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5. (a)

Note:  Do not award the final A1 for proofs which work from both sides to find a 

common expression other than 22sin cos 2sinx x x− . 

METHOD 1 (LHS to RHS) 

attempt to use double angle formula for sin 2x  or cos2x M1 

LHS= 2sin cos cos2 1x x x+ −  OR 
2sin 2 1 2sin 1x x+ − − OR 

22sin cos 1 2sin 1x x x+ − −
22sin cos 2sinx x x= − A1 

sin 2 cos 2 1 2sin (cos sin )x x x x x+ − = − =RHS AG 

METHOD 2 (RHS to LHS) 

RHS 22sin cos 2sinx x x= −

attempt to use double angle formula for sin 2x  or cos2x M1 
2sin 2 1 2sin 1x x= + − − A1 

sin 2 cos2 1x x= + − =LHS AG 

[2 marks] 

(b) attempt to factorise M1 

( )(cos sin ) 2sin 1 0x x x− + =  A1 

recognition of 
sin

cos sin tan 1
cos

x
x x x

x
=  = = OR 

1
sin

2
x = − (M1) 

one correct reference angle seen anywhere, accept degrees (A1) 

π

4
 OR 

π

6
(accept 

π 7π
,

6 6
− )  

Note: This (M1)(A1) is independent of the previous M1A1. 

7π 11π π 5π
, , ,

6 6 4 4
x = A2 

Note: Award A1 for any two correct (radian) answers. 

Award A1A0 if additional values given with the four correct (radian) 

answers. Award A1A0 for four correct answers given in degrees. 

[6 marks] 
Total [8 marks] 
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6. METHOD 1

attempt to use a right angled triangle M1 

correct placement of all three values and   seen in the triangle (A1) 

cot 0  (since cosec 0  puts  in the second quadrant) R1 

5
cot

2
 = − A1 

Note: Award M1A1R0A0 for 
5

cot
2

 =  seen as the final answer 

The R1 should be awarded independently for a negative value only given as a final 
answer. 

 [4 marks] 

METHOD 2 

Attempt to use 2 21 cot cosec + =  M1 

2 9
1 cot

4
+ =

2 5
cot

4
 = (A1) 

5
cot

2
 = 

cot 0   (since cosec 0  puts  in the second quadrant) R1 

5
cot

2
 = − A1 

Note: Award M1A1R0A0 for 
5

cot
2

 =  seen as the final answer 

The R1 should be awarded independently for a negative value only given as a final 
answer. 
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METHOD 3 

2
sin

3
 =

attempt to use 2 2sin cos 1 + = M1 

24
cos 1

9
+ =

2 5
cos

9
 = (A1) 

5
cos

3
 = 

cos 0   (since cosec 0  puts  in the second quadrant) R1 

5
cos

3
 = −

5
cot

2
 = − A1 

Note: Award M1A1R0A0 for 
5

cot
2

 =  seen as the final answer 

The R1 should be awarded independently for a negative value only given as a final 
answer. 
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11. (a) (i) 
1 1

0 3 3
2

− +
= = − A1 

the point ( )1,0,3− lies on 1L . AG 

(ii) attempt to set equal to a parameter or rearrange cartesian form (M1) 

1
3 2 1, , 3

2

x
y z x y z   

+
= = − =  = − = = − OR 

1 0 3

2 1 1

x y z+ − −
= =

−

correct direction vector 

2

1

1

 
 
 
 − 

 or equivalent seen in vector form (A1) 

1 2

0 1

3 1



−   
   

= +   
   −   

r ( or equivalent ) A1 

Note: Award A0 if =r  is omitted. 

[4 marks] 

(b) attempt to use the scalar product formula (M1) 

( ) 2

2

1 1 6 2 cos 45

1 1

a

a

   
   

=  +   
   − −   

(A1)(A1) 

Note:  Award A1 for LHS and A1 for RHS 

( )
( )( )

2

2
6 2 2

2 2 2 2 3 2
2

a
a a a

 +
+ =  + =  + A1A1 

Note: Award A1 for LHS and A1 for RHS 

2 24 8 4 3 6a a a+ + = +
2 8 2 0a a+ − = A1 

attempt to solve their quadratic M1 

( )8 64 8 8 72
4 3 2

2 2
a

−  + − 
= = = −  A1 

[8 marks] 

continued… 
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Question 11 continued 

(c) METHOD 1

attempt to equate the parametric forms of 1L  and 2L (M1) 

2 1

1

3 2

ta

t

t







− =


= +
 − = −

A1 

attempt to solve equations by eliminating   or t   (M1) 

( )2 2 1 1 2t ta t a+ − =  = −  or ( ) ( )2 1 1 1 2a a a  − = −  − = −

Solutions exist unless 2 0a− =  

2k = A1 

Note: This A1 is independent of the following marks. 

1

2
t

a
=

−
  or 

1

2

a

a


−
=

−
A1 

A has coordinates 
1 1

,1 , 2
2 2 2

a

a a a

 
+ − 

− − − 

1 2 5
, , 

2 2 2

a a a

a a a

 − − 
=   

− − −  
A2 

Note: Award A1 for any two correct coordinates seen or final answer in vector 

form.  

METHOD 2 

no unique point of intersection implies direction vectors of 1L and 2L parallel 

2k = A1 

Note: This A1 is independent of the following marks. 

attempt to equate the parametric forms of 1L  and 2L (M1) 

2 1

1

3 2

ta

t

t







− =


= +
 − = −

A1 

attempt to solve equations by eliminating   or t  (M1) 

( )2 2 1 1 2t ta t a+ − =  = − or ( ) ( )2 1 1 1 2a a a  − = −  − = −

1

2
t

a
=

−
  or 

1

2

a

a


−
=

−
A1 

A has coordinates 
1 1

,1 , 2
2 2 2

a

a a a

 
+ − 

− − − 

1 2 5
, , 

2 2 2

a a a

a a a

 − − 
=   

− − −  
A2 

continued… 
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Question 11 continued 

Note: Award A1 for any two correct coordinates seen or final answer in vector 

form.  

[7 marks] 

Total [19 marks] 

12. (a) attempt to use the chain rule M1 

( ) ( )
1

2
1

1
2

f x x
−

 = + A1 

( )
3

2
1

( ) 1
4

f x x
−

 = − + A1 

3

1

4 (1 )x
= −

+
AG 

Note: Award M1A0A0 for 
1

( )
1

f x
x

 =
+

 or equivalent seen 

[3 marks] 

(b) let 2n =  

( )
1 1

2
2

3

1 1 1!
(1 )

4 0!4 (1 )
f x x

x

−  
  = − = − +   + 

R1 

Note: Award R0 for not starting at 2n = . Award subsequent marks as 

appropriate. 

assume true for n k= , (so ( ) ( )1 1

2
2 3 !1

( ) (1 )
4 ( 2)!

k
kk k

f x x
k

−
−− 

= − + 
− 

) M1 

Note: Do not award M1 for statements such as “let n k= ” or “ n k= is true”. 

Subsequent marks can still be awarded. 

consider 1n k= +  

( )

( )( )
1

( )
LHS ( )

k

k
d f x

f x
dx

+
= = M1 

( )1 1
1

2
2 3 !1 1

(1 )
4 ( 2)! 2

k
kk

k x
k

−
− −−   

= − − +   
−   

  (or equivalent) A1 

EITHER 

( ) 1
1

( 1) 2
2 1 !1

RHS ( ) (1 )
4 ( 1)!

k
k

k
k

f x x
k

− −
+

− 
= = − + 

− 
 (or equivalent) A1 

( ) 1
1

2
2 1 (2 2)(2 3)!1

(1 )
4 ( 1)( 2)!

k
kk k k

x
k k

− −− − − 
= − + 

− − 
A1 

continued… 
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2. (a) attempt to use 
2 2cos 1 sinx x= − M1 

22sin 5sin 2 0x x− + = A1 

EITHER 
attempting to factorise M1 

( )( )2sin 1 sin 2x x− − A1 

OR 

attempting to use the quadratic formula M1 
25 5 4 2 2 5 3

sin
4 4

x
 −    

= = 
 

A1 

THEN 
1

sin
2

x = (A1) 

π 5π
,

6 6
x = A1A1 

Total [7 marks] 
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5. METHOD 1

use of sin =a b a b  on the LHS (M1) 

2 2 2 2sin  =a b a b A1 

( )
2 2 21 cos = −a b M1 

2 2 2 2 2cos = −a b a b OR ( )
22 2

cos= −a b a b A1 

( )
2 2 2

= − a b a b AG 

METHOD 2 

use of cos =a b a b  on the RHS (M1) 

2 2 2 2 2cos = −a b a b A1 

( )
2 2 21 cos = −a b M1 

2 2 2sin = a b OR ( )
2

sin= a b A1 

2
= a b AG 

Note:  If candidates attempt this question using cartesian vectors, e.g 

1

2

3

a

a

a

 
 
 
 
 

a =  and 

1

2

3

b

b

b

 
 
 
 
 

b =  , 

award full marks if fully developed solutions are seen. 
Otherwise award no marks. 

[4 marks] 
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6. METHOD 1

attempt to use the cosine rule to find the value of x (M1) 

( )( )2 2 3
100 4 2 2  

4
x x x x

 
= + −  

 
A1 

22 100x =

2 50x =  OR ( )50 5 2x = = A1 

attempt to find ˆsin C (seen anywhere) (M1) 
2

2 3ˆsin 1
4

C
 

+ = 
 

or 2 2 23 4x + =  OR right triangle with side 3 and hypotenuse 4 

7ˆsin
4

C = (A1) 

Note:  The marks for finding ˆsin C may be awarded independently of the first three

marks for finding x . 

correct substitution into the area formula using their value of x  (or 2x ) 

and their value of ˆsin C (M1) 

1 7
5 2 10 2

2 4
A =    or 

1 7
50 2 50

2 4
A =   

25 7

2
A = A1 

continued… 
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METHOD 2 

attempt to find the height, h , of the triangle in terms of x (M1) 

2

2 23

4
h x x

 
+ = 
 

OR 

2

2 25
10

4
h x

 
+ = 
 

 OR 
7

4
h x= A1 

equating their expressions for either 2h or h (M1) 

2 2

2 23 5
10

4 4
x x x

   
− = −   
   

OR 
225 7

100
16 4

x x− = (or equivalent) A1 

2 50x = OR ( )50 5 2x = = A1 

correct substitution into the area formula using their value of x  (or 2x ) (M1) 

1 7
2 50 50

2 4
A =   OR ( )1 7

2 5 2 5 2
2 4

A
 

=    
 

25 7

2
A = A1 

Total [7 marks] 
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8. (a) METHOD 1 

setting at least two components of 
1l and

2l equal M1 

( )

( )

( )

3 2 2   1

2 2      2

1 2 4   3

 

 

 

+ = +

− = −

− + = +

attempt to solve two of the equations eg. adding ( )1  and ( )2  M1 

gives a contradiction (no solution), eg 5 2=  R1 

so 
1l and

2l do not intersect AG 

Note:  For an error within the equations award M0M1R0. 
Note:  The contradiction must be correct to award the R1. 

[3 marks] 
 METHOD 2 

1l and
2l are parallel, so

1l and
2l are either identical or distinct. R1 

Attempt to subtract two position vectors from each line, 

e.g. 

3 2 1

2 0 2

1 4 5

      
      

− =      
      − −      

M1 

3 1

2 1

1 1

k

   
   

 −   
   −   

 A1 

[3 marks] 

(b) METHOD 1

1l and
2l are parallel (as 

2

2

2

 
 
− 
 
 

 is a multiple of 

1

1

1

 
 
− 
 
 

) 

let A  be ( )3,2, 1− on 
1l and let B  be ( )2,0,4 on 

2l

Attempt to find vector 

1

AB 2

5

→
 −  
  
= −  
  
  

(M1) 

Distance required is 

AB
→

v

v
M1 

continued… 
Question 8 continued 
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1 1
1

1 2
3

1 5

−   
   
−  −   
   
   

= (A1) 

3
1

6
3

3

 
 
 
 
 

= A1 

minimum distance is ( )18 3 2= A1 

[5 marks] 
METHOD 2 

1l and
2l are parallel (as 

2

2

2

 
 
− 
 
 

 is a multiple of 

1

1

1

 
 
− 
 
 

) 

let A  be a fixed point on 
1l eg ( )3,2, 1− and let B  be a general point on 

2l ( )2 , ,4  + − +

attempt to find vector AB
→

 (M1) 

( )

1 1

AB 2 1  

5 1

 
→

−   
   

= − + −    
   
   

A1 

( ) ( ) ( ) ( )2 2 2 2AB 1 2 5  3 12 30    
→

= − + + − − + + = + + M1 

EITHER 

2
d

AB 0 6 12 0 2
d

 


→ 
=  + =  = −  

 
A1 

OR 

( )
2

AB 3 2 18
→

= + + to obtain 2 = − A1 

THEN 

minimum distance is ( )18 3 2= A1 

[5 marks] 

continued… 
Question 8 continued 
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METHOD 3 

let A  be ( )3,2, 1−  on 
1l and let B  be ( )2 , ,4  + − +  on 

2l (M1) 

(or let A  be ( )2,0,4  on 
2l and let B  be ( )3 2 ,2 2 , 1 2  + − − + on

1l )

( )

1 1

AB 2 1  

5 1

 
→

−   
   

= − + −    
   
   

 (or 

2 1

AB 2 2

2 5







→
+ 

 
= − + 
 − 

) A1 

1 1

2 . 1 0

5 1







−   
   
− − − =   
   +   

 (or 

2 1 1

2 2 . 1 0

2 5 1







+   
   
− + − =   
   −   

) M1 

2 = − or 1 =  A1 

minimum distance is ( )18 3 2= A1 

[5 marks] 
Total [8 marks] 
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Section B 

10. (a) 6 6cos 0x+ = (or setting their ( ) 0f x = ) (M1) 

 cos 1x = − (or sin 0x = ) 

π, 3πx x= = A1A1 

 [3 marks] 

(b) attempt to integrate ( )
3π

π

6 6cos dx x+ (M1) 

 
3π

π
6 6sinx x= + A1A1 

substitute their limits into their integrated expression and subtract (M1) 

( ) ( )18π 6sin3π 6π 6sin π= + − +

( )( ) ( )6 3π 0 6π 0= + − +  ( )18π 6π= − A1 

area 12π=  AG 

[5 marks] 

(c) attempt to substitute into the formula for surface area (including base) (M1) 

( ) ( )( )2π 2 π 2 12πl+ = (A1) 

4π 2π 12πl+ =

2π 8πl =

4l =  A1 

[3 marks] 

continued… 
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Question 10 continued 

(d) valid attempt to find the height of the cone (M1) 

e.g. ( )
22 22 theirh l+ =  

( )12 2 3h = = (A1) 

attempt to use 
21

3
V r h=  with their values substituted M1 

( )( )21
π 2 12

3

 
 
 

4π 12 8π 3 8π
volume

3 3 3

 
= = =  

 
A1 

[4 marks] 
Total [15 marks] 

11. (a) ( )
d

1
d

v
v

t
= − + (A1) 

1
1d  d

1
t v

v
= −

+   (or equivalent / use of integrating factor) M1 

( )( )ln 1t v C= − + + A1 

EITHER 

attempt to find C  with initial conditions 
00,t v v= = M1 

( )0ln 1C v= +

( ) ( )0ln 1 ln 1t v v= + − +

0 01 1
ln e

1 1

tv v
t

v v

+ + 
=  = 

+ + 
A1 

( ) 0e 1 1t v v+ = +

( )01 1 e tv v −+ = + A1 

( ) ( )01 e 1tv t v −= + − AG 

continued… 
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12. (a) EITHER  

horizontal stretch/scaling with scale factor 
1

2

Note:  Do not allow ‘shrink’ or ‘compression’ 

followed by a horizontal translation/shift 
1

2
units to the left A2 

Note:  Do not allow ‘move’ 

OR 

horizontal translation/shift 1 unit to the left 

followed by horizontal stretch/scaling with scale factor 
1

2
A2 

THEN 

vertical translation/shift up by 
π

4
 (or translation through

0

4



 
 
 
 

)  A1 

(may be seen anywhere) 

[3 marks] 

(b) let arctan p =  and arctan q =  M1 

tanp = and tanq =  (A1) 

( )tan
1

p q

pq
 

+
+ =

−
A1 

arctan
1

p q

pq
 

 +
+ =  

− 
A1 

so arctan arctan arctan
1

p q
p q

pq

 +
+   

− 
 where , 0p q   and 1pq   AG 

[4 marks] 

continued… 
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Question 12 continued 

(c) METHOD 1

π
arctan1

4
=  (or equivalent) A1 

( )

1
1arctan arctan1 arctan

1
1 1

1

x
x x

xx

x

 
+   ++ =   

+   −
+ 

A1 

1

1arctan
1

1

x x

x
x x

x

+ + 
 +=  

+ −
 

+ 

A1 

( )arctan 2 1x= + AG 

[3 marks] 

METHOD 2 

π
tan 1

4
= (or equivalent) A1 

Consider ( )arctan 2 1 arctan
1 4

x
x

x

 
+ − = 

+ 

( )tan arctan 2 1 arctan
1

x
x

x

  
+ −   

+  

( )

2 1
1arctan

2 1
1

1

x
x

x
x x

x

 
+ − 

+=  
+ + 

+ 

A1 

( )( )

( )

2 1 1
arctan

1 2 1

x x x

x x x

 + + −
=   + + + 

A1 

arctan1= AG 

[3 marks] 

continued… 



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q12 | 19 marks

Apollo | Original source crop | 19

– 27 – M21/5/MATHX/HP1/ENG/TZ2/XX/M 

Question 12 continued 

METHOD 3 

( )( )tan arctan 2 1 tan arctan
1 4

x
x

x

  
+ = +  

+  

π
tan 1

4
= (or equivalent) A1 

LHS = 2 1x+  A1 

RHS = ( )
1

1 2 1

1
1

x

x x
x

x

+
+ = +

−
+

A1 

[3 marks] 
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Question 12 continued 

(d) let ( )P n  be the proposition that
2

1

1
arctan arctan

2 1

n

r

n

r n=

   
=   

+   
  for n +

consider ( )P 1 :

when 1n = , 

1

2
1

1 1
arctan arctan RHS

2 2r r=

   
= =   

   
 and so ( )P 1  is true R1 

assume ( )P k is true, ie. ( )2
1

1
arctan arctan  

2 1

k

r

k
k

r k

+

=

   
=    

+   
 M1 

Note:  Award M0 for statements such as “let n k= ”. 

Note:  Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

consider ( )P 1k + : 

( )

1

22 2
1 1

1 1 1
arctan arctan arctan

2 2 2 1

k k

r rr r k

+

= =

    
= +           + 

  (M1) 

( )
2

1
arctan arctan

1 2 1

k

k k

  
= +     +  + 

A1 

( )

( )

2

2

1

1 2 1
arctan

1
1

1 2 1

k

k k

k

k k

 
 +

+ +
=  

   
−     +  +  

M1 

( )( )
( )

2

3

1 2 2 1
arctan  

2 1

k k k

k k

 + + +
 =
 + − 

A1 

Note:  Award A1 for correct numerator, with (k + 1) factored. Denominator does not 

need to be simplified 

( )( )2

3 2

1 2 2 1
arctan

2 6 5 2

k k k

k k k

 + + +
 =
 + + +
 

A1 

Note:  Award A1 for denominator correctly expanded. Numerator does not need to 
be simplified. These two A marks may be awarded in any order 

( )( )
( )( )

2

2

1 2 2 1 1
arctan arctan

22 2 2 1

k k k k

kk k k

 + + + + 
 = =    ++ + +   

A1 

Note:  The word ‘arctan’ must be present to be able to award the last three A marks 

continued… 
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Question 12 continued 

( )P 1k + is true whenever ( )P k  is true and ( )P 1  is true, so

( )P n is true for n + R1 

Note:  Award the final R1 mark provided at least four of the previous marks have 
been awarded. 

Note:  To award the final R1, the truth of ( )P k  must be mentioned. ‘ ( )P k  implies

( )P 1k + ’ is insufficient to award the mark. 

[9 marks] 
Total [19 marks] 
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3. Amplitude is  (A1) 

A1 

A1 

 OR (M1) 

A1 

Total [5 marks] 

4. (a) recognising   

 

 (sec) A1 
Note: Do not award A1 if additional values are given. 

[2 marks] 

(b)  OR  (A1) 

 (m) A1 
[2 marks] 

(c) recognising acceleration at  is given by  (M1) 

acceleration 

 (ms-2) A1 
 [2 marks] 

Total [6 marks] 

110 55
2

=

55a = -

65c =

2 20
b
p
= −55cos(20b)+ 65= 10

( )0.314
10

b p
= =

0v =

t = 6.74416...

= 6.74

( )
10

0
dv t tò − v(t)

0

6.74416...

∫ dt + v(t)
6.74416...

9.08837...

∫ dt − v(t)
9.08837...

10

∫ dt

= 37.0968...

37.1=

7t = '(7)v

= 5.93430...

5.93=

(M1) 
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6 (a) attempt to find a vector perpendicular to  and  
using a cross product (M1) 

 

 (A1) 

equation is A1 
[3 marks] 

(b) attempt to solve 3 simultaneous equations in 3 variables (M1) 

A1 

 [2 marks] 
Total [5 marks] 

7. (a) recognition of the need to integrate (M1) 

EITHER 

 (or equivalent) (A1) 

 

A1 

continued… 

1Π 2Π

( )( ) ( ) ( )
3 1
2 2 2 2 1 3 6 2
1 1

æ ö æ ö
ç ÷ ç ÷´ - = - - + - + - -ç ÷ ç ÷
ç ÷ ç ÷
è ø è ø

i j k

4 2
2 2 1
8 4

æ öæ ö æ ö
ç ÷ç ÷ ç ÷= - = -ç ÷ç ÷ ç ÷

ç ÷ ç ÷ç ÷- -è ø è øè ø

( )4 2 8 0 2 4 0x y z x y z- - = Þ - - =

( )( )41 10 23, , 1.95, 0.476,1 .10
21 21 21

æ ö- = -ç ÷
è ø

( )32

x

x k+

( )
( )

32
d 1

k

x

x
x

+
=ò

2 d 2
d
uu x k x
x

= + Þ =

( )

3
2

32

1d d
2

x x u
k

u
x

-
=

+
ò ò

( ) ( ) ( )
1 1

22 2u c x k c
- -æ ö

= - + = - + +ç ÷
è ø
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2. (a)  and (A1) 

(M1) 

A1 

Note:  Award A1M1A0 if both  and  are stated as final answers. 

[3 marks] 

(b) A1 

Note:  Award A1 for a correct alternative form expressed in terms of  and  only. 

For example, using Pythagoras’ theorem, or 

 or . 

[1 mark] 
continued… 

2A s= 4P s=
2 4A P s s= Þ =

( )4 0s s - =

( )4 0s sÞ = >

4s = 0s =

21 2πsin
2TA x

n
=

x n

2 2 2π πsin sinTA x x x
n n

= -

1 π π2 sin cos
2TA x x

n n
æ öæ öæ ö= ç ÷ç ÷ç ÷è øè øè ø

2 π πsin cosTA x
n n

=
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Question 2 continued 

(c) METHOD 1

uses (M1) 

A1 

AG 

[2 marks] 

METHOD 2 

uses Pythagoras’ theorem and (M1) 

 

A1 

AG 

[2 marks] 
continued… 

oppsin
hyp

q =

π2 sin

y

x n
=

π2 siny x
n

=

2
2 2

2
y h xæ ö + =ç ÷

è ø
πcosh x
n

=

2 2
2 2 2 2π πcos  4 1 cos

2
y x x y x

n n
æ öæ ö æ ö æ ö+ = = -ç ÷ ç ÷ ç ÷ç ÷è ø è ø è øè ø

2 2 π4 sinx
n

=

π2 siny x
n

=
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Question 2 continued 

METHOD 3 
uses the cosine rule (M1) 

 

A1 

AG 

[2 marks] 

METHOD 4 
uses the sine rule (M1) 

A1 

AG 

[2 marks] 

continued… 

2 2 2 22π 2π2 2 cos  2 1 cosy x x x
n n

æ öæ ö= - = -ç ÷ç ÷è øè ø

2 2 π4 sinx
n

=

π2 siny x
n

=

2π π πsin sin
2

y x

n n

=
æ ö-ç ÷
è ø

π π πcos 2 sin cosy x
n n n
=

π2 siny x
n

=
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Question 2 continued 

(d) (M1) 

Note:  Award M1 for equating correct expressions for  and . 

 

 A1 

uses  (seen anywhere in part (d) or in part (b)) (M1) 

attempts to either factorise or divide their expression (M1) 

 

(or equivalent) A1 

continued… 

TA P nA ny= Þ =

A P

2 21 2π π π π πsin 2 sin  sin cos 2 sin
2
nx nx nx nx

n n n n n
æ ö= =ç ÷
è ø

2 21 2π π π π πsin 2 sin  sin cos 2 sin
2
x x x x

n n n n n
æ ö= =ç ÷
è ø

2π π πsin 2sin cos
n n n
=

2 π π πsin cos 2 sinx x
n n n

=

π πsin cos 2 0x x
n n
æ ö- =ç ÷
è ø

2 π, sin 0πcos
x x

n
n

æ ö= ¹ç ÷
è ø
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Question 2 continued 

EITHER 

substitutes  (or equivalent) into  (M1) 

 A1 

Note:  Other approaches are possible. For example, award A1 for 

and M1 for substituting  into .

OR 

substitutes  (or equivalent) into (M1) 

 

 A1 

THEN 

AG 

[7 marks] 

continued… 

2
πcos

x

n

= P ny=

2 π2 sinπcos
P n

n
n

æ ö
ç ÷æ ö= ç ÷ç ÷

è øç ÷
è ø

π π2 cos tanP nx
n n

=

2
πcos

x

n

= P

2
πcos

x

n

= TA nA=

2

1 2 2πsinπ2 cos
A n

n
n

æ ö
ç ÷ æ ö= ç ÷ ç ÷

è øç ÷
è ø

2

1 2 π π2sin cosπ2 cos
A n

n n
n

æ ö
ç ÷ æ ö= ç ÷ ç ÷

è øç ÷
è ø

π4 tanA P n
n

= =
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Question 2 continued 

(e) (i) attempts to use the Maclaurin series for  with (M1) 

 (or equivalent) A1 

A1 

Note:  Award a maximum of M1A1A0 if  is not stated anywhere. 

[3 marks] 

(ii) (as ,  and )

the polygon becomes a circle of radius  R1 

Note:  Award R1 for alternative responses such as: 

the polygon becomes a circle of area  OR 

the polygon becomes a circle of perimeter  OR 

the polygon becomes a circle with . 

Award R0 for polygon becomes a circle. 

[1 mark] 

tan x πx
n

=

( )

3 5π π2
π πtan ...

3 15
n n

n n

æ ö æ ö
ç ÷ ç ÷
è ø è ø= + + +

( )
3 5

3 5

π π π 2π4 tan 4 ...
3 15

n n
n n n n

æ ö
= + + +ç ÷

è ø
3 5

2 4

π 2π4 π ...
3 15n n

æ ö
= + + +ç ÷

è ø

πlim 4 tan 4π
n

n
n®¥

æ öÞ =ç ÷
è ø

lim
n®¥

n®¥ 4πP® 4πA®

2

4π

4π

4πA P= =



Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ1 | Q2 | 28 marks

Apollo | Original source crop | 30

– 22 – M21/5/MATHX/HP3/ENG/TZ1/XX/M 

(f)  and (A1)(A1) 

equates their expressions for  and M1 

M1 

Note:  Award M1 for isolating  or . This step may be seen later. 

M1 

Note:  Award M1 for attempting to expand their RHS of either  

or . 

EITHER 

A1 

 

 

OR 

 

A1 

continued… 

1
2

A ab= 2 2P a b a b= + + +

A P

2 2 1
2

A P a b a b ab= Þ + + + =

( )2 2 1
2

a b ab a b+ = - +

2 2a b+ 2 22 a b± +

( )
2

2 2 1
2

a b ab a bæ ö+ = - +ç ÷
è ø

( ) ( )22 2 2 21 12
4 2

a b a b ab a b a bæ ö+ = - + + +ç ÷
è ø

2 2 2 2 2 21 2
4
a b a b ab a ab bæ ö= - - + + +ç ÷

è ø

2 2 ...a b+ =

( )2 24 ...a b+ =

( )1 2 0 0
4

ab ab a b abæ ö- - + = ¹ç ÷
è ø

1 2 0
4
ab a b- - + =

4 4 8ab a b- = -

2 2 2 21 2 0
4
a b a b ab ab- - + =

( ) ( ) ( )( )2 2 2 21 2 0 4 8 4 0
4

a b b b b a b b b bæ ö- + - = - + - =ç ÷
è ø

2

2
4 8

4
b ba
b b

-
=

-
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Question 2 continued 

THEN 

 A1 

 

 AG 

Note:  Award a maximum of A1A1M1M1M0A0A0 for attempting to verify. 

For example, verifying that  gains 4 of the 7 marks. 

[7 marks] 
continued… 

4 8
4

ba
b
-

Þ =
-

4 16 8
4

ba
b
- +

=
-

8 4
4

a
b

= +
-

16 2 4
4

A P b
b

= = + +
-
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Question 2 continued 

(g) (i) using an appropriate method (M1) 
eg substituting values for  or using divisibility properties 

 and A1A1 

Note:  Award A1A0 for either one set of three correct side lengths or two sets of two 
correct side lengths. 

[3 marks] 
(ii)  and  A1 

Note:  Do not award A1FT. 

[1 mark] 
Total [28 marks] 

b

( )5,12,13 ( )6,8,10

30A P= = 24A P= =
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6. (a) METHOD 1 

attempt to write all LHS terms over a common denominator of 1x − (M1) 

( ) ( )2 1 3 1 66
2 3

1 1

x x x
x

x x

− − − −
− − =

− −
OR 

( )( )2 3 1 6

1 1

x x

x x

− −
−

− −

22 2 3 3 6

1

x x x

x

− − + −
=

−
 OR 

22 5 3 6

1 1

x x

x x

− +
−

− −
A1 

22 5 3

1

x x

x

− −
=

−
AG 

[2 marks] 

METHOD 2 

attempt to use algebraic division on RHS (M1) 

correctly obtains quotient of 2 3x−   and remainder 6− A1 

6
2 3

1
x

x
= − −

−
 as required. AG 

[2 marks] 

continue… 
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Question 6 continued. 

(b) consider the equation
22sin 2 5sin 2 3

0
sin 2 1

 



− −
=

−
(M1) 

22sin 2 5sin 2 3 0  − − =  

EITHER 

attempt to factorise in the form ( )( )2sin 2 sin 2a b + +  (M1) 

Note: Accept any variable in place of sin2 . 

( )( )2sin 2 1 sin 2 3 0 + − =

OR 

attempt to substitute into quadratic formula (M1) 

5 49
sin 2

4



=

THEN 

1
sin 2

2
 = − or sin2 3 =  (A1) 

Note: Award A1 for 
1

sin 2
2

 = − only. 

one of 
7π

6
  OR 

11π

6
  (accept 210 or 330) (A1) 

7π 11π
,

12 12
 =  (must be in radians) A1 

Note: Award A0 if additional answers given. 

[5 marks] 

Total [7 marks] 
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2. EITHER
attempt to use cosine rule (M1) 

2 2 212 AB 2 12 cos 25º AB 7+ −    = OR 
2AB 21.7513...AB 95 0− + =  (A1) 

at least one correct value for AB   (A1) 

AB 6.05068...=  OR AB 15.7007...=  

using their smaller value for AB  to find minimum perimeter (M1) 

12 7 6.05068...+ +  

OR 

attempt to use sine rule (M1) 

sin B sin 25º

12 7
= OR sinB 0.724488...=  OR B̂ 133.573...º= OR B̂ 46.4263...º= (A1) 

at least one correct value for Ĉ

ˆ 21.4263...ºC =   OR ˆ 108.573...ºC = (A1) 

using their acute value for Ĉ  to find minimum perimeter (M1) 

2 2 61 12 7cos21.42 3..2 7 2 .7 12  + + + − OR 
7sin 21.4263...º

12 7
sin 25º

+ +

THEN 

25.0506 

minimum perimeter = 25.1. A1 

Total [5 marks] 
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4. (a) attempt to find the area of either shaded region in terms of r and  (M1) 

Note: Do not award M1 if they have only copied from the booklet and not 

applied to the shaded area. 

Area of segment
2 21 1

= sin
2 2

r r − A1 

Area of triangle ( )21
 = sin π

2
r − A1 

correct equation in terms of   only (A1) 

( )sin sin π  − = −

sin sin  − = A1 

2sin = AG 

Note: Award a maximum of M1A1A0A0A0 if a candidate uses degrees 

(i.e., ( )21
sin 180

2
r − ), even if later work is correct. 

Note: If a candidate directly states that the area of the triangle is 

21
sin

2
r  , award a maximum of M1A1A0A1A1.

[5 marks] 

(b) 1.89549... =

1.90 = A1 

Note: Award A0 if there is more than one solution. Award A0 for an answer 

in degrees. 

[1 mark] 

Total [6 marks] 
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Section B 

9. (a)
2π

12
b

=   OR   
2π

12
b = A1 

π

6
b = AG 

[1 mark] 

(b) 
6.8 2.2

2
a

−
=   OR  

max min

2
a

−
= (M1) 

2.3=  (m) A1 

[2 marks] 

(c) 
6.8 2.2

2
d

+
=   OR  

max min

2
d

+
= (M1) 

4.5=  (m) A1 

[2 marks] 

continued… 
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Question 9 continued. 

(d) METHOD 1

substituting 4.5t =  and 6.8H =  for example into their equation for H (A1) 

( )
π

6.8 2.3sin 4.5 4.5
6

c
 

= − + 
 

attempt to solve their equation (M1) 

1.5c =  A1 

METHOD 2  

using horizontal translation of 
12

4
(M1) 

4.5 3c− = (A1) 

1.5c = A1 

METHOD 3 

( ) ( ) ( )
π π

2.3 cos
6 6

H t t c
   

 = −   
   

(A1) 

attempts to solve their ( )4.5 0H  =  for c (M1) 

( ) ( )
π π

2.3 cos 4.5 0
6 6

c
   

− =   
   

1.5c = A1 
[3 marks] 

(e) attempt to find H  when 12t =  or 0t = , graphically or algebraically (M1) 

2.87365...H =

( )2.87 mH = A1 

[2 marks] 

continue… 
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Question 9 continued. 

(f) attempt to solve ( )
π

5 2.3sin 1.5 4.5
6

t
 

= − + 
 

(M1) 

times are 1.91852...t =  and 7.08147...t = , ( )13.9185..., 19.0814...t t= = (A1) 

total time is ( )2 7.081... 1.919... −

10.3258...  

10.3=  (hours) A1 

Note: Accept 10. 

[3 marks] 

(g) METHOD 1

substitutes 
11

3
t =  and 6.8H =  into their equation for H  and attempts to solve for c (M1) 

π 11 2
6.8 2.3sin 4.5

6 3 3
c c

  
= − +  =  

  

( )
π 2

2.3sin 4.5
6 3

H t t
  

= − +  
  

A1 

METHOD 2 

uses their horizontal translation 
12

3
4

 
= 

 
(M1) 

11 2
3

3 3
c c− =  =

( )
π 2

2.3sin 4.5
6 3

H t t
  

= − +  
  

A1 

[2 marks] 

Total [15 marks] 
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11. (a) (i) attempts to find either AB
→

 or AC
→

 (M1) 

3

AB 2

0

→
− 
 

= − 
 
 

 and 

2

AC 1

7

→
− 
 

=  
 − 

A1 

(ii) METHOD 1

attempts to find AB AC
→ →

 (M1) 

14

AB AC 21

7

→ →
 
 

 = − 
 − 

A1 

EITHER 

equation of plane is of the form  ( )2 3x y z d− − = (A1) 

substitutes a valid point e.g ( )3,0,0 to obtain a value of d M1 

( )42 6d d= =

OR 

attempts to use  = r n a n (M1) 

14 3 14 14

21 0 21  21 42

7 0 7 7

        
        

 − =  −  − =        
        − − −        

r r  A1 

2 3 2 2

3 0 3  3 6

1 0 1 1

        
        

 − =  −  − =        
        − − −        

r r

THEN 

( )14 21 7 42 2 3 6x y z x y z− − = − − = A1 

METHOD 2 

equation of plane is of the form 

3 3 2

0 2 1

0 0 7

x

y s t

z

− −       
       

= + − +       
       −       

A1 

attempts to form equations for , ,x y z  in terms of their parameters (M1) 

3 3 2x s t= − − , 2y s t= − + , 7z t= −

A1 

eliminates at least one of their parameters (M1) 

for example, ( )2 3 6 7 2 3 6x y t x y z− = −  − = +

2 3 6x y z− − =  A1 

[7 marks] 

14 21 7x y z d− − =



Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q11 | 21 marks

Apollo | Original source crop | 41

– 29 – N21/5/MATHX/HP2/ENG/TZ0/XX/M 

(b) METHOD 1

substitutes 

0 1

2 1

0 1



   
   

= − +   
   −   

r  into their 
1  and 

2 (given) (M1) 

1 : ( ) ( )2 3 2 6  − − + − − =  and 2 : ( ) ( )3 2 2 2  − − + + − = A1 

Note: Award (M1)A0 for correct verification using a specific value of  . 

so the vector equation of L  can be written as 

0 1

2 1

0 1



   
   

= − +   
   −   

r  AG 

METHOD 2 

EITHER 

attempts to find 

2 3

3 1

1 2

   
   
−  −   
   −   

M1 

7

7

7

− 
 

= − 
 
 

OR 

( )

2 1

3 1 2 3 1 0

1 1

   
   
−  = − + =   
   − −   

 and ( )

3 1

1 1 3 1 2 0

2 1

   
   
−  = − − =   
   −   

M1 

THEN 

substitutes ( )0, 2,0−  into 1  and 2

1 : ( ) ( ) ( )2 0 3 2 0 6− − − = and 2 : ( ) ( ) ( )3 0 2 2 0 2− − + = A1 

so the vector equation of L  can be written as 

0 1

2 1

0 1



   
   

= − +   
   −   

r AG 

METHOD 3 

attempts to solve 2 3 6x y z− − =  and 3 2 2x y z− + =  (M1) 

for example, , 2 ,x y z  = − = − − =  A1 
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Note: Award A1 for substituting 0x = (or 2y = −  or 0z = ) into 
1  and 

2

and solving simultaneously. For example, solving 3 6y z− − =  and 

2 2y z− + = to obtain 2y = − and 0z = . 

so the vector equation of L  can be written as 

0 1

2 1

0 1



   
   

= − +   
   −   

r  AG 

[2 marks] 

(c) (i) substitutes the equation of L  into the equation of 3 (M1) 

2 2 3 4 3  + =  = A1 

3

4
 = AG 

(ii) P has coordinates 
3 5 3

, ,
4 4 4

 
− − 

 
A1 

 [3 marks] 

(d) (i) normal to 3 is 

2

0

2

 
 

=  
 − 

n (A1) 

Note: May be seen or used anywhere. 

considers the line normal to 3 passing through ( )B 0, 2,0− (M1) 

0 2

2 0

0 2



   
   

= − +   
   −   

r A1 

EITHER 

finding the point on the normal line that intersects 3

attempts to solve simultaneously with plane 2 2 3x z− =  (M1) 

4 4 3 + =  

3

8
 = A1 

point is 
3 3

, 2,
4 4

 
− − 

 
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OR 

3
4

5
4

3
4

2 2

2 0 0

2 2





     
     

− − −  =     
     − − −     

(M1) 

3 3
4 4 0

2 2
 − + − =

3

8
 = A1 

OR 

attempts to find the equation of the plane parallel to 3 containing B ( )3x z− = and 

solve simultaneously with L  (M1) 

2 2 3  + =

3

4
 = A1 

THEN 

so, another point on the reflected line is given by 

0 2
3

2 0
4

0 2

   
   

= − +   
   −   

r (A1) 

3 3
B , 2,

2 2

 
 − − 
 

A1 

(ii) EITHER

attempts to find the direction vector of the reflected line using their P  and B (M1) 

3
4

3
4

3
4

PB
→

 
 

 = − 
 − 

OR 

attempts to find their direction vector of the reflected line using a vector approach (M1) 

1 1
3 3

PB PB BB 1 0
4 2

1 1

→ → →
   
    = + = − +   
   − −   

THEN 

3 3
2 4

3
4

3 3
2 4

2 

   
   

= − + −   
   − −   

r  (or equivalent) A1 
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Note: Award A0 for either ‘ =r ’ or ‘

x

y

z

 
 

= 
 
 

’ not stated. Award A0 for ‘ L = ’. 

[9 marks] 

Total [21 marks] 
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6. (a) attempting to use the change of base rule M1 

  3
9

3

log (cos 2 2)log (cos 2 2)
log 9

xx 
   A1 

  3
1 log (cos 2 2)
2

x   A1 

  3log cos 2 2x   AG 
[3 marks] 

 
 (b) 3 3log (2sin ) log cos 2 2x x   

  2sin cos2 2x x   M1 
  24sin cos 2 2x x   (or equivalent) A1 
  use of 2cos 2 1 2sinx x   (M1) 
  26sin 3x   

    1sin
2

x    A1 

  
π
4

x   A1 
 

Note: Award A0 if solutions other than 
π
4

x   are included. 

[5 marks] 
 

Total [8 marks] 
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7. attempting integration by parts, eg 

 π π π 6 π,d d ,d sin d , cos
36 36 6 π 6

x x xu u x v x v          
   

 (M1) 

  
3 3

00

π 6 π 6 πP 0 3 cos cos d
36 π 6 π 6

x x xX x
                    

  (or equivalent) A1A1 

 
Note: Award A1 for a correct uv  and A1 for a correct  dv u . 

 attempting to substitute limits M1 

 
3

0

π 6 πcos 0
36 π 6

x x       
 (A1) 

 so  
3

0

1 πP 0 3 sin
π 6

xX          
 (or equivalent) A1 

 1
π

  A1 

Total [7 marks] 
 
 
8. recognition that the angle between the normal and the line is 60 (seen anywhere) R1 
 attempt to use the formula for the scalar product M1 

 
2

2 1
1 2
2

cos60
9 1 4

p

p

   
      
   
    
  



 A1 

 
2

21
2 3 5

p

p



 A1 

 23 5 4p p   
 attempt to square both sides M1 
  2 2 29 5 16 7 45p p p     

 53
7

p    (or equivalent) A1A1 

Total [7 marks] 
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Section A 
 
1. (a) METHOD 1 

  attempt to use the cosine rule (M1) 

  
2 2 24 4 5cos
2 4 4

  


 
 (or equivalent) A1 

  1.35   A1 
[3 marks] 

 
  METHOD 2 

  attempt to split triangle AOB into two congruent right triangles (M1) 

  
2.5sin

2 4
   
 

 A1 

  1.35    A1 
[3 marks] 

 
 (b) attempt to find the area of the shaded region (M1) 

  1 4 4 (2
2
      A1 

  39.5 (cm2) A1 
[3 marks] 

 
Total [6 marks] 

 
 

2. (a) 
45.51

4 100
   

 (M1)(A1) 

  1.056  A1 
[3 marks] 

 
 

continued… 
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7. attempting to find B Ar r  for example (M1) 

 B A

3 5
6 4

t
   

        
r r  

 attempting to find B Ar r  M1 

 distance      2 2 2( ) 3 5 4 6 41 78 45d t t t t t        A1 

 using a graph to find the d  coordinate of the local minimum M1 

 the minimum distance between the ships is    11 412.81 km  km
41

 
  
 

 A1 

Total [5 marks] 
 
 
8. substituting 2iw z  into 3 5 5iz w     M1 
 6i 5 5iz z     A1 
 let iz x y   

 comparing real and imaginary parts of    i 6i i 5 5ix y x y      M1 
 to obtain 6 5x y   and 6 5x y    A1 
 attempting to solve for x  and y  M1 
 1x    and 1y   and so 1 iz   A1 
 hence 2 2iw     A1 
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12. (a) stating the relationship between cot and tan and stating the identity  
for tan 2  M1 

  1cot 2
tan 2




  and 
2

2 tantan 2
1 tan







 

  
21 tancot2

2tan




   AG 

[1 mark] 
 
 (b) METHOD 1 

  attempting to substitute tan  for x and using the result from (a) M1 

  
2

2 1 tanLHS tan 2 tan 1
2 tan

 


 
   

 
 A1 

   2 2tan 1 tan 1 0 RHS       A1 
  so tanx   satisfies the equation AG 
  attempting to substitute cot  for x and using the result from (a) M1 

  
2

2 1 tanLHS cot 2cot 1
2 tan

 


 
   

 
 A1 

  
2

2 2
1 1 tan 1

tan tan


 
 

   
 

 A1 

   2 2
1 1 1 1 0 RHS

tan tan 
      A1 

  so cotx    satisfies the equation AG 
 
  METHOD 2 

  let tan   and cot    
  attempting to find the sum of roots M1 

  1tan
tan

  


    

   
2tan 1

tan




  A1 

   2cot 2   (from part (a)) A1 
  attempting to find the product of roots M1 
   tan cot      A1 

  1   A1 
  the coefficient of x and the constant term in the quadratic are 2cot 2 and  

1 respectively R1 
  hence the two roots are tan   and cot    AG 

[7 marks] 
 
 

continued… 
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Question 12 continued 
 
 (c) METHOD 1 

  πtan
12

x   and πcot
12

x    are roots of 2 π2cot 1 0
6

x x    
 

 R1 

 

Note: Award R1 if only πtan
12

x   is stated as a root of 2 π2cot 1 0
6

x x    
 

. 

  2 2 3 1 0x x    A1 
  attempting to solve their quadratic equation M1 
  3 2x     A1 

  πtan 0
12

  ( πcot 0
12

  ) R1 

  so πtan 2 3
12

   AG 

 
  METHOD 2 

  attempting to substitute π
12

   into the identity for tan 2  M1 

  
2

π2tanπ 12tan π6 1 tan
12




 

  2 π πtan 2 3 tan 1 0
12 12

    A1 

  attempting to solve their quadratic equation M1 

  πtan 3 2
12

    A1 

  πtan 0
12

  R1 

  so πtan 2 3
12

   AG 

[5 marks] 
 

 (d) π πtan cot
24 24

  is the sum of the roots of 2 π2cot 1 0
12

x x    
 

 R1 

  π π πtan cot 2 cot
24 24 12

    A1 

  
2

2 3





 A1 

  attempting to rationalise their denominator (M1) 
  4 2 3    A1A1 

[6 marks] 
 

Total [19 marks] 
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1. (a) METHOD 1 

  consider right-angled triangle OCX where CX
2
x

  

  
π 2sin
3 1

x

  M1A1 

  3 3
2 2
x x     A1 

  3 3 3iP x    AG 
 
  METHOD 2 

  eg use of the cosine rule    2 2 2 2π1 1 2 1 1 cos
3

x     M1A1 

  3x    A1 
  3 3 3iP x    AG 
 

Note: Accept use of sine rule. 
[3 marks] 

 

 (b) 
π 1sin
4 x
  where x  side of square M1 

  2x    A1 

  4 2iP    A1 
[3 marks] 

 
 (c) 6 equilateral triangles 1x   A1 
  6iP    A1 

[2 marks] 
 

 (d) in right-angled triangle 
π 2sin

1

x

n
   
 

 M1 

  π2sinx
n

    
 

 A1 

  iP n x   

  π2siniP n
n

    
 

 M1 

  
π2 siniP n
n

   
 

 AG 

[3 marks] 
 
 

continued… 
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Question 1 continued 
 

 (e) consider πlim 2 sin
n

n
n

 
 
 

 

  use of 
3 5

sin
3! 5!
x xx x     M1 

  
3 5

3 5
π π π π2 sin 2

6 120
n n

n n n n
        

   
 (A1) 

  
3 5

2 4
π π2 π

6 120n n
 

    
 

 A1 

  πlim 2 sin 2π
n

n
n

   
 

 A1 

  as n  polygon becomes a circle of radius 1 and 2πiP    R1 
[5 marks] 

 
 (f) consider an n-sided polygon of side length x  

  2n right-angled triangles with angle 
2π π
2n n

  at centre M1A1 

  opposite side π πtan 2 tan
2
x x

n n
        
   

 M1A1 

  Perimeter π2 tancP n
n

   
 

 AG 

[4 marks] 
 

 (g) consider 

π2 tan
πlim 2 tan lim 1n n

nn
n

n
 

  
       

  
 
 

 

  

π2 tan
0lim 1 0n

n

n


  
     

 
 
 

 R1 

  attempt to use L’Hopital’s rule M1 

  

2
2

2

2π πsec
lim 1n

n n

n


       
  
 

 A1A1 

  2π  A1 
[5 marks] 

 
 

continued… 
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Question 1 continued 
 
 (h) 2πi cP P   

  π π2 sin 2π 2 tann n
n n

       
   

 M1 

  π πsin π tann n
n n

       
   

 A1 

[2 marks] 
 
 (i) attempt to find the lower bound and upper bound approximations within  

0.005 of π  (M1) 
  46n   A2 

[3 marks] 
 

Total [30 marks] 
 
 
2. (a) correct graph of 1( )y f x  A1 
  correct graph of 3( )y f x  A1 

   
[2 marks] 

 
 (b) (i) graphical or tabular evidence that n  has been systematically varied M1 
   eg 3n  , 1 local maximum point and 1 local minimum point 
   5n  , 2  local maximum points and 2  local minimum points 
   7n  , 3  local maximum points and 3  local minimum points (A1) 

   
1

2
n 

 local maximum points A1 

 

 (ii) 
1

2
n 

 local minimum points A1 
 

Note: Allow follow through from an incorrect local maximum formula expression. 
[4 marks] 

 
 

continued… 
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3. (a) ( )( ) (2 )f g x f x= (A1) 

3sin c(2 ) 2 os2x xf x += A1 

[2 marks] 

(b) 3sin2 cos2 2cos2x x x+ =

3sin2 cos2x x=

recognizing to use tan or cot M1 

1
tan 2

3
x =  OR cot 2 3x =  (values may be seen in right triangle) (A1) 

1 π
arctan

63

  
=  

  
 (seen anywhere) (accept degrees) (A1) 

π 7π
2 ,

6 6
x =

π 7π
,

12 12
x = A1A1 

Note: Do not award the final A1 if any additional solutions are seen. 

Award A1A0 for correct answers in degrees.  

Award A0A0 for correct answers in degrees with additional values. 

[5 marks] 

Total [7 marks] 
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11. (a) METHOD 1 

attempt to eliminate a variable  M1 

obtain a pair of equations in two variables 

EITHER 

3 3x z− + = − and  A1 

3 44x z− + = A1 

OR 

5 7x y− + = −  and  A1 

5 40x y− + =  A1 

OR 

3 3x z− = and  A1 

79
3

5
x z− = − A1 

THEN 

the two lines are parallel (
79

3 44 or 7 40 or 3
5

−  −   − ) R1 

Note: There are other possible pairs of equations in two variables. 

To obtain the final R1, at least the initial M1 must have been awarded. 

hence the three planes do not intersect AG 

[4 marks] 

continued… 
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Question 11 continued 

METHOD 2 

vector product of the two normals 

1

5

3

− 
 

= − 
 − 

 (or equivalent) A1 

1 1

2 5

0 3



   
   

= − +   
   
   

r   (or equivalent) A1 

Note:  Award A0 if “ r = ” is missing. Subsequent marks may still be awarded. 

Attempt to substitute (1 , 2 5 ,3 )  + − +  in 3 M1 

9(1 ) 3( 2 5 ) 2(3 ) 32  − + + − + − =

15 32,− = a contradiction R1 

hence the three planes do not intersect AG 

[4 marks] 

continued… 
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Question 11 continued 

METHOD 3 

attempt to eliminate a variable M1 

3 5 6y z− + = A1 

3 5 100y z− + = A1 

0 94,=  a contradiction R1 

Note: Accept other equivalent alternatives. Accept other valid methods. 

To obtain the final R1, at least the initial M1 must have been awarded. 

hence the three planes do not intersect AG 

[4 marks] 

continued… 
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Question 11 continued 

(b) (i) 1 : 2 2 0 4 + + =  and 2 :1 4 0 5 + + = A1 

(ii) METHOD 1

attempt to find the vector product of the two normals M1 

2 1

1 2

1 3

   
   
−  −   
   
   

1

5

3

− 
 

= − 
 − 

A1 

1 1

2 5

0 3



   
   

= − +   
   
   

r A1A1 

Note:  Award A1A0 if “ r = ” is missing. 
Accept any multiple of the direction vector. 

Working for (b)(ii) may be seen in part (a) Method 2. In this case penalize 
lack of “ r = ” only once. 

continued… 
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Question 11 continued 

METHOD 2 

attempt to eliminate a variable from 1  and 2 M1 

3 3x z− = OR 3 5 6y z− = − OR 5 7x y− =

Let x t=  

substituting x t=  in 3 3x z− =  to obtain 

3 3z t= − + and 5 7y t= − (for all three variables in parametric form) A1 

0 1

7 5

3 3



   
   

= − +   
   −   

r A1A1 

Note:  Award A1A0 if “ r = ” is missing. 
Accept any multiple of the direction vector. Accept other position vectors 

which satisfy both the planes 1  and 2 . 

[5 marks] 

continued… 
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Question 11 continued 

(c) METHOD 1

the line connecting L   and 3  is given by 1L

attempt to substitute position and direction vector to form 1L (M1) 

1 9

2 3

0 2

t

−   
   

= − +   
   −   

s A1 

substitute ( )1 9 , 2 3 , 2t t t− − + −  in 3 M1 

9(1 9 ) 3( 2 3 ) 2( 2 ) 32t t t− − + − + − − =

1
94 47

2
t t=  = A1 

attempt to find distance between (1, 2,0)−  and their point
7 1

, , 1
2 2

 
− − − 
 

(M1) 

( )
2 2 2

1 9 1
1 1

2 3 2 9 3 ( 2)
2 2

0 2 0

−     
     

= − + − − = − + + −     
     −     

94

2
= A1 

[6 marks] 

continued… 
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Question 11 continued 

METHOD 2 

unit normal vector equation of 3 is given by 

9

3

2

81 9 4

x

y

z

−   
   

   
   
   

+ +
(M1) 

32

94
= A1 

let 4 be the plane parallel to 3 and passing through P,

then the normal vector equation of 4 is given by 

9 9 1

3 3 2 15

2 2 0

x

y

z

− −       
       

 =  − = −       
       
       

M1 

unit normal vector equation of 4 is given by 

9

3

2 15

81 9 4 94

x

y

z

−   
   

   
    −    =

+ +
A1 

distance between the planes is 
32 15

94 94

−
− (M1) 

47 94

294

 
= = 

 
A1 

[6 marks] 

Total [15 marks] 
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4. determines
π

4
 (or 45 ) as the first quadrant (reference) angle (A1) 

attempts to solve 
π π

2 3 4

x
+ = (M1) 

Note: Award M1 for attempting to solve ( )
π π 7π

, ,...
2 3 4 4

x
+ =

π π
0

2 3 4

x
x+ =   and so

π

4
 is rejected (R1) 

π π 7π
2π  

2 3 4 4

x  
+ = − = 

 
A1 

17π

6
x = (must be in radians) A1 

[5 marks] 
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2. (a) valid approach to find area of segment by finding area of sector – area of triangle (M1) 

2 21 1
sin

2 2
r r  −

2 21 1
(2) (2) sin

2 2
 − (A1) 

area = 2 2sin − A1 

[3 marks] 

(b) EITHER

area of logo = area of rectangle – area of segments (M1) 

4 2 (2 2sin ) 13.45   −  − = (A1) 

OR

area of one segment = ( )
20 13.4

3.3
2

−
= (M1) 

2 2sin 3.3 − = (A1) 

THEN 

2.35672... =

2.36 =  (do not accept an answer in degrees) A1 

Note: Award (M1)(A1)A0 if there is more than one solution. 

Award (M1)(A1FT)A0 if the candidate works in degrees and obtains a 

final answer of 135.030…  

[3 marks] 

Total [6 marks] 
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7. (a) ( )2 212 ( 5) 13= + − =a (A1) 

2 28 a + b (accept min 2 and max 28) A1 

Note: Award (A1)A0  for 2 and 28 seen with no indication that they are the 

endpoints of an interval. 

  [2 marks] 

(b) recognition that p or b is a negative multiple of a (M1) 

ˆ2= −p a OR 
1215 15

513 13

  
− −  

−  
b = a =

12 1.852

5 0.76913

 −    
− =    

−    
p = A1 

[2 marks] 

(c) METHOD 1

q is perpendicular to 
12

5

 
 
− 

  

 q is in the direction 
5

12

 
 
 

  (M1) 

5

12
k
 

=  
 

q (A1) 

( ) 2 2(5 ) (12 ) 15k k= + =q (M1) 

15

13
k = (A1) 

75

5 5.7715 13

12 180 13.813

13

  
     
 = =    
     

  
  

q = A1 

  [5 marks] 

continued… 
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Question 7 continued 

METHOD 2 

q is perpendicular to 
12

5

 
 
− 

  

attempt to set scalar product 0q.a = OR product of gradients 1= − (M1) 

12 5 0x y− = (A1) 

( ) 2 2 15x y= + =q

attempt to solve simultaneously to find a quadratic in x  or in y  (M1) 

2

2 212
15

5

x
x

 
+ = 
 

OR 

2

2 25
15

12

y
y

 
+ = 

 

75

5.7713

180 13.8

13

 
   

=   
    
 
 

q = A1A1 

Note: Award A1 independently for each value.  Accept values given as 
75

13
x =

and 
180

13
y =  or equivalent. 

[5 marks] 

Total [9 marks] 
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Section A 

1. (a) EITHER 

uses the cosine rule (M1) 

2 2 2AB 5 5 2 5 5 cos1.9= + −     (A1) 

OR 

uses right-angled trigonometry (M1) 

AB

2 sin 0.95
5

= (A1) 

OR 

uses the sine rule (M1) 

( )( )
1

π 1.9 0.6207...
2

 = − =

AB 5

sin1.9 sin0.6207...
= (A1) 

THEN 

AB 8.1341...=  

AB 8.13=  (m) A1 

[3 marks] 

continued… 
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Question 1 continued 

(b) let the shaded area be A  

METHOD 1

Attempt at finding reflex angle (M1) 

( )ˆAOB 2π 1.9 4.3831...= − =

substitution into area formula (A1) 

21
5 4.3831...

2
A =   OR ( )22π 1.9

π 5
2π

− 
 

 

54.7898...=

54.8= (m2) A1 

METHOD 2 

let the area of the circle be 
CA and the area of the unshaded sector be 

UA

C UA A A= − (M1) 

( )2 21
π 5 5 1.9 78.5398... 23.75

2
A =  −   = − (A1) 

54.7898...=

54.8=  (m2) A1 

[3 marks] 

Total [6 marks] 
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11. (a) let   be the required angle (bearing) 

EITHER 

( )
1

90 arctan arctan 2
2

 = − = (M1) 

Note: Award M1 for a labelled sketch. 

OR 

0 4

1 2 1
cos  0.4472...,

1 20 5


   
   

    = = = 
  

(M1) 

( )arccos 0.4472... =

THEN 

063 A1 

Note: Do not accept 063.4  or 63.4  or 1.10 .c  

[2 marks] 

(b) Method 1

let Ab  be the speed of A  and let Bb be the speed of B

attempts to find the speed of one of A  or B (M1) 

( )
2 2 26 2 4= − + +Ab  or ( )

22 24 2 2= + + −Bb

Note: Award M0 for ( )
22 219 1 1= + − +Ab  and 2 2 21 0 12= + +Bb . 

( )7.48... 56= =Ab  (km min-1) and ( )4.89... 24= =Bb  (km min-1) A1 

A Bb b so A travels at a greater speed than B AG 

[2 marks] 

continued… 
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Question 11 continued 

Method 2 

attempts to use 
distance

speed
time

=

2 1 2 1

2 1 2 1

( ) ( ) ( ) ( )
speed and speedA A B B

A B

r t r t r t r t

t t t t

− −
= =

− −
(M1) 

for example: 

(1) (0) (1) (0)
speed and speed

1 1

A A B B

A B

r r r r− −
= =

2 2 2 2 2 2( 6) 2 4 4 2 2
speed and speed

1 1
A B

− + + + +
= =

( ) ( )speed 7.48... 2 14 and speed 4.89... 24A B= = A1 

speed speedA B so A travels at a greater speed than B AG 

[2 marks] 

continued… 
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Question 11 continued 

(c) attempts to use the angle between two direction vectors formula (M1) 

( )( ) ( )( ) ( )( )

( ) ( )
2 22 2 2 2

6 4 2 2 4 2
cos

6 2 4 4 2 2


− + + −
=

− + + + + −

(A1) 

7
cos 0.7637... 

84


 
= − = − 

 
or ( ) ( )arccos 0.7637... 2.4399... = − =

attempts to find the acute angle 180 −  using their value of   (M1) 

40.2=   A1 

[4 marks] 

continued… 
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Question 11 continued 

(d) (i) for example, sets ( ) ( )1 2t t=A Br r and forms at least two equations (M1) 

1 219 6 1 4t t− = +

1 21 2 2t t− + =

1 21 4 12 2t t+ = −

Note: Award M0 for equations involving t  only. 

EITHER 

attempts to solve the system of equations for one of 1t or 2t (M1) 

1 2t = or 2

3

2
t = A1 

OR 

attempts to solve the system of equations for 1t and 2t (M1) 

1 2t = and 2

3

2
t = A1 

THEN 

substitutes their 1t or 2t  value into the corresponding Ar or Br (M1) 

( )P 7,3,9 A1 

Note: Accept 

7

OP 3

9

→
 
 

=  
 
 

. Accept 7  km east of O , 3  km north of O  and 9  km 

above sea level. 

continued… 
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Question 11 continued 

(ii) attempts to find the value of 1 2t t−  (M1) 

1 2

3
2

2
t t− = −

0.5 minutes (30  seconds) A1 

[7 marks] 

continued… 
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Question 11 continued 

(e) EITHER

attempts to find −B Ar r (M1) 

18 10

1 0

11 6

t

−   
   

− = +   
   −   

B Ar r

attempts to find their ( )D t (M1) 

( ) ( ) ( )
2 2

10 18 1 11 6D t t t= − + + − A1 

OR 

attempts to find −A Br r (M1) 

18 10

1 0

11 6

t

−   
   

− = − +   
   −   

A Br r

attempts to find their ( )D t (M1) 

( ) ( ) ( ) ( )
2 2 2

18 10 1 11 6D t t t= − + − + − + A1 

Note: Award M0M0A0 for expressions using two different time parameters. 

THEN 

either attempts to find the local minimum point of ( )D t  or attempts to find the value

of t  such that ( ) 0D t =  (or equivalent) (M1) 

123
1.8088... 

68
t

 
= = 

 

( ) 1.01459...D t =

minimum value of ( )D t  is 
1190

1.01 
34

 
= 
 

(km) A1 

[5 marks] 

Note: Award M0 for attempts at the shortest distance between two lines. 

Total [20 marks] 
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2. 

(a) (i) attempt to find midpoint of A and B (M1) 

centre ( )1,3, 2− −   (accept vector notation and/or missing brackets) A1 

(ii) attempt to find AB or half of AB or distance between the centre and A (or B) (M1) 

2 2 2
2 2 24 2 4  or 2 1 2

2
+ +

+ +

3=  A1 

[4 marks] 

(b) attempt to find the distance between their centre and V

(the perpendicular height of the cone) (M1) 

2 2 20 4 2+ +   OR  ( ) ( )2 2their slant height their radius−

( )20 2 5= = (A1) 

Volume 21 π3 20
3

=

( )3π 20 6π 5= = A1 

[3 marks] 

Total [7 marks] 
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Section B 

10. (a) 2 2cos 3sin 0− =x x

valid attempt to reduce equation to one involving one trigonometric function (M1) 

2

2

sin 1
cos 3

x
x
= OR   2 21 sin 3sin 0x x− − =    OR   ( )2 2cos 3 1 cos 0x x− − =

OR  cos 2 1 cos 2 0x x− + =  

correct equation  (A1) 

2 1tan
3

x =   OR  2 3cos
4

x =   OR  2 1sin
4

x =   OR  
1cos 2
2

x =

1tan
3

x = ±   OR  
3cos

2
x = ± OR  ( ) 1sin

2
x = ± OR  

π 5π2 ,
3 3

x  =  
 

 (A1) 

π
6

x = , 
5π
6

x = A1A1 

Note:  Award M1A1A0A1A0 for candidates who omit the ±  (for tan or cos) and 

give only 
π
6

x = . 

Award M1A1A0A0A0 for candidates who omit the ±  (for tan or cos) and 
give only 30x = ° . 

Award M1A1A1A1A0 for candidates who give both answers in degrees. 

Award M1A1A1A1A0 for candidates who give both correct answers in 
radians, but who include additional solutions outside the domain.  

Award a maximum of M1A0A0A1A1 for correct answers with no working. 

 [5 marks] 

continued… 
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Question 10 continued 

(b) (i) attempt to use the chain rule (may be evidenced by at least one cos sinx x  term) (M1)

( ) ( )2cos sin 6sin cos 8sin cos 4sin 2′ = − − = − = −f x x x x x x x x A1 

(ii) valid attempt to solve their ( ) 0′ =f x (M1) 

at least 2 correct x-coordinates (may be seen in coordinates) (A1) 

0x = , 
π
2

x = , πx =  

Note:  Accept additional correct solutions outside the domain. 

Award A0 if any additional incorrect solutions are given. 

correct coordinates (may be seen in graph for part (c)) A1A1A1 

( )0,1 , ( )π,1 , 
π , 3
2

 − 
 

 

Note:  Award a maximum of M1A1A1A1A0 if any additional solutions are given. 

Note:  If candidates do not find at least two correct x-coordinates, it is possible to 
award the appropriate final marks for their correct coordinates, such as 
M1A0A0A1A0. 

[7 marks] 

continued… 
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Question 10 continued 

(c) 

attempt to reflect the negative part of the graph of f  in the x-axis M1 

endpoints have coordinates ( )0,1 , ( )π,1 A1 

smooth maximum at 
π ,3
2

 
 
 

 A1 

sharp points ( cusps ) at x-intercepts 
π
6

, 
5π
6

A1 

[4 marks] 

continued… 
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Question 10 continued 

(d) considers points of intersection of  ( )=y f x  and 1=y  on graph or algebraically (M1) 

( )2 2cos 3sin 1− − =x x  or ( )21 4sin 1− − =x  or ( )24cos 3 1− − =x  or ( )2cos2 1 1− − =x

2tan 1=x or 2 1sin
2

=x or 2cos 1
2

=x  or cos2 0=x  (A1) 

π
4

π ,
4

3
=x (A1) 

For ( ) 1>f x

π 3π
4 4
< <x A1 

[4 marks] 

Total [20 marks] 
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7. (a) METHOD 1

attempt to use scalar product or formula for angle between two vectors (M1) 

1 1cos sin
n n

= +u .v (seen anywhere) (A1) 

2 2

1 1 1 1cos sin cos sin
cos

21 12 cos sin

n n n n

n n

θ

 + + 
= = 

   +    

A1 

METHOD 2 

attempt to use an Argand diagram showing two complex numbers in the first 

quadrant with the angle between them marked as θ   (M1) 

( ) πarg
4

=u  (accept 45   or arctan(1) ) and ( ) 1arg
n

=v (A1) 

π 1cos cos
4 n

θ = − A1 

continued… 
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Question 7 continued 

(b) use of 1 0
n

→  as n → ∞ (M1) 

EITHER 

( ) 1cos
2

θ → (A1) 

OR 

( )→v i (A1) 

THEN 

the limit is π
4

A1 

Note:  Accept 45°.  Do not accept rounded values such as 0.785.  

[3 marks] 

Total [6 marks] 
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9. (a) (i) attempt to use the cosine rule (M1) 

( )2 2AC 2 4 2(2)(4)cos 20 16cos 2 5 4cosα α α= + − = − = −  A1 

(ii) ( )2 2AC 6 8 2(6)(8)cos 100 96cos 2 25 24cosβ β β= + − = − = −  A1 

(iii) 5 4cos 25 24cosα β− = −  

( )arccos 6cos 5α β= −  A1 

 [4 marks] 

(b) attempt to find the sum of two triangle areas using 1 sin
2

A ab C= (M1) 

Note: Do not award this M1 if the triangle is assumed to be right angled. 

( ) ( )1 1Area 8 sin 48 sin
2 2

α β= +  (A1) 

attempt to express the area in terms of one variable only (M1) 

( )24 1 6cos 5 24sinβ β= − − +  or ( )( )4sin arccos 6cos 5 24sinβ β− +  OR 

25 cos4sin 24 1
6

αα + + −  
 

or 5 cos4sin 24sin arccos
6

αα  + +     
 

Max area = 19.5959… 

= 19.6     A1 

 [4 marks] 

Total [8 marks] 
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Section B 

10. 

Note: Do not penalize for inclusion or non-inclusion of endpoints for probabilities 
using a normal distribution. For example, for ( )P 55 | 40T T< > accept

( )P 55 | 40T T≤ > , ( )P 55 | 40T T≤ ≥ , etc.

(a) recognising to find P( 40)T > (M1) 

P( 40) 0.574136...T > =

P( 40) 0.574T > = A1 

[2 marks] 

(b) attempt to multiply four independent probabilities using their P( 40)T >  and

P( 40)T < (M1) 

( )31 p p− ⋅   OR  ( )31 0.574136... 0.574136...− ⋅   OR  ( )30.425863... 0.574136...⋅  (A1) 

0.0443430...  

0.0443  , 0.0444 from 3 sf values A1 

[3 marks] 

continued… 
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12. 

(a) 
1 4

4 ,A 2
2 1

B AC
k

→ →
−   

   = − = −   
   − −   

 A1A1 

[2 marks] 

(b) METHOD 1

1 2 4k − = × M1 

9k = AG 

METHOD 2 

in order by y or z-ordinate, the points are ( k , −2, 1), (5, 0, 2) (1, 2, 3) 

5 5 1k − = −  M1 

9k =   AG 

[1 mark] 

continued… 
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Question 12 continued 

(c) (i) attempt to set up a vector equation using a point, a parameter and a

direction vector (M1) 

1 4
2 2
3 1

λ
   
   = + −   
   −   

r  (or equivalent) A1 

Note:  “ r = ” or equivalent must be seen for A1. 

continued… 
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Question 12 continued 

(ii) METHOD 1

point on line 1L  has coordinates ( )1 4 ,2 2 ,3λ λ λ+ − −  

attempt to use a different parameter for 2L (M1) 

1 1
2 3

x y z µ−
= = − =  or 

1

21
0 3
1

µ
   
   = +   
   −   

r  

point on line 2L  has coordinates ( )1 2 ,3 ,1µ µ µ+ −  (A1) 

Note:  This A1 may be implied by 
1

21
0 3
1

µ
   
   = +   
   −   

r . 

1 4 1 2λ µ+ = +  

2 2 3λ µ− =  

3 1λ µ− = −  

any two of the above equations A1 

attempt to solve two simultaneous equations with two parameters (M1) 

eg 0.25λ = , 0.5µ =  or 1.6λ = , 0.4µ = −  or 2λ = − , 4µ = −  A1 

substitute into third equation or solve a different pair of simultaneous 

equations M1 

obtain contradiction eg 3 0.25 1 0.5− ≠ −  or 1 4(1.6) 1 2( 0.4)+ ≠ + −  or

( )2 2 2 3( 4)− − ≠ −  (so the lines do not intersect) R1 

Note:  Do not award this R1 if it is based on incorrect values. 

lines are not parallel R1 

so lines are skew AG 

continued… 
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Question 12 continued 

METHOD 2 

point on line 1L  has coordinates ( )1 4 ,2 2 ,3λ λ λ+ − −  

attempt to use the equation of 2L  to generate at least two equations in λ  (M1) 

if the two lines intersect, 

( )1 4 1 2 2 2 22
2 3 3
λ λ λλ

+ − − − = ⇒ = 
 

 

( ) ( )( )1 4 1
1 3 2 2

2
λ

λ λ λ
+ −

= − − ⇒ = −

( )2 2 2 21 3 2
3 3

λ λλ λ− − = − − ⇒ = − 
 

 

any two of the above equations A1A1 

attempt to solve at least one equation in λ  (M1) 

one of 1
4

λ = , 2λ = − , 8
5

λ =  seen A1 

substitute into second equation or solve second equation M1 

obtain contradiction eg 1 2
4

λ = ≠ −  or 
1 12 2
4 4

  ≠ − 
 

 (so the lines do not 

intersect) R1 

Note:  Do not award this R1 if it is based on incorrect values. 

lines are not parallel R1 

so lines are skew AG 

continued… 
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Question 12 continued 

METHOD 3 

attempt to use a find Cartesian equation for 1L  (M1) 

1 3
14 2

2x y z
−

− − −
= =

−
A1 

attempt to isolate one variable in both equations (M1) 

1 4
21:

2
3 3yL xz =

− −
= + +    2

1 1 1
2 3

: x yL z − −
= + = +     OR

( )1
1: 2

2
2 3 2L zxy ==

−
+ − + 2

3( 1) )1
2

: 3( zy xL = −
−

=   OR 

1 1 2( 2) 3): 1 4(L x y z= −= − − − 2
2 1 1)1 2
3

: (yL zx = −= + − A1 

attempt to solve for each of the other two variables (M1) 

e.g. 1 11 3
42

x x− −
+ = +  and 2 3

3 2
1y y− −

+ = +    

7x = − , 1.2y = −  OR 2x = , 1.4z =  OR 1.5y = , 5z =  A1 

obtain contradiction eg 5 1.4z = ≠  OR 1.5 1.2y = ≠ − OR 2 7x = ≠ −  

(so the lines do not intersect) R1 

Note:  Do not award this R1 if it is based on incorrect values. 

lines are not parallel R1 

so lines are skew AG 

[10 marks] 

continued… 
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Question 12 continued 

(d) (i) METHOD 1

attempt to find cross product of two of AB, AC and BC
→ → →

or their opposites M1 

eg ( )
0 0

AB AC 9 9 1
18 2 2

k k
k

→ →
    
    × = − = −    

    − −    

 A1 

attempt to substitute their cross product and a point into the equation of a 

plane (M1) 

( ) ( ) ( ) ( )9 2 9 2 9 6 9k y k z k k− + − = − + −

( ) ( )9 2 9 36 4k y k z k− + − = − ( )2 4 since 9y z k⇒ − = − ≠ A1 

METHOD 2 

attempt to find vector equation of Π  and write ,  and x y z  in parametric 

form M1 

1 1 4
2 4 2
3 2 1

k
λ µ

      
      = + + ⇒      

      −     

−
−



−
−

r 1 ( 1) 4x kλ µ= + − + , 2 4 2y λ µ= − − , 

3 2z λ µ= − −  or equivalent A1 

attempt to eliminate both parameters to work towards Cartesian form M1 

( ) ( )9 2 9 36 4k y k z k− + − = − ( )2 4 since 9y z k⇒ − = − ≠ A1 

continued… 
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Question 12 continued 

(ii) METHOD 1

attempt to find the equation of the line through (0, 0, 0) perpendicular

to the plane (M1) 

EITHER

( )
0
1
2

t
 
 =  
 − 

r  (A1) 

attempt to find the point where the line and plane intersect (M1) 

4 4 0t t+ + =  

4
5

t = − (A1) 

OR 

( )
0

( 9) 1
2

t k
 
 = −  
 − 

r  (A1) 

attempt to find the point where the line and plane intersect (M1) 

2 2( 9) 4 ( 9) 4( 9) 0t k t k k− + − + − =  

( )
4

5 9
t

k
= −

−
(A1) 

THEN 

so the point on the plane closest to the origin is ( 0 , 0.8− , 1.6 ) A1 

continued… 
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Question 12 continued 

METHOD 2 

choose a point on the plane ( p , q , r ) 

2 4 0 OR ( 9) 2 ( 9) 4( 9) 0 2 4q r q k r k k q r− + = − − − + − = ⇒ = −  

distance to the origin is ( )22 22 4p r r+ − + (A1) 

since p is independent of r, distance is minimised when 0p =  (R1) 

attempt to find the value of r for which their ( )2 22 4r r− +  is minimised (M1) 

  1.6r =  (A1) 

so the point on the plane closest to the origin is ( 0 , 0.8− , 1.6 ) A1 

continued… 
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Question 12 continued 

METHOD 3 

attempt to find a vector from the origin to the closest point on the plane (M1) 

EITHER 

( )
0
1
2

t
 
 =  
 − 

r  (A1) 

distance to the origin 
( )22

4 4 4 5
52 51

 
 = =
 
 −

=
+

(A1) 

4
5

t = ±

check in equation of plane 2 4y z− = −  to get 4
5

t = − (R1) 

OR 

( ) ( )
0

9 1
2

t k
 
 = −  
 − 

r  (A1) 

distance to the origin 
( )22

4 4 4 5
52 51

 
 = =
 
 −

=
+

(A1) 

( )
4

5 9
t

k
= ±

−

check in equation of plane 2 4y z− = −  to get 
( )

4
5 9

t
k

= −
−

(R1) 

THEN 

so the point on the plane closest to the origin is ( 0 , 0.8− , 1.6 ) A1 

[9 marks] 

Total [22 marks] 
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3. 21 2sin sinx x− = A1 
22sin sin 1 0x x+ − =

valid attempt to solve quadratic (M1) 

(2sin 1)(sin 1)x x− +  OR 
1 1 4(2)( 1)

2(2)
− ± − −

recognition to solve for sin x (M1) 

sin 1
1sin
2

xx = −=  OR 

any correct solution from sin 1x = −  A1 

any correct solution from 1sin
2

x = A1 

Note:  The previous two marks may be awarded for degree or radian 
values, irrespective of domain. 

π 5π, ,
2 6 6

x π
= − A1 

Note:  If no working shown, award no marks for a final value(s). 

Award A0 for π 5π, ,
2 6 6
π

− if additional values also given.

Total [6 marks] 
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5. (a)  recognition that period is 4m  OR substitution of a point on f ( except the origin) (M1) 

2π4m
q

=  OR 1 sin qm=

2
m

q
π

= A1 

[2 marks] 

(b) horizontal scale factor is 3
2

 (seen anywhere) (A1) 

Note: This (A1) may be earned by seeing a period of 6m , half period of 3m  or the
correct x-coordinate of the maximum/minimum point.

A1A1A1 

Note:  Curve must be an approximate sinusoidal shape (sine or cosine). 
Only in this case, award the following: 
A1 for correct amplitude. 
A1 for correct domain. 
A1 for correct max and min points and correct x-intercepts. 

[4 marks] 
Total [6 marks] 
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6. 21 πsin
2 3

A x=  OR 21 sin 60
2

A x=   OR triangle height  
2

2 3
2 2
xh x x

  = − =  
   

 (A1) 

21 3
2 2

x
 

=  
 

 OR 21 3 3
2 2 4

A x x x
   

= =   
   

A1 

Note: Award A1 for π 3sin
3 2
= . This may be seen at a later stage. 

attempt to use chain rule or implicit differentiation (M1) 

d d d
d d d
A A x
t x t
= ×

d 3 d2
d 4 d
A xx
t t
= ×  OR d 1 π dsin 2

d 2 3 d
A xx
t t
= × × (A1) 

2 3 5 3 4
4

= × ×  

2 1d 30(cm s )
d
A
t

−= A1 

Note:   Award a maximum of (A1)A1(M1)(A0)A1 for a correct answer with 
incorrect derivative notation seen throughout. 

[5 marks] 
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12. (a) 2 1 0 0 (3 ) ( 2 )t t t+ × + × + =  (seen anywhere) (A1) 

one correct magnitude 2 2 2 2 21 1 0 , (2 ) (3 )t t+ + + +  (A1) 

correct substitution of their magnitudes and scalar product M1 

2 22 2 (2 ) (3 ) cos
3

t t t π
= × + + ×  OR   

2

2cos
3 2 5 6 9

t
t t

π
=

× + +

( )2 24 2 4 9 6t t t t= + + +  OR
( )2

1 2
2 2 5 6 9

t

t t
=

+ +
 (or equivalent) A1

24 10 12 18t t t= + + AG 

[4 marks] 

(b) correct quadratic equation A1 
2 216 10 12 18t t t= + + , 26 12 18 0t t− − =  , 2 2 3 0t t− − =

valid attempt to solve their quadratic set =0 (M1) 

( 1)( 3)t t+ −  OR  
212 ( 12) 4 6 ( 18)
12

± − − × × −
  OR  2( 1) 4t − −  (A1) 

3t =  A1 

Note: Award A0 if additional answer(s) given. 

[4 marks] 

continued… 
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Question 12 continued 

(c) METHOD 1

recognizing shortest distance from A is perpendicular to 1L (M1) 

sin
3 PA

x
→

π
=OR  

( )2 2PA 6 6 72,  6 2
→

= + =   (seen anywhere) (A1) 

3
2 72

x
= (A1) 

( )216      54  , 3 6
2

x = =

shortest distance is ( )216 54 , 3 6
2

= A1 

[4 marks] 

continued… 
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Question 12 continued 

METHOD 2 

recognition that the distance required is 
PA
→

×v

v
(M1) 

1 6
1 1 0
2 0 6

   
   = ×   
   
   

(A1) 

6
1 6
2 6

 
 = − 
 − 

(A1) 

shortest distance is ( )54 3 6= A1 

[4 marks] 
continued… 
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Question 12 continued 

METHOD 3 

recognition that the base of the triangle is 
PA
→

⋅v

v
(M1) 

1 6
1 1 0
2 0 6

   
   ⋅   
   
   

( )6 3 2
2

= =  OR (A1) 

( )2 2PA 6 6 72,  6 2
→

= + =   (seen anywhere) (A1) 

Note: The value of 2 2PA 6 6
→

= + may be seen as part of the working

of their shortest distance, ( ) ( )
2 2 22PA 72 3 2d b

→

= − = −

shortest distance is ( )54 3 6= A1 

[4 marks] 
continued… 
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Question 12 continued 

METHOD 4 

Let B be a general point on 1L  ( ),8 , 3λ λ+ −  such that AB is perpendicular to 1L

attempt to find vector AB
→

 OR AB
→

 (the shortest distance from A to 1L ) (M1) 

1 0 1 6 1
AB OB OA OP + 1 OA 8 + 1 8 AP 1

0 3 0 3 0
λ λ λ

→ → → → → →
          
          = − = − = − = +          

          −          

  (λ∈ ) 

6 1
AB 0 1

6 0
λ

→
−   
   = +   
   −   

  OR ( ) ( )2 22AB 6 (8 8) 3 3λ λ
→

= − + + − + − − A1 

( ) ( ) ( )2 22 2AB 6 6 2 12 72λ λ λ λ
→

= − + + − = − +

EITHER 
2d AB 0 4 12 0 3

d
λ λ

λ

→ 
= ⇒ − = ⇒ =  

 
 A1 

OR 

( )2AB 2 3 54λ
→

= − +  to obtain 3λ = A1 

OR 

6 1
1 0 6 0 3

6 0

λ
λ λ λ λ

− +   
   ⋅ = ⇒ − + + = ⇒ =   
   −   

 A1 

THEN 

shortest distance is ( )54 3 6= A1 

[4 marks] 

continued… 
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Question 12 continued 

(d) attempt to find the vector product of two direction vectors (M1) 

1 6
1 0
0 6

   
   ×   
   
   

 

1
1
1

 
 = − 
 − 

n  (or any scalar multiple of this) (accept 1, 1, 1=< − − >n  or equivalent) A1 

Note: Award A0 for a final answer given in coordinate form. 

[2 marks] 
continued… 
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Question 12 continued 

(e) substituting their x  into volume formula and equating (M1) 

( )21 π 3 6 90 3π
3

h =  

5 3h =  (seen anywhere) A1 

recognition that the position vector of vertex is given by OA µ
→

+ n  OR ˆOA h
→

+ ×n (M1) 

6 1
8 1
3 1

µ
   
   + −   
   −   

OR  ( )6 ,8 ,3µ µ µ+ − −  

EITHER 

recognition that hµ =n  (where µ  is a parameter) (M1) 

5 3µ =n  OR ( ) ( )2 22 5 3µ µ µ+ − + − =  OR 23 75µ =  ( )3 5 3µ⇒ =

5µ = ±   (accept 5µ = ) (A1) 

OR 

attempt to find cone’s height vector ˆh×n   (M1) 

1
1ˆ 1
3 1

 
 = − 
 − 

n  (A1) 

1
15 3 1
3 1

 
 × − 
 − 

THEN 

6 1
8 5 1
3 1

   
   = ± −   
   −   

6 5
8 5
3 5

    
    = ± −    

    −    

 

vertex = ( )11,3, 2−  and ( )1,13,8  (accept position vectors) A1A1 

Note:  Award a maximum of (M0)A0(M1)(M1)(A1)A1A1FT  for 
39 17 3, ,
4 4 4

 − 
 

 and 9 47 27, ,
4 4 4

 
 
 

 obtained using PAx
→

=  from 

part (c). 

[7 marks] 
Total [21 marks] 
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Section A 
1. (a) attempts to find perimeter (M1) 

arc+2 radius×  OR 10 4 4+ +

18 (cm)=  A1 

[2 marks] 

(b) 10 4θ= (A1) 

10
4

θ =  5 , 2.5
2

 = 
 

A1 

[2 marks] 

(c) area ( ) ( )21 10 4  1.25 16
2 4
 = = × 
 

(A1) 

220  (cm )= A1 

[2 marks] 

Total [6 marks] 
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8. (a) sincos
cos

kk
k

= A1 

2cos sink k= AG 

[1 mark] 

(b) ( ) sinf k k′ = −  and ( ) 2secg k k′ = A1 

Note: Award A1 for ( ) sinf x x′ = −  and ( ) 2secg x x′ = .

EITHER 

( ) ( ) 2
sin

cos
kf k g k
k

′ ′ = − M1 

( ) ( )2 sincos sin 1
sin

kk k f k g k
k

 ′ ′= ⇒ = − = − 
 

 R1 

OR 

( ) 2
1

cos
g k

k
′ = M1 

2cos sink k= ⇒ ( ) ( )
1 1

sin
g k

k f k
′ = = −

′
R1 

Note: Accept showing that ( ) 1
( )

f k
g k

′ = −
′

. 

Note: Allow’backwards methods’ such as starting with ( ) 1
( )

f k
g k

′ = −
′

 leading to 

2cos sink k=

THEN 

⇒ the two tangents intersect at right angles at P AG 

Note: To obtain the final R1, all of the previous marks must have been awarded. 

[3 marks] 

continued… 
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Question 8 continued 

(c) 21 sin sink k− =  (from part (a)) A1 
2sin sin 1 0k k+ − =

attempts to solve for sin k (M1) 

( )( )21 1 4 1 1
sin

2
k

− ± − −
=

(for π0
2

k< < , sin 0k > ) 1 5sin
2

k − +
⇒ = A1 

( )1, 5, 2a b c= − = =  

Note: Award A0 if more than one solution is given 

[3 marks] 

Total [7 marks] 
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9. (a) OM k
→

= +a c A1 

( )MC 1 k
→

= − −c a A1 

[2 marks] 

(b) attempts to expand their dot product ( ) ( )( )OM MC 1k k
→ →

= + − − a c c a M1 

( )( ) ( )2 21 2 1k k k= − − + −a c a c  (or equivalent) 

uses 22  and 2 cosθ= =c a a c a  M1 

( ) ( )2 2 22 1 2 cos 4 1k k kθ= − − + −a a a

( ) ( )2 222 1 2 cos 1 2k kθ= − − −a a A1 

( ) ( )( )2 1 2 2cos 1 2 0k kθ− − − =a AG 

[3 marks] 

(c) attempts to solve ( ) ( )( )2 1 2 2cos 1 2 0k kθ− − − =a  for k (M1) 

1
2

k =  or 1 cos
2

k θ= −  ( )2 0>a

Note: Award (M1) for their ‘ k = ’ or their ‘ cosθ = ’. For example, 1 2cos
2

kθ −
=  or 

equivalent. 

as 0 1k≤ ≤ , 10 cos 1
2

θ≤ − ≤

1 1cos
2 2

θ− ≤ ≤ A1 

π 2π
3 3

θ≤ ≤ , π
2

θ ≠ A1A1 

( π
2

θ =  corresponds to only one possible position for M when 1
2

k = ) 

[4 marks] 

Total [9 marks] 
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Section B 

10. (a) 2 29y x= −  OR 29y x= ± − A1 

(since 0y > ) 29y x⇒ = − AG 

[1 mark] 

(b) ( )22  2 9b y x= = −  or 3h x= + (A1) 

attempts to substitute their base expression and height expression into 1
2

A bh= (M1) 

29 ( 3)A x x= − +   (or equivalent) 
( ) 2

2 22 3 9
9 3 9

2
x x

x x x
 + −
 = = − + −
 
 

A1 

[3 marks] 

(c) METHOD 1

attempts to use the product rule to find d
d
A
x

(M1) 

attempts to use the chain rule to find 2d 9
d

x
x

− (M1) 

( ) ( )
1 2

2 2 22
2

d 1 39 3 9 ( 2 ) 9
d 2 9
A x xx x x x x
x x

−  +   = − + + − − = − −    
    − 

A1 

( )2 22 2

2 2 2

9 3d 9 3
d 9 9 9

x x xA x x x
x x x x

 − − +− +   = − =     − − − 
A1 

2

2

d 9 3 2
d 9
A x x
x x

− −
=

−
AG 

continued… 
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Section A 

1. (a) Let N be North 

ˆNJD 34=  OR ˆDJL 56=  (must be labelled or indicated in diagram): (A1) 

( )ˆJDL=99  A1 

Note:  Accept 
11π

,1.73
20

 (radians). 

[2 marks] 

(b) attempt to apply the sine rule (M1) 

DL 500

sin 56 sin 99
=

 
OR 

DL 500

sin 0.977384... sin1.72787...
= (A1) 

419.685… 

)DL 420 (km= A1 

Note:  Award M1A1A0 for 261 (km) from use of degrees with GDC set in radians 

(with or without working). 

[3 marks] 

Total [5 marks] 
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8. direction vector of the line is  (seen anywhere) (A1) 

normal vector of the plane is  

4

cos

sin





 
 
 
 
 

 (seen anywhere) (A1) 

EITHER 

correct scalar product 12 2cos sin + − (seen anywhere) (A1) 

one correct magnitude (seen anywhere) (A1) 

( )2 216 cos sin 17 + + = , ( )9 4 1 14+ + =

recognizing angle between normal and direction vector is 
π

2
−  (seen anywhere) (M1) 

Note:  angle 
π

2
− may be implied by use of sin on the RHS of the step below 

attempt to substitute into the formula for the angle between two vectors to form an 
equation in   (M1) 

π
12 2cos sin = 17 14 cos

2
  

 
+ − − 

 
  OR 12 2cos sin = 17 14 sin  + −

continued… 

3

2

1

 
 
 
 − 
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Question 8 continued 

OR 

correct expression for the magnitude of the vector product 

( ) ( ) ( )( )2 2 2

2sin cos

4 3sin 2sin cos 4 3sin 3cos 8

3cos 8

 

    



+ 
 
− − = + + − − + − 

 − 

 (seen anywhere) (A1) 

one correct magnitude (seen anywhere) (A1) 

( )2 216 cos sin 17 + + = , ( )9 4 1 14+ + =

recognizing angle between normal and direction vector is 
π

2
−  (seen anywhere) (M1) 

Note: angle 
π

2
− may be implied by use of cos on the RHS of the step below 

attempt to substitute into the formula for the angle between two vectors to form an 
equation in   (M1) 

( ) ( ) ( )
2 2 2 π

2sin cos 4 3sin 3cos 8 = 17 14 sin
2

    
 

+ + − − + − − 
 

OR 

( ) ( ) ( )
2 2 2

2sin cos 4 3sin 3cos 8 = 17 14 cos    + + − − + −

THEN 

0.932389... =  

0.932 =    A1 

Note: Award maximum (A1)(A1)(A1)(A1)(M1)(M1)A0   for a correct answer given 

in degrees 54.4219... = . 

[7 marks] 
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Section B 

10. (a) recognition that 45 10 10 arc length= + +  (M1) 

arc length 25 (cm)=  (A1) 

25 12= A1 

2.08 = correct to 3 significant figures AG 

[3 marks] 

(b) 

Note:  There are many different ways to dissect the cross-section to determine its 

area. In all approaches, candidates will need to find w  or 
2

w
. Award the 

first three marks for work seen anywhere. 

EITHER 

evidence of using the cosine rule OR sine rule (M1) 

( )2 2 212 12 2 12 12cos 2.08w = + −   OR 
12

sin(2.08) sin(0.530796...)

w
= (A1) 

20.6977w =  or 10.3488...
2

w
= (A1) 

OR 

using trig ratios in a right triangle with angle 
2.08

2
 and side length 

2

w
(M1) 

2.08 2sin
2 12

w

 
= 

 
(A1) 

20.6977w =  or 10.3488...
2

w
= (A1) 

Note: Accept 20.7179w = from use of 
25

2 24


= . 

continued… 
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Question 10 continued 

THEN 

Let the points A, B, C, D, E, F, G, H lie on the figure as follows: 

EITHER 

(segment AHB =) sector OAB – triangle OAB (M1) 

 = ( )2 212 12 sin 2.08 149.76 62.8655... 86.8944...
1 1

2.08
2 2
    = −− = (A1) 

valid approach to find total cross-sectional area (seen anywhere) (M1) 

sector OAB – triangle OAB + rectangle CDBA 

= ( )86.8944... 10 86.8944... 206.977...w+ = +

Note:  Use of 
25

12
 =  throughout leads to segment OAB 87.2517...=  and cross-sectional 

area 87.2517... 207.179...= + . 

continued… 
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Question 10 continued 

OR 

trapezium CGOA (= rectangle CGOE + triangle EOA) (M1) 

( )( )
20.6977...

10 10 12cos(1.04)  ( 72.0557)
2 2

1
=  + −  = (A1) 

valid approach to find total cross-sectional area (seen anywhere) (M1) 

2 × trapezium CGOA + sector OAB 

= ( )21
2(72.0557...) 2.08 144.111... 149.76

2
12+ = + 

Note:  Use of 
25

12
 =  leads to area of trapezium CGOA  72.2154...=  and cross-sectional 

area 144.430... 150= + . 

OR 

2 x area of trapezium CGOA (= area of rectangle CDFE + 2 x triangle EOA) (M1) 

( ) )
1

20.6 0977 10 12cos(1.04) 1
2

2cos(1.04) 12sin(1 4... 2 . − +    (A1) 

( )81.2458... 62.8655...= +

valid approach to find total cross-sectional area (seen anywhere) (M1) 

2 x trapezium CGOA + sector OAB 

( )21
144.111... 2.08 144.111... 149.761

2
2= + + =

Note:  Use of 
25

12
 =  leads to 2 x area of trapezium CGOA 144.430...=  and cross-sectional 

area 144.430... 150= + . 

THEN 

area of cross-section 293.871...= ( 294.430...  from exact answer) 

294=  (cm2) A1 

[7 marks] 

continued… 
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Question 10 continued 

(c) METHOD 1

4.71976...− volume of gutter 176323=  OR 176658  (OR 600  their area) (seen 

anywhere) A1 

recognising rainfall can be represented by an integral (M1) 

60

0
( )dR t t (A1) 

Note: Accept any 60 second interval or any interval which is a multiple of 5 

seconds (one period) scaled up to 60 seconds e.g. 
5

0
12 ( )dR t t . 

rainfall over 60 seconds 180000=  (cm3) A1 

the gutter will overflow because the rainfall > gutter volume A1 

METHOD 2 

volume of gutter 176323=  OR 176658  (OR 600  their area) (seen anywhere) A1 

recognition that cosine has a minimum value of -1 (M1) 

( ) ( )3 11 50 3000 cm sR t −  −  + (A1) 

rainfall over 60 seconds 177000 (A1) 

the gutter will overflow because the rainfall > gutter volume A1 

METHOD 3 

volume of gutter 176323=  OR 176658  (OR 600  their area) (seen anywhere) A1 

recognising rainfall can be represented by an integral (M1) 

attempt to solve 60 58.8  OR  

0
( )d 176658

T

R t t = (M1) 

time to reach overflow point = 58.7875...OR 58.8990...  A1 

the gutter will overflow because 60 58.8  OR 60 58.9  A1 

[5 marks] 

Total [15 marks] 

=
250

2p
sin

2p ´ 60

5

æ

èç
ö

ø÷
+ 3000´ 60

æ

è
ç

ö

ø
÷
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2. METHOD 1
attempt to substitute into cosine rule (M1) 

( )( )2 2 2 ˆ154 150 90 2 150 90 cosAPB= + −   OR  
( )( )

2 2 2150 90 154ˆcosAPB
2 150 90
+ −

= (A1) 

ˆAPB 75.2286...= °   OR  1.31298... radians

ˆAPB 75.2= °  OR  1.31radians (A1) 

valid approach to find θ (M1) 

ˆ180 APBθ
2

° −
=  OR 180 75.2286...

2
θ °− °
= ( )52.3856...=  OR

( )π 1.31298...θ 0.914302...
2

−
= =

valid approach to express h  in terms of θ  (M1) 

sinθ
150

h
=    OR 150sin52.3856...h = °  

118.820...h =  

119h =  (m) A1 
[6 marks] 

METHOD 2 
attempts to find either the distance between the buildings or the difference in height 
between the buildings in terms of θ  (M1) 

distance between the buildings is ( )150 90 cosθ+  and the difference in height between

the buildings is ( )150 90 sinθ− (A1) 

uses Pythagoras and attempts to solve for θ  (M1) 

( ) ( )2 2 260sin 240cos 154θ θ+ =  

0.914302...θ = ( )52.3856...= ° (A1) 

( )sin 0.914302...
150

h
= (M1) 

118.820...h =  

119h =  (m) A1 

[6 marks] 
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6. (a) METHOD 1

the general point on L  has coordinates ( ),2 2 ,4 2λ λ λ− −  

substitutes this general point into both 1Π  and 2Π  (M1) 

( ) ( )( )2 2 2 2 4 2 2 2 2 8 4λ λ λ λ λ λ− − + − = − + + −  A1 

6=   AG 

( ) ( )( )4 3 2 2 4 2 4 6 6 4 2λ λ λ λ λ λ+ − − − = + − − +  A1 

2=   AG 

so the vector equation of L  can be written as 
0 1
2 2
4 2

λ
   
   = + −   
   −   

r  AG 

Note: Award (M1)A0A0 for correct verification using a specific value of λ . 

continued… 
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Question 6 continued 

METHOD 2 

substitutes ( )0,2,4  into both 1Π  and 2Π  and shows that 

0 2 8 6− + =  and 0 6 4 2+ − =  A1 

hence ( )0,2,4  lies in both 1Π  and 2Π AG 

EITHER 

attempts to find 
2 4
1 3

2 1

   
   − ×   
   −   

M1 

5
10
10

− 
 =  
 
 

 A1 

OR 

attempts to find 
1 2
2 1
2 2

   
   − −   
   −   

  and 
1 4
2 3
2 1

   
   −   
   − −   

  M1 

( )2 2 4 0+ − =  and ( )4 6 2 0− + = A1 

THEN 

(so 
1
2
2

 
 − 
 − 

 is perpendicular to both normal vectors) 

so the vector equation of L  can be written as 
0 1
2 2
4 2

λ
   
   = + −   
   −   

r  AG 

Note: Award M1 for substituting 0x =  (or 2y =  or 4z = ) into 1Π  and 2Π  and 
solving simultaneously, for example, solving 2 6y z− + =  and 3 2y z− = . 
Award A1 for 2y =  and 4z = , for example. 

continued… 
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Question 6 continued 

METHOD 3 
attempts row reduction to obtain eg, 

2
2
zx + =  and 2y z− = − (M1) 

substitutes x λ=  into 2
2
zx + = , solves for z  and obtains 4 2z λ= −  A1 

substitutes 4 2z λ= −  into 2y z− = − , solves for y  and obtains 2 2y λ= −  A1 

so the vector equation of L  can be written as 
0 1
2 2
4 2

λ
   
   = + −   
   −   

r  AG 

METHOD 4 
attempts to solve 2 2 6x y z− + =  and 4 3 2x y z+ − =  (M1) 

for example, , 2 2 , 4 2x y zλ λ λ= = − = −  A2 

so the vector equation of L  can be written as 
0 1
2 2
4 2

λ
   
   = + −   
   −   

r  AG 

Note: Only award marks for convincing use of a GDC. 

[3 marks] 

continued… 
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Question 6 continued 

(b) EITHER
the position vector for point P  nearest to the origin is perpendicular to the
direction of L

1
2 2 2 0
4 2 2

λ
λ
λ

   
   − ⋅ − =   
   − −   

 (M1) 

( ) ( )2 2 2 2 4 2 0λ λ λ− − − − =  (A1) 

9 12 0λ − =  (A1) 

OR 
let s  be the distance from the origin to a point P  on L , then 

( ) ( )2 22 2 2 2 4 2s λ λ λ= + − + −  (A1) 

attempts to find λ  such that 
( )2d

0
d
s
λ

= (M1) 

either 
( ) ( )

2d
18 24 0

d
s

λ
λ

= − =  or a graph of 2s  versus λ  (A1) 

Note: Award as above for use of ( ) ( )2 22 2 2 4 2s λ λ λ= + − + − . 

THEN 

4
3

λ = A1 

4 2 4P , ,
3 3 3

 − 
 

( )P(1.33, 0.667,1.33− A1 

[5 marks] 
Total [8 marks] 
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Section B 

10. (a) 2π7.8
period

= (M1) 

2π 0.805536...
7.8

=

20πperiod 0.806
78

 = = 
 

 A1 

[2 marks] 

(b) METHOD 1

(i) max minamplitude
2
−

= (M1) 

1.8 1
2
−  

0.4a = −  A1 

(ii) 1.4b = A1 

METHOD 2 
attempt to form two simultaneous equations in a and b  (M1) 

(0) 1 1H a b= ⇒ + = , π 1.8 1.8
7.8

H a b  = ⇒ − + = 
 

0.4, 1.4a b= − =  A1A1 

[3 marks] 
continued… 
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Question 10 continued 

(c) EITHER

1
2

5 6.207... 6
period

= < (A1) 

OR 
consideration of number of maximums on graph in first 5 seconds (A1) 

OR 
maximums when 0.403, 1.21, 2.01, 2.82, 3.62, 4.43t =  (A1) 

THEN 
6 times A1 

[2 marks] 

(d) recognizing that ( ) 1.5H t = (M1) 

( )0.4cos 7.8 1.4 1.5t− + =

0.233779...

0.234t =  (seconds) A1 
[2 marks] 
continued… 



Mathematics: analysis and approaches HL | Paper 2 | May 2023 TZ2 | Q10 | 13 marks

Apollo | Original source crop | 121

– 21 – M23/5/MATHX/HP2/ENG/TZ2/XX/M 

Question 10 continued 

(e) finding second time height is 1.5 metres (M1) 

0.571757...t =
in each period, height is greater than 1.5 metres for 0.337978… seconds  (A1) 

Note: Award (M1)(A1) for total time 2.02787...seen. 

multiplying their value by 6 and divide by 5 (M1) 

0.337978... 6
5

× OR 2.02787...
5

0.405574...=  

P(height is greater than 1.5 m) 0.406=  A1 

[4 marks] 
Total [13 marks] 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q4 | 6 marks

Apollo | Original source crop | 122

– 9 – 8823 – 7106M 

4. METHOD 1
EITHER
attempt to use Pythagoras’ theorem in a right-angled triangle. (M1) 

( )2 25 1 24− = (A1) 

OR 

attempt to use the Pythagorean identity 2 2cos sin 1α α+ =   (M1) 
2

2 1ˆsin BAC 1
5

 = −  
 

(A1) 

THEN 

24ˆsin BAC
5

=  (may be seen in area formula) A1 

attempt to use ‘Area
1 sin '
2

= ab C   (must include their calculated value of ˆsin BAC ) (M1) 

1 2410 6
2 5

= × × × (A1) 

12=  (cm2) A1 
[6 marks] 

continued… 
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Question 4 continued 

METHOD 2 
attempt to find perpendicular height of triangle BAC   (M1) 

EITHER 
ˆheight 6 sin BAC= ×

attempt to use the Pythagorean identity 2 2cos sin 1α α+ =  (M1) 

21height 6 1
5

 = × −  
 

(A1) 

24 126
5 5

 = × = 
 

 A1 

OR 

6adjacent
5

= (A1) 

attempt to use Pythagoras’ theorem in a right-angled triangle. (M1) 

6 12height 6
25 5

 = − = 
 

   (may be seen in area formula) (A1) 

THEN 

attempt to use ‘Area
1 base×height '
2

=  (must include their calculated value for height) (M1) 

1 1210
2 5

= × ×

12=  (cm2) A1 
[6 marks] 
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5. attempt to apply binomial expansion (M1) 

( ) 2 2
1 21 1+ = + + +n n nkx C kx C k x    OR  1 12nC k =   OR  2 28nC =  

12=nk (A1) 

( )1
28

2
−

=
n n

  OR  
( )

! 28
2 !2!

n
n

=
−

(A1) 

2 56 0n n− − =   OR  ( )1 56n n − =

valid attempt to solve (M1) 

( )( )8 7 0− + =n n   OR  ( )8 8 1 56− =   OR finding correct value in Pascal’s triangle

8⇒ =n A1 

3
2

⇒ =k A1 

Note:  If candidate finds 8n =  with no working shown, award M1A0A0M1A1A0. 

If candidate finds 8n =  and 
3
2

k = with no working shown, award 

M1A0A0M1A1A1. 

[6 marks] 
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12. (a) attempt to expand using binomial theorem: (M1) 

Note:  Award (M1) for seeing at least one term with a product of a binomial 
coefficient, power of isinθ and a power of cosθ . 

( )5 5 5 4 5 2 3 2
1 2cos isin cos icos sin i cos sinθ θ θ θ θ θ θ+ = + +C C  

5 3 2 3 5 4 4 5 5
3 4i cos sin i cos sin i sinθ θ θ θ θ+ + +C C  A1 

( ) ( )5 3 2 4 4 2 3 5cos 10cos sin 5cos sin i 5cos sin 10cos sin sinθ θ θ θ θ θ θ θ θ θ= − + + − +  A1A1 

Note:  Award A1 for correct real part and A1 for correct imaginary part. 

[4 marks] 

(b) ( )5cos isin cos5 isin5θ θ θ θ+ = +  (A1) 

equate imaginary parts: (M1) 
4 2 3 5sin5 5cos sin 10cos sin sinθ θ θ θ θ θ= − +  A1 

substitute 2 2cos 1 sinθ θ= −   (M1) 

( ) ( )22 3 2 5sin5 5 1 sin sin 10sin 1 sin sinθ θ θ θ θ θ= − − − +  A1 

( ) ( )2 4 3 2 5sin5 5 1 2sin sin sin 10sin 1 sin sinθ θ θ θ θ θ θ= − + − − +  A1 

5 316sin 20sin 5sinθ θ θ= − +  AG 

Note:  Some of this working may be seen in part (a). Allow for awarding marks in 
part (b). 

[6 marks] 

continued… 
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Question 12 continued 

(c) (i) factorising 5 316sin 20sin 5sinθ θ θ− +  M1 

( ) ( )4 2sin5 sin 16sin 20sin 5θ θ θ θ= − +  

EITHER  

πsin5 0
5

  = 
 

and 
3πsin5 0
5

  = 
 

R1 

Note:  The R1 is independent of the M1. 

OR 

solving sin5 0θ =  

π
5

θ =
k  where ∈k   R1 

Note:  The R1 is independent of the M1. 

THEN 

therefore either sin 0θ =  OR  4 216sin 20sin 5 0θ θ− + =  

πsin 0
5
≠  and 3πsin 0

5
≠  (or only solution to sin 0θ =  is 0θ = ) R1 

therefore π 3π,
5 5

 are solutions of 4 216sin 20sin 5 0θ θ− + =  AG 

Note:  The final R1 is dependent on both previous marks. 

continued… 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q12 | 17 marks

Apollo | Original source crop | 127

– 27 – 8823 – 7106M 

Question 12 continued 

(ii) METHOD 1
attempt to use quadratic formula: (M1) 

2 20 80sin
32

θ ±
= A1 

5 5
8
±

=

5 5sin
8

θ ±
=

π 3π 5 5 5 5sin sin
5 5 8 8

+ −
⇒ = M1 

20
64

= A1 

5
4

= AG 

METHOD 2 

roots of quartic are π 2πsin ,sin
5 5

, 3π 4πsin ,sin
5 5

A1 

attempt to set product of roots equal to 5
16

± M1 

π 2π 3π 4π 5sin sin sin sin
5 5 5 5 16

= A1 

recognition that π 4πsin sin
5 5
= and 2π 3πsin sin

5 5
=

2 2π 3π 5sin sin
5 5 16

= A1 

π 3π 5sin sin
5 5 4

= AG 

continued… 
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Question 12 continued 

METHOD 3 

Consider 4 216sin 20sin 5 0θ θ− + =  as a quadratic in 2sin θ  M1 

( π 3π,
5 5

θ =  are roots), so 2 πsin
5

and 2 3πsin
5

 are roots of the quadratic. A1 

Consider product of roots: M1 

2 2π 3π 5sin sin
5 5 16

⇒ = A1 

π 3π 5sin sin
5 5 4

= AG 

[7 marks] 
Total [17 marks] 
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4. METHOD 1
EITHER
attempt to use Pythagoras’ theorem in a right-angled triangle. (M1) 

( )2 25 1 24− = (A1) 

OR 

attempt to use the Pythagorean identity 2 2cos sin 1α α+ =   (M1) 
2

2 1ˆsin BAC 1
5

 = −  
 

(A1) 

THEN 

24ˆsin BAC
5

=  (may be seen in area formula) A1 

attempt to use ‘Area
1 sin '
2

= ab C   (must include their calculated value of ˆsin BAC ) (M1) 

1 2410 6
2 5

= × × × (A1) 

12=  (cm2) A1 
[6 marks] 

continued… 

8823 – 7111M 
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Question 4 continued 

METHOD 2 
attempt to find perpendicular height of triangle BAC   (M1) 

EITHER 
ˆheight 6 sin BAC= ×

attempt to use the Pythagorean identity 2 2cos sin 1α α+ =  (M1) 

21height 6 1
5

 = × −  
 

(A1) 

24 126
5 5

 = × = 
 

 A1 

OR 

6adjacent
5

= (A1) 

attempt to use Pythagoras’ theorem in a right-angled triangle. (M1) 

6 12height 6
25 5

 = − = 
 

   (may be seen in area formula) (A1) 

THEN 

attempt to use ‘Area
1 base×height '
2

=  (must include their calculated value for height) (M1) 

1 1210
2 5

= × ×

12=  (cm2) A1 
[6 marks] 
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5. attempt to apply binomial expansion (M1) 

( ) 2 2
1 21 1+ = + + +n n nkx C kx C k x    OR  1 12nC k =   OR  2 28nC =  

12=nk (A1) 

( )1
28

2
−

=
n n

  OR  
( )

! 28
2 !2!

n
n

=
−

(A1) 

2 56 0n n− − =   OR  ( )1 56n n − =

valid attempt to solve (M1) 

( )( )8 7 0− + =n n   OR  ( )8 8 1 56− =   OR finding correct value in Pascal’s triangle

8⇒ =n A1 

3
2

⇒ =k A1 

Note:  If candidate finds 8n =  with no working shown, award M1A0A0M1A1A0. 

If candidate finds 8n =  and 
3
2

k = with no working shown, award 

M1A0A0M1A1A1. 

[6 marks] 
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12. (a) attempt to expand using binomial theorem: (M1) 

Note:  Award (M1) for seeing at least one term with a product of a binomial 
coefficient, power of isinθ and a power of cosθ . 

( )5 5 5 4 5 2 3 2
1 2cos isin cos icos sin i cos sinθ θ θ θ θ θ θ+ = + +C C  

5 3 2 3 5 4 4 5 5
3 4i cos sin i cos sin i sinθ θ θ θ θ+ + +C C  A1 

( ) ( )5 3 2 4 4 2 3 5cos 10cos sin 5cos sin i 5cos sin 10cos sin sinθ θ θ θ θ θ θ θ θ θ= − + + − +  A1A1 

Note:  Award A1 for correct real part and A1 for correct imaginary part. 

[4 marks] 

(b) ( )5cos isin cos5 isin5θ θ θ θ+ = +  (A1) 

equate imaginary parts: (M1) 
4 2 3 5sin5 5cos sin 10cos sin sinθ θ θ θ θ θ= − +  A1 

substitute 2 2cos 1 sinθ θ= −   (M1) 

( ) ( )22 3 2 5sin5 5 1 sin sin 10sin 1 sin sinθ θ θ θ θ θ= − − − +  A1 

( ) ( )2 4 3 2 5sin5 5 1 2sin sin sin 10sin 1 sin sinθ θ θ θ θ θ θ= − + − − +  A1 

5 316sin 20sin 5sinθ θ θ= − +  AG 

Note:  Some of this working may be seen in part (a). Allow for awarding marks in 
part (b). 

[6 marks] 

continued… 
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Question 12 continued 

(c) (i) factorising 5 316sin 20sin 5sinθ θ θ− +  M1 

( ) ( )4 2sin5 sin 16sin 20sin 5θ θ θ θ= − +  

EITHER  

πsin5 0
5

  = 
 

and 
3πsin5 0
5

  = 
 

R1 

Note:  The R1 is independent of the M1. 

OR 

solving sin5 0θ =  

π
5

θ =
k  where ∈k   R1 

Note:  The R1 is independent of the M1. 

THEN 

therefore either sin 0θ =  OR  4 216sin 20sin 5 0θ θ− + =  

πsin 0
5
≠  and 3πsin 0

5
≠  (or only solution to sin 0θ =  is 0θ = ) R1 

therefore π 3π,
5 5

 are solutions of 4 216sin 20sin 5 0θ θ− + =  AG 

Note:  The final R1 is dependent on both previous marks. 

continued… 
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Question 12 continued 

(ii) METHOD 1
attempt to use quadratic formula: (M1) 

2 20 80sin
32

θ ±
= A1 

5 5
8
±

=

5 5sin
8

θ ±
=

π 3π 5 5 5 5sin sin
5 5 8 8

+ −
⇒ = M1 

20
64

= A1 

5
4

= AG 

METHOD 2 

roots of quartic are π 2πsin ,sin
5 5

, 3π 4πsin ,sin
5 5

A1 

attempt to set product of roots equal to 5
16

± M1 

π 2π 3π 4π 5sin sin sin sin
5 5 5 5 16

= A1 

recognition that π 4πsin sin
5 5
= and 2π 3πsin sin

5 5
=

2 2π 3π 5sin sin
5 5 16

= A1 

π 3π 5sin sin
5 5 4

= AG 

continued… 
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Question 12 continued 

METHOD 3 

Consider 4 216sin 20sin 5 0θ θ− + =  as a quadratic in 2sin θ  M1 

( π 3π,
5 5

θ =  are roots), so 2 πsin
5

and 2 3πsin
5

 are roots of the quadratic. A1 

Consider product of roots: M1 

2 2π 3π 5sin sin
5 5 16

⇒ = A1 

π 3π 5sin sin
5 5 4

= AG 

[7 marks] 
Total [17 marks] 
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Section A 

1. (a)
2 2 2(8B 4)V (6 ( )3) 0 9= + − + −− (A1) 

10.2956...=

10.3 (= 106)= A1 

Note:  Award SC(A0)A1 for 

3

BV 4

9

− 
 

= − 
 
 

 where a candidate has misinterpreted notation. 

 [2 marks] 

(b) METHOD 1

BV VC=  AND BC 8=  (seen anywhere) (A1) 

attempt to use the cosine rule on triangle BVC for any angle (M1) 

Note: Recognition must be shown in context either in terms of labelled sides or in side lengths. 

2 2 210.2... 10.2..

.
c

8

10 2

.ˆ
.

os
.

BV
. . 10.2

C
2 ..

+ −


=


 OR 

2 2 2 ˆ8 cos BVC10.2.... 10.2... 2 10.2... 10.2...= + −   (A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 

METHOD 2 

let M be the midpoint of BC 

BM 4=  (seen anywhere) (A1) 

attempt to use sine or cosine in triangle BMV or CMV (M1) 

4
arcsin

106
 OR 

π 4
arccos

2 106
− OR 0.399018 (A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 
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METHOD 3 

3 3

VC 4  and VB 4

9 9

   
   

= − =   
   − −   

(A1) 

attempt to use the cosine formula for an angle using two vectors representing the 

edges of triangle BVC (M1) 

2 2 2 2 2 2

3(3) 4(4) 9( 9) 74ˆcos BVC
1063 ( 4) ( 9) 3 4 ( 9)

− − −  
= = 

 + − + − + + −
(A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 

METHOD 4 

3 3

VC 4  and VB 4

9 9

   
   

= − =   
   − −   

(A1) 

attempt to use the cross product formula for an angle using two vectors representing 

the edges of triangle BVC (M1) 

2 2 2 2 2 2

72

0

24 5760ˆsin BVC
1063 ( 4) ( 9) 3 4 ( 9)

 
 
 
    

= =  
+ − + − + + −  

(A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 

Award SC(A1)(M1)(A0)A0 for  where a candidate has 

misinterpreted notation. 

 [4 marks] 

 Total [6 marks] 

( )

72
1 5760

area 0 37.9
2 2

24

 
 

= = = 
 
 
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2. (a)

A1A1A1 

Note:  Award marks as follows: 

A1 for approximately correct roots, in the intervals 2 1x−   −  and  

2 3x  . 

A1 for y-intercept AND local minimum in approximately correct positions. Allow for y-

intercept 3.5 2.5y−   − , and for local minimum 0.5 1.5x  , 5 4y−   − . 

A1 for approximately correct endpoints, with the left end in the intervals 

4.5 3.5, 7.5 8.5x y−   −    and the right end in the intervals  

 [3 marks] 

(b) 
1

2
k = A1 

3c = − (accept translate/shift 3 (units) down) A1 

 [2 marks] 

 Total [5 marks] 

2.5< x < 3.5, 6.5< y < 7.5
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3. (a) use of sector area formula to find area of at least one sector (M1) 

21
5.2 100 5.

1

2 2
2 r  −   OR  

2 2 2 21 1
10 π 10

2 2
(2π 5.2) π (2π 5.2)r r

 
−  −


 − −  −


 A1 

2(area) 260 2.6r= − AG 

Note: There are many different ways to find the area of the “C”. In all methods, the A mark is 

awarded for working which leads directly to the AG.  

Many candidates are working with rounded intermediate values. Award the A mark to correct 

work with values that round to the 3sf value of 260 and the 2sf value of 2.6 eg 
2259.99 2.6015r− . 

 [2 marks] 

(b) (i) 2260 2.6 64r− = (A1) 

8.68243...r =

8.68= (cm) 
14 65

 exact
13

 
  
 

A1 

(ii) 10 5.2 OR 8.68... 5.2 (A1) 

substituting their value of r into 5.2 5.2 2(10 )10 r r +  + −  (or equivalent) (M1) 

Perimeter = 5.2 8.68... 5.2 2(10 8.68...) ( 52 45.1486... 2.63513...)10 +  + − = + +

= 99.7837… 

= 99.8 (cm) A1 

 [5 marks] 

 Total [7 marks] 
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4. (a) recognizing at rest when 
d

0
d

s

t
= OR s is a minimum (M1) 

5.73553...q =

5.74= A1 

Note: If no working shown, award (M1)A0 for  (2sf). 

 [2 marks] 

(b) METHOD 1

recognizing that integral of ( )v t  is required (M1) 

5.73...

0
( ) dv t t OR 

5.73...

0

d
( ) d

d
s t t

t OR 
5.73...

0
( )dv t t  OR 

5.73...

0
( )dv t t− (A1) 

Note: Condone absence of dt. 

Only accept 
0

( ) d
q

v t t  if their value of q does not result in the particle changing direction in 

the first q seconds. 

7.68302...=

7.68 (m)= A1 

Note:  Special Cases: 

 Award a maximum of (M1)(A1FT)A0FT if the candidate obtains 1.62320...q =  in part (a), and 

uses that value to find the total distance to be 3.38302...  (3.37644...  from 3sf). 

 Award (M1)(A0)A1 if the candidate writes 
5.73...

0
( )dv t t followed by the correct answer.

METHOD 2 

recognition that total distance travelled is the difference between the initial 

displacement and the displacement at minimum (M1) 

initial displacement is 3.38302...AND at minimum is 4.3−  (A1) 

total distance travelled = 3.38302... ( 4.3)− −  

7.68302...=

7.68 (m)= A1 

Note:  If no working shown, award (M1)(A0)A0 for 7.7 (2sf). 

 [3 marks] 

 Total [5 marks] 

q = 5.7
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8. (a)

1

AB 1

1

p

 
 

= − 
 − 

A1 

AC

2

p

p

 
 

= − 
 
 

A1 

attempt to evaluate their AB AC  by use of formula or determinant M1 

( )

( )

( )

2 1

AB AC 2

1

p p

p

p p p

− − 
 

 = − + 
 − − − 

OR  ( )( ) ( ) ( )( )2 1 2 1p p p p p p− − − + + − − −i j k A1 

2

2 3

AB AC 2

2

p

p

p p

− 
 

 = − − 
 − 

AG 

[4 marks] 

(b) 
2

AB AC

( ) ( ) ( ) ( )
22 2 2 4 3 22 3 2 2 4 14 8 8p p p p p p p p= − + − − + − = − + − + (A1) 

attempt to find minimum of their 
2

AB AC (M1) 

6.75257... OR 0.3264...p =  

min value is 6.75  A1 

[3 marks] 

continued… 
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Question 8 continued 

(c) METHOD 1

valid attempt to find 
1

area AB AC
2

=  using their answer to part b) (M1) 

area 
1

6.75257...
2

=

1.299285...=

1.30=  (units2) A1 

[2 marks] 

Total [9 marks] 
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9. (a) attempt to use recursive formula 1
1

4
0.1

10

n
n n

y
y y −

−

− 
= +  

 
(M1) 

n nx ny

0 0 2 

1 0.1 2.02 

2 0.2 2.0398 

3 0.3 2.05940… 

4 0.4 2.07880… 

5 0.5 2.09801… 

1 2.02y = (A1) 

5 2.098y = A1 

Note:  Accept any answer which rounds to the correct 4sf value. 

 Award no marks for a final answer of 2.1 or 2.10 with no working. 

[3 marks] 

continued… 
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12. (a) attempt to set at least two components of Land M equal M1 

1 2 9 4s t+ = +  

2 3 9s t+ = +

3 6 11 2s t− + = +

attempt to solve two of their equations simultaneously (M1) 

2s = OR 1t = − A1 

EITHER 

substitute 2s =  and 1t = − into remaining component e.g. ( ) ( )3 6 2 11 2 1− + = + −  R1  

OR 

recognition that 2nd and 3rd equations are equivalent R1 

THEN 

position vector of A is 

5

8

9

 
 
 
 
 

A1 

Note: Accept a row vector and/or coordinates. 

The final A1 is independent of R1. 

[5 marks] 

(b) METHOD 1

attempt to substitute at least one line into the equation of the plane (M1) 

( ) ( )

1 2 0

2 3 2 2 2 3 1 3 6 7

3 6 1

s

s s s

s

+   
   

+ = + − − + =   
   − + −   

A1 

( ) ( )

9 4 0

9 2 2 9 1 11 2 7

11 2 1

t

t t t

t

+   
   

+ = + − + =   
   + −   

A1 

continued… 

8823 – 7107M 



Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ1 | Q12 | 18 marks

Apollo | Original source crop | 145

– 29 –

Question 12 continued 

METHOD 2 

consideration the direction of one line and a point on that line (M1) 

direction 

2 0

3 . 2 0

6 1

   
   

=   
   −   

 AND point 

1 0

2 . 2 7

3 1

   
   

=   
   − −   

 

5 0

or 8 . 2 7

9 1

    
    

=    
    −    

A1 

direction 

4 0

1 . 2 0

2 1

   
   

=   
   −   

 AND point 

9 0

9 . 2 7

11 1

   
   

=   
   −   

5 0

or 8 . 2 7

9 1

    
    

=    
    −    

A1 

METHOD 3 

consideration of direction of both lines (M1) 

EITHER 

2 0

3 . 2 0

6 1

   
   

=   
   −   

 and 

4 0

1 . 2 0

2 1

   
   

=   
   −   

 (hence Land M  are parallel to the plane) A1 

OR 

2 4 0 0

3 1 20 2

6 2 10 1

k

       
       

 = =       
       − −       

 (hence Land M  are parallel to the plane) A1 

THEN 

5 0

8 . 2 7

9 1

   
   

=   
   −   

 OR 

1 0

2 . 2 7

3 1

   
   

=   
   − −   

 OR 

9 0

9 . 2 7

11 1

   
   

=   
   −   

A1 

[3 marks] 

continued… 
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Question 12 continued 

(c) (i) position vector of point on the line is ( )

3 0

12 2

2 1



−   
   

= +   
   −   

r

3

12 2

2





 −  
  
= +  
  −  

(A1) 

attempt to substitute position vector into equation of plane  (M1) 

meets   when 

3 0

12 2 . 2 7

2 1





−   
   

+ =   
   − −   

( ) ( )2 12 2 2 7 + − − =

22 5 7+ =

3 = − (A1) 

position vector of 

3 0 3

12 3 2 6

2 1 5

 −  −     
      

= − =      
      −      

r

3

6

5

− 
 

=  
 
 

A1 

Note:  Accept a row vector and/or coordinates. 

(ii) METHOD 1

attempt to find BC using OC OB− (M1) 

3 3 0

BC OC OB 6 12 6

5 2 3

− −     
     

= − = − = −     
     
     

attempt to use distance formula to find BC (M1) 

( )
2 2BC 6 3= − +

( )6.71 45 3 5= = = A1 
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METHOD 2 

recognition that 

0

BC 3 2

1

 
 

=   
 − 

(M1) 

attempt to use distance formula to find 

0

2

1

 
 
 
 − 

(M1) 

( )
22BC 3 2 1= + −

( )6.71 45 3 5= = = A1 

[7 marks] 

continued… 
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Question 12 continued 

(d) let B  be the image of B

METHOD 1 

OB =  

3 0

12 2

2 1



−   
   

+   
   −   

(A1) 

recognition that ( )2 6 = = −  OR BC CB= ( may be seen in a diagram) (M1) 

OB =

3

0

8

− 
 
 
 
 

so coordinates are ( )B 3,0,8 − A1 

METHOD 2 

0

BC CB 6

3

 
 = = − 
 
 

(A1) 

Note:  This may come from BC 3 5= − n using the unit normal vector 

0
1

2
5

1

 
 

=  
 − 

n

OB OC CB = + OR  OB OB 2BC = + OR OB 2OC OB = − (M1) 

3 0

6 6

5 3

−   
   

= + −   
   
   

OR 

3 0

12 2 6

2 3

−   
   

+ −   
   
   

 OR 

6 3

12 12

10 2

− −   
   

−   
   
   

OB =

3

0

8

− 
 
 
 
 

(so coordinates are ( )B 3,0,8 − ) A1 

[3 marks] 

Total [18 marks] 
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Section A 

1. (a)
2 2 2(8B 4)V (6 ( )3) 0 9= + − + −− (A1) 

10.2956...=

10.3 (= 106)= A1 

Note:  Award SC(A0)A1 for 

3

BV 4

9

− 
 

= − 
 
 

 where a candidate has misinterpreted notation. 

 [2 marks] 

(b) METHOD 1

BV VC=  AND BC 8=  (seen anywhere) (A1) 

attempt to use the cosine rule on triangle BVC for any angle (M1) 

Note: Recognition must be shown in context either in terms of labelled sides or in side lengths. 

2 2 210.2... 10.2..

.
c

8

10 2

.ˆ
.

os
.

BV
. . 10.2

C
2 ..

+ −


=


 OR 

2 2 2 ˆ8 cos BVC10.2.... 10.2... 2 10.2... 10.2...= + −   (A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 

METHOD 2 

let M be the midpoint of BC 

BM 4=  (seen anywhere) (A1) 

attempt to use sine or cosine in triangle BMV or CMV (M1) 

4
arcsin

106
 OR 

π 4
arccos

2 106
− OR 0.399018 (A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 
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METHOD 3 

3 3

VC 4  and VB 4

9 9

   
   

= − =   
   − −   

(A1) 

attempt to use the cosine formula for an angle using two vectors representing the 

edges of triangle BVC (M1) 

2 2 2 2 2 2

3(3) 4(4) 9( 9) 74ˆcos BVC
1063 ( 4) ( 9) 3 4 ( 9)

− − −  
= = 

 + − + − + + −
(A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 

METHOD 4 

3 3

VC 4  and VB 4

9 9

   
   

= − =   
   − −   

(A1) 

attempt to use the cross product formula for an angle using two vectors representing 

the edges of triangle BVC (M1) 

2 2 2 2 2 2

72

0

24 5760ˆsin BVC
1063 ( 4) ( 9) 3 4 ( 9)

 
 
 
    

= =  
+ − + − + + −  

(A1) 

ˆBVC 0.798037...=

ˆBVC 0.798=  (accept 45.7 ) A1 

Note: If no working shown, award (A0)(M1)(A0)A0 for ˆBVC 0.80=  (or 46 ) (2sf). 

Award SC(A1)(M1)(A0)A0 for  where a candidate has 

misinterpreted notation. 

 [4 marks] 

 Total [6 marks] 

( )

72
1 5760

area 0 37.9
2 2

24

 
 

= = = 
 
 

8823 – 7112M 



Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ2 | Q1 | 6 marks

Apollo | Original source crop | 151

– 10 –

2. (a)

A1A1A1 

Note:  Award marks as follows: 

A1 for approximately correct roots, in the intervals 2 1x−   −  and  

2 3x  . 

A1 for y-intercept AND local minimum in approximately correct positions. Allow for y-

intercept 3.5 2.5y−   − , and for local minimum 0.5 1.5x  , 5 4y−   − . 

A1 for approximately correct endpoints, with the left end in the intervals 

4.5 3.5, 7.5 8.5x y−   −    and the right end in the intervals  

 [3 marks] 

(b) 
1

2
k = A1 

3c = − (accept translate/shift 3 (units) down) A1 

 [2 marks] 

 Total [5 marks] 

2.5< x < 3.5, 6.5< y < 7.5
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3. (a) use of sector area formula to find area of at least one sector (M1) 

21
5.2 100 5.

1

2 2
2 r  −   OR  

2 2 2 21 1
10 π 10

2 2
(2π 5.2) π (2π 5.2)r r

 
−  −


 − −  −


 A1 

2(area) 260 2.6r= − AG 

Note: There are many different ways to find the area of the “C”. In all methods, the A mark is 

awarded for working which leads directly to the AG.  

Many candidates are working with rounded intermediate values. Award the A mark to correct 

work with values that round to the 3sf value of 260 and the 2sf value of 2.6 eg 
2259.99 2.6015r− . 

 [2 marks] 

(b) (i) 2260 2.6 64r− = (A1) 

8.68243...r =

8.68= (cm) 
14 65

 exact
13

 
  
 

A1 

(ii) 10 5.2 OR 8.68... 5.2 (A1) 

substituting their value of r into 5.2 5.2 2(10 )10 r r +  + −  (or equivalent) (M1) 

Perimeter = 5.2 8.68... 5.2 2(10 8.68...) ( 52 45.1486... 2.63513...)10 +  + − = + +

= 99.7837… 

= 99.8 (cm) A1 

 [5 marks] 

 Total [7 marks] 
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4. (a) recognizing at rest when 
d

0
d

s

t
= OR s is a minimum (M1) 

5.73553...q =

5.74= A1 

Note: If no working shown, award (M1)A0 for  (2sf). 

 [2 marks] 

(b) METHOD 1

recognizing that integral of ( )v t  is required (M1) 

5.73...

0
( ) dv t t OR 

5.73...

0

d
( ) d

d
s t t

t OR 
5.73...

0
( )dv t t  OR 

5.73...

0
( )dv t t− (A1) 

Note: Condone absence of dt. 

Only accept 
0

( ) d
q

v t t  if their value of q does not result in the particle changing direction in 

the first q seconds. 

7.68302...=

7.68 (m)= A1 

Note:  Special Cases: 

 Award a maximum of (M1)(A1FT)A0FT if the candidate obtains 1.62320...q =  in part (a), and 

uses that value to find the total distance to be 3.38302...  (3.37644...  from 3sf). 

 Award (M1)(A0)A1 if the candidate writes 
5.73...

0
( )dv t t followed by the correct answer.

METHOD 2 

recognition that total distance travelled is the difference between the initial 

displacement and the displacement at minimum (M1) 

initial displacement is 3.38302...AND at minimum is 4.3−  (A1) 

total distance travelled = 3.38302... ( 4.3)− −  

7.68302...=

7.68 (m)= A1 

Note:  If no working shown, award (M1)(A0)A0 for 7.7 (2sf). 

 [3 marks] 

 Total [5 marks] 

q = 5.7
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8. (a)

1

AB 1

1

p

 
 

= − 
 − 

A1 

AC

2

p

p

 
 

= − 
 
 

A1 

attempt to evaluate their AB AC  by use of formula or determinant M1 

( )

( )

( )

2 1

AB AC 2

1

p p

p

p p p

− − 
 

 = − + 
 − − − 

OR  ( )( ) ( ) ( )( )2 1 2 1p p p p p p− − − + + − − −i j k A1 

2

2 3

AB AC 2

2

p

p

p p

− 
 

 = − − 
 − 

AG 

[4 marks] 

(b) 
2

AB AC

( ) ( ) ( ) ( )
22 2 2 4 3 22 3 2 2 4 14 8 8p p p p p p p p= − + − − + − = − + − + (A1) 

attempt to find minimum of their 
2

AB AC (M1) 

6.75257... OR 0.3264...p =  

min value is 6.75  A1 

[3 marks] 

continued… 
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Question 8 continued 

(c) METHOD 1

valid attempt to find 
1

area AB AC
2

=  using their answer to part b) (M1) 

area 
1

6.75257...
2

=

1.299285...=

1.30=  (units2) A1 

[2 marks] 

Total [9 marks] 
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9. (a) attempt to use recursive formula 1
1

4
0.1

10

n
n n

y
y y −

−

− 
= +  

 
(M1) 

n nx ny

0 0 2 

1 0.1 2.02 

2 0.2 2.0398 

3 0.3 2.05940… 

4 0.4 2.07880… 

5 0.5 2.09801… 

1 2.02y = (A1) 

5 2.098y = A1 

Note:  Accept any answer which rounds to the correct 4sf value. 

 Award no marks for a final answer of 2.1 or 2.10 with no working. 

[3 marks] 

continued… 
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12. (a) attempt to set at least two components of Land M equal M1 

1 2 9 4s t+ = +  

2 3 9s t+ = +

3 6 11 2s t− + = +

attempt to solve two of their equations simultaneously (M1) 

2s = OR 1t = − A1 

EITHER 

substitute 2s =  and 1t = − into remaining component e.g. ( ) ( )3 6 2 11 2 1− + = + −  R1  

OR 

recognition that 2nd and 3rd equations are equivalent R1 

THEN 

position vector of A is 

5

8

9

 
 
 
 
 

A1 

Note: Accept a row vector and/or coordinates. 

The final A1 is independent of R1. 

[5 marks] 

(b) METHOD 1

attempt to substitute at least one line into the equation of the plane (M1) 

( ) ( )

1 2 0

2 3 2 2 2 3 1 3 6 7

3 6 1

s

s s s

s

+   
   

+ = + − − + =   
   − + −   

A1 

( ) ( )

9 4 0

9 2 2 9 1 11 2 7

11 2 1

t

t t t

t

+   
   

+ = + − + =   
   + −   

A1 

continued… 
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Question 12 continued 

METHOD 2 

consideration the direction of one line and a point on that line (M1) 

direction 

2 0

3 . 2 0

6 1

   
   

=   
   −   

 AND point 

1 0

2 . 2 7

3 1

   
   

=   
   − −   

 

5 0

or 8 . 2 7

9 1

    
    

=    
    −    

A1 

direction 

4 0

1 . 2 0

2 1

   
   

=   
   −   

 AND point 

9 0

9 . 2 7

11 1

   
   

=   
   −   

5 0

or 8 . 2 7

9 1

    
    

=    
    −    

A1 

METHOD 3 

consideration of direction of both lines (M1) 

EITHER 

2 0

3 . 2 0

6 1

   
   

=   
   −   

 and 

4 0

1 . 2 0

2 1

   
   

=   
   −   

 (hence Land M  are parallel to the plane) A1 

OR 

2 4 0 0

3 1 20 2

6 2 10 1

k

       
       

 = =       
       − −       

 (hence Land M  are parallel to the plane) A1 

THEN 

5 0

8 . 2 7

9 1

   
   

=   
   −   

 OR 

1 0

2 . 2 7

3 1

   
   

=   
   − −   

 OR 

9 0

9 . 2 7

11 1

   
   

=   
   −   

A1 

[3 marks] 

continued… 
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Question 12 continued 

(c) (i) position vector of point on the line is ( )

3 0

12 2

2 1



−   
   

= +   
   −   

r

3

12 2

2





 −  
  
= +  
  −  

(A1) 

attempt to substitute position vector into equation of plane  (M1) 

meets   when 

3 0

12 2 . 2 7

2 1





−   
   

+ =   
   − −   

( ) ( )2 12 2 2 7 + − − =

22 5 7+ =

3 = − (A1) 

position vector of 

3 0 3

12 3 2 6

2 1 5

 −  −     
      

= − =      
      −      

r

3

6

5

− 
 

=  
 
 

A1 

Note:  Accept a row vector and/or coordinates. 

(ii) METHOD 1

attempt to find BC using OC OB− (M1) 

3 3 0

BC OC OB 6 12 6

5 2 3

− −     
     

= − = − = −     
     
     

attempt to use distance formula to find BC (M1) 

( )
2 2BC 6 3= − +

( )6.71 45 3 5= = = A1 
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METHOD 2 

recognition that 

0

BC 3 2

1

 
 

=   
 − 

(M1) 

attempt to use distance formula to find 

0

2

1

 
 
 
 − 

(M1) 

( )
22BC 3 2 1= + −

( )6.71 45 3 5= = = A1 

[7 marks] 

continued… 
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Question 12 continued 

(d) let B  be the image of B

METHOD 1 

OB =  

3 0

12 2

2 1



−   
   

+   
   −   

(A1) 

recognition that ( )2 6 = = −  OR BC CB= ( may be seen in a diagram) (M1) 

OB =

3

0

8

− 
 
 
 
 

so coordinates are ( )B 3,0,8 − A1 

METHOD 2 

0

BC CB 6

3

 
 = = − 
 
 

(A1) 

Note:  This may come from BC 3 5= − n using the unit normal vector 

0
1

2
5

1

 
 

=  
 − 

n

OB OC CB = + OR  OB OB 2BC = + OR OB 2OC OB = − (M1) 

3 0

6 6

5 3

−   
   

= + −   
   
   

OR 

3 0

12 2 6

2 3

−   
   

+ −   
   
   

 OR 

6 3

12 12

10 2

− −   
   

−   
   
   

OB =

3

0

8

− 
 
 
 
 

(so coordinates are ( )B 3,0,8 − ) A1 

[3 marks] 

Total [18 marks] 

8823 – 7112M 
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3. (a) 2 10r rθ+ =    A1 

  
21 6.25

2
r θ =    A1 

  attempt to eliminate θ   to obtain an equation in r     M1 

  correct intermediate equation in r  A1 

  
2510 2
2

r
r

− =   OR  2
10 252

2r r
− =   OR  21 10 2 6.25

2
r

r
 − = 
 

  OR  212.5 2 10r r+ =  

  24 20 25 0r r− + =  AG 

    [4 marks] 

 

 

 (b) attempt to solve quadratic by factorizing or use of formula or completing the square (M1) 

  ( )22 5 0r − =   OR  
( ) ( )( )

( )

220 20 4 4 25 20 400 400
2 4 8

r
± − −  ± −

= =  
 

 

  
5
2

r =  A1 

  attempt to substitute their value of r  into their perimeter or area equation (M1) 

  

510 2
2

5
2

θ

 −  
 =

 
 
 

 or 2
25
52
2

θ =
 
 
 

 

  2θ =  A1 

    [4 marks] 

    Total [8 marks] 

  



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q3 | 8 marks

Apollo | Original source crop | 163

 – 10 – 2224 – 7101M 

 

4. (a) recognising cos 2sin cosx x x=  (M1) 

  ( )cos 0x ≠  so 
1sin
2

x =   OR  one correct value (accept degrees) (A1) 

  x - coordinates 
π
6  and 

5π
6  A1 

Note: Award (M1)(A1)A0 for solutions of 30  and 150 .  

    [3 marks] 

 

 

 (b) METHOD 1 

  attempt to integrate ( )cos sin 2x x± −   (M1) 

  ( )π
2

5π
6 cos sin 2 dx x x−∫   OR  ( )6

5π

π
2

cos 2sin cos dx x x x−∫  

  
π

6

2

5π
1  sin cos2
2

x x = +  
  OR  6

5π
2

π
2

  sin sinx x = −   A1 

Note:  Award A1 for ±correct integration. Condone incorrect or absent limits up to this point. 

 

  attempt to substitute their limits into their integral and subtract M1 

( )5π 1 5π π 1sin cos sin cos π
6 2 3 22

        = + − +        
        

 OR 

2 25π 5π π πsin sin sin sin
6 6 2 2

          − − −          
          

 

  
1 1 11
2 24

   = + − −   
   

  OR  ( )1 1 1 1
2 4

 = − − − 
 

 

  area 
1
4

=  A1 

 Note:  Award all corresponding marks as appropriate for finding the area between A and B.  

  Accept work done in degrees.  

 

    continued… 
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SECTION A 

1. 1tan 1 45− =   or equivalent (A1) 

attempt to equate 2 5x −   to their reference angle (M1) 

Note: Do not accept 2 5 1x − ° = . 

( )2 5 45 ,  225x − =  

25 ,1  15x =    A1A1 

Note:  Do not award the final A1 if any additional solutions are seen. 

[4 marks] 

– 8 – 2224 –7106M 

2. recognising a quadratic in 3x (M1) 

( )2
3 3 5 3 2 0x x× + × − =

valid attempt to solve a quadratic equation (factorising, use of formula, completing
square, or otherwise) (M1) 

( )( )3 3 1 3 2 0x x× − + =  OR 
5 25 24

6
3x − ± +

=  (or equivalent) (A1) 

13
3

x =   (or 3 2x = − ) (A1) 

1x = −  A1 

Note:  Award the final A1 if candidate’s answer includes 1x = −  and 
( )3log 2x = − .  Award A0 if other incorrect answers are given. 

[5 marks] 
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11. 

(a) 12 2 6 2 1 5
2

× + × − × = A1 

[1 mark] 

(b) ( ) ( ) ( )22 6 6 2 3 12 0k k− + + + = (A1) 

equating their scalar product of the direction normals to zero (M1) 

( ) ( )22 6 6 2 3 12 0k k− + + + =

2 6 6 9 6 0k k− + + + =  OR ( )23 0k + =

3k = − A1 

attempt to substitute ,k p  and coordinates of A into 2Π (M1) 

13 2 3 6 1
2

q = × − × − ×

3
2

q = − A1 

[5 marks] 

continued… 
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Question 11 continued. 

(c) attempt to equate a pair of ratios or equate vector product to zero vector (M1) 

3

3
9

2
26

2 p
µ µ

   
   = ⇒ =   
   −   

 OR 2 3
2 p
=

−
OR 6 9

2 p
=

−
 OR 6 18 0p + =  OR 6 2 0p− − =  

3p = −  A1 

[2 marks] 

(d) (i) attempt to find the vector equation of the line through A perpendicular
to 1Π  (M1) 

( )

2 2
1 6
2

21

x
y
z

λ

 
    
    = = +       −    

 

r

attempt to substitute their vector equation into 2Π  (M1) 

( ) ( )1 513 2 2 9 6 3 1 2
2 2

λ λ λ   + + + − − = −   
   

 

9 516 6 54 3 6
2 2

λ λ λ+ + + − + = −  (or equivalent) (A1) 

51 966 6 3
2 2

λ = − − − +    (or equivalent) 

1
2

λ = − A1 

5  1, , 2
2

 − 
 

A1 

continued… 
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Question 11 continued. 

(ii) distance AB  or
2

 6
2

λ
 
 
 
 − 

(M1) 

( ) ( )
2

2 22 1 5 1 2
2 2

1  + 


− + + −


  OR  1 9 1+ +  A1 

11=  AG 

[7 marks] 

(e) Valid method to find a point C on 3Π using AC BA=
 

or BC 2BA=
 

 or A as the  
midpoint of BC . (M1) 

1 
2

λ =  , 1
2

2 1
OC 3

1 1

   
   = +   
   −   



, 5
2

1 2
OC 6

2 2

   
   = − +   
   −   



, ( )1OA OB OC
2

= +
  

point on 3Π  is 
73, , 0
2

 
 
 

 A1 

attempt to substitute their 
73, , 0
2

 
 
 

 into 3 : 3x y z d+ − =Π  (or equivalent) (M1)  

7 271 3 3 1 0
2 2

 × + × − × = 
 

3
27 : 3
2

x y z+ − =Π  ( )2 6 2 27x y z+ − = (or equivalent) A1 

[4 marks] 

Total [19 marks] 
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12. (a) 1:n = ( ) ( ) ( ) ( )
3 3

1 2 2
1 1 1
2 2

aLHS f x a ax ax− − = = − ×− − = − 
 

A1 

( ) ( )
( )

3
2

1

1 ! 1
 

2 0 !
a ax

RHS
−−

=   therefore true for 1n =  R1 

assume (that the result is) true for  n k= M1 

Note:  Do not award M1 for statements such as “let n k= ” or “assume that n k=
is true”. The assumption of truth must be clear. 

( ) ( ) ( ) ( )
( )

( )

2 1
2

2 1

2 1 ! 1
2 1 !

k
k

k
k

a k ax
f x

k

+
−

−

− −
=

−

attempt to differentiate the right-hand side with respect to x : M1 

( ) ( ) ( )( )1 ( )d
d

k kf x f x
x

+ =

( ) ( ) ( )
( )

( )

2 1
1

2

2 1

2 1 2 1 ! 1
2 2 1 !

k
k

k

k a a k ax
k

+
− −

−

− + ×− − −
= ×

−
  (or equivalent) A1 

attempt to multiply top and bottom by 2k M1 

( ) ( ) ( )
( )

 2 3
1 2

2 1

2 1 2 1 ! 1 2
2 2 1 ! 2

k
k

k

k a k ax k
k k

+
−+

−

+ − −
= × ×

−

( ) ( )
( )

 2 3
1 2

2 1

2 1 ! 1
2 !

k
k

k

a k ax
k

+
−+

+

+ −
= A1 

hence if the result is true for n k=  then it is true for 1n k= +  and as it is true for 1n =  it 
is true for all  n +∈ R1 

Note:  To obtain the final R1, at least five of the previous marks must have been 
awarded. 

[8 marks] 

continued… 
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2. (a) attempt to use trigonometry to find the radius of the cone OR Oliver’s distance from 
centre  ( )5r +  (M1) 

  18.2tan 58
5r

=
+

   OR  5 18.2
sin 32 sin 58
r +

=
 

 OR  ( )5 11.3726...r + =  (A1) 

  6.37262...r =  (m) 

  ( ) 6.37r =  (m) A1 

    [3 marks] 

 

 (b) attempt to substitute 20h =  and their radius into the correct volume of cone formula (M1)  

  ( ) ( )2π 6.37262... 20
3

V =  

  850.540= …  

  851= (m3) A1 

Note:  Accept 849.840… (850) obtained from using 6.37r = .  

    [2 marks] 

    Total [5 marks] 
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3. (a) recognition of 13X >  OR 1.5Z >  (could be seen in a diagram) (M1) 

  ( )( )P 13 0.0668072...X > =  

  0.0668=  A1 

    [2 marks] 

 (b) EITHER 

  equating an appropriate correct normal CDF function to 0.1 or 0.9 (M1) 

  ( )P 10 2 0.1X k> + =  OR ( )P 0.9Z k< =  OR ( )P 10 2 0.1X k< − =  OR ( )P 0.1Z k− =<  

  OR 

  recognising need to use inverse normal with 0.1 or 0.9 (M1) 

  THEN 

  1.28155...  

  1.28k =  A1 

    [2 marks] 

    Total [4 marks] 
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Section B 

10. (a) EITHER 

  attempt to find value of t  for the first low tide OR the first high tide (M1) 

  11.2619    5.13801…− …   

  6.12396= … (A1) 

  OR 

  attempt to find half of the period  (M1) 

  1 2π
2 0.513
×   

  6.12396= … (A1) 

  THEN 

  ( )6.12396 6 6 .7.4370 73..m = …− × =  

  7m =  A1 

    [3 marks] 

 

 (b) attempt to solve ( ) 1H t =  (M1) 

3.56919  OR 6.70684  O 415.8171R  OR 18.95 7… … … …  

  ( )6.70684 3.56919 3.13764...…− …=  

  3.14=  (hours) A1 

    [2 marks] 

 

 (c) recognition that ( )' 13H  is required (M1) 

  0.650622= − …  

  0.651= −  (m/h) A1 

    [2 marks] 

    continued… 
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Question 10 continued 

 (d) 

 Note:  In part (d), award the marks for a, b, c and d independent of each other. 

 

  METHOD 1 

  1.17a =  A1 

  1.57d =  A1 

  attempt to find time between low and high tide in hours (M1) 

  6 hours and 21 minutes = 6.35 hours  

  (period =) 12.7 (A1) 

  2π 0.494739
12.7

b = = …  

  60π0.495 
381

b  = = 
 

 A1 

  attempt to find mean of low and high tide times OR substitute values of a known 
point  (M1) 

  1 41 22 9
2 60 60

c  = + 
 

 OR eg ( )( )0.40 1.17sin 0.495 2.68333... 1.57c= − +  

  5.85833...c =  

  5.86c =  A1 

Note:  Award (M1)A1 for 18.6c = . 
Award (M1)A0 for 6.84c = − .  

    [7 marks] 

    continued… 
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Question 10 continued 

  METHOD 2 

  1.17a =  A1 

  1.57d =  A1 

  substituting at least one point into  (M1) 

  
411.17sin 2 1.57 0.4
60

b c  − + =    
 OR 

21.17sin 9 1.57 2.74
60

b c  − + =    
  

  ( )41 π2 1.57
60 2

b c − = − = − 
 

 AND ( )2 π9 1.57
60 2

b c − = = 
 

 (A1) 

Note: accept any angles of the form π π
2

c k− +  and π π
2

c k+ . 

  EITHER 

  use of graph or table to find their intersection   (M1) 

 

  OR  

  attempt to solve their equations simultaneously (M1) 

  

412
60 129
60

c

c

−
= −

−
 

 

  THEN 

  5.85833...c =  

  5.86c =  A1 

  0.494739...b =  

  0.495b =  A1 

    [7 marks] 

   

 (e) attempt to find point of intersection of two graphs (M1) 

  4.16292T = … OR 4.16417T = …( using 3 sf)  

  4.16T =  A1 

    [2 marks] 

    Total [16 marks] 
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11. (a) attempt to use implicit differentiation M1 

  d d1 e 2 2
d d

x yy yx y
x x

+ + = + 
 

 A1A1 

Note:  Award A1 for LHS and A1 for RHS.  

  attempt to expand brackets and collect d
d
y
x

terms on the same side M1 

  d de 2 2 e
d d

x y x yy yy x
x x

+ +− = −  OR d de 2 e 2
d d

x y x yy yy x
x x

+ +− + =  OR ( ) de 2 2 e
d

x y x yyy x
x

+ +− = −  A1 

  d 2 e
d e 2

x y

x y
y x
x y

+

+

−
=

−
 AG 

    [5 marks] 

 

 

 (b) (i) recognition that 2 e 0x yx +− =  at P and Q (M1) 

   ( )ln 2x y x⇒ + =  A1 

   recognition that 2 2ex y x y+ = +  at P and Q  (M1) 

   ( )( )222 ln 2x x x x⇒ = + −  or equivalent A1 

   ( )( ) ( )222 ln 2 2 ln 2 2 0x x x x x+ − − =  AG 

    continued… 
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12. (a) Let θ  be the angle between u  and v .  

  ( )2 2⋅ + ×u v u v  

  ( ) ( )2 2
cos sinθ θ= +u v u v  OR 

2 2 2 22 2cos sinθ θ+ vu v u  (A1) 

  ( )2 2 2 2cos sinθ θ= +u v  A1 

  
2 2= u v  AG 

    [2 marks] 

 

 (b) (i) ( )2 6 4.89897... 4.90× = = =u v  A1 

 

  (ii) 
3
1
1

 
 =  
 − 

v  (A1) 

   ( )22 23 1 1= + + −v ( )11 3.31662  = = …  (A1) 

   substitution of values , ⋅ ×u v u v  and v  into ( )2 2 2 2 ⋅ + × =u v u v u v  M1 

   ( )2 223 2 6  + = u  
2

11   

   ( )3 1.73205... 1.73= = =u  A1 

    continued… 
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Question 12 continued 

  (iii) 1
1

p
q
 
 = − 
 
 

u  (A1) 

   attempt to use 3⋅ =u v  (M1) 

   
3

1 1 3
1 1

p
q
   
   − ⋅ =   
   −   

 

   ( )3 5 5 3p q q p+ = ⇒ = −  A1 

   attempt to use 3=u   (M1) 

   ( ) ( )222 2 2 21 1 3 2 1 1 3p q p q q+ − + = ⇒ + − + + =  

Note:  Award M1 for use of ( ) ( ) ( )( )22 2 22 3 3 3 2 6pq p q+ + + − += =×vu  .  

attempt to form quadratic in one variable, p or q (M1) 

( )22 4 3 2p p+ − =  OR ( )22 5 3 2 1p p p+ − − =  OR 210 24 14 0p p− + =  OR 

( )
2

25 1 2
3

q q−  + − = 
 

 OR 
2

25 2 1
3

q q q−  + − = 
 

 OR 210 28 16 0q q− + =  (A1) 

   1p =  or 71.4
5

p  = = 
 

 A1 

   2q =  or 40.8
5

q  = = 
 

 A1 

Note:  Award final A1 marks for correct values, even if the p  values and q  values 
are not explicitly paired. 

    [13 marks] 

    continued… 
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Question 12 continued 

 (c) METHOD 1 

  attempt to express 
x
y
z

 
 =  
 
 

w  in terms of one variable (M1) 

  3 0, 0x y z x y z⋅ = + − = ⋅ = + + =v w u w

  2y x= −  and z x=  OR 1
2

x z y= = −   OR  x z=  and 2y z= −   (A1) 

  attempt to use area of a triangle =  base   height
2
×  

2
=

w v
 (M1) 

  
2 2 2 11 5

2
x y z+ +

=   

  2 1006
11

x =  or 
23 100

2 11
y

=  or 2 1006
11

z =  

  
5 661.2309

33
x

 
= ± … = ±  

 
 OR 

10 662.4618
33

y
 

= …  
 

   OR  

  
5 661.2309

33
z

 
= ± … = ±  

 
  A1 

  
1.23091
2.46182

1.23091

… 
 = ± − … 
 … 

w   

  
1.23
2.46

1.23

 
 = ± − 
 
 

w  or 
2

4
2

5
66

− 
 = ±  
 − 

w  A1 

Note: If no working shown, award M1A1(M1)A1A0 for 
1.2
2.5

1.2

 
 = ± − 
 
 

w    (2 sf) 

 

    continued… 
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Question 12 continued 

  METHOD 2 

  attempt to write ×u v  as a multiple of w  or recognizing that w  is normal to u and v  (M1) 

  
2 2

4 4
2 2

λ
λ λ

λ

 − −   
    = =    

    − −   

× =



u vw  (A1) 

  attempt to use area of a triangle =  
base   height

2
×

 OR area = 
1
2

×v w  (M1) 

  
( ) ( ) ( )2 2 22 4 2 11

5
2

λ λ λ− + + −
=  OR 5

1
1

7
4

2
λ
 
 = = 
 
 

×v w  

  ( ) ( ) ( )2 2 2 1002 4 2
11

λ λ λ− + + − =  OR ( ) ( )2 22 4 7 25λ λ λ+ + =  

  2 10024
11

λ =  OR 266 25λ =  

  
5 660.61545

66
λ

 
= ± … = ±  

 
 A1 

  
1.23091
2.46182

1.23091

… 
 = ± − … 
 … 

w   

  
1.23
2.46

1.23

 
 = ± − 
 
 

w  or 
2

4
2

5
66

− 
 = ±  
 − 

w  A1 

Note: If no working shown, award M1A1(M1)A1A0 for 
1.2
2.5

1.2

 
 = ± − 
 
 

w    (2 sf) 

 

    continued… 
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Question 12 continued 

  METHOD 3 

  recognising 51
1

3
2

5
1

 
× = × =  

 

u
w

v
u   (M1) 

  since w is perpendicular to both u and v, w is a mulitple of their normal  
2

4
2

λ
− 
 ⇒ =  
 − 

w  (A1) 

  attempt to find ×u w  (M1) 

  
1 2 6
1 4 0
1 2 6

λ λ
− −     

     × = × =     
     −     

u w  

  72λ× =u w  

  ( )1 10 0.615457...
2

35
2 64

72
11

λ λ= ⇒ ==  A1 

  
1.23091
2.46182

1.23091

… 
 = ± − … 
 … 

w   

  
1.23
2.46

1.23

 
 = ± − 
 
 

w  or 
2

4
2

5
66

− 
 = ±  
 − 

w  A1 

Note: If no working shown, award M1A1(M1)A1A0 for 
1.2
2.5

1.2

 
 = ± − 
 
 

w    (2 sf) 

    [5 marks] 

    Total [20 marks] 
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11. (a) METHOD 1

let M  be the midpoint of [ ]AB  and so AB 2AM=

attempts to use Pythagoras’ theorem to find 2AM  OR AM (M1) 

( )2 2 2AM 20 14  204= − =  OR ( )2 2AM 20 14  14.2828... 204 2 51= − = = =

recognizes that AB 2AM= (A1) 

( ) ( )AB 2 14.2828... 28.5657...  2 204 4 51= × = = = A1 

AB 28.5657...=  

AB 28.57=  (m) AG 

METHOD 2 

let M  be the midpoint of [ ]AB  and so AB 2AM=

let ˆASMθ =

1 140.795398... cos
20

θ − = = 
 

(A1) 

attempts to use a valid trigonometric ratio M1 

EITHER 

( ) 1 14AM 14tan 0.795398...  14.2828... 14 tan cos
20

−  = = =     
A1 

OR 

( ) 1 14AM 20sin 0.795398...  14.2828... 20sin cos
20

−  = = =     
 A1 

THEN 

AB 28.5657...=  

AB 28.57=  (m) AG 

[3 marks] 

continued… 
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Question 11 continued. 

(b) EITHER

the sprinkler rotates through (an angle of) 2π  (radians) every 16  seconds and

hence rotates through 2π
16

 (radians) in 1 second A1 

OR 

2π 2π π16  
16 8

n
n

   = ⇒ = =   
   

 A1 

THEN 

sprinkler rotates through an angle of π
8

 radians in one second AG 

[1 mark] 

continued… 
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Question 11 continued. 

(c) 

Note: For candidates that used Method 2 in part (a) apply full FT from their value of  θ . 

attempts to find 2θ  where ˆASMθ = (M1) 

( ) 1 142 0.795398...  1.59079... 2cos
20

− = = 
 

 

uses 
t
θ  (rad/s) or similar to form an equation involving T (M1) 

1 142cos2π 1.59079... 2π 20  
16 16T T

− 
 

= = 
 
 

(A1) 

4.05093...T =  

1 142cos1.59079... 20 2π 2π
16 16

−   
   
= =   
   
   

4.05T =  (s) A1 

[4 marks] 

continued… 
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Question 11 continued. 

(d) π
8
tα = A1 

[1 mark] 

(e) applies sine rule in ASD∆ A1 

20
ˆsin sin ADS

d
α
=

attempts to find ˆADS  in terms of α M1 

( )( ) ( )ˆADS π  π 0.7754 2.366...  2.37β α α α α= − − = − − = − = −  

( ) ( )
20sin 20sin 

sin 2.366... sin 2.37
d α α

α α
 

= =  − − 
 (accept 

( )
20sin

sin π
d α

β α
=

− −
) A1 

π20sin
8

πsin 2.37
8

t

d
t

 
 
 =

 − 
 

AG 

[3 marks] 

(f) 18  (m) A1 

[1 mark] 

continued… 
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Question 11 continued. 

(g) (i) 2

π20sin
80.05 1.1 18

πsin 2.37
8

t

w t t
t

 
 
 = + + −

 − 
 

A1 

(ii) attempts to solve 0w =  for t (M1) 

( )3.34880... 12.7765...t =

3.35t =  (s) A1 

22.2444...

22.2  (m) (south of A ) A1 

[4 marks] 

Total [17 marks] 
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12. (a) attempts to use Euler’s method (M1) 

1
π

12n nx x+ = + ; 1
π d

12 dn n
yy y
x+ = + ×  where d cosec2 tan

d
y y x x
x
= +

1
π π π1.25281... 1
4 12 4

y   = = + +    
 (A1) 

2 1.97608...y =

1.98y =  A1 

 [3 marks] 

(b) attempts chain rule differentiation with multiplication of two derivatives (M1) 

2dcot cosec
d
uu x x
x

= ⇒ = −  and 1 d 1ln
2 d 2

yy u
u u

= ⇒ =  OR 

2
cos d 1
sin d sin

x uu
x x x

= ⇒ = −  and 1 d 1ln
2 d 2

yy u
u u

= ⇒ =  OR 

21 1cot ( ) cosec  and 
2 cot ( ) cot ( )

du dyu x x
dx dux x

= ⇒ = ×− = OR 

( ) ( )
( )

d 1 ln
d 2 2

f x
f x

x f x
′  = 

 

THEN 

2cosec
2cot

x
x

= −  OR 2
1 sin

sin 2cos
x

x x
− × A1 

1
2sin cosx x

= − (A1) 

1
sin 2x

= − A1 

cosec2x= − AG 

[4 marks] 

continued… 
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SECTION A 

1. (a)   OR  ( )21 1.5 48
2

r =  (A1) 

  attempt to solve their equation to find r or r2 (M1) 

Note: To award the M1, candidate’s equation must include 2r  and 1.5θ = , and 
they must attempt to isolate 2r  or r . 

  2 64r =   

  8r =  (cm) A1 

    [3 marks] 
  
 (b) evidence of summing the two radii and the arc length (M1) 

  perimeter 2r rθ= +     

  ( )16 8 1.5= +   

  28=  (cm) A1 

 [2 marks] 
 Total [5 marks] 

 
  

21 48
2

r θ =
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4. attempt to substitute into cosine rule (M1) 

 ( )
2 2 24 6 5cos 2
2 4 6

θ + −
=

× ×
 OR 2 2 25 4 6 2 4 6 cos 2θ= + − × × ×  

  

 ( ) 27 9cos 2
48 16

θ  = = 
 

  (A1) 

  

 attempt to use 2cos2 2cos 1θ θ= −  (M1)  

 2

27 91 1
48 16cos

2 2
θ

 + + 
= = 

 
 

  

  

 2 75 25cos
96 32

θ  = = 
 

 A1 

  

 ( ) 75cos
96

θ = ±   
25 5
32 32

 
= =  
 

 (A1) 

 
5

4 2
=  

 

 
5 2

8
=  ( )5, 8p q= =  A1 

Note: The final answer must be positive.  

    [ 6 marks] 
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8. (a) ( )OP λ
→

= + −a b a   A1 

  ( )1 λ λ= − +a b   AG 

    [1 mark] 
 
 (b) METHOD 1  

recognition that OP AB 0
→ →

⋅ =  (may be seen anywhere) (M1) 

  ( ) [ ]( )1 . 0λ λ− + − =  a b b a  A1 

  attempt to multiply out scalar product M1 

  ( ) ( ) ( )1 . . 1 . . 0λ λ λ λ− + − − − =a b b b a a b a   (A1) 

  attempt to substitute for .a b  and a and b                                                    (M1)  

  ( ) ( ) ( )1 1 4 1 0
4 4

λλ λ λ− + − − − =  (A1) 

  1 16 4 4 0λ λ λ λ− + − + − =  

  18 3 0λ − =  

  
1
6

λ =   A1  

   
    continued… 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Question 8 continued.  
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  METHOD 2 

  
. 1cos

8
AOB = =

a b
a b

                       A1 

attempt to use cosine rule to find AB                  M1 

( )( )2 2 2 11 2 2 1 2
8

AB  = + −  
 

   

3 2
2

AB =           A1 

attempt to apply Pythagoras’ Theorem twice:                   M1 
2

2 3 2 1
2

OP λ
 

+ =  
 

 and 

( )
2

2 3 2 1 4
2

OP λ
 

+ − =  
 

       A1 

attempt to solve simultaneously:                     M1 

( )2 29 91 3
2 2

λ λ− − =   

1
6

λ =            A1 

       [7 marks] 
    Total [8 marks] 
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9. (a) METHOD 1 

  attempt to use identity ( ) tan tantan
1 tan tan

A BA B
A B
−

− ≡
+

 M1 

  
π tan 1tan
4 1 tan

θθ
θ
− − =  + 

 A1 

  attempt to write their RHS in terms of sinθ and cosθ  M1 

  

sin 1
cos

sin1
cos

θ
θ

θ
θ

−

+
OR 

sin cos
cos sin

θ θ
θ θ
−
+

 

  multiply through by the conjugate of the denominator 
cos sin
cos sin

θ θ
θ θ
−
−

  M1 

  
2 2

2 2

sin cos 2sin cos
cos sin

θ θ θ θ
θ θ

− − +
=

−
  A1 

  
( )2 2

2 2

sin cos 2sin cos
cos sin

θ θ θ θ

θ θ

− + −
=

−
 

  ( )
2 2

1 sin 2
cos sin

θ
θ θ

− −
=

−
 A1 

  
sin 2 1

cos 2
θ
θ
−

=  AG 

    continued… 
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Question 9 continued.  

 
  METHOD 2 

  attempt to write 
πtan
4

θ − 
 

 in terms of sin and cos: M1 

  

πsin
π 4tan

π4 cos
4

θ
θ

θ

 −     − =       − 
 

  

  attempt to use both sin and cos addition formulae: M1 

  

π πsin cos cos sin
4 4
π πcos cos sin sin
4 4

θ θ

θ θ

−
=

+
  

  
sin cos
cos sin

θ θ
θ θ
−

=
+

 A1 

  multiply through by the conjugate of the denominator 
cos sin
cos sin

θ θ
θ θ
−
−

  M1 

  
2 2

2 2

sin cos 2sin cos
cos sin

θ θ θ θ
θ θ

− − +
=

−
  A1 

  
( )2 2

2 2

sin cos 2sin cos
cos sin

θ θ θ θ

θ θ

− + −
=

−
 

  ( )
2 2

1 sin 2
cos sin

θ
θ θ

− −
=

−
 A1 

  
sin 2 1

cos 2
θ
θ
−

=  AG 

 

    continued… 
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Question 9 continued.  

 
  METHOD 3  

  attempt to use given identity ( ) tan tantan
1 tan tan

A BA B
A B
−

− ≡
+

 M1 

   

  
π tan 1tan
4 1 tan

θθ
θ
− − =  + 

 A1 

  multiply through by the conjugate of the denominator 
1 tan
1 tan

θ
θ

−
−

  M1 

  ( )
( )

( )
( )

tan 1 1 tan
1 tan 1 tan

θ θ
θ θ
− −

⋅
+ −

 A1 

  
2 2

2 2

2 tan tan 1 2 tan sec
1 tan 1 tan
θ θ θ θ

θ θ
 − − −
= − − 

 

  attempt to write their RHS in terms of sinθ and cosθ  M1 

  
2

2

2

sin 12
cos cos

sin1
cos

θ
θ θ

θ
θ

−
=

−
  

  2 2

2sin cos 1
cos sin

θ θ
θ θ

−
=

−
                                                                                               A1  

  
sin 2 1

cos 2
θ
θ
−

=  AG 

    [6 marks] 
     

    continued… 
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Question 9 continued. 

(b) recognition that 2
2
xx θ θ= ⇒ = M1 

πtan 3
2 4
x − = 

 

π π 4π,
2 4 3 3
x  − =  

 
A1 

7π
6

x = A1 

Note: Award A0 if extra solutions outside the domain are seen. 

[3 marks] 
Total [9 marks] 
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SECTION B 
 

10. (a) outer curved surface area is ( )2 4r hπ   AND inner curved surface area is 2 rhπ
    (A1)  

  area of each base (top and bottom) is ( )2 24r rπ π−                              (A1)

   ( ) ( )2 22 4 2 4 2S r r r h rhπ π π π = − + +        A1 

  230 10r rh= π + π   AG 

    [3 marks] 
 

 (b) 230 10 240r rhπ + π = π  

  attempt to solve their equation for  h  or rh  in terms of r  (must isolate h  or rh )
            (M1)  

  
2 2240 30 24 3

10
r rh

r r
 − −

= = 
 

OR ( )
2

2240 30 24 3
10

rrh r−
= = −   (or equivalent)

            A1 

 

  uses volume = large cylinder – small cylinder              (M1) 

  ( )2 24V r h r h= π − π   ( )2 2 216 15r h r h r hπ π π= − =     A1 

 

 attempt to substitute in for h  or rh                 (M1) 

 
2

2 24 315 rV r
r

 −
= π  

 
  OR  ( )( )

2
2240 3015 15 24 3

10
rV r r rπ π

 −
= = − 

 
 OR  

3 3384 48 24 3r r r rπ π π π− − +        A1 

  3360 45r r= π − π                    AG  

    [6 marks] 

 (c) 2d 360 135
d
V r
r
= π− π  A1A1 

    [2 marks] 
   
    continued… 
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4. (a) METHOD 1
attempt to use right triangle trigonometry (M1) 

12ˆtan BAE
7

=  OR ( ) 7ˆtan 90 BAE
12

° − = (A1) 

59.7435...  

ˆBAE 59.7= ° A1 

Note:  Award (M1)(A1)A0 for the equivalent radian value of 1.04. 

METHOD 2 

attempt to find ˆBAE  using sine rule OR cosine rule (M1) 

2 2

ˆsin BAE sin 90
12 12 7+

=  OR 2 2 2 2 E1 ˆ7 193 2 7 12 7 co BA2 s= + − × × + × (A1) 

ˆBAE 59.7435...=  

ˆBAE=59.7° A1 

Note: Award (M1)(A1)A0 for the equivalent radian value of 1.04. 

[3 marks] 
(b) (i) METHOD 1

attempt to find DE using right angle trigonometry (M1) 

350sin 59.7435...
DE

° =  OR equivalent (A1) 

DE 405.196...=  

CE 405.196... 50= +  

455.196...=  

455=  (cm) A1 
METHOD 2 
Let DE EF x= =  

attempt to find DE using their ˆDEF  and the sine rule OR cosine rule (M1) 

( ) ( )
700 DE

sin 119.487... sin 30.2564...
=  OR 2 2 2700 2 700 cos30.2564...x x x= + − × × ×  (A1) 

DE 405.196...=  

CE 405.196... 50= +  

455.196...=  

455=  (cm) A1 

continued… 
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Question 4 continued. 

METHOD 3 
Let G be the midpoint of DF 

27E 6G 12 5350 204.16 ...
6

 
12

 × = =


= 


 (A1) 

use of Pythagoras’ with their EG to find DE (M1) 

( )2 2DE 3 .204 50  405.196..166 ....= + =  

CE 405.196... 50= +  

455.196...=  

455=  (cm) A1 

(ii) 30tan(59.7435... )
x

° =  OR 12 30
7 x
= (A1) 

17.5x =  

BA 455.196... 17.5= +  

472.696...=  

473= (cm)  A1 
[5 marks] 

Total [8 marks] 
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5. METHOD 1

recognition that 24 1x rx r− + −  must be greater than zero (seen anywhere) R1 

(discriminant = )  ( ) ( )2 24(4)( 1 616 1) rr r r− − = +− −   (seen anywhere) (A1) 

( )1.07179... 8 4 3= −  AND ( )14.9282... 8 4 3= +    (seen anywhere) (A1) 

recognition that discriminant of 24 1x rx r− + −  is less than zero (M1) 

1.07 14.9r< <   (8 4 3 8 4 3r− < < + ) A1 

Note:  Accept 1.08 14.9r≤ ≤ . 

METHOD 2 

recognition that 24 1x rx r− + −  must be greater than zero (seen anywhere) R1 

EITHER 

minimum when ( ) ( )
2

4 1 0
8 8 8
r r rx y r r   = ⇒ = − + − >   

   
(A1) 

attempt to solve their inequality for y (must be in terms of r and 2r ) (M1) 
OR 

2

1
141 xx r

x
⇒ >

−
<

−
OR

2

1
141 xx r

x
⇒ <

−
>

−
 (A1) 

attempt to find local minumum AND local maximum of 
2

1
14xr

x
=

−
− (M1) 

THEN 

( ) ( )1.07179... 8 4 3r > = −  AND ( ) ( )14.9282... 8 4 3r < = + (seen anywhere) (A1) 

1.07 14.9r< < ( )8 4 3 8 4 3r− < < + A1 

Note:  Accept 1.08 14.9r≤ ≤ . 

[5 marks] 
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11. (a) attempt to set equal to a parameter or rearrange cartesian form (M1) 

1 2 2
2
x xλ λ− + = ⇒ = − , 4 4y yλ λ+ = ⇒ = − +  , 3

3
z zλ λ= ⇒ =  OR 

2 4 0
2 1 3

x y z− + −
= =

−

correct direction vector , ,x y z or equivalent seen in vector form (A1) 

2 2
4 1

0 3
λ

−   
   = − +   
   
   

r  A1 

Note: Award (M1)(A1)A0  if ‘’ =r ’’ is omitted. 

[3 marks] 

(b) METHOD 1
L  passes through )P 4(2 , ,2 3λ λ λ+− −  (A1) 

attempt to apply distance formula to find their OP
→

 or their 
2

OP
→

(M1) 

( ) ( ) ( )
2

2 2 2OP 2 2 4 3λ λ λ
→

= − + − + +  (A1) 

attempt to find their minimum value of OP
→

 or 
2

OP
→

 using GDC (M1) 

2

OP 15.4285.. 40.571428... . OP 15. 285 .OR ..λ
→ → 

  


= ⇒


= =

3.92792...

6 213.93
7

 
=  
 

 A1 

continued… 
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Question 11 continued. 

METHOD 2 
setting the scalar product of their line and their direction vector to zero (M1) 

2 2 2
4 . 1 0
3 3

λ
λ

λ

− −   
   − + =   
   
   

 

4 4 4 9 0λ λ λ− + − + + =

8 14 0λ− + =

( )4 0.571428...
7

λ = = (A1) 

attempt to substitute their value for λ  into their r  to find the position vector of the 
closest point and find r  (M1) 

6
72 2

4 244 1
7 7

0 3 12
7

 
 

−     
     = − + = −             

  
 

r

2 2 26 24 12
7 7 7

     = + − +     
     

r (A1) 

6 213.92792
7

= =

6 213.93
7

 
= =  

 
 A1 

continued… 
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Question 11 continued. 

METHOD 3  
Let P be a point on L 

attempt to find the cross product between OP
→

 and the direction, b , of L (M1)`

( ) ( ) ( )( )
2 2
4 1 12 0 0 6 2 8
0 3

−   
   − × = − − + − −   
   −   

i j + k

12 2
6 6 1
6 1

−     
    = − = −    

    −    

 (A1) 

attempt to find shortest distance using 
OP
→

×b

b
(M1) 

216
14

(A1) 

3.92792...

6 213.93
7

 
=  
 

 A1 

[5 marks] 

continued… 
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Question 11 continued. 

(c) METHOD 1

substitute their ,x y , z  into equation of plane ( )6 3 5 24x y z− + = M1 

( ) ( ) ( )6 2 2 3 4 5 3λ λ λ− − − + +   (A1) 

12 12 12 3 15λ λ λ= − + − +   A1 

24=
so the line is contained in the plane AG 

Note: For FT from an incorrect part a), award M1A0A0. 

METHOD 2 
consider the direction of the line and a point on the line M1 

2 6
1 . 3 12 3 15 0
3 5

−   
   − = − − + =   
   
   

 (so line is parallel to plane) A1 

6(2) 3( 4) 5(0) 12 12 24− − + = + =  (so line lies in the plane) A1 

so the line is contained in the plane AG 

Note: Both A marks are dependent on the M mark. 

Note: For FT from an incorrect part a), award M1A0A0. 

[3 marks] 

continued… 
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Question 11 continued. 

(d) METHOD 1

 recognition that the direction M is from the point 
4
1
2

 
 
 
 
 

 and a point on the z-axis 
0
0
z

 
 
 
 
 

 (M1) 

direction of M  is ( )
4
1

2 z

 
 ±  
 − 

 (A1) 

the direction of the normal of Π  is 
6
3

5

 
 − 
 
 

 (seen anywhere) (A1) 

attempt to use the scalar product with their normal and their direction vector and 
equate to 0   (M1) 

4 6
1 . 3 0

2 5z

   
   − = ⇒   
   −   

24 3 10 5 0z− + − =

31
5

z =  (A1) 

21
5

4
1

p
q
r

  
   =   

   −   

 

attempt to express equation in the form 
4
1
2

p
q
r

µ
   
   = +   
   
   

s  (M1) 

21
5

4 4
1 1
2

µ
  
  = +   

   −   

s  OR 
4 20
1 5
2 21

µ
   
   = +   
   −   

s A1 

continued… 
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Question 11 continued. 

METHOD 2 

let the equation of M  be 
4

: 1
2

p
M q

r
µ

   
   = +   
   
   

s  

Note: Consideration of the z-axis intersection and consideration of direction may 
be done in either order and marks should be awarded independently. 

recognition M  intersects the z -axis where 0x y= = (M1) 

4 0,1 0p qµ µ+ = + =  

4 1 4p q
p q
− −

= ⇒ = (A1) 

the direction of the normal of Π  is 
6
3

5

 
 − 
 
 

 (seen anywhere) (A1) 

attempt to use the scalar product with their normal and their direction vector and 
equate to 0   (M1) 

6
. 3 0

5

p
q
r

   
   − = ⇒   
   
   

 6 3 5 0p q r− + =  

6(4 ) 3 5 0 21 5q q r q r− + = ⇒ = −

20
5
21

p
q
r

   
   =   
   −   

 (or any multiple of 
20
5
21

 
 
 
 − 

) (A1) 

attempt to express equation in the form 
4
1
2

p
q
r

µ
   
   = +   
   
   

s  (M1) 

21
5

4 4
1 1
2

µ
  
  = +   

   −   

s  OR 
4 20
1 5
2 21

µ
   
   = +   
   −   

s A1 

[7 marks] 
Total [18 marks] 
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12. (a) attempt to use quotient rule M1 

( )( ) ( )
( )

2

2

4 6 2 6 3d
d

x k x x xy
x x k

+ + − + −
=

+
A1A1 

Note: Award A1 for 
( )2

( )(4 6)x k x
x k

+ +
=

+
, A1 for 

( )
( )

2

2

2 6 3x x

x k

− + −

+
 OR 

2

2

2 6 3
( )
x x
x k

− − +
+

( )

2 2

2
4 4 6 6 2 6 3x kx x k x x

x k
+ + + − − +

=
+

 or equivalent leading to AG line A1 

( )

2

2
2 4 6 3x kx k

x k
+ + +

=
+

AG 

Note: Candidates may use product rule, give marks accordingly. 

[4 marks] 

(b) local min or max when d 0
d
y
x
= , when 22 4 6 3 0x kx k+ + + =  has real solutions. 

attempt to find the discriminant of numerator (M1) 

( ) ( )( )2 24 4 2 6 3 2 6 3 0k k k k− × + = − − < (A1) 

attempt to find the critical values of their quadratic equation or inequality (M1) 

3.43649...k = OR 0.436491...k = − OR 3 15
2

k ±
=

3 153.44
2

k
 +

> =  
 

 (since k is positive) A1 

Note: Accept 3.44k ≥ . 

 [4 marks] 

(c) 2x = − A1 

[1 mark] 

continued… 
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Question 5 continued. 

 

 (b) recognition that median is between 5th and 6th picture frame   (M1) 

  median area 

4 59 920 20
4 4

2

   +   
   =  (A1) 

  

49 920 1
4 4

2

   +   
   =  

  
465 9

2 4
 =  
 

   A1 

  
65
2

q =  

    [3 marks] 
    Total [8 marks] 
 
 

6. direction vectors are 
0

1
a a

  
  + =  

    

j k  and 
1

2 3 2
3

  
  + + =  

    

i j k  (A1) 

recognition that the scalar product of the direction vectors is 0  (M1) 

( )
0 1

2 2 3 0
1 3
a a
   
    = + =   
   
   

    

3
2

a = −   A1 

at point of intersection 4 1 µ= + , 3 2
2
λ µ− =  and 1 3bλ µ− + = − +  (A1) 

attempt to solve 3 equations in µ , λ  and b  , derived from the point of intersection, to 
find µ , λ  and b  (M1) 

3, 4µ λ= = −  

14b =   A1 

    Total [6 marks] 
  

 – 14 – 2225 – 7106M 

 

7. (a) ( ) ln33 e=  OR  ln 3a =  A1 

   [1 mark] 
 

(b) (i) i ln31
3

z e=  OR  ( ) ( )ln3Re( ) cos ln 3z e−=  (A1) 

  ( ) ( )1Re( ) cos ln 3
3

z =    A1 

 

 (ii) ( ) ( )( )( )i ln31 3 3 cos ln 3 isin ln 3e
z

−= = − + −  OR  ( )ln31Re cos ln 3e
z

   = −    
 (A1) 

  ( )1Re 3cos ln 3
z

  = − 
 

 

  3cos(ln 3)=  OR 13cos ln
3

 
 
 

 A1 

    [4 marks] 
    Total [5 marks] 
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11. (a)   normals of 1Π  and 2Π  are 

1
2
1

 
 
 
 
 

 and 

1
1
2

 
 − 
 − 

 (A1) 

  attempt to use the scalar product for the angle between two vectors  M1 
 

 
1 1 1 1
2 1 2 1 cos
1 2 1 2

θ
       
       − = −       
       − −       

   

 3 6 6 cosθ− =  ( )so 3 6cosθ− =      A1A1 

Note:  Award A1 for correct scalar product and A1 for correct magnitudes of normals 
and cosθ .  

 1cos
2

θ = −  A1 

 120θ =   OR  ( ) 1cos 180
2

θ− =  A1 

 acute angle is 60  AG 

     [6 marks] 
   

 
 (b)  attempt to find vector product of their normal vectors M1 

 
1 1 4 1
2 1 1 2
1 2 1 2

− +     
     × − = +     
     − − −     

 

 
3 1

3 3 1
3 1

− −    
    = =    

    − −    

   (A1) 

 equation of 3Π  is 3 3 3x y z d− + − =  OR  x y z d− + − =  or equivalent 

 attempt to substitute 5,  5,  5x y z= = − =  into their equation  (M1) 

 equation of 3Π  is 3 3 3 45x y z− + − = −   ( )so 15x y z− + − = −  A1 

    [4 marks] 
 
   continued…   
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Question 11 continued. 

 

(c) (i) attempt to use the identity for ( )sin 30 45+    (M1) 

  ( ) ( ) ( ) ( ) ( )sin 30 45 sin 30 cos 45 cos 30 sin 45+ = +       

  
1 2 3 2
2 2 2 2

     = +     
     

   A1A1 

  
2 6

4
+

=  AG 

 Note: A1 for each term. Award A1 A0 for correct answers where the denominator has 

not been rationalized such as 1 3
2 2 2 2

= + .  

  (ii) let x =  QR  

  attempt to use the sine rule with the angles 75 ,45     (M1) 

   5
sin75 sin 45

x
=

 

 

  
( ) ( )

20 20
2 2 6 2 1 3

x
 
 = =
 + + 

or equivalent  A1 

  attempt to rationalise a denominator of the form  ( )a b+ by multiplying 

numerator and denominator by ( )a b± −  or equivalent (M1) 

  
( )

( )( )
( )

( )( )
20 2 6 20 1 3

2 2 6 2 6 2 1 3 1 3
x

 − −
 = =
 + − + − 

 

  ( )5 3 1x = −  (cm) ( 5, 3p q= = ) A1 

    [7 marks] 
     Total [17 marks]  
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12. (a) attempt to use integration by parts on 1( ) cos cosn
nf x x x−=  M1 

 1 dcos ,  cos
d

n vu x x
x

−= =  

 2d ( 1)cos sin ,  sin
d

nu n x x v x
x

−= − − =  

 1 2 2( )d cos sin ( 1)cos sin dn n
nf x x x x n x x x− −= + −∫ ∫    A1A1 

Note: A1 for each term with correct signs 

 

 ( )1 2 2cos sin ( 1) cos 1 cos dn nx x n x x x− −= + − −∫  A1 

 1 2cos sin ( 1) cos d ( 1) cos dn n nx x n x x n x x− −= + − − −∫ ∫  AG 

    [4 marks] 
 

(b)  attempt to rearrange the equation given in part (a) to collect terms in ( )dnf x x∫  

or cos dn x x∫  M1 

1
2( )d ( 1) ( )d cos sin ( 1) ( )dn

n n nf x x n f x x x x n f x x−
−+ − = + −∫ ∫ ∫  OR 

1 2cos d ( 1) cos d cos sin ( 1) cos dn n n nx x n x x x x n x x− −+ − = + −∫ ∫ ∫  

1
2( )d cos sin ( 1) ( )dn

n nn f x x x x n f x x−
−= + −∫ ∫   OR 

1 2cos d cos sin ( 1) cos dn n nn x x x x n x x− −= + −∫ ∫  A1 

 1
2

1 1( )d cos sin ( )dn
n n

nf x x x x f x x
n n

−
−

−
= +∫ ∫  AG 

    [2 marks] 
 
   continued…  
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2. (a) attempt to set equal to a parameter or to add detail to cartesian form (M1) 

1 2 2 1,  3 2, 
2 3

x y z x y zλ λ λ λ− +
= = = ⇒ = + = − =    OR  

( )21 0
2 3 1

yx z− −− −
= =

1 2
2 3

0 1
λ

   
   = − +   
   
   

r   OR  
1 2
2 3

0 1

x
y
z

λ
   
   = − +



 
 
 


  


 
 

   

  (or equivalent) A1 

Note:  Award A0 if =r  OR 
x
y
z

=
 
 
 
 
 

 is omitted. 

[2 marks] 

(b) attempt to equate at least one component (M1) 

1 2 tλ+ =   OR  2 3 4λ− + =   OR   8 2tλ = − +

2λ =   OR  5t = (A1) 

intersection point = ( )5, 4, 2 A1 

Note: Condone coordinates given in vector form. 

[3 marks] 
Total [5 marks] 
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3. 
(a) correct substitution in sine rule (A1) 

sin sin 2
5 6 2
θ θ
=  (or equivalent) 

attempt to use double angle rule for sin 2θ  (M1) 

sin 2sin cos
5 6 2
θ θ θ
=

6 2 sin 10sin cosθ θ θ=    OR  1 2cos
5 6 2

θ
=   OR  equivalent A1 

3 2cos
5

θ = AG 

[3 marks] 

(b) valid attempt to find sinθ (M1) 
2

2 3 2sin 1
5

θ
 

+ =  
 

  OR right triangle with adjacent side and hypotenuse labelled 

7sin
5

θ = A1 

[2 marks] 

(c) 
1 76 2 DC 2 14
2 5
× × × = (A1) 

10DC
3

= A1 

[2 marks] 
Total [7 marks] 
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3. 
(a) correct substitution in sine rule (A1) 

sin sin 2
5 6 2
θ θ
=  (or equivalent) 

attempt to use double angle rule for sin 2θ  (M1) 

sin 2sin cos
5 6 2
θ θ θ
=

6 2 sin 10sin cosθ θ θ=    OR  1 2cos
5 6 2

θ
=   OR  equivalent A1 

3 2cos
5

θ = AG 

[3 marks] 

(b) valid attempt to find sinθ (M1) 
2

2 3 2sin 1
5

θ
 

+ =  
 

  OR right triangle with adjacent side and hypotenuse labelled 

7sin
5

θ = A1 

[2 marks] 

(c) 
1 76 2 DC 2 14
2 5
× × × = (A1) 

10DC
3

= A1 

[2 marks] 
Total [7 marks] 
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4. (a) attempt to use a Venn diagram OR law of addition (M1) 

P( ) P( ) P( )A B A B B′∪ = ∩ +

5 7 P( )
8 24

B= + (A1) 

8 1P( )
24 3

B  = = 
 

A1 

[3 marks] 

(b) METHOD 1: finding P( )A

attempt to find P( )A M1 

P( ) P( ) P( )A B A B′ ′∩ = ×   OR   ( ) ( ) ( ) ( ) ( )P P P P PA B A B A B∪ = + − ×

2 7P( )
3 24

A × =  OR 
5 2 1P( )
8 3 3

A= +

7P( )
16

A = (A1) 

EITHER 

P( ) P( ) P( )P( | )
P( ) P( )
A B A BA B

B B
′ ′∩ ×′ = = P( )A′=  (seen anywhere) OR 71

16
− (A1) 

OR  

9 3
P( ) 48 16P( | ) 16 1P( )

48 3

A BA B
B

 
 ′ ∩′ = = =  

   
 

(A1) 

THEN 

9P( | )
16

A B′ = A1 

continued… 
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8. (a)

For a curve with correct shape within the domain, correct labelled y -intercept and end points. A2 

Note: Award A1 for any two of the following provided a curve is seen: 

correct shape within the domain 

correctly labelled y - intercept 

correctly labelled end points. 

[2 marks] 
continued… 
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Question 8 continued. 

(b) METHOD 1

recognizing to use compound angle rule for ( )cos A B+ (M1) 

( ) ( ) ( ) ( )cos arccos cos arccos 3 sin arccos sin arccos 3x x x x−

valid attempt to find ( )sin arccos x  or ( )sin arccos 3x in terms of x (M1) 

use of the identity 2sin 1 cosθ θ= −  OR use of a right-angled triangle 

( sin Aand sin B  are both positive) 

2 2 3π3 1 1 3 cos
2

x x x x  × − − × − = 
 

A1 

3πcos 0
2
=   (seen anywhere) (A1) 

attempt to write an equation in x  without the square roots (M1) 
4 2 43 1 4 3x x x= − +  

1
2

x = ±

(as seen in part (a) graph, when 
1
2

x = , ( ) ( )arccos arccos 3 πx x+ < ⇒   no solution)

1
2

x = − A1 

continued… 
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Question 8 continued. 

METHOD 2  

recognizing to use compound angle rule for ( )sin A B+ (M1) 

( ) ( ) ( ) ( )sin arccos cos arccos 3 cos arccos sin arccos 3x x x x+

valid attempt to find ( )sin arccos x  or ( )sin arccos 3x in terms of x (M1) 

use of the identity 2sin 1 cosθ θ= −  OR use of a right-angled triangle 

( sin Aand sin B  are both positive) 

2 2 3π1 3 1 3 sin
2

x x x x  − × + × − = 
 

 A1 

3πsin 1
2
= −   (seen anywhere) (A1) 

attempt to write an equation in x  without the square roots (M1) 

( )( )24 2 2 4 4 2 24 4 1 4 12 16 8 1 0 4 1 0x x x x x x x− + = − ⇒ − + = ⇒ − =

1
2

x = ±

(as seen in part (a) graph, when 
1
2

x = , ( ) ( )arccos arccos 3 πx x+ < ⇒   no solution)

1
2

x = − A1 

[6 marks] 
Total [8 marks] 
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9. METHOD 1

assume that
1 4

(1 )x x
<

−
 (for 0 1x< < ) M1 

Note:  Award M0 for statements such as “let 
1 4

(1 )x x
<

−
”. 

Award M0 for incorrect use of weak inequality signs such as “assume that 
1 4

(1 )x x
≤

−
”. 

since 0 1x< <  ( 0x⇒ >  and 1 0x− > , therefore) (1 ) 0x x− >  (seen anywhere) R1 

Note:  Subsequent marks after this M1R1 are independent of these two marks and 
can only be awarded provided a correct or weak inequality (<  or ≤ ) is 
used at the assumption step. 

attempt to form a quadratic inequality in x  (using their assumption) (M1) 

1 4 (1 )x x< −  OR 
1 4 (1 ) 0

(1 )
x x

x x
− −

<
−

24 4 1 0x x− + <  (or equivalent) A1 

EITHER 
2(2 1) 0x − <   (or equivalent) A1 

a contradiction, since 2(2 1) 0x − ≥  (for 0 1x< < ) R1 

OR 

a graph of 24 4 1y x x= − +  with the vertex touching the x-axis at 
1
2

x = A1 

a contradiction, since 24 4 1 0x x− + ≥  (for 0 1x< < )  R1 

THEN 

hence 
1 4

(1 )x x
≥

−
   for x∈ , 0 1x< < . AG 

Note:  Award a maximum of M0R1(M1)A1A1R0 for incorrect use of weak 
inequality signs. 

continued… 
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3. recognizing to use 2 1cos 2 2cosθ θ= −           (M1) 

 ( )22 2cos 1 5cos 2 ( 0)θ θ− − + =  A1 

 24cos 5cos ( 0)θ θ− =  

 choosing an appropriate method to solve their quadratic equation  (M1) 

 cos (4cos 5)θ θ −  OR 
2 4 4 0

4
5 ( 5)

2
− ×± − ×
×

 (A1) 

 cos 0θ =  

 3π
2

θ =   A1 

  Note: Do not award final A1 if any extra solutions given. 

    [5 marks] 

4. (a) equating 3y mx= −  and 2 1y xx= − −  M1 

   2 1 ( 3) 0x mxx − − − − =   OR  2 2 0mxx x− − + =  A1 

  2 ( 1) 2 0x m x− + + =  AG 

    [2 marks] 
 
 (b) METHOD 1  (discriminant) 
  correct substitution into discriminant  (do not award if seen only in quadratic formula) (A1) 

  ( )2( 1) 4(1)(2)m− + −   OR  2( 1) 4(1)(2)m + −  A1 

  discriminant equals 0 (seen anywhere) A1 

  2( 1) 8m + =  OR  2 2 7 0m m+ − =  

  ( ) 1 2 2 , 1 2 2m = − − − +  A1A1 

  METHOD 2 (derivative) 

  d 2 1
d
y x
x
= −    A1 

  substituting 2 1m x= −  or  
1

2
mx +

=  into AG from part (a) (A1) 

  2 (2 1 1) 2 0x x x− − + + =   OR  2 22 2 0xx − + =  OR  
2

(1
2

2 01
2

1)mm m+ + 
 − + +


=


  

  2x = ±   OR  2 2 7 0m m− − + =   OR  2 2 7 0m m+ − =  A1 

  ( ) 2 2 1 , 2 2 1m = − − −    A1A1 

    [5 marks] 
    Total [7 marks] 
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11. (a) 
2

BC 4
2

→
 
 =  
 
 

 OR 
4

BA 2
2

→
 
 =  
 − 

           (A1) 

  (3, 0, 2)  A1 

    [2 marks] 
 (b) EITHER 
  recognizing to find midpoint of [AC] or [BD] (M1) 

  1 1 2 4 4 0, ,
2 2 2

− + − − − 
 
 

 OR 3 3 6 0 2 2, ,
2 2 2

− + − + + 
 
 

  

  OR 
  Let E ( , , )a b c  

  
1 1

AE EC 4 2
4

a a
b b

c c

→ →
− − −   

   = ⇒ + = − −   
   −   

 OR 
1 2

1 1AE AC 4 2
2 2

4

a
b

c

→ →
− −   

   = ⇒ + =   
   
   

  (M1) 

  THEN 
  (0, 3, 2)−  A1 

    [2 marks] 
    continued… 
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Question 11 continued  

 

 (c) (i)  
4

AB 2
2

→
− 
 = − 
 
 

 AND 
2

AD 4
2

→
 
 =  
 
 

 A1 

Note:  Award A1 for finding both vectors, one of which may have been seen in (a). 

 

   
4 2
2 4

2 2

−   
   −   
  



×


  

12
12
12

− 
 =  
 − 

  

   12m =  A1 

 

  (ii) 2 2 2( 12) 12 ( 12)− + −+  OR 2 2 212 ( 1) 1 ( 1)− + −+  (A1) 

   12 3=  A1 

    [4 marks] 
 
 (d) substituting cross product and a point into the equation of a plane (M1) 
  5x y z− + − = −  A1 

    [2 marks] 
    continued… 
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Question 11 continued  

 
 (e) let a normal to 1Π  be 1n  and a normal to 2Π  be 2n   

  Eg. 1

1
1
1

− 
 =  
 − 

n  and 2

5
1
7

 
 =  
 − 

n  

  recognizing angle between 1n  and 2n  is required (M1) 

  2 75=n  A1 

  
(c 3os 1 5 1 1 ( 1) 7)

3 75 3 75
θ − × + × + − × −  = = × × 

 A1 

  Note: The negative of this may be found but to obtain the final A1 there 
needs to be a recognition that this obtains the obtuse angle for the minus to 
be dropped.  

   cos 1
5

θ =  AG 

    [3 marks] 
 
 (f) attempt to substitute normal to 1Π  and their E into vector equation of line (M1) 

0 1
( ) 3 1

2 1
λ

−   
   = − +   
   −   

r  A1 

substitutes for λ  into 2Π  (M1) 

  15 ) ( 3 ) 7 (2 )( λ λ λ− + − −+ =−  

  6λ =  A1 

  ( 6, 3, 4)− −    A1 

    [5 marks] 
    Total [18 marks] 
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12. (a) substituting into modulus formula with either correct real part or correct imaginary  
  part  (M1) 

  ( )2 2( 2) ( 1) 3x y− + − =  (A1) 

  2 24 4 2 1 9x yx y− + + − + =  A1 

  2 2 4 2 4 0y x yx + − − − =  AG 

    [3 marks] 
 (b) METHOD 1 

  recognizing the need to express 
1

z p
z
+
−

 in the form ia b+  (M1) 

  1
11

zz
z z

p ∗

∗

−+
×

−−
 OR ( i) 1

( i) 11
z p
z

x y
x y
− −

×
+
− − −

 OR ( ) i ( 1) i
( 1) i ( 1) i
x p y x y
x y x y
+ + − −

×
− + − −

 A1 

  expanding their 1
11

zz
z z

p ∗

∗

−+
×

−−
 (M1) 

  
1

zz z pz p
zz z z

∗ ∗

∗ ∗

− + −
− − +

 OR 
2 2

2 2

i i
i i 1

x x y px py p
x x y y

y
y x

+ − − + − −
+ − − − + +

  

   OR 
( )

2

2 2

( )( 1) (( 1) ( ) )i
1

x p x y x y x p y
x y

+ − + + − − +

− +
  

  
2 2

2 2

( 1) ( 1) i
2 1

x y
y

p x p p y
x x

+ + − − − +
+ − +

 (or equivalent) (seen anywhere) A1 

  2 2

( 1)arg arctan
1 ( 1)y x

z p p y
z x p p

  +  − + ⇒ =    − + −  −   +
 (A1) 

  equating their arg
1

z p
z
+ 

 − 
 to π

4
 OR their expression for 

1
z p
z
+
−

 in x and y to 1  

   OR equating real and imaginary parts (M1) 

   OR   

  2 2( 1) ( 1)p y x y p x p− + = + + − −  A1 

  2 2 1 ( 1)( 0)x y xp p y p−+ + −+ + =  AG 

    continued… 
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Section A 
 
1. (a) EITHER  

  210 210π 7π 3.66519...
180 6

 = = = 
 

 radians  (A1) 

  attempt to use radian formula for area of sector  (M1) 

  area ( )21 7π19.5
2 6

 =  
 

  

  OR 
  attempt to use degree formula for area of sector   (M1) 

  area ( )2210 π 19.5
360

=   (A1) 

  THEN  

  area 
3549π 696.844...

16
= =  

  3549π697
16

 = = 
 

 (cm2) A1 

    [3 marks] 
 
 
 (b) EITHER 

  arc length 7π19.5
6

 =  
 

 OR ( )( )210 91π2π 19.5 71.4712...
360 4

 = = = 
 

  (A1) 

  attempt to set 2πr  equal to arc length  (M1) 

  2π 71.4712...r =  

 
  OR 
  attempt to set πrl  equal to their area from (a)  (M1) 

  19.5π 696.844...r =   (A1) 

 
  THEN 

  9111.4 11.375
8

r  = = = 
 

(cm)  A1 

    [3 marks] 
     Total[6 marks] 
  

 – 9 – 2225 – 7107M 

 

2. (a) period is ( )π 1.57079... 1.57
2

= =  A1 

    [1 mark] 
 

 (b) attempt to substitute 
π , ( ) 5

12
x f x= =  and 

π , ( ) 7
3

x f x= =  to obtain two equations (M1) 

Note: accept work where x  values have been converted into degrees 

  πtan 5
6

a b  + = 
 

 and 2πtan 7
3

a b  + = 
 

5 and 3 7
3

a b a b ⇒ + = − + = 
 

  

  ( )3 0.866025... 0.866
2

a = − = − = −  A1 

  ( )11 5.5
2

b = =  A1 

Note: These A1 marks may be awarded independently. 

    [3 marks] 
     Total [4 marks] 
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2. (a) period is ( )π 1.57079... 1.57
2

= =  A1 

    [1 mark] 
 

 (b) attempt to substitute 
π , ( ) 5

12
x f x= =  and 

π , ( ) 7
3

x f x= =  to obtain two equations (M1) 

Note: accept work where x  values have been converted into degrees 

  πtan 5
6

a b  + = 
 

 and 2πtan 7
3

a b  + = 
 

5 and 3 7
3

a b a b ⇒ + = − + = 
 

  

  ( )3 0.866025... 0.866
2

a = − = − = −  A1 

  ( )11 5.5
2

b = =  A1 

Note: These A1 marks may be awarded independently. 

    [3 marks] 
     Total [4 marks] 
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3. METHOD 1 
 attempt to find change in population using a definite integral  (M1) 

 4t =  at the start of 2026 (seen anywhere)   (A1) 

 
4 0.0145

0
104000e dt t−−∫   (A1) 

 404165.8...= −   (A1) 

 attempt to add initial population to their change in population from a definite integral  (M1) 

 population at the start of 2026 66.78 10 404165.8...= × −  

 6375834.1...=  

 ( )66380000 6.38 10= = ×   A1 

 
 METHOD 2 
 attempt to find population using an indefinite integral  (M1) 

 0.0145104000e dtP t−= −∫  

 ( )
0.0145

0.0145104000e 7172413.7...e
0.0145

t
tc c

−
−−

+ = +
−

  (A1) 

 attempt to substitute 60, 6.78 10t P= = × into equation with c.  (M1) 

 66.78 10 7172413.7... 392413.7...c c× = + ⇒ = −  

 0.01457172413.7...e 392413.7...tP −= −   (A1) 

 4t =  at the start of 2026 (seen anywhere)  (A1) 

 population at the start of 2026 0.0145(4)7172413.7...e 392413.7...− −  

 6375834.1...=  

 ( )66380000 6.38 10= = ×   A1 

     Total [6 marks] 
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6. (a) (i) ( ) 4cos( ) sin
sin

xf x x
x

= +  A1 

 
  (ii)  

 
 
   correct domain and curvature A1 

Note: The correct domain may be implied by a single branch of the function.  
Condone the absence of π  on the x -axis.  

  Award A0 if the graph is not a function. 

   correct x -intercept at 1.80911... 1.81x = =  A1 

Note: Accept coordinates (1.81,0) .  This mark is independent of the first A1. 

    [3 marks] 
 

 (b) 1(2) 1.31837...f − =   

  1.32=  A1 
 
    [1 mark] 
 
    continued…  
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Question 6 continued. 

 
 (c) METHOD 1 
  EITHER 

  recognition that 
1sec

cos
x

x
=  (M1) 

  ( )2cos 0.666666...
3

α = =  

  ( )2arccos 0.841068...
3

α = =  (A1) 

  OR 

  ( )arcsec1.5 0.841068...α = =   (A2) 

  THEN 
  ( ) (0.841068...) 4.32306...f fα = =  

  29 54.32
15

 
= =  

 
  A1 

 
  METHOD 2 

  recognition that 
1sec

cos
x

x
=  (M1) 

  2 5 2cos ,sin cot
3 3 5

xα α  = = = 
 

 (A1) 

  

24
5 2 53( ) 4

3 35 5
3

f α

 
     = + = +     

 

  ( )29 5 4.32306... 4.32
15

= = =   A1 

    [3 marks] 
    Total [7 marks] 
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7. (a) recognition that the speed is the magnitude of the velocity (M1) 

  speed 2 24 10 ( 25)= + −   

  107.703...=   

  108    ( 20 29)= =   (km/h) A1 

    [2 marks] 
 (b) METHOD 1  
  attempt to use right-angled triangle with the horizontal speed found in (a) (M1) 

  16 4tan
20 29 5 29

β  = = 
 

  (A1) 

  ( )8.44984β =    

  ( )8.45β =   A1 

Note:   Award M1A1A0 for answer of 0.147 radians.    

   
  METHOD 2 

  attempt to find angle between 

10
25
4

 
 − 
 − 

 and 

10
25
0

 
 − 
 
 

 (M1) 

2 2 2 2 2

10 10
25 25
4 0 725cos 0.989144...

741 72510 ( 25) ( 4) 10 ( 25)
β

   
   − −   
   −     = = = 

 + − + − + −



 OR 

2 2 2 2 2

10 10 100
25 25 40
4 0 0 4sin 0.146943...

741 725 74110 ( 25) ( 4) 10 ( 25)
β

−     
     − × − −     
     −       = = = = 

 + − + − + −
 (A1) 

  ( )8.44984β =    

  8.45β =    A1 

 
    continued…  
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7. (a) recognition that the speed is the magnitude of the velocity (M1) 

  speed 2 24 10 ( 25)= + −   

  107.703...=   

  108    ( 20 29)= =   (km/h) A1 

    [2 marks] 
 (b) METHOD 1  
  attempt to use right-angled triangle with the horizontal speed found in (a) (M1) 

  16 4tan
20 29 5 29

β  = = 
 

  (A1) 

  ( )8.44984β =    

  ( )8.45β =   A1 

Note:   Award M1A1A0 for answer of 0.147 radians.    

   
  METHOD 2 

  attempt to find angle between 

10
25
4

 
 − 
 − 

 and 

10
25
0

 
 − 
 
 

 (M1) 

2 2 2 2 2

10 10
25 25
4 0 725cos 0.989144...

741 72510 ( 25) ( 4) 10 ( 25)
β

   
   − −   
   −     = = = 

 + − + − + −



 OR 

2 2 2 2 2

10 10 100
25 25 40
4 0 0 4sin 0.146943...

741 725 74110 ( 25) ( 4) 10 ( 25)
β

−     
     − × − −     
     −       = = = = 

 + − + − + −
 (A1) 

  ( )8.44984β =    

  8.45β =    A1 

 
    continued…  
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Question 7 continued. 

 
  METHOD 3 

  attempt to find angle between 

10
25
4

 
 − 
 − 

 and a plane parallel to 0z =  (M1) 

  
2 2 2

10 0
25 0
4 1 4sin 0.146943...

74110 ( 25) ( 4)
β

   
   −   
   −     = = = 

 + − + −



  (A1) 

Note: This could also be written as ( )cos 90 ...β− =  

  ( )8.44984β =    

  8.45β =    A1 

    [3 marks] 
    Total [5 marks] 
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8. (a) ( )( )2 3Im e e eti i i+  

  ( ) ( )( )2 1 2 3Im e et i t i+ += +  A1 

Note:   This A1 is for clearly showing that the powers are added. 

  Accept alternative notation for the step of adding the arguments e.g. 
(cos(2 ) sin(2 ))(cos(1) sin(1)) cos(2 1) sin(2 1)t i t i t i t+ + = + + +  

  ( ) ( )sin 2 1 sin 2 3t t= + + +  A1 

  ( )h t=  AG 

Note: Accept argument in reverse 

    [2 marks] 

 (b) 3 2e e 1.08060...ei i i+ =   

  21.08e i   A1A1 

Note: Award A1 for modulus A1 for argument 

  ( )1.08 2cos(1)r = =   ,  2θ =   

    [2 marks] 
 (c) METHOD 1 

attempt to use their answers to part (a) and (b) to write ( )h t  as the imaginary part of a 
number in the form eir θ  (M1) 

  ( )( )2 2( ) Im e 1.08060...eti ih t =   

  ( )( )2 2Im 1.08060...e t i+=   (A1) 

  ( ) 1.08060...sin(2 2)h t t= +   

  ( )1.08sin(2 2) 2cos(1)sin(2 2)t t= + = +   A1 

 
  METHOD 2 
  Considering the graph of ( )h t   

  amplitude 1.08060...=  

  ( )1.08 2cos(1)p = =   (A1) 

  attempt to consider the horizontal shift of the graph of h  (M1) 

  first negative zero of graph is 1−  

  ( )( ) 1.08060...sin(2( 1)) 1.08060...sin(2 2)h t t t= + = +  

  ( )1.08sin(2 2) 2cos(1)sin(2 2)t t= + = +  A1 
    [3 marks] 
    Total [7 marks] 
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2. 
(a) attempt to find distance between two points (M1) 

( ) ( ) ( ) ( )2 2 23 1 4 7 2 0 5.38516...− − + − + − =

( )VX 5.39 29= = A1 

[2 marks] 

(b) attempt to use Pythagoras’ theorem (M1) 

( )2 25 5 7.07106...+ =

( )AC 7.07 5 2= = A1 

[2 marks] 

(c) valid attempt to use trig ratio in triangle VXC (M1) 

29 5.38516...tan
3.53553...5 2

2

θ  = = 
 

 

56.7138...  OR 0.989842... rad 

56.7θ =   OR 0.990θ = rad (accept 0.99θ = ) A1 

[2 marks] 
Total [6 marks] 
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3. 
(a) one critical value (seen anywhere) (A1) 

recognizing that for f  to be decreasing 0f ′ < (M1) 

1.73554...x = −  or 0.517999...x =  

1.74x ≤ −  and 0.518x ≥  OR 1.74x < −  and 0.518x > A1 

[3 marks] 

(b) correct critical value 0.405465...x = − 2ln
3

 = 
 

( seen anywhere) (A1) 

attempt to find maximum of f ′  OR recognising that ( ) 0f x′′ >  OR sketching graph of 

f ′′  OR ( ) 2 3exf x′′ = − (M1) 

concave-up for 
2ln
3

x <  OR 0.405x < −  A1 

[3 marks] 
  Total [6 marks] 
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6. 
METHOD 1 

recognising segment

triangle

a
5

rea
area

3
=  (or equivalent) (seen anywhere) (M1) 

triangle 21.3333...area = OR sec tor .a 1rea 34. 333..=  A1 

correct equation in r and θ  (A1) 

21 34.1333...
2

r θ = OR 21 sin 21.3333...
2

r θ = OR ( )21 sin 12.8
2

r θ θ− = (seen anywhere) 

correct equation in one variable A1 

2
2 2

1 68.2666... 68.2666...sin 12.8
2

r
r r

  − =    
OR 1 68.2666... sin 21.3333...

2
θ

θ
  = 
 

OR 

( )1 68.2666... sin 12.8
2

θ θ
θ

  − = 
 

attempt to solve their equation or use of graph (M1) 

1.59934...θ =  

6.53330...  

6.53r =  A1 

METHOD 2 

recognising segment

triangle

a
5

rea
area

3
=  (or equivalent)  (seen anywhere) (M1) 

areasegment ( )21 sin
2

r θ θ= −   (seen anywhere) (A1) 

( )2

2

1 sin 32
1 5sin
2

r

r

θ θ

θ

−
=

correct equation without r A1 

( )sin 3
sin 5

θ θ
θ

−
=

1.59934...θ =  (A1) 

continued… 
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Question 6 continued 

attempt to solve for r  using their θ  (M1) 

( )21 1.59... sin1.59... 12.8
2

r − =

6.53330...  
6.53r =  A1 

METHOD 3 

recognising areasegment 
3
8

= ×areasector  (seen anywhere) (M1) 

areasegment ( )21 sin
2

r θ θ= −   (seen anywhere) (A1) 

( )2 21 3 1sin
2 8 2

r rθ θ θ− = ×  

correct equation without r A1 

( )1 3 1sin
2 8 2
θ θ θ− = ×  

1.59934...θ =  (A1) 

attempt to solve for r  using their θ  (M1) 

( )21 1.59... sin1.59... 12.8
2

r − =

6.53330...  
6.53r =  A1 

[6 marks] 
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7. (a) attempt to find common ratio (M1) 
380 0.74088r =  

0.21r =  (A1) 

2 16.8u = A1 

[3 marks] 

(b) METHOD 1
attempt to find common difference (M1) 

( )1 110 16.8 80 10 63.2u d u d+ − = − = −

6.32d = − (A1) 

EITHER 

attempt to find the value of n  using table or graph of nS (M1) 

13n =  

( )13
13 2 80 6.32 12
2

S = × − ×

OR 

attempt to find greatest value of nS using table or graph (M1) 

THEN 
547.04= A1 

Note:  Award (M1)(A1)(M1)A0 for candidates who give maximum at 
( )13.1582...,547.119... .

[4 marks] 
METHOD 2 
attempt to find common difference (M1) 

( )1 110 16.8 80 10 63.2u d u d+ − = − = −

6.32d = − (A1) 

attempt to find the value of n  using 0nu >  (M1) 

80 ( 1)( 6.32) 0n+ − − >  (accept = ) ⇒ 13.6582...n < OR 13n =  

( )13
13 2 80 6.32 12
2

S = × − ×

547.04= A1 

[4 marks] 
Total [7 marks] 
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9. (a) METHOD 1

correct direction vector, e.g. 
2 0 2
1 0 1
5 2 3

     
     − =     
     
     

(or equivalent) A1 

attempt to find direction normal using vector product (M1) 

2 1
1 0
3 1

   
   ×   
   
   

 

1
1
1

 
 
 
 − 

 (or equivalent) A1 

correct substitution of a point on the line to obtain d A1 

2 1
1 1 2
5 1

d d
   
   ⋅ = ⇒ = −   
   −   

 OR 
0 1
0 1 2
2 1

d d
   
   ⋅ = ⇒ = −   
   −   

 OR 

2 1
1 1 2
5 1

d d
−   

   ⋅ − = ⇒ =   
   
   

 (or equivalent) 

hence equation of the plane 1∏  is 2x y z+ − = −  AG 

METHOD 2 

attempt to form parametric equations of a plane through point (0,0,2)  and two vectors in the 

plane 
1
0
1

 
 
 
 
 

 and 
2
1
3

 
 
 
 
 

 M1 

0 1 2
0 0 1
2 1 3

r λ µ
     
     = + +     
     
     



 

A1 

2

2 3

x
y
z

λ µ
µ

λ µ

= +
=
= + +

continued… 
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Question 9 continued 

2x yλ = −  
2 3z yλ= + + A1 

2 2 3z x y y= + − + A1 

2x y z+ − = −  AG 

[4 marks] 

(b) METHOD 1
attempt to form an equation to eliminate one of the variables M1 

EITHER 
( 2) 7b y z− + =  A1 

2 3 2y z d− = − − A1 

OR 
( 1) 5x b y+ − =  A1 

3 4x y d+ = −  A1 

THEN 

( )3 4 19b y d− = −

19
3 4

dy
b
−

=
−

4
3

b =  and 19d = A1 

Note: Award M1A1 for 
4
3

b =  seen anywhere 

continued… 
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Question 9 continued 

METHOD 2 

1 1 1 2
2 1 3
1 1 2

b
d

− −
−

−

attempt to use row reduction M1 

1 1 1 2
0 2 1 7
0 2 3 2

b
d

− −
−
− +

  or equivalent A1 

2 14
2 2

1 1 1 2
0 2 1 7

0 0 3 2
b b

b

d
− −

− −
−

+ + +

  or equivalent (A1) 

23 0
2b

+ =
−

 and 14 04 2
3

2d =
−

+ +

4
3

b =  and 19d = A1 

Note: Award M1A1 for 
4
3

b =  seen anywhere 

continued.. 
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Question 9 continued 

METHOD 3 

attempt to use determinant and equate it to zero (M1) 
1 1 1 2
2 1 3
1 1 2

b
d

− −
−

−

( )
1 1 1

1 2 1 2
det 2 1 1 1 1

1 2 1 2 1 1
1 1 2

b b
b

 −  
− −  − = × − × + − ×   − − −  −  

det 3 4b= −  
3 4 0b − =  

4
3

b = A1

1 1 2
det 2 1 3 0

1 2 d

 − −  
  − =  
    

 

(A1) 
19d =

  A1 

Note: Award (M1)A1 for 
4
3

b =  seen anywhere 

[4 marks] 
Total [8 marks] 
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SECTION B 
10. 

(a) recognising to find ( )P 170W < (M1) 

( )P 170 0.265985W < = …

( )P 170 0.266W < =  (accept 26.6%) A1 

[2 marks] 

(b) recognising ( )P 0.2W w> =  OR labelled sketch (or equivalent)  (M1) 

181.732w = …

181.7 w =  (grams) (must be 4 sf) A1 

[2 marks] 

(c) recognizing the need to find ( )P 170 185W< < (M1) 

diagram, ( ) ( )P 170 185 0.628 364W< < = …

62.8% A1 
[2 marks] 

(d) recognising binomial probability (M1) 

( )~ B 40,0.628364X …  OR 40n =  and 0.628364p = … (A1) 

( )P 30 0.073861X ≥ = …

( )P 30 0.0739X ≥ = (accept 7.39%) A1 

[3 marks] 
continued… 
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Section A 
 
1. (a) substituting into cosine rule (M1) 

  ( ) ( )2 2 2BC 12 7 2 12 7 cos 116= + − × × ×    (A1) 

  266.646... 16.3293...=  

  ( )BC 16.3=  A1 

    [3 marks] 
 

 (b) substituting into sine rule or cosine rule for angle ˆACB  or angle ˆABC  (M1) 

  
( ) ( )ˆsin ACB sin 116

7 16.3293...
=



  OR 2 2 2 ˆ7 12 16.3293... 2 12 16.3293... cos(ACB)= + − × × ×   

  OR 180 116 41.3° − °− ° from finding angle ˆABC  (A1) 

  22.6618… 

  ( )ˆACB 22.7 ( )=  (accept 22.8( ) if using previous 3sf AND the cosine rule) A1 

    [3 marks] 
    Total [6 marks] 
 
 
2. EITHER 
 use of the remainder or factor theorem (M1) 

 (1) 0f =  OR (3) 2f = −  

 (1) 2 6 2 0 ( 6)f p q p q= − + + − = ⇒ + =  (A1) 

 (3) 162 162 9 3 2 2 ( 3 0)f p q p q= − + + − = − ⇒ + =  (A1) 

 OR 
 attempt to use synthetic division OR long division to find remainder (M1) 

 
4 3 2

3 26 2 4 ( 4 042 ) 62 6
1 1

x x qx x p x p qx p p qx p q
x x

 + + −
= ⇒ + − = −

+− −
− + − + + −


+

−
 (A1) 

 
4 3 2

32 9 3 22 9 3 2 23
3

2
3

6x x qx qx p px px p q
x

p q
x

− + −
+ +

 + + −
= + ⇒ + − = − − −

+
 

 (A1) 

 THEN 
 solving simultaneously their two equations in p and q (M1) 

 3, 9p q= − =  A1 

    [5 marks] 
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3. (a) (i) summing probabilities and equating to 1 (M1) 
   1.5 2 0.281 0.026 1a a a+ + + + =  

   ( ) 0.154a =  A1 

  (ii) 2 (days) A1 
    [3 marks] 
 
 (b) using expected value formula  (M1) 

  (mean =)2.44 (2.436 (exact)) A1 
    [2 marks] 
 
 (c) convenience (sampling) A1 
    [1 mark] 
    Total [6 marks] 
 
 

4. Attempts to use the area formula for triangle AOB  AND equate it to 26  (M1) 

 
1 sin(2.51) 26
2

a b× × =  OR 
1 OA OB sin AOB 26
2

× × =  

2 sin(2.51) 261
2

r× × =  or equivalent (A1) 

9.38462...r =  (A1) 

 use of arc length formula to find the major arc ACB  (M1) 

 9.38462... (2π 2.51)× −  OR  2π 9.38462... 9.38462... 2.51× − ×  OR 9.38462... 3.773185...×  

 35.4099… 

 (arc length =) 35.4 (cm) A1 
    [5 marks] 
 
  

 – 9 – 2225 – 7117M 

 

5. (a) use of quotient rule or product rule (M1) 
 
  EITHER 
 

  
( )

2 3

2

2

2

3 (2 ) ( 5) 2(2 ) ( 5)2( )
( 5)

x a x x a xf x
x

+ + − + +

+

× ×′ =  (A1) 

 

  
2 3 2

3

2

4

6(2 ) ( 5) 2(2 ) ( 5) 2( 15)(2 )( )
( 5) ( 5)

x a x x a x x a x af x
x x

 + + − + + − + +′ = = + + 
 A1 

 
  OR 
 
  2 2 3 32 ( 5( ) 3 (2 ) 2(2 ) ( 5))f x x a x x a x− −′ − ++= + +× ×  (A1) 
 
  ( )2 2 3 3 2 3( ) 6(2 ) 2(2 ) ( (( 5 5) 2 15)(2 ) 5)) (f x x a x a x x a x ax x− − −′ += + − + + = − + + +  A1 

    [3 marks] 
 

 (b) recognizing (1)f ′  is equal to tan 70 (=2.74747) (M1) 
2 32

4

6(2 ) 6 2(2 ) tan 706
6

a a
=

×+ − +
  OR 2 2 3 36(2 ) 6 2(2 n6) ta 70a a− −+ − + =×   (A1) 

   
  2.72844…, 14.96968…  
  2.73,15.0a =  A1A1 
 
     [4 marks] 
     Total [7 marks] 
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6. (a) substituting into scalar product formula (M1) 

  (i) ( ) 5 42p= − −a c  A1 

  (ii) ( ) 8 54p= − −b c  A1 

    [3 marks] 
 

 (b) substituting into the angle between two vectors formula to find either a c  or b c  (M1) 

  
2

5 42cos
74 36

p
p

θ − −
=

+
,

2

8 54cos
145 36

p
p

θ − −
=

+
 (A1)(A1) 

  equating their two expressions for cosθ  (M1) 

  
5 42 8 54

74 145
p p− − − −

=  

  4.78727...p =  

  ( ) 4.79p =  A1 

    [5 marks] 
    Total [8 marks] 
 
 

7. 

1
1 2 2
2

2

1 1 xq
qq x

−
−  

= − 
−  

 OR ( )
1

2 2
2

1 q x
q x

−
= −

−
 (A1) 

 substituting into extension of binomial theorem formula to find term in 6x   (M1) 

 
3 3221 1 1 1 51 2

2 2 2 3! 16
x x
q q

   
× − × − × × − × −  

−  
 

         − − = −               
 OR ( )3 3

1
22

1
2 q x

r

− −
×

 −




× −




 (A1) 

 
31 7

2 25 5
16 1

1
6

q q
q

− − 
= 

  × − × −  
   

 OR 6
7
25

16
q x
−

 (A1) 

 equating their coefficient to 5120 or their term in 6x  to 65120x  (M1) 

 
7
25 5120

16
q
−
=  OR 6 6

7
25 5120

16
q x x
−

=  

 10.0625
16

q  = = 
 

 A1 

    [6 marks] 
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2. 
(a) (i) attempt to use Pythagoras’ theorem (M1) 

2 212500 6000+  

13900=  (km)  ( )13865.4... A1 

[2 marks] 
(ii) attempt to use an appropriate inverse trig ratio (M1) 

e.g.
12500arctan
6000

 
 
 

or 
6000arctan

12500
 
 
 

identifying the correct angle (M1) 

( )0 64.4°=    OR   064 (64.3589...)° A1 

Note: The two method marks can be awarded independently. 
The first (M1) can come from any geometry leading to an inverse trigonometric 
ratio.   
The second (M1) requires recognition of which angle is the bearing, possibly on a 
diagram.  64.4 appearing in intermediate working is not sufficient. 

[3 marks] 

(b) (i) 0=p.n M1 

so the angle is 90°    OR π  rads
2

A1 

Note: Award M0A0 for an answer of 90 degrees without any mention that the scalar 
product is zero. 

[2 marks] 

(ii) attempt to use arc length formula θ=s r    OR 90
360

°

of circumference (M1) 

π6000
2

 =  
 

   OR   1 2π 6000
4
× × A1 

3π= thousand km   OR   3000π  km AG 

[2 marks] 

continued 
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Question 2 continued. 

(c) (i) attempt to find cross product (e.g. correct except for sign error) (M1) 

0
36
0

 
 × = − 
 
 

a p A1 

[2 marks] 
(ii) METHOD 1

0
0

36

 
 × =  
 
 

a n A1 

choosing to use scalar product for their ×a p  and ×a n  M1 

( ) ( ).× × = 0a p a n A1 

Note: The final A1 can be awarded for seeing the dot product equals zero 
without incorrect working. Follow through from (i) is permitted and if they 
explicitly state that they are using ×a n  then allow internal follow through. 

so angle is 90°  AG 

METHOD 2 

0
0

36

 
 × =  
 
 

a n A1 

attempt to use cross product for their ×a p  and ×a n . This must include both an 

attempt to find the cross product and knowledge that sin
x y
x y

θ
×

= M1 

( ) ( )
1296

0
0

 
 × × × =  
 
 

a n a p OR ( ) ( )
1296
0
0

− 
 × × × =  
 
 

a p a n  

1296sin 1
36 36

θ = =
×

 A1 

so angle is 90°  AG 

[3 marks] 

continued 
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Question 2 continued. 

(d) attempt to use 2π 6
360
θ

× =r    OR   θ=s r  (M1) 

2π 6 6
360
θ

× × =    OR   6 6 1θ θ= ⇒ =  radian 

57.2957...θ =  A1 

Note: The fourth significant figure must be seen somewhere to award the A1. 

57.3θ =  to 3 significant figures AG 

[2 marks] 

continued 
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Question 2 continued. 

(e) METHOD 1

EITHER (Scalar product)

attempt to use scalar product to find cˆB sOM arc o
 

=   
 

b.m
b m

(M1) 

Note: This may be written as ( )ˆcos BOM =
b.m
b m

. 

( )( )
2

6cos120 6cos57.3
arccos

6

 
 =
 
 

 

(A1) 

Note: This (A1) can be awarded for 2

6cos120 6cos57.3cos
6

θ ×
=

 

. 

( )106 105.673 °= =

  OR 1.84 radians (1.84434…) (A1) 

OR (Cosine Rule) 

( ) ( ) ( )2 2 2BM 6sin120 0 6cos120 6sin 57.3 0 6sin 57.3= − + − + −

( )9.56 9.56299...=  OR 9560km (A1) 

attempt to use the cosine rule to find angle BOM (M1) 
2 2 2BM 6 6 2 6 6 cos BOM= + − × × ×  

( )BOM 106 105.673 °= =

  OR 1.84 radians (1.84434…) (A1) 

THEN 

attempt to use  2π
360
θ

× r    OR   θ=s r  (M1) 

105.671 2π 6
360

= × ×


( )11.1 11.0660 thousand km=  A1 

Note: Accept an answer of 11100    OR   11066.0  without units (i.e. “km” is implicit). 

continued 
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Question 2 continued. 

METHOD 2 (Cross product) 

attempt to use cross product to find ˆBOM arcsin
×

=
b m
b m

(M1) 

Note: This may be written as ˆsin BOM
×

=
b m
b m

. 

36cos120sin
36sin120sin

36sin120cos
6 6

θ
θ
θ

 
 − 
 
 =

×

2sin 3 0.962818
2
θ +

= = …  (A1) 

ˆBOM 180 arcsin 0.962818= − …

( )106  105.673 , 1  .844346 rads= ° … (A1) 

attempt to use 2π
360

rθ
×  OR    s rθ=  (M1) 

105.671 2π 6
360

= × ×

11.1=  (11.0660 thousand km) A1 

Note: Award at most (M1)(A1)(A0)(M1)A0 for an answer of 7.78 thousand km from finding 
the principal root of the arcsin.  

[5 marks] 

continued 
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Question 2 continued. 

(f) attempt to calculate ×b m (M1) 

36cos120 sin 57.3 15.1464
36sin120 sin57.3 26.2344

36sin120 cos57.3 16.8449

  −  
   × = − = −   

       

 

 

 







b m  (A1) 

attempt to use scalar product to find angle between vectors (M1) 

( ) ( ) ( ).
cosθ

 × ×
=   × × 

b m b p
b m b p

( ) 1090.54...cos
34.6614... 36

θ  =  × 
(A1)(A1) 

Note: Award (A1) for numerator, (A1) for denominator. 

bearing is ( ) ( )0 29.1 29.0770...° ° A1 

Note: Do not penalise absence of degree symbol. 

Award full marks for answer in radians  0.507= .  

  Award full marks for 029° . 

  Special Case: If a candidate calculates ×m b  instead of ×b m  then 
you can award at most (M1)(A0)(M1)(A1)(A1)A0. 

[6 marks] 
Total[ 27 marks] 
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8. (a) METHOD 1 Using the angle sum formula 
  
  attempt to use angle sum formula  M1 

  sin 2 cos cos 2 sinθ θ θ θ+  A1 

  attempt to use a double angle identity or the Pythagorean identity M1 

  ( )2 22sin cos 1 2sin sinθ θ θ θ+ −   OR  ( )22sin 1 sin cos 2 sinθ θ θ θ− +  

  ( ) ( )2 22sin 1 sin 1 2sin sinθ θ θ θ− + −  (or equivalent) A1 

  33sin 4sinθ θ−   AG 

 
  METHOD 2 Using de Moivre’s Theorem and comparing coefficients 
 

  3(cos i sin ) cos3 isin 3θ θ θ θ+ = +  A1 

  attempt to expand LHS M1 

  ( )3 2 2 3cos 3cos sin i 3cos sin sinθ θ θ θ θ θ− + −   

  comparing imaginary parts M1 

  2 3sin 3 3cos sin sinθ θ θ θ= −  A1 

  ( ) 3sin 3 3sin 4sinθ θ θ= −   AG 

    [4 marks] 
 
 (b) attempt to rewrite expression using result of part (a)  (M1) 

  π π2sin 3 ,   2sin 3
6 2

y yθ θ   = + = +   
   

 

  vertical stretch factor 2  (seen anywhere) A1 

  horizontal stretch factor 
1
3

 followed by horizontal translation 
π
6

 to the left  A2 

  OR 

  horizontal translation 
π
2

 to the left followed by horizontal stretch factor 
1
3

  A2 

Note: Award A1A0  for correct horizontal transformations specified in the wrong order. 

    [4 marks] 
    Total [8 marks] 
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Section B 
 

9. (a) recognition that ( ) 0f x′ =  (seen anywhere) (M1) 

  attempt to solve quadratic equation (condone not seeing =0) (M1) 

  5, 1a b= − =   A1 

    [3 marks] 
 
 (b) (local) maximum A1 

  ( ( )f x′ /gradient) changes from positive to negative (at x a= )  

  OR ( )f x  changes from increasing to decreasing (at x a= )  

  OR ( ) 18f a′′ = −  (accept ( ) 0f a′′ < ) R1 

Note: Do not award A0R1. 
    [2 marks] 
 

 (c) ( ) 6 12f x x′′ = +  (A1) 

  6 12 0c + =  (A1) 

  2c = −   A1 

    [3 marks] 
 

 (d) yes (there is a point of inflexion at x c= ) A1  

  ( ( )f x′′ /second derivative) changes sign at x c=  

  OR concavity (of f ) changes at x c=  

  OR ( )f x′ /gradient decreasing to the left of c, and increasing to the right of c  R1 

    [2 marks]  

Note: Award R0 if their only reason is that ( ) 0f c′′ = . Do not award A0R1. 

 

    continued… 

  



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q10 | 19 marks

Apollo | Original source crop | 252

– 19 – 8825 – 7116M 

10. (a) 1

1 7
: 1 1

13 2
L λ

−   
   = +   
   −   

r A1 

Note: The =r must be seen. 

[1 mark] 

(b) 2

2 5
: 4 2

2 1
L µ

   
   = − + −   
   −   

s  OR 
7 5
6 2

1 1
µ

   
   = − + −   
   −   

s  (or equivalent) A1A1 

Note: The =s must be seen, but do not penalise if same error seen in part (a). 
Allow =r instead of =s . 

[2 marks] 

(c) 
5 7
2 1
1 2

k
   
   − ≠   
   −   

 so 1 2,L L  are not parallel ( may be seen anywhere ) R1 

Note: Not parallel may be shown using cross product. 

equating any two components from each line M1 

( )1 7 2 5  7 5 3λ µ λ µ− + = + − =

( )1 4 2 2 5λ µ λ µ+ = − − + = −

( )13 2 2 2 15λ µ λ µ− + = − + =

solve simultaneously: (1st/2nd compts OR 1st/3rd compts OR 2nd /3rd compts) M1 

1, 2λ µ= − = −  OR 
78 99,
17 17

λ µ= =  OR 
35 25,
3 3

λ µ= = −  A1 

check for remaining component, e.g. 3rd component: ( ) ( ) ( )13 1 2 2 2 1− + − ≠ + − − R1 

( )15 4− ≠

hence lines are not parallel and do not intersect, so are skew. AG 

Note: Condone omission of AG line. 

[5 marks] 
continued… 
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Question 10 continued 

(d) attempt to calculate PN ON OP
→ → →

= − (M1) 

2 5 1
4 2 1
2 13

µ
µ
µ

+ −   
   − − −   
   − −   

3 5
5 2

15

µ
µ
µ

+ 
 = − − 
 − 

 A1 

attempt to calculate PN AB
→ →

  (M1) 

3 5 5
5 2 . 2

15 1

µ
µ
µ

+   
   = − − −   
   − −   

10 30µ= +  A1 
[4 marks] 

(e) setting and solving 10 30 0µ+ = (M1) 

1
3

µ = − A1 

so 1 10 7N , ,
3 3 3

 − 
 

 A1 

[3 marks] 
continued… 
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Question 10 continued 

(f) considers the vectors 
1

1
13

k
− 

 
 
 − 

 and 
1
10
7

s
 
 − 
 
 

 or equivalent (A1) 

attempt to find cross product in either order: (M1) 

e.g. 
1 1

1 10
13 7

−   
   × −   
   −   

 

=
123
6

9

− 
 − 
 
 

A1 

equation of plane is 123 6 9 0x y z− − + =  (or equivalent) A1 

( )123, 6, 9, 0α β γ δ= − = − = =  

[4 marks] 
Total [19 marks] 
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11. (a) (i)
π
3i2w e= A1A1 

Note: Award A1 for 2r =  and A1 for π
3

α = . 

(ii) attempt to apply De Moivre’s theorem: M1 

( )
8πi8 8 31 i 3 2 e+ = OR 8 8π2 cis

3
 
 
 

(or equivalent) A1 

( )
8πi8

8 31 i 3 2 e
−

− = OR 8 8π2 cis
3

 − 
 

(or equivalent) A1 

( ) ( )( )8 8 1 i 3 1 i 31 i 3 1 i 3 256 256
2 2 2 2

   
+ + − = − + + − −   

   
 OR 

8 2π 2π2 cos cos
3 3

    + −        
A1 

256= − AG 
[6 marks] 

(b) recognition that ( )1 i tan 1 i tanθ θ− = + −  (M1) 

( ) ( )4 41 i tan 1 i tanθ θ+ + − ≡ ( ) ( )( )441 i tan 1 i tanθ θ+ + + −

( ) ( )
( )4 4

cos 4 isin 4cos4 isin 4
cos cos

θ θθ θ
θ θ

− + −+
≡ +

−
(A1) 

4 4
cos4 isin 4 cos4 isin 4

cos cos
θ θ θ θ

θ θ
+ −

≡ + A1 

4
2cos4
cos

θ
θ

≡ AG 

[3 marks] 
continued… 
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Section A 

1.  (a) (i) 1.25663… 

   2π1.26    
5

θ  = = 
 

 A1 

  (ii) 
2π 12
5

r× =  or equivalent (A1) 

   9.54929...  

   9.55r =  (cm)  60 30
2π π

 = = 
 

 A1 

    [3 marks] 
 
 (b) METHOD 1 
  attempt to find area of at least one shaded segment (M1) 

  2 21 1 sin
2 2

r rθ θ−   OR  ( )21 sin
2

r θ θ−  

  ( ) ( )2 21 19.54929... 1.25663 9.54929... sin1.25663
2 2

× … …−  (or equivalent) (A1) 

  shaded area = ( ) ( )5 57.2957 43.3629 5 13.9328...×=× …− …  

  69.6640...  
  69.7=  (cm2) A1 

    [3 marks] 
 
  METHOD 2 
  attempt to find area of one triangle (M1) 

  ( )21 9.54929... sin1.25663...
2
× ×   

  attempt to subtract five times their triangle area from their circle area (M1) 

  ( ) ( )2 21π 9.54929... 5 9.54929... sin1.25663...
2

× − × × ×   

  69.6640... 
  = 69.7 (cm2) A1 
    [3 marks] 
    Total [6 marks] 
 
 
 
 

 – 8 – 8825 – 7107M 

 

2. 10
3P  OR 10 9 8× ×  OR 10

3 3!C ×   OR 10
7 3!C ×  ( 720)=                                                            (A1) 

 correct number of ways the remaining four members can be selected 

 7
4C  OR 35   (A1) 

Note: The first two A1 marks are to be awarded independently. 
 
 attempt to use the multiplication principle with their values (M1) 

 720 35×   

 25200   A1 

    Total [4 marks] 
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4.  (a) (i) 5a = −  A1 
 
  (ii) EITHER 

   period 32=  (A1) 

 
   OR 
   correct substitution of a point on the graph of g  and their a  (A1) 

   ( ) 32 5cos 16b×= −−   OR ( ) 33 5co 8s b= − × −−  

Note: Award A0 if candidate substitutes 0, 8x y= = − . 

   THEN 

   0.196349...  

   2π0.196 π 
32 16

b  = = = 
 

 A1 

    [3 marks] 
 

 (b) 32k =  A1 

    [1 mark] 
 

 (c) (i) EITHER 
   attempt to use a horizontal translation (M1) 
   24 16q− =   OR  16 8q− =  

 
   OR 

   substituting a point on the graph of g  into ( )( ) sin ( ) 3f x p b x q= − −  (M1) 

   π8 sin (0 ) 3
16

p q − = − − 
 

  OR π3 sin (8 ) 3
16

p q − = − − 
 

  OR π2 sin (16 ) 3
16

p q = − − 
 

 

 
   THEN 
   8q =  A1 

 

  (ii) 5p =   A1 

    [3 marks] 
    Total [7 marks] 
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5. (a) (i) 27.5            A1  

 

  (ii) 6.26374...  
   6.26   A1 

    [2 marks] 

 (b) 75th percentile = 31.7248... (A1) 

  25th percentile = 23.2751...  (A1) 

  8.44965...  

  IQR = 8.4  A1 
    [3 marks] 
    Total [5 marks] 
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12. (a) attempt to set up a system of equations with at least one correct equation       M1 

  5 1 2s t+ = − + , 4 7s t− = + , 2 5 3s t+ = − +  

  1t =   OR  4s = −  A1 

  
5 1
4 4 1
2 1

   
   − −   
   
   

  OR   
1 2

7 1
5 3

−   
   +   
   −   

   A1 

  point of intersection 
1
8
2

 
 
 
 − 

 AG 

    [3 marks] 

 (b) (i) 
5 1 2
4 1 1
2 1 3

λ µ
     
     = + − +     
     
     

r   OR  
1 1 2
8 1 1
2 1 3

λ µ
     
     = + − +     
     −     

r  

   OR  
1 1 2

7 1 1
5 1 3

λ µ
−     

     = + − +     
     −     

r   A1 

Note: r =must be seen. 

     
    continued… 
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Question 12 continued. 

 
  (ii) METHOD 1 
   attempt to write equation of the plane in the form =r.n a.n  M1 

   ( )
4 5 4
1 4 1 18

3 2 3

− −     
     ⋅ − = ⋅ − = −     
     
     

r  

   4 3 18x y z− − + = −  A1 

   4 3 18x y z+ − =  AG 

Note: Students may use 
1
8
2

 
 
 
 − 

 or 
1

7
5

− 
 
 
 − 

 in place of 
5
4
2

 
 
 
 
 

 or other points from lines 1L  or 2L . 

 
   METHOD 2 

   recognizing that ×b c  is normal to the plane.  M1 

   4 3x y z k− − + =  

   correct substitution of one of the points to find k   A1 

   18k =  

   4 3 18x y z+ − =  AG 

    [3 marks] 
 

 (c) (i) 18q =  A1 

 

  (ii)  6r = −  A1 

    [2 marks] 

     
    continued… 
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Question 12 continued. 

 

 (d) 
4.5

PQ 18
0

→
− 
 =  
 
 

  OR  
4.5

PR 0
6

→
− 
 =  
 − 

 seen anywhere (A1) 

  attempt to find a vector product (M1) 

  PQ PR
→ →

×  

  
108

PQ PR 27
81

→ →
− 
 × = − 
 
 

 A1 

  attempt to find magnitude of their cross product (M1) 

  ( ) ( )2 2 2108 27 81− + − + , 18954, 137.673   

  Area= 68.8      
1 27 2618954
2 2

  = =     
   A1 

    [5 marks] 

 (e)  3

1 4
8 1
2 3

γ
−   

   = + −   
   −   

r  A2 

Note: Accept any multiple of the direction vector. 
Award A1A0 if 3r = is not seen. 
Accept r =  

    [2 marks] 
 

    continued… 
  



Mathematics: analysis and approaches HL | Paper 2 | Nov 2025 TZ1 | Q12 | 21 marks

Apollo | Original source crop | 262

 – 26 – 8825 – 7107M 

 

Question 12 continued. 

 (f) attempt to set their 3r  equal to the vector 
11
5
7

− 
 
 
 
 

 (M1) 

   11 1 4 , 5 8 , 7 2 3γ γ γ− = − = − = − +  

  3γ =   A1 

Note: Accept any correct value of γ  for their direction vector. For example accept 3γ = −  for a 

direction vector of 
4
1
3

 
 
 
 − 

. 

    [2 marks] 
 

 (g) attempt to subtract appropriate vectors (in any order)  OR  consider 3n  (M1) 

  
11 1 12
5 8 ,    3
7 2 9

− −     
     − −     
     −     

 

  (height of pyramid =) ( ) ( )2 2 212 3 9 ,     234,  3 26  , 15.2970...− + − +  A1 

  attempt to substitute their values into the formula for the volume of a pyramid (M1) 

  1 1 18954 234
3 2
× ×  

  351V =  (exact) (cubic units)  A1 
    [4 marks] 
   Total [21 marks] 
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Section A 

1. (a) attempt to use double angle formula for cos2x (seen anywhere) M1 

Note: Only award the M1 if a double angle formula for cos2x  is used, and not only 
for stating it. 

( )2 23 1 2sin 3 6sinx x− = − (seen anywhere) A1 

23cos2 11sin 3 11sin 6sinx x x x+ = + −  AG 

[2 marks] 
(b) METHOD 1

attempt to solve a quadratic equation in sin x  (M1) 

1sin 0.333333...
3

x  = = 
 

19.4712....,160.528...x =  

19.5,161x =  A1A1 

METHOD 2 
attempt to solve3cos2 11sin 6 0x x+ − = (may be seen in a sketch) (M1) 

19.4712....,160.528...x =  

19.5,161x =  A1A1 

[3 marks] 
Total [5 marks] 

– 8 – 8825 – 7117M 

2. 
(a) the median is the middle value and as Aiden’s score is below 10.5 and Brett’s score is above

10.5, hence the middle value stays in the same place      R1

Note: Award the R1 for any valid reasoning referring to the scores being on either 
side of the median. 

[1 mark] 

(b) attempt to use that the sum of scores is meann× (M1) 

10.5 28×  OR  10.6 30×

sum of Aiden and Brett’s scores = 24 ( 24 B A= + ) (seen anywhere) (A1) 

difference between Aiden and Brett’s scores = 14 (14 B A= − ) (seen anywhere) (A1) 

attempt to solve their two simultaneous equations or by trial and improvement (M1) 

(Aiden’s score =) 5, (Brett’s score =) 19 A1 

Note: The first two A marks are independent of each other. 

[5 marks] 
Total [6 marks] 
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3. (a) perimeter of sector is 1.5 circumferenceof circle×  (seen anywhere) A1 

 1.5 16π×  OR 24π  OR 75.3982...  

perimeter of sector 2r rθ + (M1) 

24π 2r rθ= + A1 

24π
2

r
θ

=
+

AG 

[3 marks] 

(b) correct substitution of 24π
2

r
θ

=
+

 into 21
2

r θ  (A1) 

21 24π64π 
2 2

θ
θ

 = × × + 

attempt to solve their equation (must be quadratic) (M1) 

0.411273...θ =  

0.411θ =  A1 

Note: Award (A1)(M1)A0 if additional answers are given. 

[3 marks] 
Total [6 marks] 
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4. (a) recognition that ( )P height of large sunflower 180   0.25s > = . (M1) 

180 0.674489...µ
σ
−

=  OR  0.674 180µ σ+ =  (A1) 

 0.674489A = …  

 0.674A =  A1 

[3 marks] 

(b) correct parameters for the height of giant sunflowers (A1) 

35µ + and 2σ     OR   35µ + and ( )22σ

180 35 2.05374...
2
µ
σ

− −
= −  (A1) 

attempt to solve their two simultaneous equations in two unknowns, µ and σ . (M1) 

175.063...µ = , 7.31913....σ = . 

175µ = , 7.32σ = A1 

[4 marks] 
Total [7 marks] 


