + 45Å� − 2 tan�1 − 45Å� = 4 as a quadratic equation in tan 1. Hence solve
this equation for 0Å ≤ 1 ≤ 180Å. [6]

3 The equation x5 − 3x3 + x2 − 4 = 0 has one positive root.

(i) Verify by calculation that this root lies between 1 and 2. [2]

(ii) Show that the equation can be rearranged in the form

x = 3
O@

3x + 4

x2
− 1

A
. [1]

(iii) Use an iterative formula based on this rearrangement to determine the positive root correct to

2 decimal places. Give the result of each iteration to 4 decimal places. [3]

4 The polynomial 4x3 + ax + 2, where a is a constant, is denoted by p�x�. It is given that �2x + 1� is a
factor of p�x�.

(i) Find the value of a. [2]

(ii) When a has this value,

(a) factorise p�x�, [2]

(b) solve the inequality p�x� > 0, justifying your answer. [3]

5 Let I = Ô 1

0

9
�
3 + x2

�2 dx.

(i) Using the substitution x = �ï3� tan 1, show that I = ï3Ó 1
6
0

0

cos21 d1. [3]

(ii) Hence find the exact value of I. [4]

6 A curve has equation

sin y ln x = x − 2 sin y,

for −1
2
0 ≤ y ≤ 1

2
0.

(i) Find
dy

dx
in terms of x and y. [5]

(ii) Hence find the exact x-coordinate of the point on the curve at which the tangent is parallel to the

x-axis. [3]
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2. Question | 9709 May-June 2016 P3 V1 Q3

2

1 (i) Solve the equation 2�x − 1� = 3�x �. [3]

(ii) Hence solve the equation 2�5x − 1� = 3�5x �, giving your answer correct to 3 significant figures.

[2]

2 Find the exact value of Ó
1
2

0

xe−2x dx. [5]

3 By expressing the equation cosec1 = 3 sin 1 + cot1 in terms of cos1 only, solve the equation for

0Å < 1 < 180Å. [5]

4 The variables x and y satisfy the differential equation

x
dy

dx
= y�1 − 2x2�,

and it is given that y = 2 when x = 1. Solve the differential equation and obtain an expression for y in

terms of x in a form not involving logarithms. [6]

5 The curve with equation y = sin x cos 2x has one stationary point in the interval 0 < x < 1
2
0. Find the

x-coordinate of this point, giving your answer correct to 3 significant figures. [6]

6 (i) By sketching a suitable pair of graphs, show that the equation

5e−x = �
x

has one root. [2]

(ii) Show that, if a sequence of values given by the iterative formula

x
n+1 = 1

2
ln

@
25

x
n

A

converges, then it converges to the root of the equation in part (i). [2]

(iii) Use this iterative formula, with initial value x
1
= 1, to calculate the root correct to 2 decimal

places. Give the result of each iteration to 4 decimal places. [3]

7 The equation of a curve is x3 − 3x2y + y3 = 3.

(i) Show that
dy

dx
= x2 − 2xy

x2 − y2
. [4]

(ii) Find the coordinates of the points on the curve where the tangent is parallel to the x-axis. [5]

© UCLES 2016 9709/31/M/J/16

3. Question | 9709 May-June 2016 P3 V2 Q5

2

1 Use logarithms to solve the equation 43x−1 = 3�5x�, giving your answer correct to 3 decimal places.

[4]

2 Expand
1��1 − 2x� in ascending powers of x, up to and including the term in x3, simplifying the

coefficients. [4]

3 Find the exact value of Ó
1
2
0

0

x2 sin 2x dx. [5]

4 The curve with equation y = �ln x�2
x

has two stationary points. Find the exact values of the coordinates

of these points. [6]

5 (i) Prove the identity cos 41 − 4 cos 21 � 8 sin41 − 3. [4]

(ii) Hence solve the equation

cos 41 = 4 cos 21 + 3,

for 0Å ≤ 1 ≤ 360Å. [4]

6 The variables x and 1 satisfy the differential equation

�3 + cos 21� dx
d1 = x sin 21,

and it is given that x = 3 when 1 = 1
4
0.

(i) Solve the differential equation and obtain an expression for x in terms of 1. [7]

(ii) State the least value taken by x. [1]

7 Let f�x� = 4x2 + 7x + 4

�2x + 1��x + 2� .

(i) Express f�x� in partial fractions. [5]

(ii) Show that Ó 4

0

f�x�dx = 8 − ln 3. [5]
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2

1 Solve the inequality 2 �x − 2 � > �3x + 1 �. [4]

2 The variables x and y satisfy the relation 3y = 42−x.
(i) By taking logarithms, show that the graph of y against x is a straight line. State the exact value

of the gradient of this line. [3]

(ii) Calculate the exact x-coordinate of the point of intersection of this line with the line with equation

y = 2x, simplifying your answer. [2]

3 (i) Express �ï5� cos x + 2 sin x in the form R cos�x − !�, where R > 0 and 0Å < ! < 90Å, giving the

value of ! correct to 2 decimal places. [3]

(ii) Hence solve the equation

�ï5� cos 1
2
x + 2 sin 1

2
x = 1.2,

for 0Å < x < 360Å. [3]

4 The parametric equations of a curve are

x = t + cos t, y = ln�1 + sin t�,

where −1
2
0 < t < 1

2
0.

(i) Show that
dy

dx
= sec t. [5]

(ii) Hence find the x-coordinates of the points on the curve at which the gradient is equal to 3. Give

your answers correct to 3 significant figures. [3]

5 The variables x and y satisfy the differential equation

dy

dx
= e−2y tan2x,

for 0 ≤ x < 1
2
0, and it is given that y = 0 when x = 0. Solve the differential equation and calculate the

value of y when x = 1
4
0. [8]

6 The curve with equation y = x2 cos 1
2
x has a stationary point at x = p in the interval 0 < x < 0.

(i) Show that p satisfies the equation tan 1
2
p = 4

p
. [3]

(ii) Verify by calculation that p lies between 2 and 2.5. [2]

(iii) Use the iterative formula p
n+1 = 2 tan−1

@
4

p
n

A
to determine the value of p correct to 2 decimal

places. Give the result of each iteration to 4 decimal places. [3]
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2

1 Solve the equation
3x + 2

3x − 2
= 8, giving your answer correct to 3 decimal places. [3]

2 Expand �2 − x��1 + 2x�−
3
2 in ascending powers of x, up to and including the term in x2, simplifying the

coefficients. [4]

3 Express the equation sec 1 = 3 cos1 + tan1 as a quadratic equation in sin 1. Hence solve this equation
for −90Å < 1 < 90Å. [5]

4 The equation of a curve is xy�x − 6y� = 9a3, where a is a non-zero constant. Show that there is only

one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. [7]

5 (i) Prove the identity tan 21 − tan1 � tan1 sec 21. [4]

(ii) Hence show that Ó
1
6
0

0

tan1 sec 21 d1 = 1
2
ln 3

2
. [4]

6 (i) By sketching a suitable pair of graphs, show that the equation

cosec 1
2
x = 1

3
x + 1

has one root in the interval 0 < x ≤ 0. [2]

(ii) Show by calculation that this root lies between 1.4 and 1.6. [2]

(iii) Show that, if a sequence of values in the interval 0 < x ≤ 0 given by the iterative formula

x
n+1 = 2 sin−1

@
3

x
n
+ 3

A

converges, then it converges to the root of the equation in part (i). [2]

(iv) Use this iterative formula to calculate the root correct to 3 decimal places. Give the result of each

iteration to 5 decimal places. [3]
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2

1 Solve the equation
3x + 2

3x − 2
= 8, giving your answer correct to 3 decimal places. [3]

2 Expand �2 − x��1 + 2x�−
3
2 in ascending powers of x, up to and including the term in x2, simplifying the

coefficients. [4]

3 Express the equation sec 1 = 3 cos1 + tan1 as a quadratic equation in sin 1. Hence solve this equation
for −90Å < 1 < 90Å. [5]

4 The equation of a curve is xy�x − 6y� = 9a3, where a is a non-zero constant. Show that there is only

one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. [7]

5 (i) Prove the identity tan 21 − tan1 � tan1 sec 21. [4]

(ii) Hence show that Ó
1
6
0

0

tan1 sec 21 d1 = 1
2
ln 3

2
. [4]

6 (i) By sketching a suitable pair of graphs, show that the equation

cosec 1
2
x = 1

3
x + 1

has one root in the interval 0 < x ≤ 0. [2]

(ii) Show by calculation that this root lies between 1.4 and 1.6. [2]

(iii) Show that, if a sequence of values in the interval 0 < x ≤ 0 given by the iterative formula

x
n+1 = 2 sin−1

@
3

x
n
+ 3

A

converges, then it converges to the root of the equation in part (i). [2]

(iv) Use this iterative formula to calculate the root correct to 3 decimal places. Give the result of each

iteration to 5 decimal places. [3]
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7. Question | 9709 Oct-Nov 2016 P3 V2 Q3

2

1 Solve the equation
3x + 2

3x − 2
= 8, giving your answer correct to 3 decimal places. [3]

2 Expand �2 − x��1 + 2x�−
3
2 in ascending powers of x, up to and including the term in x2, simplifying the

coefficients. [4]

3 Express the equation sec 1 = 3 cos1 + tan1 as a quadratic equation in sin 1. Hence solve this equation
for −90Å < 1 < 90Å. [5]

4 The equation of a curve is xy�x − 6y� = 9a3, where a is a non-zero constant. Show that there is only

one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. [7]

5 (i) Prove the identity tan 21 − tan1 � tan1 sec 21. [4]

(ii) Hence show that Ó
1
6
0

0

tan1 sec 21 d1 = 1
2
ln 3

2
. [4]

6 (i) By sketching a suitable pair of graphs, show that the equation

cosec 1
2
x = 1

3
x + 1

has one root in the interval 0 < x ≤ 0. [2]

(ii) Show by calculation that this root lies between 1.4 and 1.6. [2]

(iii) Show that, if a sequence of values in the interval 0 < x ≤ 0 given by the iterative formula

x
n+1 = 2 sin−1

@
3

x
n
+ 3

A

converges, then it converges to the root of the equation in part (i). [2]

(iv) Use this iterative formula to calculate the root correct to 3 decimal places. Give the result of each

iteration to 5 decimal places. [3]
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2

1 It is given that z = ln�y + 2� − ln�y + 1�. Express y in terms of z. [3]

2 The equation of a curve is y = sin x

1 + cos x
, for −0 < x < 0. Show that the gradient of the curve is positive

for all x in the given interval. [4]

3 Express the equation cot 21 = 1 + tan1 as a quadratic equation in tan1. Hence solve this equation for
0Å < 1 < 180Å. [6]

4 The polynomial 4x4 + ax2 + 11x + b, where a and b are constants, is denoted by p�x�. It is given that

p�x� is divisible by x2 − x + 2.

(i) Find the values of a and b. [5]

(ii) When a and b have these values, find the real roots of the equation p�x� = 0. [2]

5

x

y

O N

P �x, y�

The diagram shows a variable point P with coordinates �x, y� and the point N which is the foot of the

perpendicular from P to the x-axis. P moves on a curve such that, for all x ≥ 0, the gradient of the

curve is equal in value to the area of the triangle OPN, where O is the origin.

(i) State a differential equation satisfied by x and y. [1]

The point with coordinates �0, 2� lies on the curve.

(ii) Solve the differential equation to obtain the equation of the curve, expressing y in terms of x.

[5]

(iii) Sketch the curve. [1]

6 Let I = Ô 4

1

��x� − 1

2�x + �
x� dx.

(i) Using the substitution u = �
x, show that I = Ô 2

1

u − 1

u + 1
du. [3]

(ii) Hence show that I = 1 + ln 4
9
. [6]
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9. Question part 1/2 | 9709 Feb-March 2017 P3 V2 Q4 6

4 (i) Express 8 cos 1 − 15 sin 1 in the form R cos�1 + !�, where R > 0 and 0Å < ! < 90Å, stating the

exact value of R and giving the value of ! correct to 2 decimal places. [3]
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9. Question part 2/2 | 9709 Feb-March 2017 P3 V2 Q4
7

(ii) Hence solve the equation

8 cos 2x − 15 sin 2x = 4,

for 0Å < x < 180Å. [4]
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10. Question part 1/2 | 9709 May-June 2017 P3 V1 Q8 14

8 (i) By first expanding 2 sin�x − 30Å�, express 2 sin�x − 30Å� − cos x in the form R sin�x − !�, where
R > 0 and 0Å < ! < 90Å. Give the exact value of R and the value of ! correct to 2 decimal places.

[5]
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10. Question part 2/2 | 9709 May-June 2017 P3 V1 Q8
15

(ii) Hence solve the equation

2 sin�x − 30Å� − cos x = 1,

for 0Å < x < 180Å. [3]
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11. Question part 1/2 | 9709 May-June 2017 P3 V2 Q3 4

3 (i) Express the equation cot 1 − 2 tan 1 = sin 21 in the form a cos41 + b cos21 + c = 0, where a, b

and c are constants to be determined. [3]
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5

(ii) Hence solve the equation cot 1 − 2 tan 1 = sin 21 for 90Å < 1 < 180Å. [2]
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12. Question part 1/2 | 9709 May-June 2017 P3 V2 Q7
12

7 (i) Prove that if y = 1

cos1 then
dy

d1 = sec 1 tan1. [2]
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(ii) Prove the identity
1 + sin 1
1 − sin 1 � 2 sec21 + 2 sec 1 tan 1 − 1. [3]
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........................................................................................................................................................
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(iii) Hence find the exact value of Ô
1
4
0

0

1 + sin1
1 − sin1 d1. [4]
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13. Question | 9709 May-June 2017 P3 V3 Q1 2

1 Prove the identity
cot x − tan x

cot x + tan x
� cos 2x. [3]
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14. Question part 1/2 | 9709 Oct-Nov 2017 P3 V1 Q4 6

4 (i) Prove the identity tan�45Å + x� + tan�45Å − x� � 2 sec 2x. [4]
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(ii) Hence sketch the graph of y = tan�45Å + x� + tan�45Å − x� for 0Å ≤ x ≤ 90Å. [3]
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15. Question part 1/2 | 9709 Oct-Nov 2017 P3 V2 Q3 4

3 By expressing the equation tan�1 + 60Å�+ tan�1 − 60Å� = cot1 in terms of tan1 only, solve the equation
for 0Å < 1 < 90Å. [5]
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5
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16. Question part 1/2 | 9709 Oct-Nov 2017 P3 V3 Q4 6

4 (i) Prove the identity tan�45Å + x� + tan�45Å − x� � 2 sec 2x. [4]
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(ii) Hence sketch the graph of y = tan�45Å + x� + tan�45Å − x� for 0Å ≤ x ≤ 90Å. [3]
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17. Question part 1/2 | 9709 Feb-March 2018 P3 V2 Q3 4

3 (i) Using the expansions of cos�3x + x� and cos�3x − x�, show that

1
2
�cos 4x + cos 2x� � cos 3x cos x. [3]
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17. Question part 2/2 | 9709 Feb-March 2018 P3 V2 Q3
5

(ii) Hence show that Ó
1
6
0

−1
6
0
cos 3x cos x dx = 3

8
ï3. [3]
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18. Question | 9709 May-June 2018 P3 V1 Q2 3

2 (i) Given that sin�x − 60Å� = 3 cos�x − 45Å�, find the exact value of tan x. [4]
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(ii) Hence solve the equation sin�x − 60Å� = 3 cos�x − 45Å�, for 0Å < x < 360Å. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2018 9709/31/M/J/18 [Turn over



9709 Mathematics Paper 3 - Trigonometry
Topical questions | 91 questions

19. Question | 9709 May-June 2018 P3 V2 Q2 3

2 Showing all necessary working, solve the equation cot 1 + cot�1 + 45Å� = 2, for 0Å < 1 < 180Å. [5]
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4 (i) Show that
2 sin x − sin 2x

1 − cos 2x
� sin x

1 + cos x
. [4]
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20. Question part 2/2 | 9709 May-June 2018 P3 V2 Q4
7

(ii) Hence, showing all necessary working, find Ô
1
2
0

1
3
0
2 sin x − sin 2x

1 − cos 2x
dx, giving your answer in the

form ln k. [4]
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21. Question part 1/2 | 9709 May-June 2018 P3 V3 Q5 8

5 (i) By first expanding
�
cos2x + sin2x

�3
, or otherwise, show that

cos6x + sin6x = 1 − 3
4
sin22x. [4]
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9

(ii) Hence solve the equation

cos6x + sin6x = 2
3
,

for 0Å < x < 180Å. [4]
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7 Throughout this question the use of a calculator is not permitted.

(i) Express cos 1 + 2 sin 1 in the form R cos�1 − !�, where R > 0 and 0 < ! < 1
2
0. Give the exact

values of R and tan!. [3]
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(ii) Hence, showing all necessary working, show that Ô
1
4
0

0

15

�cos1 + 2 sin 1�2 d1 = 5. [5]
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23. Question part 1/2 | 9709 Oct-Nov 2018 P3 V1 Q6 10

6 (i) Show that the equation �ï2� cosec x + cot x = ï3 can be expressed in the form R sin�x − !� = ï2,
where R > 0 and 0Å < ! < 90Å. [4]
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(ii) Hence solve the equation �ï2� cosec x + cot x = ï3, for 0Å < x < 180Å. [4]
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24. Question | 9709 Oct-Nov 2018 P3 V2 Q2 3

2 Showing all necessary working, solve the equation sin�1 − 30Å� + cos1 = 2 sin1, for 0Å < 1 < 180Å.
[4]
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25. Question part 1/2 | 9709 Oct-Nov 2018 P3 V3 Q6 10

6 (i) Show that the equation �ï2� cosec x + cot x = ï3 can be expressed in the form R sin�x − !� = ï2,
where R > 0 and 0Å < ! < 90Å. [4]
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(ii) Hence solve the equation �ï2� cosec x + cot x = ï3, for 0Å < x < 180Å. [4]
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26. Question | 9709 Feb-March 2019 P3 V2 Q3 5

3 (i) Given that sin�1 + 45Å� + 2 cos�1 + 60Å� = 3 cos1, find the exact value of tan1 in a form involving

surds. You need not simplify your answer. [4]
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(ii) Hence solve the equation sin�1 + 45Å� + 2 cos�1 + 60Å� = 3 cos1 for 0Å < 1 < 360Å. [2]
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4 By first expressing the equation cot 1 − cot�1 + 45Å� = 3 as a quadratic equation in tan 1, solve the

equation for 0Å < 1 < 180Å. [6]
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28. Question part 1/2 | 9709 May-June 2019 P3 V1 Q6 8

6 (i) By first expanding sin�2x + x�, show that sin 3x � 3 sin x − 4 sin3x. [4]
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(ii) Hence, showing all necessary working, find the exact value of Ó
1
3
0

0

sin3x dx. [4]
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29. Question | 9709 May-June 2019 P3 V2 Q3 4

3 Showing all necessary working, solve the equation cot 21 = 2 tan1 for 0Å < 1 < 180Å. [5]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

© UCLES 2019 9709/32/M/J/19



9709 Mathematics Paper 3 - Trigonometry
Topical questions | 91 questions

30. Question part 1/2 | 9709 May-June 2019 P3 V2 Q6 8

6

O

A

B C

r

x rad

In the diagram, A is the mid-point of the semicircle with centre O and radius r. A circular arc with

centre Ameets the semicircle at B and C. The angleOAB is equal to x radians. The area of the shaded

region bounded by AB, AC and the arc with centre A is equal to half the area of the semicircle.

(i) Use triangle OAB to show that AB = 2r cos x. [1]
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........................................................................................................................................................

........................................................................................................................................................

(ii) Hence show that x = cos−1
O@ 0

16x

A
. [2]
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(iii) Verify by calculation that x lies between 1 and 1.5. [2]
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(iv) Use an iterative formula based on the equation in part (ii) to determine x correct to 3 decimal

places. Give the result of each iteration to 5 decimal places. [3]
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31. Question part 1/2 | 9709 May-June 2019 P3 V3 Q3
4

3 Let f�1� = 1 − cos 21 + sin 21
1 + cos 21 + sin 21 .

(i) Show that f�1� = tan1. [3]
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5

(ii) Hence show that Ó
1
4
0

1
6
0
f�1�d1 = 1

2
ln 3

2
. [4]
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32. Question part 1/2 | 9709 Oct-Nov 2019 P3 V1 Q9 16

9 (i) By first expanding cos�2x + x�, show that cos 3x � 4 cos3x − 3 cos x. [4]
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(ii) Hence solve the equation cos 3x + 3 cos x + 1 = 0, for 0 ≤ x ≤ 0. [2]
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(iii) Find the exact value of Ó
1
3
0

1
6
0
cos3x dx. [4]
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33. Question part 1/2 | 9709 Oct-Nov 2019 P3 V2 Q4 6

4 (i) Express �ï6� sin x + cos x in the form R sin�x + !�, where R > 0 and 0Å < ! < 90Å. State the exact
value of R and give ! correct to 3 decimal places. [3]
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(ii) Hence solve the equation �ï6� sin 21 + cos 21 = 2, for 0Å < 1 < 180Å. [4]
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34. Question part 1/2 | 9709 Oct-Nov 2019 P3 V3 Q4 6

4 (i) By first expanding tan�2x + x�, show that the equation tan 3x = 3 cot x can be written in the form

tan4x − 12 tan2x + 3 = 0. [4]
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(ii) Hence solve the equation tan 3x = 3 cot x for 0Å < x < 90Å. [3]
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35. Question part 1/2 | 9709 Feb-March 2020 P3 V2 Q5
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5 (a) Show that
cos 3x

sin x
+ sin 3x

cos x
= 2 cot 2x. [4]
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(b) Hence solve the equation
cos 3x

sin x
+ sin 3x

cos x
= 4, for 0 < x < π. [3]
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36. Question | 9709 May-June 2020 P3 V1 Q3 4

3 Express the equation tan�1 + 60Å� = 2 + tan�60Å − 1� as a quadratic equation in tan1, and hence solve
the equation for 0Å ≤ 1 ≤ 180Å. [6]
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5 (a) Express
�
2 cos x − �

5 sin x in the form R cos�x + !�, where R > 0 and 0Å < ! < 90Å. Give the

exact value of R and the value of ! correct to 3 decimal places. [3]
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(b) Hence solve the equation
�
2 cos 21 − �

5 sin 21 = 1, for 0Å < 1 < 180Å. [4]
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38. Question part 1/2 | 9709 May-June 2020 P3 V3 Q5 6

5 By first expressing the equation

tan 1 tan�1 + 45Å� = 2 cot 21
as a quadratic equation in tan1, solve the equation for 0Å < 1 < 90Å. [6]
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39. Question | 9709 Oct-Nov 2020 P3 V1 Q5 7

5 (a) By sketching a suitable pair of graphs, show that the equation cosec x = 1 + e
−1
2
x
has exactly two

roots in the interval 0 < x < π. [2]
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(b) The sequence of values given by the iterative formula

x
n+1

= π − sin−1
P

1

e
−1
2
x
n + 1

Q
,

with initial value x
1
= 2, converges to one of these roots.

Use the formula to determine this root correct to 2 decimal places. Give the result of each

iteration to 4 decimal places. [3]
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40. Question part 1/2 | 9709 Oct-Nov 2020 P3 V1 Q6 8

6 (a) Express
�
6 cos1 + 3 sin1 in the form R cos�1 − !�, where R > 0 and 0Å < ! < 90Å. State the exact

value of R and give ! correct to 2 decimal places. [3]
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(b) Hence solve the equation
�
6 cos 1

3
x + 3 sin 1

3
x = 2.5, for 0Å < x < 360Å. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2020 9709/31/O/N/20 [Turn over



9709 Mathematics Paper 3 - Trigonometry
Topical questions | 91 questions

41. Question part 1/2 | 9709 Oct-Nov 2020 P3 V2 Q4 6

4 (a) Show that the equation tan�1 + 60Å� = 2 cot 1 can be written in the form

tan21 + 3
�
3 tan1 − 2 = 0. [3]
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(b) Hence solve the equation tan�1 + 60Å� = 2 cot1, for 0Å < 1 < 180Å. [3]
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42. Question part 1/2 | 9709 Oct-Nov 2020 P3 V3 Q6 8

6 (a) Express
�
6 cos1 + 3 sin1 in the form R cos�1 − !�, where R > 0 and 0Å < ! < 90Å. State the exact

value of R and give ! correct to 2 decimal places. [3]
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(b) Hence solve the equation
�
6 cos 1

3
x + 3 sin 1

3
x = 2.5, for 0Å < x < 360Å. [4]
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43. Question | 9709 Feb-March 2021 P3 V2 Q3 5

3 By first expressing the equation tan�x + 45Å� = 2 cot x + 1 as a quadratic equation in tan x, solve the

equation for 0Å < x < 180Å. [6]
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44. Question part 1/2 | 9709 Feb-March 2021 P3 V2 Q5 8

5 (a) Express
�
7 sin x + 2 cos x in the form R sin�x + !�, where R > 0 and 0Å < ! < 90Å. State the exact

value of R and give ! correct to 2 decimal places. [3]
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(b) Hence solve the equation
�
7 sin 21 + 2 cos 21 = 1, for 0Å < 1 < 180Å. [5]
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45. Question | 9709 May-June 2021 P3 V1 Q3
4

3 (a) Given that cos�x − 30Å� = 2 sin�x + 30Å�, show that tan x = 2 − �
3

1 − 2
�
3
. [4]
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(b) Hence solve the equation

cos�x − 30Å� = 2 sin�x + 30Å�,
for 0Å < x < 360Å. [2]
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46. Question | 9709 May-June 2021 P3 V1 Q4
5

4 (a) Prove that
1 − cos 21
1 + cos 21 � tan21. [2]
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(b) Hence find the exact value of Ô
1
3
π

1
6
π
1 − cos 21
1 + cos 21 d1. [4]
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47. Question | 9709 May-June 2021 P3 V2 Q6 7

6 (a) Prove that cosec 21 − cot 21 � tan1. [3]
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(b) Hence show that Ó
1
3
π

1
4
π
�cosec 21 − cot 21� d1 = 1

2
ln 2. [4]
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48. Question part 1/2 | 9709 May-June 2021 P3 V3 Q5 6

5 (a) By first expanding tan�21 + 21�, show that the equation tan 41 = 1
2
tan 1 may be expressed as

tan41 + 2 tan21 − 7 = 0. [4]
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48. Question part 2/2 | 9709 May-June 2021 P3 V3 Q5
7

(b) Hence solve the equation tan 41 = 1
2
tan1, for 0Å < 1 < 180Å. [3]
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49. Question | 9709 Oct-Nov 2021 P3 V1 Q2 3

2 (a) Express 5 sin x − 3 cos x in the form R sin�x − !�, where R > 0 and 0 < ! < 1
2
π. Give the exact

value of R and give ! correct to 2 decimal places. [3]
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(b) Hence state the greatest and least possible values of �5 sin x − 3 cos x�2. [2]
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50. Question | 9709 Oct-Nov 2021 P3 V1 Q5 6

5 (a) Show that the equation

cot 21 + cot 1 = 2

can be expressed as a quadratic equation in tan1. [3]
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(b) Hence solve the equation cot 21 + cot 1 = 2, for 0 < 1 < π, giving your answers correct to 3 decimal

places. [3]
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51. Question part 1/2 | 9709 Oct-Nov 2021 P3 V2 Q6 8

6 (a) Using the expansions of sin�3x + 2x� and sin�3x − 2x�, show that

1
2
�sin 5x + sin x� � sin 3x cos 2x. [3]
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51. Question part 2/2 | 9709 Oct-Nov 2021 P3 V2 Q6
9

(b) Hence show that Ó
1
4
π

0

sin 3x cos 2x dx = 1
5
�3 − �

2�. [3]
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52. Question part 1/2 | 9709 Oct-Nov 2021 P3 V2 Q8 12

8 (a) By first expanding
�
cos21 + sin21�2, show that

cos41 + sin41 � 1 − 1
2
sin2 21. [3]
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52. Question part 2/2 | 9709 Oct-Nov 2021 P3 V2 Q8
13

(b) Hence solve the equation

cos41 + sin41 = 5
9
,

for 0Å < 1 < 180Å. [4]
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53. Question | 9709 Oct-Nov 2021 P3 V3 Q5 6

5 Solve the equation sin 1 = 3 cos 21 + 2, for 0Å ≤ 1 ≤ 360Å. [5]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

© UCLES 2021 9709/33/O/N/21



9709 Mathematics Paper 3 - Trigonometry
Topical questions | 91 questions

54. Question | 9709 Oct-Nov 2021 P3 V3 Q6 7

6 (a) By first expanding cos�x − 60Å�, show that the expression

2 cos�x − 60Å� + cos x

can be written in the form R cos�x − !�, where R > 0 and 0Å < ! < 90Å. Give the exact value of R
and the value of ! correct to 2 decimal places. [5]
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(b) Hence find the value of x in the interval 0Å < x < 360Å for which 2 cos�x − 60Å� + cos x takes its

least possible value. [2]
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55. Question | 9709 Feb-March 2022 P3 V2 Q5 7

5 The angles ! and " lie between 0Å and 180Å and are such that

tan�! + "� = 2 and tan ! = 3 tan ".
Find the possible values of ! and ". [6]
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56. Question | 9709 May-June 2022 P3 V1 Q3 5

3 Solve the equation 2 cot 2x + 3 cot x = 5, for 0Å < x < 180Å. [6]
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57. Question | 9709 May-June 2022 P3 V2 Q2 4

2 Solve the equation 3 cos 21 = 3 cos1 + 2, for 0Å ≤ 1 ≤ 360Å. [5]
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58. Question | 9709 May-June 2022 P3 V3 Q2 4

2 Solve the equation cos�1 − 60Å� = 3 sin1, for 0Å ≤ 1 ≤ 360Å. [5]
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59. Question | 9709 Oct-Nov 2022 P3 V1 Q4 6

4 Solve the equation tan�x + 45Å� = 2 cot x for 0Å < x < 180Å. [5]
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60. Question part 1/2 | 9709 Oct-Nov 2022 P3 V1 Q6 8

6 (a) Prove the identity cos 41 + 4 cos 21 + 3 � 8 cos41. [4]
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60. Question part 2/2 | 9709 Oct-Nov 2022 P3 V1 Q6
9

(b) Hence solve the equation cos 41 + 4 cos 21 = 4 for 0Å ≤ 1 ≤ 180Å. [3]
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61. Question | 9709 Oct-Nov 2022 P3 V2 Q4 5

4 (a) Express 4 cos x − sin x in the form R cos�x + !�, where R > 0 and 0Å < ! < 90Å. State the exact
value of R and give ! correct to 2 decimal places. [3]
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(b) Hence solve the equation 4 cos 2x − sin 2x = 3 for 0Å < x < 180Å. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2022 9709/32/O/N/22 [Turn over



9709 Mathematics Paper 3 - Trigonometry
Topical questions | 91 questions

62. Question part 1/2 | 9709 Oct-Nov 2022 P3 V2 Q9 14

9

OA B

C

r

1 rad

The diagram shows a semicircle with diameter AB, centre O and radius r. The shaded region is the

minor segment on the chord AC and its area is one third of the area of the semicircle. The angle CAB

is 1 radians.

(a) Show that 1 = 1
3
�π − 1.5 sin 21�. [4]
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62. Question part 2/2 | 9709 Oct-Nov 2022 P3 V2 Q9
15

(b) Verify by calculation that 0.5 < 1 < 0.7. [2]
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(c) Use an iterative formula based on the equation in part (a) to determine 1 correct to 3 decimal

places. Give the result of each iteration to 5 decimal places. [3]
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63. Question part 1/2 | 9709 Oct-Nov 2022 P3 V3 Q7 8

7 (a) Show that the equation
�
5 sec x + tan x = 4 can be expressed as R cos�x + !� = �

5, where R > 0

and 0Å < ! < 90Å. Give the exact value of R and the value of ! correct to 2 decimal places. [4]
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63. Question part 2/2 | 9709 Oct-Nov 2022 P3 V3 Q7
9

(b) Hence solve the equation
�
5 sec 2x + tan 2x = 4, for 0Å < x < 180Å. [4]
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64. Question part 1/2 | 9709 Oct-Nov 2022 P3 V3 Q8
10

8 The curve with equation y = x3

ex − 1
has a stationary point at x = p, where p > 0.

(a) Show that p = 3�1 − e−p�. [3]
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64. Question part 2/2 | 9709 Oct-Nov 2022 P3 V3 Q8
11

(b) Verify by calculation that p lies between 2.5 and 3. [2]
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(c) Use an iterative formula based on the equation in part (a) to determine p correct to 2 decimal

places. Give the result of each iteration to 4 decimal places. [3]
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65. Question part 1/2 | 9709 Feb-March 2023 P3 V2 Q6 8

6 (a) Express 5 sin1 + 12 cos 1 in the form R cos�1 − !�, where R > 0 and 0 < ! < 1
2
π. [3]
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65. Question part 2/2 | 9709 Feb-March 2023 P3 V2 Q6
9

(b) Hence solve the equation 5 sin 2x + 12 cos 2x = 6 for 0 ≤ x ≤ π. [4]
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66. Question | 9709 May-June 2023 P3 V1 Q4 5

4 (a) Show that the equation sin 21 + cos 21 = 2 sin21 can be expressed in the form

cos21 + 2 sin1 cos 1 − 3 sin21 = 0. [2]
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(b) Hence solve the equation sin 21 + cos 21 = 2 sin21 for 0Å < 1 < 180Å. [4]
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67. Question | 9709 May-June 2023 P3 V2 Q4 6

4 Solve the equation 2 cos x − cos 1
2
x = 1 for 0 ≤ x ≤ 2π. [5]
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68. Question part 1/2 | 9709 May-June 2023 P3 V3 Q6 8

6 (a) Express 3 cos x + 2 cos�x − 60Å� in the form R cos�x − !�, where R > 0 and 0Å < ! < 90Å.
State the exact value of R and give ! correct to 2 decimal places. [4]
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68. Question part 2/2 | 9709 May-June 2023 P3 V3 Q6
9

(b) Hence solve the equation

3 cos 21 + 2 cos�21 − 60Å� = 2.5

for 0Å < 1 < 180Å. [4]
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69. Question part 1/2 | 9709 Oct-Nov 2023 P3 V1 Q5 6

5 (a) Given that

sin
�
x + 1

6
π
�
− sin

�
x − 1

6
π
�
= cos

�
x + 1

3
π
�
− cos

�
x − 1

3
π
�
,

find the exact value of tan x. [4]
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(b) Hence find the exact roots of the equation

sin
�
x + 1

6
π
�
− sin

�
x − 1

6
π
�
= cos

�
x + 1

3
π
�
− cos

�
x − 1

3
π
�

for 0 ≤ x ≤ 2π. [2]
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70. Question part 1/2 | 9709 Oct-Nov 2023 P3 V2 Q7 10

7 (a) By expressing 31 as 21 + 1, prove the identity cos 31 � 4 cos31 − 3 cos 1. [3]
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(b) Hence solve the equation

cos 31 + cos 1 cos 21 = cos21
for 0Å ≤ 1 ≤ 180Å. [5]
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9

x

y

O

M

a π

R

The diagram shows the curve y = sin x cos 2x, for 0 ≤ x ≤ π, and a maximum point M, where x = a.

The shaded region between the curve and the x-axis is denoted by R.

(a) Find the value of a correct to 2 decimal places. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2023 9709/32/O/N/23



9709 Mathematics Paper 3 - Trigonometry
Topical questions | 91 questions

71. Question part 2/2 | 9709 Oct-Nov 2023 P3 V2 Q9
15

(b) Find the exact area of the region R, giving your answer in simplified form. [4]
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6 (a) Show that the equation cot21 + 2 cos 21 = 4 can be written in the form

4 sin41 + 3 sin21 − 1 = 0. [3]
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(b) Hence solve the equation cot21 + 2 cos 21 = 4, for 0Å < 1 < 360Å. [3]
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8 (a) Express sin cosx x3 2 2 4
1r+ +b l in the form ( )sinR x a+ , where R 02  and r0 2

11 1a . State 

the exact value of R and give a correct to 3 decimal places. [4]
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 (b) Hence solve the equation

rsin cos6 4 2 32
1

2
1

4
1i i+ + =b l

  for r r4 41 1i- . [5]
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7 (a) Show that cos sin cos24 4 /i i i- . [3]
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 (b) Hence find the exact value of cos sin sin cos d4
r

r
4 4 2 2

8
1
8
1

i i i i i- +
-

` jy . [6]
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8 (a) Express cos sinx x3 2 3 2-  in the form ( )cosR x2 a+ , where R 02  and 0
2

1
1 1 ra . Give the 

exact values of R and a . [3]
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 (b) Hence find the exact value of 
cos sinx x

x
3 2 3 2

3
d

r

2

0

12

1

-` jy , simplifying your answer. [5]
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4 (a) Show that sec tan tan1 24 4 2/i i i- + . [3]
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 (b) Hence or otherwise solve the equation sec tan tan sec2 2 2 2 24 4 2 2a a a a- =  for ° °0 1801 1a .
 [5]
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2 (a) By sketching a suitable pair of graphs, show that the equation cot secx x2 =  has exactly one root 
in the interval rx0 211 1 . [2] 

 (b) Show that if a sequence of real values given by the iterative formula
(tan cosx x21n n1 1=+ - )

  converges, then it converges to the root in part (a). [1]
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7 (a) Show that the equation tan tan tanx x x2 2 03 + - =  may be expressed as 
tan tanx x2 0324 - =-

  for tan x 0! . [3]
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 (b) Hence solve the equation tan tan tan2 2 4 2 03 i i i+ - =  for r0 1 1i . Give your answers in exact form. [3]
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5 (a) Show that cos sin sin cos cos cos4 2 2 1
4 4 2 2 2

/i i i i i i- - + - . [3]
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 (b) Solve the equation cos sin sin cos4
4 4 2 2a a a a- =  for ° °0 180G Ga . [3]
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4 By first expressing the equation ( )tan cotx x60 2°- =  as a quadratic equation in tan x, solve the equation for ° °x0 180G G . [6]
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7 (a) Express sin cosx x5 461 r+ -b l  in the form ( )sinR x a- ,  where R 02  and r0 211 1a . State the 
exact value of R and give the value of a correct to 3 decimal places. [4]
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 (b) Hence solve the equation rsin cos5 4 72 261i i+ - =b l  for r0 G Gi . Give your answers correct 
to 2 decimal places. [4]
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4 Solve the equation cot cotx x3 4 2 3- =  for ° °x0 180G G . [6]
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7 (a) Express sin cos7 24i i+  in the form ( )cosR i a- , where R 02  and r0 211 1a . Give the value of a correct to 4 decimal places. [3]
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 (b) Hence solve the equation .sin cosx x7 24 24 531 31+ =  for x0 1 1 r. [4]
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8 (a) Prove the identity cot tan cot cosec4 2 22 2 /i i i i- . [4]
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 (b) Hence solve the equation cot tan secx x x5 22 2- =  for ° °x0 901 1 . [4]
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11 y

xO a

M

2
1 r

 The diagram shows the curve siny x x2=  for x0 2
1G G r. The curve has a maximum point at M, 

where x a= .
 (a) Show that tan a a2 4=-  [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Show by calculation that . .a0 9 0 951 1 . [2]
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 (c) Show that if a sequence of values given by the iterative formula 
tanx x4n n1 2

1 1r= -+
-b ` jl

  converges, then it converges to a. [2]
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 (d) Use the iterative formula in part (c) to calculate a correct to 4 decimal places. Give the result of 
each iteration to 6 decimal places. [3]
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Additional page
If you use the following page to complete the answer to any question, the question number must be clearly 
shown.
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2 Solve the equation cot cosec3 4 5 02i i- + =  for r rG Gi- . [5]
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8 (a) By sketching a suitable pair of graphs, show that the equation sec x x2 2 21=- -  has exactly one 
root in the interval  rx0 21G G . [2]

 (b) Show by calculation that this root lies between 0.8 and 1.2. [2]
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 (c) Show that, if a sequence of real values given by the iterative formula 
cosx x21 4 2 1n n1 1= +-

+ - e o

  converges, then it converges to the root of the equation in part (a). [2]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (d) Use this iterative formula to calculate this root correct to 3 decimal places. Give the result of each iteration to 5 decimal places. [3]
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3 (a) Express ( ) cossin x x3 2 45°+ +  in the form ( )cosR x a- , where R 02  and ° °0 901 1a . [4]
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 (b) Hence solve the equation ( °)sin cos3 2 3 45 3 4i i+ + =-  for ° °0 1801 1i . [4]
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8 (a) Prove the identity sin sin cosx x4 4 2 3/ cosx x-` j. [3]
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 (b) Hence find the exact value of .cosr 3
0

4
1

dsinx x x4y  [5]
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5 (a) Show that cos sin sin sinx x x x4 2 1 8 62 4 2/+ - - . [4]
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 (b) Hence solve the equation cos sinx x4 2 1 02+ - =  for ° °x180 180G G- . [4]
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6 Find the exact value of sinx x x2 dr 2
0

61y . [6]
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8 (a) Express rsin sin23 3 6
1i i+ -b l  in the form ( )sinR i a+ , where R 02  and r0 2

11 1a . Give 
the exact value of R and state the value of a correct to 3 decimal places. [5]
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 (b) Hence, solve the equation r r.sin sinx x x3 3 2 2 2 6 0for6
1 1 1+ - =b l  [4]
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