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1. Question | 9709 Feb-March 2016 P3 V2 Q5

2

1 Solve the equation ln�x2 + 4� = 2 ln x + ln 4, giving your answer in an exact form. [3]

2 Express the equation tan�1 + 45Å� − 2 tan�1 − 45Å� = 4 as a quadratic equation in tan 1. Hence solve
this equation for 0Å ≤ 1 ≤ 180Å. [6]

3 The equation x5 − 3x3 + x2 − 4 = 0 has one positive root.

(i) Verify by calculation that this root lies between 1 and 2. [2]

(ii) Show that the equation can be rearranged in the form

x = 3
O@

3x + 4

x2
− 1

A
. [1]

(iii) Use an iterative formula based on this rearrangement to determine the positive root correct to

2 decimal places. Give the result of each iteration to 4 decimal places. [3]

4 The polynomial 4x3 + ax + 2, where a is a constant, is denoted by p�x�. It is given that �2x + 1� is a
factor of p�x�.

(i) Find the value of a. [2]

(ii) When a has this value,

(a) factorise p�x�, [2]

(b) solve the inequality p�x� > 0, justifying your answer. [3]

5 Let I = Ô 1

0

9
�
3 + x2

�2 dx.

(i) Using the substitution x = �ï3� tan 1, show that I = ï3Ó 1
6
0

0

cos21 d1. [3]

(ii) Hence find the exact value of I. [4]

6 A curve has equation

sin y ln x = x − 2 sin y,

for −1
2
0 ≤ y ≤ 1

2
0.

(i) Find
dy

dx
in terms of x and y. [5]

(ii) Hence find the exact x-coordinate of the point on the curve at which the tangent is parallel to the

x-axis. [3]
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3

7 The variables x and y satisfy the differential equation

dy

dx
= xex+y,

and it is given that y = 0 when x = 0.

(i) Solve the differential equation and obtain an expression for y in terms of x. [7]

(ii) Explain briefly why x can only take values less than 1. [1]

8 The line l has equation r =
`

1

2−1
a
+ ,

`
2

1

3

a
. The plane p has equation r.

`
2−1−1
a
= 6.

(i) Show that l is parallel to p. [3]

(ii) A line m lies in the plane p and is perpendicular to l. The line m passes through the point with

coordinates �5, 3, 1�. Find a vector equation for m. [6]

9 Let f�x� = 3x3 + 6x − 8

x�x2 + 2�
.

(i) Express f�x� in the form A + B

x
+ Cx +D

x2 + 2
. [5]

(ii) Show that Ó 2

1

f�x�dx = 3 − ln 4. [5]

10 (a) Find the complex number z satisfying the equation z* + 1 = 2iz, where z* denotes the complex

conjugate of z. Give your answer in the form x + iy, where x and y are real. [5]

(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex

numbers satisfying the inequalities �z + 1 − 3i � ≤ 1 and Im z ≥ 3, where Im z denotes the

imaginary part of z. [4]

(ii) Determine the difference between the greatest and least values of arg z for points lying in

this region. [2]
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2

1 (i) Solve the equation 2�x − 1� = 3�x �. [3]

(ii) Hence solve the equation 2�5x − 1� = 3�5x �, giving your answer correct to 3 significant figures.

[2]

2 Find the exact value of Ó
1
2

0

xe−2x dx. [5]

3 By expressing the equation cosec1 = 3 sin 1 + cot1 in terms of cos1 only, solve the equation for

0Å < 1 < 180Å. [5]

4 The variables x and y satisfy the differential equation

x
dy

dx
= y�1 − 2x2�,

and it is given that y = 2 when x = 1. Solve the differential equation and obtain an expression for y in

terms of x in a form not involving logarithms. [6]

5 The curve with equation y = sin x cos 2x has one stationary point in the interval 0 < x < 1
2
0. Find the

x-coordinate of this point, giving your answer correct to 3 significant figures. [6]

6 (i) By sketching a suitable pair of graphs, show that the equation

5e−x = �
x

has one root. [2]

(ii) Show that, if a sequence of values given by the iterative formula

x
n+1 = 1

2
ln

@
25

x
n

A

converges, then it converges to the root of the equation in part (i). [2]

(iii) Use this iterative formula, with initial value x
1
= 1, to calculate the root correct to 2 decimal

places. Give the result of each iteration to 4 decimal places. [3]

7 The equation of a curve is x3 − 3x2y + y3 = 3.

(i) Show that
dy

dx
= x2 − 2xy

x2 − y2
. [4]

(ii) Find the coordinates of the points on the curve where the tangent is parallel to the x-axis. [5]
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1 Use logarithms to solve the equation 43x−1 = 3�5x�, giving your answer correct to 3 decimal places.

[4]

2 Expand
1��1 − 2x� in ascending powers of x, up to and including the term in x3, simplifying the

coefficients. [4]

3 Find the exact value of Ó
1
2
0

0

x2 sin 2x dx. [5]

4 The curve with equation y = �ln x�2
x

has two stationary points. Find the exact values of the coordinates

of these points. [6]

5 (i) Prove the identity cos 41 − 4 cos 21 � 8 sin41 − 3. [4]

(ii) Hence solve the equation

cos 41 = 4 cos 21 + 3,

for 0Å ≤ 1 ≤ 360Å. [4]

6 The variables x and 1 satisfy the differential equation

�3 + cos 21� dx
d1 = x sin 21,

and it is given that x = 3 when 1 = 1
4
0.

(i) Solve the differential equation and obtain an expression for x in terms of 1. [7]

(ii) State the least value taken by x. [1]

7 Let f�x� = 4x2 + 7x + 4

�2x + 1��x + 2� .

(i) Express f�x� in partial fractions. [5]

(ii) Show that Ó 4

0

f�x�dx = 8 − ln 3. [5]
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5. Question | 9709 May-June 2016 P3 V2 Q7

2

1 Use logarithms to solve the equation 43x−1 = 3�5x�, giving your answer correct to 3 decimal places.

[4]

2 Expand
1��1 − 2x� in ascending powers of x, up to and including the term in x3, simplifying the

coefficients. [4]

3 Find the exact value of Ó
1
2
0

0

x2 sin 2x dx. [5]

4 The curve with equation y = �ln x�2
x

has two stationary points. Find the exact values of the coordinates

of these points. [6]

5 (i) Prove the identity cos 41 − 4 cos 21 � 8 sin41 − 3. [4]

(ii) Hence solve the equation

cos 41 = 4 cos 21 + 3,

for 0Å ≤ 1 ≤ 360Å. [4]

6 The variables x and 1 satisfy the differential equation

�3 + cos 21� dx
d1 = x sin 21,

and it is given that x = 3 when 1 = 1
4
0.

(i) Solve the differential equation and obtain an expression for x in terms of 1. [7]

(ii) State the least value taken by x. [1]

7 Let f�x� = 4x2 + 7x + 4

�2x + 1��x + 2� .

(i) Express f�x� in partial fractions. [5]

(ii) Show that Ó 4

0

f�x�dx = 8 − ln 3. [5]
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7 Let I = Ô 1

0

x5

�
1 + x2

�3 dx.

(i) Using the substitution u = 1 + x2, show that I = Ô 2

1

�u − 1�2

2u3
du. [3]

(ii) Hence find the exact value of I. [5]

8 The points A and B have position vectors, relative to the origin O, given by
−−→
OA = i + j + k and−−→

OB = 2i + 3k. The line l has vector equation r = 2i − 2j − k + -�−i + 2j + k�.

(i) Show that the line passing through A and B does not intersect l. [4]

(ii) Show that the length of the perpendicular from A to l is
1ï2 . [5]

9 Throughout this question the use of a calculator is not permitted.

The complex numbers −1 + 3i and 2 − i are denoted by u and v respectively. In an Argand diagram

with origin O, the points A, B and C represent the numbers u, v and u + v respectively.

(i) Sketch this diagram and state fully the geometrical relationship between OB and AC. [4]

(ii) Find, in the form x + iy, where x and y are real, the complex number
u

v
. [3]

(iii) Prove that angle AOB = 3
4
0. [2]

10 Let f�x� = 10x − 2x2

�x + 3��x − 1�2
.

(i) Express f�x� in partial fractions. [5]

(ii) Hence obtain the expansion of f�x� in ascending powers of x, up to and including the term in x2.

[5]
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7. Question | 9709 Oct-Nov 2016 P3 V1 Q7 3

7

x

y

O 2

M

The diagram shows part of the curve y = �2x − x2�e
1
2
x
and its maximum pointM.

(i) Find the exact x-coordinate of M. [4]

(ii) Find the exact value of the area of the shaded region bounded by the curve and the positive x-axis.

[5]

8 Two planes have equations 3x + y − z = 2 and x − y + 2z = 3.

(i) Show that the planes are perpendicular. [3]

(ii) Find a vector equation for the line of intersection of the two planes. [6]

9 Throughout this question the use of a calculator is not permitted.

(a) Solve the equation �1 + 2i�w2 + 4w − �1 − 2i� = 0, giving your answers in the form x + iy, where

x and y are real. [5]

(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers

satisfying the inequalities �z − 1 − i � ≤ 2 and −1
4
0 ≤ arg z ≤ 1

4
0. [5]

10 A large field of area 4 km2 is becoming infected with a soil disease. At time t years the area infected is

x km2 and the rate of growth of the infected area is given by the differential equation
dx

dt
= kx�4 − x�,

where k is a positive constant. It is given that when t = 0, x = 0.4 and that when t = 2, x = 2.

(i) Solve the differential equation and show that k = 1
4
ln 3. [9]

(ii) Find the value of t when 90% of the area of the field is infected. [2]
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2

1 Solve the equation
3x + 2

3x − 2
= 8, giving your answer correct to 3 decimal places. [3]

2 Expand �2 − x��1 + 2x�−
3
2 in ascending powers of x, up to and including the term in x2, simplifying the

coefficients. [4]

3 Express the equation sec 1 = 3 cos1 + tan1 as a quadratic equation in sin 1. Hence solve this equation
for −90Å < 1 < 90Å. [5]

4 The equation of a curve is xy�x − 6y� = 9a3, where a is a non-zero constant. Show that there is only

one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. [7]

5 (i) Prove the identity tan 21 − tan1 � tan1 sec 21. [4]

(ii) Hence show that Ó
1
6
0

0

tan1 sec 21 d1 = 1
2
ln 3

2
. [4]

6 (i) By sketching a suitable pair of graphs, show that the equation

cosec 1
2
x = 1

3
x + 1

has one root in the interval 0 < x ≤ 0. [2]

(ii) Show by calculation that this root lies between 1.4 and 1.6. [2]

(iii) Show that, if a sequence of values in the interval 0 < x ≤ 0 given by the iterative formula

x
n+1 = 2 sin−1

@
3

x
n
+ 3

A

converges, then it converges to the root of the equation in part (i). [2]

(iv) Use this iterative formula to calculate the root correct to 3 decimal places. Give the result of each

iteration to 5 decimal places. [3]
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9. Question | 9709 Oct-Nov 2016 P3 V3 Q6

2

1 It is given that z = ln�y + 2� − ln�y + 1�. Express y in terms of z. [3]

2 The equation of a curve is y = sin x

1 + cos x
, for −0 < x < 0. Show that the gradient of the curve is positive

for all x in the given interval. [4]

3 Express the equation cot 21 = 1 + tan1 as a quadratic equation in tan1. Hence solve this equation for
0Å < 1 < 180Å. [6]

4 The polynomial 4x4 + ax2 + 11x + b, where a and b are constants, is denoted by p�x�. It is given that

p�x� is divisible by x2 − x + 2.

(i) Find the values of a and b. [5]

(ii) When a and b have these values, find the real roots of the equation p�x� = 0. [2]

5

x

y

O N

P �x, y�

The diagram shows a variable point P with coordinates �x, y� and the point N which is the foot of the

perpendicular from P to the x-axis. P moves on a curve such that, for all x ≥ 0, the gradient of the

curve is equal in value to the area of the triangle OPN, where O is the origin.

(i) State a differential equation satisfied by x and y. [1]

The point with coordinates �0, 2� lies on the curve.

(ii) Solve the differential equation to obtain the equation of the curve, expressing y in terms of x.

[5]

(iii) Sketch the curve. [1]

6 Let I = Ô 4

1

��x� − 1

2�x + �
x� dx.

(i) Using the substitution u = �
x, show that I = Ô 2

1

u − 1

u + 1
du. [3]

(ii) Hence show that I = 1 + ln 4
9
. [6]
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10. Question part 1/2 | 9709 Feb-March 2017 P3 V2 Q10 18

10

x

y

O

P

Q

e

The diagram shows the curve y = �ln x�2. The x-coordinate of the point P is equal to e, and the normal

to the curve at P meets the x-axis at Q.

(i) Find the x-coordinate of Q. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Show that Ó ln x dx = x ln x − x + c, where c is a constant. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(iii) Using integration by parts, or otherwise, find the exact value of the area of the shaded region

between the curve, the x-axis and the normal PQ. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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11. Question part 1/2 | 9709 May-June 2017 P3 V1 Q10 18

10

x

y

O

M

1

4
0

The diagram shows the curve y = sin x cos22x for 0 ≤ x ≤ 1
4
0 and its maximum pointM.

(i) Using the substitution u = cos x, find by integration the exact area of the shaded region bounded

by the curve and the x-axis. [6]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(ii) Find the x-coordinate ofM. Give your answer correct to 2 decimal places. [6]
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........................................................................................................................................................

........................................................................................................................................................
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12. Question | 9709 May-June 2017 P3 V3 Q4
5

4 Find the exact value of Ó 1
2
0

0

1 sin 1
2
1 d1. [4]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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................................................................................................................................................................

................................................................................................................................................................
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................................................................................................................................................................

................................................................................................................................................................
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13. Question part 1/2 | 9709 May-June 2017 P3 V3 Q7 10

7

x

y

O

M

The diagram shows a sketch of the curve y = e
1
2
x

x
for x > 0, and its minimum pointM.

(i) Find the x-coordinate ofM. [4]

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................
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(ii) Use the trapezium rule with two intervals to estimate the value of

Ô 3

1

e
1
2
x

x
dx,

giving your answer correct to 2 decimal places. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) The estimate found in part (ii) is denoted by E. Explain, without further calculation, whether

another estimate found using the trapezium rule with four intervals would be greater than E or

less than E. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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9 Let f�x� = 3x2 − 4

x2�3x + 2�
.

(i) Express f�x� in partial fractions. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(ii) Hence show that Ó 2

1

f�x� dx = ln
�
25
8

� − 1. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................
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15. Question | 9709 Oct-Nov 2017 P3 V2 Q1 2

1

x

y

O−1.2 1.2

The diagram shows a sketch of the curve y = 3
��9 − x3�

for values of x from −1.2 to 1.2.
(i) Use the trapezium rule, with two intervals, to estimate the value of

Ô 1.2

−1.2
3

��9 − x3�
dx,

giving your answer correct to 2 decimal places. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Explain, with reference to the diagram, why the trapezium rule may be expected to give a good

approximation to the true value of the integral in this case. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................
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16

9 It is given that Ó a

1

x
1
2 ln x dx = 2, where a > 1.

(i) Show that a
3
2 = 7 + 2a

3
2

3 lna
. [5]

........................................................................................................................................................

........................................................................................................................................................
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(ii) Show by calculation that a lies between 2 and 4. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Use the iterative formula

a
n+1 =

`
7 + 2a

3
2
n

3 ln a
n

a2
3

to determine a correct to 3 decimal places. Give the result of each iteration to 5 decimal places.

[3]

........................................................................................................................................................

........................................................................................................................................................
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9

x

y

O 2

R

The diagram shows the curve y = �1 + x2�e−
1
2
x
for x ≥ 0. The shaded region R is enclosed by the curve,

the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]

........................................................................................................................................................

........................................................................................................................................................
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(ii) Show that the exact value of the area of R is 18 − 42

e
. [5]
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1 Use the trapezium rule with three intervals to estimate the value of

Ó
1
4
0

0

��1 − tan x� dx,

giving your answer correct to 3 decimal places. [3]
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6

5 Let I = Ô
3
4

1
4

O@
x

1 − x

A
dx.

(i) Using the substitution x = cos21, show that I = Ó 1
3
0

1
6
0 2 cos21 d1. [4]
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(ii) Hence find the exact value of I. [4]
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8 The positive constant a is such that Ó a

0

xe−1
2
x dx = 2.

(i) Show that a satisfies the equation a = 2 ln�a + 2�. [5]
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(ii) Verify by calculation that a lies between 3 and 3.5. [2]
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(iii) Use an iteration based on the equation in part (i) to determine a correct to 2 decimal places. Give

the result of each iteration to 4 decimal places. [3]
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21. Question | 9709 May-June 2018 P3 V3 Q3
5

3 Showing all necessary working, find the value of Ó 1
6
0

0

x cos 3x dx, giving your answer in terms of 0.
[5]
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7

x

y

O

M

R

1

2
0

The diagram shows the curve y = 5 sin2x cos3x for 0 ≤ x ≤ 1
2
0, and its maximum pointM. The shaded

region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate ofM, giving your answer correct to 3 decimal places. [5]
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(ii) Using the substitution u = sin x and showing all necessary working, find the exact area of R. [4]
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3 (i) Find Ô ln x

x3
dx. [3]
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(ii) Hence show that Ô 2

1

ln x

x3
dx = 1

16
�3 − ln 4�. [2]
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7

x

y

O

M

R

1

2
0

The diagram shows the curve y = 5 sin2x cos3x for 0 ≤ x ≤ 1
2
0, and its maximum pointM. The shaded

region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate ofM, giving your answer correct to 3 decimal places. [5]
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(ii) Using the substitution u = sin x and showing all necessary working, find the exact area of R. [4]
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6

4 Show that Ó 4

1

x
−3
2 ln x dx = 2 − ln 4. [5]
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10

x

y

O

M

1

2
0

The diagram shows the curve y = sin3x
��cos x� for 0 ≤ x ≤ 1

2
0, and its maximum pointM.

(i) Using the substitution u = cos x, find by integration the exact area of the shaded region bounded

by the curve and the x-axis. [6]
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(ii) Showing all your working, find the x-coordinate of M, giving your answer correct to 3 decimal

places. [6]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)

must be clearly shown.
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1 Use the trapezium rule with 3 intervals to estimate the value of

Ó 3

0

�
2x − 4

�
dx. [3]
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8 Let f�x� = 10x + 9

�2x + 1��2x + 3�2
.

(i) Express f�x� in partial fractions. [5]
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(ii) Hence show that Ó 1

0

f�x� dx = 1
2
ln 9

5
+ 1

5
. [5]
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10

x

y

O

R

M

1

2
0

The diagram shows the curve y = sin 3x cos x for 0 ≤ x ≤ 1
2
0 and its minimum point M. The shaded

region R is bounded by the curve and the x-axis.

(i) By expanding sin�3x + x� and sin�3x − x� show that

sin 3x cos x = 1
2
�sin 4x + sin 2x�. [3]
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........................................................................................................................................................

(ii) Using the result of part (i) and showing all necessary working, find the exact area of the region R.

[4]
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(iii) Using the result of part (i), express
dy

dx
in terms of cos 2x and hence find the x-coordinate of M,

giving your answer correct to 2 decimal places. [5]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)

must be clearly shown.
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30. Question | 9709 May-June 2019 P3 V3 Q2
3

2 Show that Ó
1
4
0

0

x2 cos 2x dx = 1
32
�02 − 8�. [5]
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6 (i) By differentiating
cos x

sin x
, show that if y = cot x then

dy

dx
= − cosec2x. [2]
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(ii) Show that Ó
1
2
0

1
4
0
x cosec2x dx = 1

4
�0 + ln 4�. [6]
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8 Let f�x� = 2x2 + x + 8

�2x − 1��x2 + 2�
.

(i) Express f�x� in partial fractions. [5]
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(ii) Hence, showing full working, find Ó 5

1

f�x� dx, giving the answer in the form ln c, where c is an

integer. [5]
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9 It is given that Ó a

0

x cos 1
3
x dx = 3, where the constant a is such that 0 < a < 3

2
0.

(i) Show that a satisfies the equation

a = 4 − 3 cos 1
3
a

sin 1
3
a

. [5]
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(ii) Verify by calculation that a lies between 2.5 and 3. [2]
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(iii) Use an iterative formula based on the equation in part (i) to calculate a correct to 3 decimal

places. Give the result of each iteration to 5 decimal places. [3]
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8

x

y

O 1

2
0

The diagram shows the graph of y = sec x for 0 ≤ x < 1
2
0.

(i) Use the trapezium rule with 2 intervals to estimate the value of Ó 1.2

0

sec x dx, giving your answer

correct to 2 decimal places. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Explain, with reference to the diagram, whether the trapezium rule gives an overestimate or an

underestimate of the true value of the integral in part (i). [1]
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(iii) P is the point on the part of the curve y = sec x for 0 ≤ x < 1
2
0 at which the gradient is 2. By first

differentiating
1

cos x
, find the x-coordinate of P, giving your answer correct to 3 decimal places.

[6]
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10

x

y

O 0

M

R

The diagram shows the graph of y = ecos x sin3x for 0 ≤ x ≤ 0, and its maximum pointM. The shaded

region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate ofM. Show all necessaryworking and give your answer correct to 2 decimal

places. [5]
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(ii) By first using the substitution u = cos x, find the exact value of the area of R. [7]
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5

4 Find Ó
1
3
π

1
6
π
x sec2x dx. Give your answer in a simplified exact form. [7]
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37. Question | 9709 May-June 2020 P3 V2 Q3 4

3 Find the exact value of

Ó 4

1

x
3
2 ln x dx. [5]
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6

x

y

O 1

M

The diagram shows the curve y = x

1 + 3x4
, for x ≥ 0, and its maximum pointM.

(a) Find the x-coordinate ofM, giving your answer correct to 3 decimal places. [4]
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9

(b) Using the substitution u = �
3x2, find by integration the exact area of the shaded region bounded

by the curve, the x-axis and the line x = 1. [5]
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3

2 Find the exact value of Ó 1

0

�2 − x�e−2x dx. [5]
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7 Let f�x� = 2

�2x − 1��2x + 1� .

(a) Express f�x� in partial fractions. [2]
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........................................................................................................................................................

(b) Using your answer to part (a), show that

�
f�x�

�2 = 1

�2x − 1�2
− 1

2x − 1
+ 1

2x + 1
+ 1

�2x + 1�2
. [2]
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(c) Hence show that Ó 2

1

�
f�x�

�2
dx = 2

5
+ 1

2
ln
�
5
9

�
. [5]
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9 Let f�x� = 7x + 18

�3x + 2��x2 + 4�
.

(a) Express f�x� in partial fractions. [5]
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(b) Hence find the exact value of Ó 2

0

f�x�dx. [6]
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10

x

y

O 1

2
π

M

The diagram shows the curve y = sin 2x cos2x for 0 ≤ x ≤ 1
2
π, and its maximum pointM.

(a) Using the substitution u = sin x, find the exact area of the region bounded by the curve and the

x-axis. [5]
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(b) Find the exact x-coordinate of M. [6]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/32/F/M/21



9709 Mathematics Paper 3 - Integration
Topical questions | 70 questions

42. Question part 3/3 | 9709 Feb-March 2021 P3 V2 Q10
20

Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)

must be clearly shown.

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every

reasonable effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the

publisher will be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge

Assessment International Education Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download

at www.cambridgeinternational.org after the live examination series.

Cambridge Assessment International Education is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of the University of

Cambridge Local Examinations Syndicate (UCLES), which itself is a department of the University of Cambridge.

© UCLES 2021 9709/32/F/M/21



9709 Mathematics Paper 3 - Integration
Topical questions | 70 questions

43. Question | 9709 May-June 2021 P3 V2 Q4
5

4 Using integration by parts, find the exact value of Ó 2

0

tan−1�1
2
x
�
dx. [5]
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44. Question | 9709 May-June 2021 P3 V3 Q4
5

4 Let f�x� = 15 − 6x

�1 + 2x��4 − x� .

(a) Express f�x� in partial fractions. [3]
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(b) Hence find Ó 2

1

f�x� dx, giving your answer in the form ln
0a
b

1
, where a and b are integers. [4]
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8

x

y

O

M

The diagram shows the curve y = ln x

x4
and its maximum pointM.

(a) Find the exact coordinates ofM. [4]
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(b) By using integration by parts, show that for all a > 1, Ô a

1

ln x

x4
dx < 1

9
. [6]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/33/M/J/21 [Turn over



9709 Mathematics Paper 3 - Integration
Topical questions | 70 questions

46. Question | 9709 Oct-Nov 2021 P3 V1 Q4 5

4 Using the substitution u = �
x, find the exact value of

Ô ∞
3

1

�x + 1�
�
x
dx. [6]
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10

8 The constant a is such that Ô a

1

ln x�
x
dx = 6.

(a) Show that a = exp

@
1�
a
+ 2

A
. [5]

[exp�x� is an alternative notation for ex.]
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(b) Verify by calculation that a lies between 9 and 11. [2]
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(c) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal

places. Give the result of each iteration to 4 decimal places. [3]
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5

4 Find the exact value of Ó π
1
3
π
x sin 1

2
x dx. [5]
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11

x

y

O

M

1

2
π

The diagram shows the curve y = sin x cos 2x for 0 ≤ x ≤ 1
2
π, and its maximum pointM.

(a) Find the x-coordinate ofM, giving your answer correct to 3 significant figures. [6]
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(b) Using the substitution u = cos x, find the area of the shaded region enclosed by the curve and the

x-axis in the first quadrant, giving your answer in a simplified exact form. [5]
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If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
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6 Let I = Ô 3

0

27
�
9 + x2

�2 dx.

(a) Using the substitution x = 3 tan 1, show that I = Ó 1
4
π

0

cos21 d1. [4]
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(b) Hence find the exact value of I. [4]
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10 The constant a is such that Ó a

1

x2 ln x dx = 4.

(a) Show that a =
@

35

3 lna − 1

A1
3

. [5]
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(b) Verify by calculation that a lies between 2.4 and 2.8. [2]
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(c) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal

places. Give the result of each iteration to 4 decimal places. [3]
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8

x

y

O a

The diagram shows part of the curve y = sin
�
x. This part of the curve intersects the x-axis at the point

where x = a.

(a) State the exact value of a. [1]

........................................................................................................................................................

........................................................................................................................................................
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(b) Using the substitution u = �
x, find the exact area of the shaded region in the first quadrant

bounded by this part of the curve and the x-axis. [7]
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4

3 Find the exact value of Ó
1
4
π

0

x sec2x dx. [5]
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9 The constant a is such that Ó a

0

xe−2x dx = 1
8
.

(a) Show that a = 1
2
ln�4a + 2�. [5]
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(b) Verify by calculation that a lies between 0.5 and 1. [2]
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(c) Use an iterative formula based on the equation in (a) to determine a correct to 2 decimal places.

Give the result of each iteration to 4 decimal places. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2023 9709/31/M/J/23 [Turn over



9709 Mathematics Paper 3 - Integration
Topical questions | 70 questions

55. Question part 1/2 | 9709 May-June 2023 P3 V2 Q10 16

10

x

y

O

M

The diagram shows the curve y = �x + 5�
�
3 − 2x and its maximum pointM.

(a) Find the exact coordinates ofM. [5]
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(b) Using the substitution u = 3 − 2x, find by integration the area of the shaded region bounded by

the curve and the x-axis. Give your answer in the form a
�
13, where a is a rational number. [5]
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7 (a) Use the substitution u = cos x to show that

Ó π
0

sin 2x e2 cos x dx = Ó 1

−1
2ue2u du. [4]
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(b) Hence find the exact value of Ó π
0

sin 2x e2 cos x dx. [4]
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9

x

y

O

M

3

The diagram shows the curve y = xe
−1
4
x2
, for x ≥ 0, and its maximum pointM.

(a) Find the exact coordinates ofM. [4]
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(b) Using the substitution x =
�
u, or otherwise, find by integration the exact area of the shaded region

bounded by the curve, the x-axis and the line x = 3. [5]
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7

5 Find the exact value of Ô 6

0

x�x + 1�
x2 + 4

dx. [6]
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8 Use the substitution sinu x1= -  to find the exact value of

sin
sin

x
x x

1
2 d

r

r
2
3

-
y .

 Give your answer in the form a b 2+  where a  and b are rational numbers to be determined. [7]
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10 (a) Given that tanx y2 = , show that 
y

x1 4
2d

2=
+xd

 . [3]
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 (b) Hence find the exact value of ( )tanx xx2 d1

2
1

2

3

-y . [7]
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11

xO

y

2rr

a

M

R

 The diagram shows the curve sin cosy x x2 2= + , for rx0 2G G , and its minimum point M, where 
x a= .

 (a) Find the value of a correct to 2 decimal places. [5]
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 (b) Use the substitution cosu x2= +  to find the exact area of the shaded region R. [6]
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11 Find the exact value of cosx x xdr 2 310y . [6]
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9 The constant a is such that a
1 lnx x x6 4d =; .

 (a) Show that expa a1 5 32= +6f e op, where exp(x) denotes ex . [5]
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 (b) Verify by calculation that a lies between 2 and 2.1. [2]
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 (c) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal places. Give the result of each iteration to 4 decimal places. [3]
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10 (a) Find the quotient and remainder when x2  is divided by x1 4 2+ . [2]
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 (b) Find the exact value of ( )tanx x x2 d. 1
0
0 5 -; . [6]
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3 Find the exact value of cos x x3 5 d
r

r 2
5
1
4
1

; . [4]
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1 Find the exact value of ln x x3 d1
2y . Give your answer in the form lna b+ , where a and b are integers. [4]
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4 Find the exact value of dtanx x x1
0
1 -y . [6]
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6 Find the exact value of sinx x x2 dr 2
0

61y . [6]
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7 (a) Use the substitution u x 32= -  to show that

( ) ,x x u
u u4 2 3d d

a

b
2

3

7

12
= +

x 3-y y
  where a and b are values to be found. [4]
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 (b) Hence, find the exact value of .x x4 d2
3

7

12

x 3-y  [4]
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10 The constant a is such that .x x 6e dxa

0
2
1 =y

 (a) Show that .a 2 e a2
1= + -  [5]
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 (b) Verify by calculation that a lies between 2.2 and 2.4. [2]
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 (c) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal 
places. Give the result of each iteration to 4 decimal places. [3]
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