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1. Question | 9709 Feb-March 2016 P3 V2 Q5
9

(3 +x?)

dx.

5 Letl= J .
0

Ly
(i) Using the substitution x = (v/3) tan 6, show that I = v/3 Jé cos?0de.
0

(ii) Hence find the exact value of /.

2. Question | 9709 Feb-March 2016 P3 V2 Q9

3x> +6x -8
9 Letf(x):—x 2x
x(x*+2)
B Cx+D
(i) Express f(x) in the formA+;+ )26 .
x“+2
2

(ii) Show that J f(x)dx =3 —1n4.
1

3. Question | 9709 May-June 2016 P3 V1 Q2

2 Find the exact value of J.2 xe > dx.
0

4. Question | 9709 May-June 2016 P3 V2 Q3

57[

3 Find the exact value of J x2 sin 2x dx.

0

5. Question | 9709 May-June 2016 P3 V2 Q7

4x“+7x+ 4
7 Letf(x) = .
et = D+ 2)

(i) Express f(x) in partial fractions.

4
(ii) Show that J f(x)dx =8 —1n3.
0

[3]

[4]

[5]

[5]

[5]

[5]

[5]

[5]
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6. Question | 9709 May-June 2016 P3 V3 Q7

7 Letl= | ———dx.
o (1+x%)
S -1y
l/t p—
(i) Using the substitution u = 1 + x2, show that I = J 0
u
1
(i) Hence find the exact value of /.
7. Question | 9709 Oct-Nov 2016 P3 V1 Q7
7
y
A
M
0 2\ » X

1
The diagram shows part of the curve y = (2x — x?)e2" and its maximum point M.

(i) Find the exact x-coordinate of M.

du.

[3]

[5]

[4]

(ii) Find the exact value of the area of the shaded region bounded by the curve and the positive x-axis.

8. Question | 9709 Oct-Nov 2016 P3 V2 Q5

5 (i) Prove the identity tan 26 — tan 6 = tan 0 sec 26.

1

T
(ii) Hence show that r tan Osec20d6 = %ln %
0

9. Question | 9709 Oct-Nov 2016 P3 V3 Q6

(Wo-1

6 LetI:J1 2ty

2
-1
(i) Using the substitution u = 4/x, show that [ = J 4 1
u
1

(ii) Hence show that/ =1+ In g.

[5]

[4]

[4]

[3]

[6]
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10. Question part 1/2 | 9709 Feb-March 2017 P3 V2 Q10

10

o

The diagram shows the curve y = (Inx)?. The x-coordinate of the point P is equal to e, and the normal
to the curve at P meets the x-axis at Q.

(i) Find the x-coordinate of Q. (4]
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10. Question part 2/2 | 9709 Feb-March 2017 P3 V2 Q10

(iii) Using integration by parts, or otherwise, find the exact value of the area of the shaded region
between the curve, the x-axis and the normal PQ. [5]
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11. Question part 1/2 | 9709 May-June 2017 P3 V1 Q10

10
y
M
» X
o 1
a7
The diagram shows the curve y = sinx cos>2x for 0 < x < %n and its maximum point M.

(i) Using the substitution u# = cos x, find by integration the exact area of the shaded region bounded
by the curve and the x-axis. [6]
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11. Question part 2/2 | 9709 May-June 2017 P3 V1 Q10

(ii) Find the x-coordinate of M. Give your answer correct to 2 decimal places. [6]
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12. Question | 9709 May-June 2017 P3 V3 Q4

4  Find the exact value of Jz 6sin 16 do. [4]
0
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13. Question part 1/2 | 9709 May-June 2017 P3 V3 Q7

7
y
A
M
0 » X

The diagram shows a sketch of the curve y = — for x > 0, and its minimum point M.
X

(i) Find the x-coordinate of M. (4]
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13. Question part 2/2 | 9709 May-June 2017 P3 V3 Q7

(ii) Use the trapezium rule with two intervals to estimate the value of

(iii) The estimate found in part (ii) is denoted by E. Explain, without further calculation, whether
another estimate found using the trapezium rule with four intervals would be greater than E or
less than E. [1]
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14. Question part 1/2 | 9709 May-June 2017 P3 V3 Q9
3x“ -4

9 Letf(x)= ———.
™) xX*(3x+2)

(i) Express f(x) in partial fractions. [5]
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14. Question part 2/2 | 9709 May-June 2017 P3 V3 Q9

2
(ii) Hence show that J f(x)dx = 1n(25) - 1. [5]
1
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15. Question | 9709 Oct-Nov 2017 P3 V2 Q1

1
y
A
_//
_
| | » X
-1.2 o 1.2

The diagram shows a sketch of the curve y = W for values of x from —1.2 to 1.2.
-X
(i) Use the trapezium rule, with two intervals, to estimate the value of

1.2
3

-12 \/(9 _x3)

giving your answer correct to 2 decimal places. [3]

B

(ii) Explain, with reference to the diagram, why the trapezium rule may be expected to give a good
approximation to the true value of the integral in this case. [1]
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16. Question part 1/2 | 9709 Oct-Nov 2017 P3 V2 Q9

9 Itis given that J
1

a

1
x2Inxdx =2, where a > 1.

3

3 T7+42a?

(i) Show that a2 = a .
3lna
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16. Question part 2/2 | 9709 Oct-Nov 2017 P3 V2 Q9

(i) Show by calculation that a lies between 2 and 4

to determine a correct to 3 decimal places. Give the result of each iteration to 5 decimal places.

(3]
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17. Question part 1/2 | 9709 Oct-Nov 2017 P3 V3 Q9

9

P <

(0 2

1
The diagram shows the curve y = (1 + x*)e 2" for x > 0. The shaded region R is enclosed by the curve,
the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]



9709 Mathematics Paper 3 - Integration

Topical questions | 70 questions

17. Question part 2/2 | 9709 Oct-Nov 2017 P3 V3 Q9

42
(ii) Show that the exact value of the area of Ris 18 — —. [5]
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18. Question | 9709 Feb-March 2018 P3 V2 Q1

1  Use the trapezium rule with three intervals to estimate the value of

1n
J 4/ (1 —tanx) dx,
0
giving your answer correct to 3 decimal places. [3]
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19. Question part 1/2 | 9709 May-June 2018 P3 V1 Q5

5 Letl= J \/(L)dx
| 1-x
I

(i) Using the substitution x = cos? 0, show that [ = '[f

677,'

1

2 cos?0de.

(4]
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19. Question part 2/2 | 9709 May-June 2018 P3 V1 Q5

(ii) Hence find the exact value of /. (4]
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20. Question part 1/2 | 9709 May-June 2018 P3 V1 Q8

a

1
8 The positive constant a is such that J xe 2 dx = 2.
0

(i) Show that a satisfies the equation a = 21In(a + 2). [5]
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20. Question part 2/2 | 9709 May-June 2018 P3 V1 Q8

(iii) Use an iteration based on the equation in part (i) to determine a correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]
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21. Question | 9709 May-June 2018 P3 V3 Q3
=T

3  Showing all necessary working, find the value of Jé x cos 3x dx, giving your answer in terms of 7.

0
[5]
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22. Question part 1/2 | 9709 Oct-Nov 2018 P3 V1 Q7

7

P <

o

D=

The diagram shows the curve y = 5 sin®x cos> x for 0 < x < %n, and its maximum point M. The shaded
region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [5]
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22. Question part 2/2 | 9709 Oct-Nov 2018 P3 V1 Q7

(ii) Using the substitution u = sin x and showing all necessary working, find the exact area of R. [4]
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23. Question | 9709 Oct-Nov 2018 P3 V2 Q3

3 (i) Find J ln_3x dx. (3]
X
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24. Question part 1/2 | 9709 Oct-Nov 2018 P3 V3 Q7

7

P <

o

D=

The diagram shows the curve y = 5 sin®x cos> x for 0 < x < %n, and its maximum point M. The shaded
region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [5]
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24. Question part 2/2 | 9709 Oct-Nov 2018 P3 V3 Q7

(ii) Using the substitution u = sin x and showing all necessary working, find the exact area of R. [4]
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25. Question | 9709 Feb-March 2019 P3 V2 Q4

4

3
4  Show that J x 2lnxdx =2 -1n4. [5]

1
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26. Question part 1/3 | 9709 Feb-March 2019 P3 V2 Q10

10

o

=

The diagram shows the curve y = sin®x /(cosx) for 0 < x < %n, and its maximum point M.

(i) Using the substitution # = cos x, find by integration the exact area of the shaded region bounded
by the curve and the x-axis. [6]
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26. Question part 2/3 | 9709 Feb-March 2019 P3 V2 Q10

(ii) Showing all your working, find the x-coordinate of M, giving your answer correct to 3 decimal
places. [6]
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26. Question part 3/3 | 9709 Feb-March 2019 P3 V2 Q10

Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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27. Question | 9709 May-June 2019 P3 V1 Q1

1  Use the trapezium rule with 3 intervals to estimate the value of

3
J 2%~ 4]dx. [3]
0
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28. Question part 1/2 | 9709 May-June 2019 P3 V2 Q8
10x+9

8 Letflx)= (2x+ )(2x+3)%

(i) Express f(x) in partial fractions. [5]
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28. Question part 2/2 | 9709 May-June 2019 P3 V2 Q8

1

(ii) Hence show that J f(x)dx = %ln% + %
0
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29. Question part 1/3 | 9709 May-June 2019 P3 V2 Q10

10

The diagram shows the curve y = sin 3xcosx for 0 < x <
region R is bounded by the curve and the x-axis.

%n and its minimum point M. The shaded

(i) By expanding sin(3x + x) and sin(3x — x) show that

sin3xcosx = %(sin 4x + sin 2x). [3]

(ii) Using the result of part (i) and showing all necessary working, find the exact area of the region R.

(4]
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29. Question part 2/3 | 9709 May-June 2019 P3 V2 Q10

d
(iii) Using the result of part (i), express ay in terms of cos 2x and hence find the x-coordinate of M,

giving your answer correct to 2 decimal places. [5]
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29. Question part 3/3 | 9709 May-June 2019 P3 V2 Q10

Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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30. Question | 9709 May-June 2019 P3 V3 Q2

2 Show that J4 x% cos 2xdx = 3%(7t2 - 8). [5]
0
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31. Question part 1/2 | 9709 Oct-Nov 2019 P3 V1 Q6

d
6 (i) By differentiating C?Sx, show that if y = cotx then & cosec?x. [2]
sinx dx
in
(ii) Show that ,[1 xcosec’xdx = %(n +1n4). (6]
bt
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31. Question part 2/2 | 9709 Oct-Nov 2019 P3 V1 Q6



9709 Mathematics Paper 3 - Integration

Topical questions | 70 questions

32. Question part 1/2 | 9709 Oct-Nov 2019 P3 V2 Q8

2x“+x+8

8 Letf(x)= 1)

(i) Express f(x) in partial fractions. [5]
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32. Question part 2/2 | 9709 Oct-Nov 2019 P3 V2 Q8

5
(ii) Hence, showing full working, find J f(x) dx, giving the answer in the form In ¢, where c is an
1

integer. [5]
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33. Question part 1/2 | 9709 Oct-Nov 2019 P3 V2 Q9

a
9 Itis given that J X oS %xdx = 3, where the constant a is such that 0 < a < %n.
0
(i) Show that a satisfies the equation
4 -3 cos %a
4= (5]
sin za
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33. Question part 2/2 | 9709 Oct-Nov 2019 P3 V2 Q9

(ii) Verify by calculation that a lies between 2.5 and 3. [2]

(iii) Use an iterative formula based on the equation in part (i) to calculate a correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]
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34. Question part 1/2 | 9709 Oct-Nov 2019 P3 V3 Q8

8

y

A |
I
|
I
I
I
[}
I
I
I
I
I
I
I
I
I
I
I
I
[}
i
I
L—p X

The diagram shows the graph of y = secx for 0 < x < %n.
12
(i) Use the trapezium rule with 2 intervals to estimate the value of J sec x dx, giving your answer
0
correct to 2 decimal places. [3]

(ii) Explain, with reference to the diagram, whether the trapezium rule gives an overestimate or an
underestimate of the true value of the integral in part (i). [1]
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34. Question part 2/2 | 9709 Oct-Nov 2019 P3 V3 Q8

(iii) P is the point on the part of the curve y = secx for 0 < x < %n at which the gradient is 2. By first

differentiating ——, find the x-coordinate of P, giving your answer correct to 3 decimal places.
cosx

(6]
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35. Question part 1/3 | 9709 Oct-Nov 2019 P3 V3 Q10

10

P <

0] T

The diagram shows the graph of y = e“** sin®x for 0 < x < 7, and its maximum point M. The shaded

region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate of M. Show all necessary working and give your answer correct to 2 decimal
places. [5]
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35. Question part 2/3 | 9709 Oct-Nov 2019 P3 V3 Q10

(ii) By first using the substitution u# = cos x, find the exact value of the area of R. [7]
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35. Question part 3/3 | 9709 Oct-Nov 2019 P3 V3 Q10
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36. Question | 9709 Feb-March 2020 P3 V2 Q4
?‘ll?
4 Find J

X sec’xdx. Give your answer in a simplified exact form. [7]
gTE
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37. Question | 9709 May-June 2020 P3 V2 Q3

3 Find the exact value of

4 3
J x2 Inxdx. [5]
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38. Question part 1/2 | 9709 May-June 2020 P3 V2 Q6

6

! i

\

o 1

. X . . .
The diagram shows the curve y = To3c for x = 0, and its maximum point M.
+ 35X

(a) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [4]
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38. Question part 2/2 | 9709 May-June 2020 P3 V2 Q6

(b) Using the substitution u# = v3x2, find by integration the exact area of the shaded region bounded
by the curve, the x-axis and the line x = 1. [5]
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39. Question | 9709 May-June 2020 P3 V3 Q2

1
2  Find the exact value of I (2 —x)e > dx. [5]
0
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40. Question part 1/2 | 9709 May-June 2020 P3 V3 Q7

2

7Lt = ST

(a) Express f(x) in partial fractions. [2]

(b) Using your answer to part (a), show that

1 1 1 1

2— —_
(FC)” = (2x-12 2x-1 Toxel (2x+1)%

(2]



9709 Mathematics Paper 3 - Integration

Topical questions | 70 questions

40. Question part 2/2 | 9709 May-June 2020 P3 V3 Q7

2
(¢) Hence show that J (f(x))2 dx=2+ lln(g).
1
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41. Question part 1/2 | 9709 Oct-Nov 2020 P3 V2 Q9
Tx+ 18

P Lt = e )

(a) Express f(x) in partial fractions. [5]
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41. Question part 2/2 | 9709 Oct-Nov 2020 P3 V2 Q9

2

(b) Hence find the exact value of J f(x)dx. [6]
0
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42. Question part 1/3 | 9709 Feb-March 2021 P3 V2 Q10

10
y
A M
» X
o L
ETC
The diagram shows the curve y = sin 2x cos?x for 0 < x < %n, and its maximum point M.

(a) Using the substitution u = sin x, find the exact area of the region bounded by the curve and the
X-axis. [5]
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42. Question part 2/3 | 9709 Feb-March 2021 P3 V2 Q10

(b) Find the exact x-coordinate of M. [6]
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42. Question part 3/3 | 9709 Feb-March 2021 P3 V2 Q10
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43. Question | 9709 May-June 2021 P3 V2 Q4

4

4  Using integration by parts, find the exact value of J tan_l(
0
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44. Question | 9709 May-June 2021 P3 V3 Q4
15 - 6x

4 Let f(X) = m

(a) Express f(x) in partial fractions. [3]



9709 Mathematics Paper 3 - Integration

Topical questions | 70 questions
45. Question part 1/2 | 9709 May-June 2021 P3 V3 Q8

8

P <

[~~~

] Inx . . .
The diagram shows the curve y = —~ and its maximum point M.
X

(a) Find the exact coordinates of M. (4]
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45. Question part 2/2 | 9709 May-June 2021 P3 V3 Q8

a
Inx
— dx < §. [6]

(b) By using integration by parts, show that for all a > 1, J
X

1
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46. Question | 9709 Oct-Nov 2021 P3 V1 Q4

4  Using the substitution u = v/x, find the exact value of
i ! dx [6]
, G
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47. Question part 1/2 | 9709 Oct-Nov 2021 P3 V1 Q8

Inx

Vx

8 The constant a is such that J —dx =6.

1

1
(a) Show that a = exp (\/_E + 2).

[exp(x) is an alternative notation for e*.]

[5]
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47. Question part 2/2 | 9709 Oct-Nov 2021 P3 V1 Q8

(b) Verify by calculation that a lies between 9 and 11. [2]

(¢) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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48. Question | 9709 Oct-Nov 2021 P3 V3 Q4

T

4 Find the exact value of J X sin %x dx. [5]

1
3
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49. Question part 1/3 | 9709 Feb-March 2022 P3 V2 Q11

11

P <

The diagram shows the curve y = sinx cos 2x for 0 < x < %n, and its maximum point M.

(a) Find the x-coordinate of M, giving your answer correct to 3 significant figures. [6]
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49. Question part 2/3 | 9709 Feb-March 2022 P3 V2 Q11

(b) Using the substitution u# = cos x, find the area of the shaded region enclosed by the curve and the
x-axis in the first quadrant, giving your answer in a simplified exact form. [5]
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49. Question part 3/3 | 9709 Feb-March 2022 P3 V2 Q11

Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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50. Question part 1/2 | 9709 May-June 2022 P3 V1 Q6

6 LetI:J 2T g
o (

9+x2)2

T
(a) Using the substitution x = 3 tan 6, show that I = -[4 cosZ6do. [4]
0



9709 Mathematics Paper 3 - Integration

Topical questions | 70 questions

50. Question part 2/2 | 9709 May-June 2022 P3 V1 Q6

(b) Hence find the exact value of /. (4]
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51. Question part 1/3 | 9709 May-June 2022 P3 V3 Q10

a
10 The constant a is such that J x*Inxdx = 4.
1

[SSTE

35
h h ={—-.
(a) Show that a (3lna—1) [5]
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51. Question part 2/3 | 9709 May-June 2022 P3 V3 Q10

(b) Verify by calculation that a lies between 2.4 and 2.8. [2]

(¢) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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51. Question part 3/3 | 9709 May-June 2022 P3 V3 Q10

Additional Page
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52. Question part 1/2 | 9709 Oct-Nov 2022 P3 V2 Q8

8

P <

The diagram shows part of the curve y = sin+/x. This part of the curve intersects the x-axis at the point
where x = a.

(a) State the exact value of a. [1]

(b) Using the substitution u = y/x, find the exact area of the shaded region in the first quadrant
bounded by this part of the curve and the x-axis. [71
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3  Find the exact value of J xsec?xdx. [5]
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a

9 The constant a is such that J xe X dx = %.
0

(a) Show thata = 11In(4a +2). (5]
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(b) Verify by calculation that a lies between 0.5 and 1. [2]

(¢) Use an iterative formula based on the equation in (a) to determine a correct to 2 decimal places.
Give the result of each iteration to 4 decimal places. [3]
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/ 1) » X

The diagram shows the curve y = (x + 5)v3 — 2x and its maximum point M.

(a) Find the exact coordinates of M. [5]
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(b) Using the substitution u = 3 — 2x, find by integration the area of the shaded region bounded by
the curve and the x-axis. Give your answer in the form av13, where a is a rational number. [5]
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7 (a) Use the substitution u# = cosx to show that

T 1
I sin 2xe2os¥ dx = J 2ue** du. [4]
0 -1
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(b) Hence find the exact value of J sin 2x e2 ¥ dx. [4]
0
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P <

(0] 3

_1,2 . . .
The diagram shows the curve y = xe 4" , for x > 0, and its maximum point M.

(a) Find the exact coordinates of M. [4]
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(b) Using the substitution x = /u, or otherwise, find by integration the exact area of the shaded region
bounded by the curve, the x-axis and the line x = 3. [5]
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dx. 6
x> +4 6]

5 Find the exact value of J
0
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8  Use the substitution # = 1 —sinx to find the exact value of

in

2% sin2x de
x V1—sinx

Give your answer in the form a+ b+/2 where a and b are rational numbers to be determined. [7]
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: dy 2
10 (a) Given that 2x = tany, show that — = 3
) oY dr  1+4x° B3]
ﬁ ......................................................................................................
(b) Hence find the exact value of fl xtan_1(2x)dx. [7]
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A

The diagram shows the curve y = 2sinxv2+cosx, for 0 < x < 27, and its minimum point M, where
x=a.

(a) Find the value of a correct to 2 decimal places. [5]
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(b) Use the substitution # = 2 +cosx to find the exact area of the shaded region R. [6]
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. o 1
11 Find the exact value of f x“coszxdx. [6]
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9  The constant a is such that J1 6xIlnxdx =4.

(a) Show that a = exp (%(% + 3)), where exp(x) denotes e”. [5]
a
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(b) Verify by calculation that a lies between 2 and 2.1. (2]

(¢) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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10 (a) Find the quotient and remainder when x* is divided by 1 +4x°, [2]
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=T
3  Find the exact value of Jf 3cos?5xdx. [4]

gﬂ:
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2
1  Find the exact value of f In3xdx. Give your answer in the form a+Inb, where a and b are integers.
1

[4]



9709 Mathematics Paper 3 - Integration

Topical questions | 70 questions
67. Question | 9709 Oct-Nov 2025 P3 V2 Q4
1
4  Find the exact value of f xtan 'xdx. [6]
0
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=T
6  Find the exact value of fﬁ x%sin2xdx. [6]
0
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7 (a) Use the substitution u = x% =3 to show that

Y12 3 b
J' 4x dx—f 2(u+3) du,
V7 x2—3 a \/Zl

where a and b are values to be found. (4]
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x?-3

V12
(b) Hence, find the exact value of f[
7
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10 The constant a is such that f axe%x dx = 6.
0

(a) Show that a =2 +e 1, [5]
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(b) Verify by calculation that a lies between 2.2 and 2.4. (2]

(¢) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]



