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Calculus
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Mathematics: analysis and approaches
First assessment 2021
135 questions | mark schemes



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q4 | 7 marks

4. (@ f'(x)=-2(x-h) Al
[1 mark]
(b) g'(x)=e"? OR g'(3)=e>? (may be seen anywhere) Al
Note: The derivative of g must be explicitly seen, either in terms of x or 3.
recognizing f'(3)=g'(3) (M1)
-2(3-h)=e>? (=e)
-6+2h=e OR 3—h:—% Al
‘ Note: The final Al is dependent on one of the previous marks being awarded.
hett6 AG
2
[3 marks]
© f(3)=9(3) (M1)
~(3-h)’ +2k =e*? +k
correct equation in K
EITHER
e+6Y 32
—| 3— T +2k =e +k Al
=5[]
k=e+ =e+| — Al
2 2
OR
2
k= e+(3—ﬂj Al
2
2
k=e+9—3e—18+%4e+36 Al
THEN
eZ
k=e+— AG
4
[3 marks]

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q8 | 5 marks

8.  attempt to differentiate numerator and denominator M1
. ( arctan 2x
lim| ——
x->0{  tan 3x
o)
2
—lim 1+4x Al1A1

x>0 3sec? 3x

INote: A1 for numerator and A1 for denominator. Do not condone absence of limits|

attempt to substitute X=0 (M1)
2

=— Al
3

INote: Award a maximum of MLA1AOM1A1 for absence of limits |

[5 marks]

Apollo | Original source crop | 3



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q12 | 20 marks

12. (a) attemptto use the chain rule

(x)= 5 (1+x)

1 3
f"(x) = —Z(1+ X) 2
1

aix)?

Note: Award M1AOAO for f'(x)=

or equivalent seen

1+ X

(b) letn=2

RV S T G A P
f (x)—L PN IE J( 4j 0!(1+X)

M1

Al

Al

AG

[3 marks]

R1

Note: Award RO for not starting at N=2. Award subsequent marks as
appropriate.

k-1 —3)1 1
assume true for N=K, (so f®(x) =(—%j %(1+ x)2 ")

M1

Subsequent marks can still be awarded.

Note: Do not award M1 for statements such as “let N=K” or “n=Kis true”.

considern=k +1
d(f900)
dx

(1) (2k-3)1 2k .
_( 4} —(k—2)!(2 kj(1+x) (or equivalent)

LHS = Y (x) =

EITHER
RHS: f(kﬂ)(x):(—lj (Zk—l)'
4) (k-D!

:( 1jk (2k —1) (2k —2)(2k —3)! i+ X);_k_l
(k-D)(k —2)!

1
@+ x)? - (or equivalent)

4

Apollo | Original source crop | 4

M1

Al

Al

Al

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q12 | 20 marks

- 23 - M21/S5/MATHX/HPL/ENG/TZ1/XXIM

Question 12 continued

Note: Award A1l for

(2k—n!=(mo4)Qk—2x2k—$!(ZZ(mo4)Qk—3ﬂJ

kD! (k-DK-2)! k_2)!
_ (_lj[_ljkl (Zk _1) (2k —2)(2k —3)! L+ X)%—k—l AL
)" (k—1)(k—2)!

[: (_l)(_ljk—l (Zk _1) (2k —3)! 1+ X)Zli
2)\ 4 (k—2)!

Note:Award Al for leading coefficient of —%.

=(l_kj(_lJ a (2k—3)!(1+ X)%—k—l N
2 4) (k-2)

OR

Note: The following A marks can be awarded in any order.

_ (_lj (2K —3)!(1—2kj(1+ X);_k_l

4) (k-2 2
:(_1)(_EJ“W2k—1x2k—3ya+xﬁ44 AL
2 )\ 4 (k—2)!

Note: Award A1 for isolating (2k —1) correctly.

o (2k-1)! 1y
:(_lj(_lj #(1_'_)()2 k1 Al
2 4 (2k —2)(k —2)!
Note: Award A1 for multiplying top and bottom by (k —1) or 2(k —1).
b (2k-1)! Ly
:(_lj(_lj #(14_)()2 Kt Al
4 4 (k-=1)(k—2)!
Note:Award Al for leading coefficient of —% .
“(2k —1)! 1
:(—ijg———la+xykl Al
4) (k-1!
continued...

Apollo | Original source crop | 5



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q12 | 20 marks

—24 —
Question 12 continued
(01 (2(k +1)—3)! £
= _l ((—))(1+ X)Z (k+1) =RHS
4 ((k +1)— 2)!

THEN

M21/S5/MATHX/HPL/ENG/TZ1/XXIM

since true for n=2, and true for n=k +1 if true for n =Kk, the statement is

true for all ne Z,n > 2 by mathematical induction

R1

awarded.

Note:To obtain the final R1, at least four of the previous marks must have been

() METHOD 1

h(x) =v1+xe™
using product rule to find h'(x)

1
h'(x)=~/1+Xx me™ + e™
( ) 241+ X

h”(x)=m£x/1+xmemx+ ! eme+ ! me

substituting Xx=0into h"(x)
h”(O):m2+lm+lm—l(:m2+m—lJ
2 2 4 4
! X "
h(x)=h(0)+xh (O)+Eh (0)+...

. - 7
equating x° coefficient to "

@) _7 (: h(0) :Zj

2! 4 2
4m?+4m-15=0
(2m+5)(2m-3)=0

5 3
m=—>=orm=2>
2 2

Apollo | Original source crop | 6

[9 marks]

(M1)

Al

e™ Al

M1

Al

M1

Al

Al

[8 marks]

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q12 | 20 marks

—25_
Question 12 continued
METHOD 2
EITHER
attempt to find f (0), f'(0), f"(0)
F(x)= (11 x)2 £(0)=1
£(x)=2(1+x) (0)-1
2 2
f"(x):—%(1+ x)_g f"(O)z—%

f(x)=1+lx—1x2+...
2 8

OR

attempt to apply binomial theorem for rational exponents

f(x) T M

=(1+x)? :1+§X+

f(x):1+lx—1x2+...
2 8

THEN

2
g(x):1+mx+m?x2+...

2
h(x)= 1+lx—1x2+... Temx+ 24
2 8 2

2
coefficient of x? is m—+m_£
2 2 8

7
attempt to set equal to 2 and solve

m.om 1.7
2 2 8 4
4m? +4m-15=0

(2m+5)(2m-3)=0

5 3
m=—=orm=—
2 2

Apollo | Original source crop | 7

M21/S5/MATHX/HPL/ENG/TZ1/XXIM

(M1)

Al

(M1)

Al

(A1)

(M1)

Al

M1

Al

Al

[8 marks]

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q12 | 20 marks

- 26— M21/5/MATHX/HP1/ENG/TZ1/XXIM
Question 12 continued
METHOD 3
g'(x)=me™ and g"(x)=m’e™ (A1)
! X2 n
h(x)=h(0)+xh (O)+zh (0)+...
equating X’ coefficient to % M1
h©)_7 (:h"(o):Zj
2! 4 2
using product rule to find h'(x) and h"(x) (M1)
h'(x)=f(x)g'(x)+ f'(x)g(x)
h"(x)=f(x)g"(x)+2f"(x)g'(x)+ f"(x)g(x) Al
substituting x=0into h"(x) M1
h"(0)= f(0)g"(0)+29'(0) f'(0)+9(0) f"(0)
=1xm?+2mx= +1><(——J ( m +m——J Al
4m®+4m-15=0 Al
(2m+5)(2m-3)=0
m=—E or m =§ Al
2 2
[8 marks]

Total [20 marks]

Apollo | Original source crop | 8



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q4 | 9 marks

4. (a) In(x2—16):0
e’ =x*-16(=1)
x> =17 OR X=+/17

a=+17

(b) attempt to differentiate (must include 2Xx and/or

x2—16)

, 2X
F(x)= x> —16

. . o 1
setting their derivative = 3

2x 1
x*-16 3

x*—16=6x OR x*>—-6x-16=0 (or equivalent)

valid attempt to solve their quadratic

X=8

(M1)

(A1)

Al

[3 marks]

(M1)

Al

M1

Al

(M1)

Al

(such as x=-2, 8).

Note: Award AO if the candidate’s final answer includes additional solutions

Apollo | Original source crop | 9

[6 marks]
Total [9 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q9 | 7 marks

9. u=sinX=du=cosx dx (or equivalent) Al
= I%du Al
u-—u-2
attempt to use partial fractions M1
A B
u = + =>u=A(u-2)+B(u+1)
(U+1)(u-2) u+l u-2
Valid attempt to solve for A and B (M1)
A:l and B :g Al
3 3
u 1 2

(U+1)(u-2) 3(u+1) 3(u-2)

1 2 1 2
J.[3(u +1) * 3(u —Z)J du :§In|u +]4+§|“|U —~2|(+C) (or equivalent) Al

‘ Note: Condone the absence of +C or lack of moduli here but not in the final answer.

:%In|sinx+1|+§ln|sinx—2|+C Al

\ Note: Condone further simplification of the correct answer. \

Apollo | Original source crop | 10

[7 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q9 | 7 marks

-20- M21/5/MATHX/HPL/ENG/TZ2/XXIM

Section B

Apollo | Original source crop | 11



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q11 | 20 marks

11.

(@)

% =—(1+v)

J'1dt = J'_i dv (or equivalent / use of integrating factor)
1+v
t=-In(1+v)(+C)

EITHER

attempt to find C with initial conditions t =0,v =V,
C=In(1+v,)

t=In(1+v,)-In(1+v)

t=In 1+v, el :1+v0
1+v 1+v

e' (1+v)=1+y,
1+v=(1+v,)e™

v(t)=(1+vy)e" -1

Apollo | Original source crop | 12

(A1)

M1

Al

M1

Al

Al

AG

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q11 | 20 marks

-22 - M21/S/IMATHX/HP1/ENG/TZ2/XXIM
OR
t-C=-In(l+v)=e"“ =
(1+v)
Attempt to find C with initial conditions t=0,v=V, M1
—c 1
e’ = =C=In(1+v,)
(1+v,)

t—In@+v,) =—In(1+v) =t =In(l+v,) - In(1+V)

1+v, 1+v,
t=In 0 |l=g =—22 Al
1+v 1+v
e' (1+v)=1+y,
1+v=(1+v,)e” Al
V(t)=(1+v,)e" -1 AG
OR
t-C=-In(l+v)=e ™" =1+v Al
ke —-1=v
Attempt to find k with initial conditions t=0,v =V, M1
K=1+V,
e (1+vy) =1+v Al
v(t)=(1+v,)e" -1 AG
Note: condone use of modulus within the In function(s) |
[6 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q11 | 20 marks

—-23 - M21/5/MATHX/HPL1/ENG/TZ2/XX/M
Question 11 continued
(b) () recognition that when t=T,v=0 M1
(1+v,)e" -1=0=e7 = Al
1+v,
T
e =1+y, AG

Note: Award M1AO for substituting V, =¢' ~1into v and showing that v=0.

(i) s(t)=]v(t) (j1+v —1)dt) (M1)

—(1+v,)e" -t(+D) Al

(t=0,s=0 so) D=1+, Al

s(t)=—(1+vy)e" —t+1+y,
at Spe, € =1+V, =T =In(1+v,)

Substituting into S(t)(z—(1+vo)eft—t+1+vo) M1

S =—(1+v0)[

1+VOJ—In(1+v0)+v0+1 Al

(Smax =Vo —IN(1+))

[7 marks]
(c) METHOD 1
V(T-k)=(1+v,)e e -1 (M1)
=(1+v ek -1 Al
( 0)L1+VOJ
—e“-1 AG
oD 2 [2 marks]
METHOD
V(T k)= (L1+v,)e ™ -1
—ele ™ _1 M1
— eT—T+k _1 Al
=g -1 AG
[2 marks]
continued. ..
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q11 | 20 marks
—24 —

Question 11 continued

(d) METHOD 1
V(T+k)=(1+v,)eTe™ -1

=e“-1

METHOD 2

V(T +K)=(1+y,)e T -1

() METHOD 1
V(T=K)+Vv(T +k)=€“+e™ -2

attempt to express as a square

(s3] o

so V(T —k)+v(T+k)>0

METHOD 2

V(T-K)+v(T +k)=€"+e™ -2

d _ _
Attempt to solve d_k(ek +e™)=0 (=k=0)

minimum value of 2, (when k=0), hence e* +e™* >2

so V(T —k)+v(T+k)>0

Apollo | Original source crop | 15

M21/S5/MATHX/HPL/ENG/TZ2/XXIM

(A1)
Al

[2 marks]

(A1)

Al

[2 marks]

Al

M1

Al

AG

[3 marks]

Al

M1

R1
AG

[3 marks]
Total [20 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q4 | 6 marks

4. (a) recognising v=0 (M1)
t=06.74416...
=6.74 (sec) A1
] Note: Do not award A1 if additional values are given. \
[2 marks]
10 6.74416... 9.08837... 10
(b) J.O ‘V(t)‘dt OR _JO V(l) dt + J'6,74416... V(l) dt h J'9,08837...v(t) dl (A1)
=37.0968...
=37.1 (m) A1
[2 marks]
(c) recognising acceleration at ¢ =7 is given by v'(7) (M1)
acceleration =5.93430...
=5.93 (ms?) A1
[2 marks]
Total [6 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q9 | 7 marks

9. (@ tan@= OR cot@=2"" A1
y—x 50
y=x+50cotd AG
‘ Note: y — x may be identified as a length on a diagram, and not written explicitly. ‘
[1 mark]
(b) attempt to differentiate with respect to t (M1)
d—y:%—SO(cosece)Z% A1
de dr dr
attempt to set speed of B equal to double the speed of A (M1)
2% = % —50(cosec9)2 %
de dt dt
dr_ —50(cosect9)2 a0 A1
dt dt

2
Q:arctan5(:l.373...:78.69...°) OR cose020:1+cot29:1+(%j =§—§ (A1)

| Note: This A1 can be awarded independently of previous marks. \

d = —50(§j x—0.1
de 25

So the speed of boat A is 5.2 (ms™)

A1

Note: Accept 5.20 from the use of inexact values.

— 15—

Section B.

Apollo | Original source crop | 17

[6 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q10 | 15 marks

10. (a) attempt to find the point of intersection of the graph of f and the line y=x (M1)

x=35.56619...
=5.57 A1
[2 marks]

b)  f'(x)=—45"" A1

attempt to set the gradient of /" equal to —1 (M1)

—45¢" =1

Q has coordinates (21n45,2) (accept (_21n4i,2) A1A1

5
Note: Award A1 for each value, even if the answer is not given as a coordinate pair.
1
75 Inas

Do not accept or —— as a final value for x. Do not accept 2.0 or 2.00
5

as a final value for y .

[4 marks]
(c) attempt to substitute coordinates of Q ( in any order)
into an appropriate equation (M1)
y—2:—(x—21n45) OR 2=-2In45+c¢ A1
equationof 7 is y=—x+2In45+2 AG
[2 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q10 | 15 marks

—-16 — M21/5/MATHX/HP2/ENG/TZ1/XX/M
Question 10 continued
(d) () x=In45+1(=4.81) A1

(i) appropriate method to find the sum of two areas using integrals of the difference
of two functions (M1)

‘ Note: Allow absent or incorrect limits. ‘

LS :::, (x=(-x+2In45+2))dv+ 157.'566]:,”(90970'” —(-x+2In45+2))dx  (A1)(A1)

Note: Award A1 for one correct integral expression including correct limits
and integrand.

Award A1 for a second correct integral expression including correct limits and

integrand.
=1.51965...
=1.52 A1
[5 marks]
(e) by symmetry 2x1.52 (M1)
=3.03930...
=3.04 A1
’ Note: Accept any answer that rounds to 3.0 (but do not accept 3). ‘
[2 marks]
Total [15 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q12 | 20 marks

12. (a) Il _a b

x(k—x) x k—x

a(k—x)+bx=1 (A1)

attempt to compare coefficients OR substitute x =k and x =0 and solve (M1)

k k
1 1
(x)=—+
S )= e k=)
[3 marks]
(b) attempt to integrate their ﬂ+ (M1)
X k—x
l¢ef1 1
f)=— | =+ |ar
k'\x k-x

=l(ln|x|—ln|k—x|)(+c) :lln al (+c) A1A1

k k |k—x

[3 marks]
Note: Award A1 for each correct term. Award A71A0 for a correct answer without modulus
signs. Condone the absence of +c.
continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q12 | 20 marks

-21- M21/5/MATHX/HP2/ENG/TZ1/XX/M
Question 12 continued
(c) attempt to separate variables and integrate both sides M1
1
Sk| ——=dP=|1dt
Vo=
5(InP-In(k—-P))=t+c A1

Note: There are variations on this which should be accepted, such as

1 1
%(lnP—ln(k—P)) = Et +c¢. Subsequent marks for these variations should be awarded as

appropriate.
EITHER
attempt to substitute 1 =0, P =1200 into an equation involving ¢ m1
¢=5(In1200-1In(k—1200))| =5In 1200 A1
k—1200
5(In P—In(k—P))=1+5(In1200—In(k—-1200)) A1
o[ PLe=1200)) ¢
n———=1[==
1200(k—P)) 5
P(k-1200) *
—:eS A1
1200(k - P)
OR
P t+c
In =—
k—P 5
P s A1
k—P
attempt to substitute =0, P =1200 m1
(1200 _ A1
k—1200
P _ 1200¢° A1
k—P k-1200
continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q12 | 20 marks

- 22 - M21/5/MATHX/HP2/ENG/TZ1/XX/M
Question 12 continued
THEN
attempt to rearrange and isolate P M1

Pk —1200P =1200ke’ —1200Pe> OR Pke 5 —1200Pe 5 =1200k —1200P

OR E_lzk—l200

1200¢3

t t t t
P[k—1200+1200e5j=1200ke5 OR P(ke 5 _1200e 5 +1200]:1200k A1

P 1200lf AG
(k—1200)e 5 +1200
[8 marks]
(d) attempt to substitute =10, P =2400 (M1)
1200k
2400 = - (A7)
(k —IZOO)e +1200
k =2845.34...
k =2845 A1
Note: Award (M1)(A1)A0 for any other value of k& which rounds to 2850
[3 marks]
(e) attempt to find the maximum of the first derivative graph OR zero
of the second derivative graph OR that p = E(: 1422.67...) (M1)
2
t=1.57814...
=1.58 (days) A2
‘ Note: Accept any value which rounds to 1.6. ‘
[3 marks]
Total [20 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q9 | 8 marks

9. (@ 1—-t+t? Al

Note: Accept 1,—t and t’.

[1 mark]
-1
1 x> [ x*
(b) SeCX=——— ==+ (=) (M1)
X X 21 | 4
1-+=(-.)
21 41
t=cosx—1 or secx =1-(cosx—1)+(cosx—1)° (M1)
x x x xt ’
:1—(—E+Z(—...)j+(—§+Z(—...)j Al
x xtox
=l+———t+— Al
2 24 4
2 4
so the Maclaurin series for secx up to and including the term in x* is 1+?+§ AG
[4 marks]
INote: Condone the absence of ‘...]
(2x)
(c) arctan 2X=2X_T+'"
2x)’
X 2x—( ) +...
. xarctan 2x . 3
lim| ——— |=lim M1
x-0\ secx—1 x—0 x?  5x*
1+—+— -1
2 24
4
2x° —8;(+...
ST s A
7+7
2 24
2
ox?|1- 4
=1lim 3
B x—0 2 2
L 1+5L
2 12
=4 Al
Note: Condone missing ‘lim’ and errors in higher derivatives.
Do not award M1 unless X is replaced by 2x in arctan.
[3 marks]

Total [8 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q9 | 8 marks

-19- M21/5/IMATHX/HP2/ENG/TZ2/XXIM

Section B
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q11 | 18 marks

11. (a) attempttouse V = nj( f (x))2 dx (M1)

In16 > i In16
| ke? e

V=n x|V =Kem [ ——dx
o |1+ 0 (1+e")

EITHER

applying integration by recognition (M1)

In16
_ kz,{_ 1 } A3
1+e* |,

OR

u=1+e*=du=e*dx (A1)

attempt to express the integral in terms of u (M1)

when X=0, u=2 and when Xx=1n16, u=17

17 1
V= kznju—zdu (A1)
2
17
_ kz,{_l} Al
u 2
OR
u=e*= du=e*dx (A1)
attempt to express the integral in terms of u (M1)

when X=0, u=1 andwhen Xx=1In16, u=16
16

1
V=kn[——du (A1)
1 (1+u)
16
- kzn[_i} Al
1+u |,
INote: Accept equivalent working with indefinite integrals and original limits for x|
THEN
1 1
=k’n| =-= Al
2 17
so the volume of the solid formed is 15k*n cubic units AG
34

Note: Award (M1)(A0)(MO)(AO0)(A0)(A1) when gis obtained from GDC

[6 marks]
continued...

Apollo | Original source crop | 25



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q11 | 18 marks

—-22— M21/5/MATHX/HP2/ENG/TZ2/XX/M
Question 11 continued
(b) avalid algebraic or graphical attempt to find k (M1)
K2 — 300x 34
15n

’170 /680
k=147 (:2 7: T] (as keR*) Al

‘ Note: Candidates may use their GDC numerical solve feature. ‘

[2 marks]

(c) (i) attempting to find OA = f(o)=g

’170 /680
T T
’170
OA=7.36 {z TJ A1

.. . . 4k
ii attempting to find BC = f (In16) = —
(ii) pting (In16) 17

with k =14.712... (: 2 /@ =, /@J (M1)
T T
BC =3.46 :E @:8_“10 Al
17V T 17n

[4 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q11 | 18 marks

—-23- M21/5/MATHX/HP2/ENG/TZ2/XX/M
Question 11 continued
(d) () EITHER
recognising to graph Yy = f'(X) (M1)
Note: Award M1 for attempting to use quotient rule or product rule differentiation.

ke? (1-¢”)
f (X) = N2

2(1+e)

Y
X
x=1.76

for x>0 graph decreasing to the local minimum Al
before increasing towards the x-axis Al

continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q11 | 18 marks

—-24 - M21/5/MATHX/HP2/ENG/TZ2/XX/IM
Question 11 continued
OR
recognising to graph Y = f"(X) (M1)

B ke% (e —6e"+1)
 a(ire)

t"(x)

Note: Award M1 for attempting to use quotient rule or product rule differentiation.

ny

T~

x=1.76

for x>0, graph increasing towards and beyond the x-intercept
recognising f"(x) =0 for maximum rate

THEN

x=1.76 (z In(2ﬁ+3))

INote: Only award A marks if either graph is seen.

(i)  attempting to find f(1.76...)

85
the cross-sectional radius at this point is 5.20 (J;] (cm)

Apollo | Original source crop | 28

Al

(A1)

Al

(M1)

Al

[6 marks]
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»
»

(_1’ 4)

(1,0

¢ =1: positive cubic with correct y-intercept labelled
local maximum point correctly labelled
local minimum point correctly labelled
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A1
A1
A1
[3 marks]

continued...
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Question 1 continued
(i)
y
(—1.41, 7.66)
2
< f \/ > X
(1.41,-3.66)
¢ = 2: positive cubic with correct y-intercept labelled A1
local maximum point correctly labelled A1
local minimum point correctly labelled A1

Note: Accept the following exact answers:

Local maximum point coordinates (—\/5,2+4\/§).

Local minimum point coordinates (\/5,2—4\/5).

[3 marks]

continued...
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Question 1 continued
) f(x)=3 3 At
Note: Accept 3x*> —3¢ (an expression).
[1 mark]
() (i) ¢=0 A1
[1 mark]
(i) considers the number of solutions to their f(x)=0 (M1)
3x*=3¢=0
c>0 A1
[2 marks]
(i) c<0 A1

‘ Note: The (M1) in part (c)(ii) can be awarded for work shown in either (ii) or (iii). ‘

[1 mark]
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(d) attempts to solve their f"(x)=0 for x (M1)
x=1Jc (A1)
Note: Award (A1) if either x =—+/c or x =+/c is subsequently considered.

Award the above (M1)(A1) if this work is seen in part (c).

(i)  correctly evaluates f(—\/z) A1

3

f(—\/2)=—6‘2+3cz+2 (=—c c+3c\/z+2)

3

the y- coordinate of the local maximum pointis 2¢2 +2 AG
[3 marks]
(i)  correctly evaluates f(JE) A1

3

f(x/Z)=c§—3cz+2 (=c\/z—3c\/;+2)

3
the y-coordinate of the local minimum point is —2¢2 +2 AG

[1 mark]

continued...
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Question 1 continued

(e) (i) thegraphof y=f(x) will have one x - axis intercept if

EITHER
3
—2¢? +2 >0 (or equivalent reasoning) R1
OR
the minimum point is above the x — axis R1

Note: Award R1 for a rigorous approach that does not (only) refer to sketched graphs.

THEN
O<cxl A1

Note: Condone ¢ <1. The A1 is independent of the R1. ‘

[2 marks]
(i)  the graph of y :f(x) will have two x — axis intercepts if
EITHER
3
—2¢? +2 =0 (or equivalent reasoning) (M1)
OR
evidence from the graph in part(a)(i) (M1)
THEN
c=1 A1
[2 marks]
continued...
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Question 1 continued
(ii))  the graph of y = f'(x) will have three x— axis intercepts if

EITHER
3

—2¢2 +2 <0 (or equivalent reasoning) (M1)

OR

reasoning from the results in both parts (e)(i) and (e)(ii) (M1)

THEN

c>1 At

[2 marks]

continued...
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Question 1 continued
(f) case 1:

¢ <0 (independent of the value of d) A1
EITHER

g'(x) =0 does not have two solutions (has no solutions or 1 solution) R1
OR

:>g’(x)20for xe”~ R1
OR

the graph of y = f'(x) has no local maximum or local minimum points,

hence any vertical translation of this graph ( y = g(x)) will also have

no local maximum or local minimum points R1
THEN
therefore there is only one x-axis intercept AG

Note: Award at most AOR1 if only ¢ <0 is considered.

continued. ..
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Question 1 continued
case 2
c>0
3 3
(—\/;, 2c? +d] is a local maximum point and (\/E,—%Z +a’j is a
local minimum point (A1)

Note: Award (A1) for a correct y-coordinate seen for either the maximum or the
minimum.

considers the positions of the local maximum point and/or the local minimum point  (M1)

EITHER
considers both points above the x-axis or both points below the x-axis
OR

considers either the local minimum point only above the x-axis OR
the local maximum point only below the x-axis

THEN
3
d > 2¢? (both points above the x-axis) A1
3
d < —-2c? (both points below the x-axis) A1

‘ Note: Award at most (A1)(M1)A0AO for case 2 if ¢ > ( is not clearly stated. ‘

[6 marks]
Total [27 marks]
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1. (@)

(L,.D

) y=x+2-x)

inverted parabola extended below the X- axis Al

X- axis intercept values X =0,2 Al

Note: Accept a graph passing through the origin as an indication of X=0.

local maximum at (1,1) Al

Note: Coordinates must be stated to gain the final A1l.

Do not accept decimal approximations.

[3 marks]
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(b)

Number of Number of Number of

local local points of

maximum minimum inflexion

points points with zero

gradient
n=3
and 1 0 2
n=>5
n=2
and 1 2 0
n=4
A1A1A1A1A1AL

Note: Award A1l for each correct value.

For a table not sufficiently or clearly labelled, assume that their values are
in the same order as the table in the question paper and award marks
accordingly.

[6 marks]
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(c) METHOD 1
attempts to use the product rule (M1)
f/(x)=—nx"(a—x)" +nx"*(a—x)" A1A1
dv du
Note: Award A1l for a correct U— and A1l for a correct V—.
dx dx
EITHER
attempts to factorise f,'(X) (involving at least one of nx"™ or (a—x)"fl) (M1)
= nx”‘l(a—x)"_l((a—x)—x) Al
OR
attempts to express fn'(x) as the difference of two products with each product
containing at least one of nx"* or (a— x)n_l (M1)
=(=x)(nx"*)(a-x)""+(a-x)(nx"*)(a-x)"" Al
THEN
f/(x)=nx"*(a-2x)(a—x)"" AG
Note: Award the final (M1)AL1 for obtaining any of the following forms:
n n
' n nf d—X—X|. ' nx'(a—X .
f., (x)=nx"(a—x) [x(a—x)J’ f. (X) :X((a—_x))(a—x—x),
f.'(x)= nx”‘l((a— x)' —x(a- x)"fl);
£,/ (x)=(a=%)" (" (a=x)" -nx")
METHOD 2
fn(x):(x(a—x))n (M1)
=(ax—x?)’ Al
attempts to use the chain rule (M1)
£ (x)=n(a-2x)(ax—x2)"" AlA1
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n-1
Note: Award Al for n(a—2x) and A1 for (ax—xz) )

£/ (x)=mx"*(a-2x)(a-x)"" AG
[5 marks]
a
(d) x=0,x:5,x:a A2

Note: Award A1l for either two correct solutions or for obtaining

x=0,x=-a, x=—2 :
2

Award AO otherwise.

[2 marks]

(e) attempts to find an expression for fn[%J (M1)

(335
6T GG :

EITHER

2n
since aeR™, (%) >0 (for neZ",n>1 and so fnL%J>O) R1

Note: Accept any logically equivalent conditions/statements on a and n.

Award RO if any conditions/statements specified involving a, n or both
are incorrect.

OR

. oa . . L.
(since aeR"), > raised to an even power (2n) (or equivalent reasoning) is always

positive (and so f, (%J >0) R1

Note: The condition a€ R" is given in the question. Hence some candidates

will assume a e R* and not state it. In these instances, award R1 for a
convincing argument.

Accept any logically equivalent conditions/statements on a and n.

Award RO if any conditions/statements specified involving a, n or both
are incorrect.
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THEN
a a . . .
SO LE f, (EJJ is always above the horizontal axis AG
Note: Do not award (M1)AOR1. |
[3 marks]

() METHOD 1

o) el (T :

EITHER

n-1 n-1
n a a 3_a >0asaeR"and neZ" R1
4 2) 4

OR
a n-1 a a n-1

n(— Ja——|and|a—— areall >0 R1
4 2 4

Note: Do not award AORL1.

Accept equivalent reasoning on correct alternative expressions for
[ a : : -
f, (ZJ and accept any logically equivalent conditions/statements on a

and n.

Exceptions to the above are condone n>1 and condone n > 0.

2n-1
An alternative form for f' [%J is (2n)(3)”1(%j :

THEN
[ a
hence f, LZJ >0 AG
[2 marks]
METHOD 2
f (0)=0 and f Lg] >0 Al
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(since f, is continuous and there are no stationary points between Xx=0 and

a
X=—
2)

a
the gradient (of the curve) must be positive between X=0 and X = > R1

Note: Do not award AOR1. |

[ a
hence f, LZJ>O AG

[2 marks]

@ @ f )=n-)""(a+2)(@+n"*

for n even:

n(—l)”'l(: -n)<0 (and (a+ 2),(a+1)n_1 are both >0) R1
f, (-1)<0 Al
f, (0)=0 and f (%J >0 (seen anywhere) Al

Note: Candidates can give arguments based on the sign of (—1)'1_l to obtain the
R mark.
For example, award R1 for the following:

If n is even, then n—1 is odd and hence (—1)n_1 <0 (=-1).

Do not award ROAL.
The second Al is independent of the other two marks.
The A marks can be awarded for correct descriptions expressed in words.

Candidates can state (O, 0) as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that fn' (0) =0.Thelast A

mark can be awarded for a clearly labelled diagram showing changes in
the sign of the gradient.

The last A1 can be awarded for use of a specific case (e.g. N=2).

hence (0,0) is a local minimum point AG

[3 marks]
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(i)  for n odd:

n(-1)""(=n)>0, (and (a+2),(a+1)"" areboth >0 )so f'(-1)>0 R1

Note: Candidates can give arguments based on the sign of (—1)n_l to obtain the
R mark.

For example, award R1 for the following:

If n is odd, then n—1 is even and hence (—1)”7l >0 (=1).

f'(0)=0and f (%J >0 (seen anywhere) Al

Note: The Al is independent of the R1.
Candidates can state (0,0)as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that fn' (0) =0. The last A mark

can be awarded for a clearly labelled diagram showing changes in the
sign of the gradient.

The last A1 can be awarded for use of a specific case (e.g. n=3).

hence (O, 0) is a point of inflexion with zero gradient AG

[2 marks]
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(h) considers the parity of n (M1)

‘ Note: Award M1 for stating at least one specific even value of n. |

N must be even (for four solutions) Al

] Note: The above 2 marks are independent of the 3 marks below.

2n
0<k <(gj A1A1A1

Note: Award Al for the correct lower endpoint, Al for the correct upper endpoint
and A1 for strict inequality signs.

The third A1 (strict inequality signs) can only be awarded if A1A1 has
been awarded.

2n
For example, award A1A1AOQ for 0<k < (%j . Award A1AO0AOQ for k >0.

Award A1AO0AO for 0<k < f, (EJ.

[5 marks]
Total [31 marks]
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1. METHOD1

recognition that y = ICOS(X—%) dx (M1)
. i
y :sm(x—ZJ(H) (A1)
substitute both x and y values into their integrated expression including ¢ (M1)
2=sinZ+c
2
c=1
. T
yzsm(x——jﬂ Al
4
[4 marks]
METHOD 2
y X T
jdy: jcos[x——jdx (M1)(A1)
2 3n 4
4
. T LT
y—2=sin| x—— [-sin— Al
S
. s
y:sm(x——jﬂ Al
4
[4 marks]

Apollo | Original source crop | 45



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q5 | 7 marks

5 (@ f'(4)=6 Al
[1 mark]
() f(4)=6x4-1=23 Al
[1 mark]
© h@#)=1(94) (M1)
h(4) = f (4> —3x4) = f (4)
h(4) =23 Al
[2 marks]
(d) attempt to use chain rule to find h’ (M1)
f'(g(x))xg'(x) OR (x2 —3x)' X f’(x2 —3x)
h'(4)=(2x4-3) f'(4*-3x4) Al
=30
y—23=30(x—4) OR y=30x—-97 Al
[3 marks]

Total [7 marks]
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g W2y _Inax (M1)
dx X X
attempt to find integrating factor (M1)
2
(ejxd ZEZInx]:XZ (Al)

xzd—+2xy: In2x
dx

%(xzy): In2x

X’y = J' In2x dx
attempt to use integration by parts (M1)
X’y = xIn2x—x(+c) Al
In2x 1 ¢
Yy=—"""7"+=3
X X X
substituting X = > y =4 into an integrated equation involving ¢ M1
4=0-2+4c
3
=>C=—
2
In2x 1 3
e T Al
Y T T T2
[7 marks]
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: . , . . , b
10. (@) (i) valid approach to find turning point (V' =0, 23 average of roots)
a
2
4

——+2
4-6t=0 OR -——— OR -3

2(-3) 2

-2

(i)  attempt to integrate v

[vdt=[(4+4t-3t") dt=4t+2t"—t°(+c)

Note: Award A1 for4t +2t?, Al for —t3.

attempt to substitute their t into their solution for the integral

2 3
distance :4[zj+2(gj _[Zj
3 3 3
—§+§—£ (or equivalent)
379 27001

88
=57 (m)
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(M1)

Al

(M1)

Al1Al

(M1)

Al

AG

[7 marks]

continue...
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Question 10 continued.
(b)
V
10
4
0 1 2 3t
—10-
valid approach to solve 4+4t—3t> =0 (may be seen in part (a)) (M1)
~4+/16+48
(2—t)(2+3t) OR — %
correct X- intercept on the graph at t =2 Al

Note: The following two A marks may only be awarded if the shape is a
concave down parabola. These two marks are independent of each
other and the (M1).

correct domain from O to 3 starting at (0,4) Al

Note: The 3 must be clearly indicated.

. . 2
vertex in approximately correct place for t = 3 and v>4 Al

[4 marks]

continue...
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Question 10 continued.
3
(c) recognising to integrate between 0 and 2, or 2 and 3 OR H4+4t —3t?| dt (M1)
0
2
[(4+4t-3t%) dt
0
=8 Al
3
[(4+at-3t°) dt
2
=-5 Al
valid approach to sum the two areas (seen anywhere) (M1)
2 3 2 3
[vdt-{vdt or [vdt+|[vadt
0 2 0 2
total distance travelled =13 (m) Al
[5 marks]

Total [16 marks]
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11.

(@)

For n=1

LHS: %(xzex) = x%* + 2xe* (: e* (x2 + ZX))

RHS: (x2 + 2(1)x+1(1—1))eX (z e* (x2 + ZX))

so true for n=1

k

A, .
now assume true for n=Kk ;i.e. W(xze ):[x2+2kx+k(k—1)]e

Note: Do not award M1 for statements such as “let n=Kk ”. Subsequent

marks can still be awarded.

attempt to differentiate the RHS

d* 2) = 9 2+ 2kx+k(k=1) |e*
W(xe)_&([x+ +(—)}e)

=(2x+2k)e* +(x2 +2kx +k (k —1))eX
= [xz +2(k+1)x+k(k Jrl)}eX

so true for n=k implies true for n=k +1

therefore n=1 true and n=k true = n=k+1 true

therefore, true for all ne Z*

Note: Award R1 only if three of the previous four marks have been

awarded
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M1

M1

Al

Al

R1

[7 marks]

continue...
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Question 11 continued.
(b) METHOD 1
attempt to use — (xzex)z[x2 +2nx+n(n—1)]eX (M1)
X

n

Note: For Xx=0, d

n

(xzex)|X:O =n(n-1)may be seen.

f(0)=0, f'(0)=0, "(0)=2, f"(0)=6, f¥(0)=12

2 3 4

’ X 14 X " X
use of f(x)=f(0)+xf (0)+§ f (O)+§ f (0)+E f(4)(0)+... (M1)
:1‘(x)zx2+x3+%x4 Al
[3 marks]
METHOD 2
“x?x Maclaurin series of e*’ (M1)
XZ
x2(1+x+—+...j (A1)
2!
2 s 1,4
= f(x)=x*+x +EX Al
[3 marks]
continue. ..
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Question 11 continued.
(c) METHOD 1
3
- ) 1 - X2ex _ XZ
attempt to substitute x’e* ~ x>+ x° +§x4 into # M1
X
3 x2+x3+1x4(+ )—x? 3
(Xzex _ X2) > cee
x° ~ x° (AD)
EITHER
3
(x3+;x4 +)
= v Al
x° (+higher order terms)
- 9
X
OR
3
x? +1x4(+. )
2 Al
X
3
1
1+—=X(+.
14+
THEN
=1 (+ higher order terms)
(x%e" -~ x2)3
So lim| *———2 |=1 Al
x—0 X
[4 marks]
continue...
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Question 11 continued.
METHOD 2
2.x 2\8 3
| (XxE =X [ xPe*—x?
||m # = I||’n£—3 Ml
x—0 X x—0 X
3
. [e*-1
= Ilm( j (A1)
x—0 X
attempt to use L'Hépital's rule M1
3
. (ex —Oj
=lim
x—0 1
. 3
= [Ilmex}
x—0
=1 Al
[4 marks]

Total [14 marks]
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8. (a)

METHOD 1
attempts to differentiate implicitly including at least one application of the product rule

u=xy, v=In(xy) d_u=xd_y+y ﬂ:(xd_y+ ji
’ ax a7 dx Ulax Y Xy

dy xy(, dy j ( dy j
2| 2 x2L — In
dx [xy(xdxij ’ deer (9)

Note: Award (M1)A1 for implicitly differentiating y = x(l— yin (xy)) and obtaining

A PRTEE
%:1—(x%+yj(l+ln(xy))

dy (. dy
&+(x&+ y}(l+ In(xy))=1

METHOD 2
y=X—xylnx—xylny
attempts to differentiate implicitly including at least one application of the product rule

d_y:l_ ﬁ+(x%+ yjln X |- ﬁ%+(xd—y+ y)ln y
dx X dx y dx dx
or equivalent to the above, for example

dy dy dy dyj
L =1—-| xInx—=+(1+In —| yIn Iny—=+-—2
dx ( de+(+ X)yj [y y“( Y ax " dx

dy dy
= _1-x=2 + +1)— + +
i xdx(lnx Iny+1)—y(Inx+Iny+1)

or equivalent to the above, for example

d_y=1_xdy(|n(xy)+1)—Y(|n(XY)+1)

dx dx

dy dy
&+(x&+ y}(l+ In(xy))=1
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METHOD 3
attempt to differentiate implicitly including at least one application of the product rule M1
du dy X dv dy
u=xIn(xy), v=y, —=In(x — —, —=—
(). v=y. =)+ (deerjxy dx  dx
dy dy y( dy ]
—=1- In(x In(x Al
dx ( dx () +yin(xy)+ Xy dxer
dy dy
&:1—x&(ln(xy)+1)—y(ln(xy)+1) Al
dy (9, j
— 1+In(xy))= AG
ix ( o TV JArin(y))
METHOD 4
lets w=xy and attempts to find g—y where y=x-wIlnw M1
X
g (dw dWInwj 1M1 inw) Al
dx dx dx dx
dw _dy
=X—+Y Al
dx dx
dy dy dy dy
&:1—(x&+y+(xd—x+ yjln(xy)) (:1_(Xd_x+y (1+In(xy))
dy (. dy
——+| X—=+Vy [(1+In(xy))= AG
gy )
[3 marks]
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(b) METHOD 1
substitutes X =1 into y =x—xy In(xy)
y=1l-ylny=y=1

dy dy

(M1)
Al

substitutes X =1 and their non-zero value of y into &+(X&+ yj (1+ In (xy)) =1 (M1)

equation of the tangentis y=1

METHOD 2

. L dy (L dy
substitutes X =1 into &+(x&+ yj(l+|n(xy)):l

dy ,(dy _
dx+(dx+yj(1+ln(y))_1
EITHER
. 1-y . dy (dy
correctly substitutes Iny === into —=+| —=+y |(1+In(y))=1

y dx \dx
dy 1 dy
—|1+=|=0=-—==0(y=1
dx( yj :>dx (v=1)

OR

correctly substitutes y+ylny =1 into d—y+(ﬂ+ y)(1+ In(y))=1
dx \dx

dy dy
dx( +ny) :>dx (y )
THEN

substitutes X =1 into y = x—xyIn(xy)
y=1l-ylny=y=1
equation of the tangentis y =1
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Al

Al

(M1)

Al

Al

Al

Al

(M1)

Al

[5 marks]
Total [8 marks]



Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q8 | 8 marks

-20- N21/5/MATHX/HP2/ENG/TZ0/XXIM

Section B
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q2 | 30 marks

2. (@ () METHOD1
dy

@ !

f2-fe

Iny=t+c OR In|y|=t+c

(M1)

AlAl

Note: Award Al for Iny and Al for t and c.

y = Ae'

METHOD 2

rearranging to Z—il— y =0 AND multiplying by integrating factor e
ye'=A

y = A¢'

(i) substituting Y= Ae' into differential equation in x

%:X—Ae‘
dt
%—x:—Aet
dt

(iii) integrating factor (IF) is eI_1dt
= eit
e ax_ xe ' =—A
dt
xe"'=—At+D

x=(—At+D)e'

AG

M1

AlAl

AG
[3 marks]

M1

AG

[1 mark]

(M1)
(A1)

(A1)
Al

Note: The first constant must be A, and the second can be any constant for the final
A1l to be awarded. Accept a change of constant applied at the end.
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[4 marks]



Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q2 | 30 marks

(b)

N21/5/MATHX/HP3/ENG/TZ0/XX/M

2
(i) d_zl = _% + d_y Al
dt dt dt
EITHER
dy
=X+ Yy+— M1
Y+ 4t (M1)
_dy dy Al
dt dt
OR
=—X+Y+(-x+Y) (M1)
=2(-x+Y) Al
THEN
P AG
dt
[3 marks]
. dy
i) —=2Y Al
O
j ar_ '[ 2dt M1
Y
In[Y|=2t+c OR InY =2t+c Al
Y = Be* AG
[3 marks]
... dy 2t
i) —=DBe
(iii) ot
y =IBe2t dt M1
y _Beric Al
Note: The first constant must be B, and the second can be any constant for the final
Al to be awarded. Accept a change of constant applied at the end.
[2 marks]
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q2 | 30 marks

-14 - N21/5/MATHX/HP3/ENG/TZ0/XX/M

(iv) METHOD 1

substituting 3—¥: Be® and their (iii) into (:j—i/:—x+ y M1(M1)
2 B a
Be :—X+Ee +C Al

X=——e"+C AG

Note: Follow through from incorrect part (iii) cannot be awarded if it does not lead to
the AG.

METHOD 2

=2 _Ze-Ccet M1

~t

Xe :—get+Ce“+D Al

X :—%e2t +C + De'

—yz—x+y:Be2t=Ee2t—C—De‘+EeZt+C:>D:O M1

dt 2 2

x:—ge2‘+C AG
[3 marks]
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q2 | 30 marks

()

(i)

(ii)

— 15—
dy

— =—4X+

dt y

d’y dx dy

— =-4— +— seen anywhere

dt? dt dt W
METHOD 1

d’y

dy
7 —_4(x- hatl
dt? (x=y)+ dt

attempt to eliminate x

METHOD 2

rewriting LHS in terms of X and y
ﬂ—2ﬂ—3y:(—8x+5y)—2(—4x+ y)—3y
dt*> dt

=0

@ _ Fae*, dy_ FA%e"

dt dt?

FA%e* —2F 2" —3Fe* =0
A*—221-3=0 (since e"#0)

A, and A, are 3 and -1 (either order)

Apollo | Original source crop | 63

N21/5/MATHX/HP3/ENG/TZ0/XX/M

M1

M1

Al

AG

M1
Al

AG
[3 marks]

(A1)

(M1)
Al
Al

[4 marks]



Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q2 | 30 marks

~16- N21/5/MATHX/HP3/ENG/TZO/XX/M
(iii) METHOD 1
y="Fe*+Ge™
dy 3Ee® Y 3t ~t
E: Fe” —Ge ,W=9Fe +Ge (AL)(AL)
2
%_ %—By:QFe3‘+Ge‘—2(3Fe3t—Ge‘)—3(Fe3t+Get) M1
=9Fe* +Ge ' —6Fe® +2Ge ' —3Fe* —3Ge™ Al
=0 AG
METHOD 2
y = Fe* +Ge™
Y _ e vaae, Y p e iz AL)(AL
E—& ﬂ’Z!W_ﬂle—i_ﬂ?e (A1)(Al)
d’y _dy 2, it 2t At ot P ot
o lg Y -FAet G —2(F g™ +Gae™ ) -3(Fe™ +Ge™ ) M1
= Fe™ (4*-21-3)+Ge™ (4* -24-3) Al
~0 AG
[4 marks]

Total [30 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q3 | 5 marks

3. attempt to integrate (M1)

u:2x2+l:>%=4x

8x 2
O dx=[—d A1
J.\/2x2+1 IJZ u (A7)
EITHER

= 4Ju (+C) A1

OR

=442x* +1(+C) A1
THEN

correct substitution into their integrated function (must have C) (M1)
5=44+C=C=1

f(x):4 2x° +1+1 A1

Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q10 | 16 marks

10. (a) attempt to use quotient rule (M1)
correct substitution into quotient rule
Skx(;j —klIn5x
f'(x)= o - (or equivalent) A1
(k)
k—kln5x .
= W,(k eR ) A1
_ l—kl)I:sz AG
[3 marks]
() f'(x)=0 M1
1-1
k:ZSx _0
In5x =1 (A1)
=2 A1
5
[3 marks]
(€ f"(x)=0 M1
21 -
nlj;c 3 _0
In5x = 3 A1
2
3
Sx=¢? A1
13
so the point of inflexion occurs at x :gez AG
[3 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q10 | 16 marks

-12 - SPEC/5/MATAA/HP1/ENG/TZ0/XX/M
Question 10 continued
(d) attempt to integrate (M1)
du 1
u=InsS5x=>—=—
X
In5x 1
dx=—|udu A1
[ =] (A1)
EITHER
u2
=— A1
2
3 3
2 2707
o) l_[u du=| L A1
k 2k |,
OR
(In5x)
= A1
2k
15 L ke
5 1 5 5
SO IlnSxdx: (In 5x) A1
° kx 2k .
5 5
THEN
_ (2,
2k\ 4
_ A1
8k
setting their expression for area equal to 3 M1
5
= =3
8k
= A1
24
[7 marks]
Total [16 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q12 | 21 marks

12. (a) attempting to use the chain rule to find the first derivative M1
/'(x)=(cosx)e™ A1
attempting to use the product rule to find the second derivative M1
fh(x)=e (cos2 x—sin x) (or equivalent) A1
attempting to find f(0), f'(0) and f"(0) M1
f(0)=1; £7(0)=(cos0)e™™ =1; f"(0)=e""(cos’ 0—sin0)=1 A1

2
substitution into the Maclaurin formula f(x) = f(0)+xf'(0)+% £10)+... M1

2
so the Maclaurin series for /(x) up to and including the x* term is 1+x+% A1

[8 marks]
(b) METHOD 1
attempting to differentiate 1"(x) m1

f"(x)=(cosx)e™™ (cos2 x—sin x) —(cosx)e™ (2sinx+1) (or equivalent) A2

substituting x =0 into their /" (x) m1
f”’(0)=1(1—0)—1(0+1)=0
so the coefficient of x* in the Maclaurin series for f(x) is zero AG
METHOD 2
substituting sin x into the Maclaurin series for e* (M1)
Ginx . sin’x  sin’ x
e =1+sinx+
3!
substituting Maclaurin series for sin x M1
x3 ’ x3 ’
, X——+... X——+..
sinx X 3' 3'
e =14+ x——+... [+ + +... A1
! 2! 3!
- 3. I 1
coefficient of x” is —+—=0 A1
31 3l
so the coefficient of x’ in the Maclaurin series for f(x) is zero AG
[4 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q12 | 21 marks

- 16 — SPEC/5/MATAA/HP1/ENG/TZ0/XX/M
Question 12 continued
(c) substituting 3x into the Maclaurin series for ¢* M1
3x) (3x)
eSX=l+3x+¥+%+... A1
substituting (e“ —1) into the Maclaurin series for arctan x M1
e —1)3 (e“ —1)5
arctan (e’ —1)=(e* -1 —( + -
(" =1)=(e" ~1)="— 3
3
3x)" (3x)
3x+( x) +( x) + ...
(3x)2 (3x)3 2! 3!
=|3x+—+—+ ... |- +... A1
2! 3! 3
selecting correct terms from above M1
3x)" (3x) ) (3x)
NN NEDANED
2! 3! 3
2 3
:3x+9i—9i A1
2 2
[6 marks]
(d) METHOD 1
substitution of their series M1
xZ
X+—+...
lim— 2 A1
x—=0 Ox
3x+—+...
2
1+§+
= li
xlilz)l 9x
3+—+
2
_1 A1
3
METHOD 2
use of 'Hépital’s rule M1
lim (COS x})e (or equivalent) A1
x—0 3e’*
1+(e -1)
L A1
3
[3 marks]

Total [21 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q5 | 7 marks

5. (a) use of a graph to find the coordinates of the local minimum (M1)
s=—-16.513... (A1)
maximum distance is 16.5 cm (to the left of O) A1

[3 marks]

(b) attempt to find time when particle changes direction eg  considering the
first maximum on the graph of ; or the first # — intercept on the graph of s'. (M1)

£=1.51986... (A1)
attempt to find the gradient of s’ for their value of , S"(l.51986...) (M1)
—8.92 (cm/s?) A1
[4 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q11 | 21 marks

11. (a) METHOD 1

Pr)ds
using 1(1) =6J‘ M1
eJ.tJlr—]dt
— o+ A1
=t+1 AG
METHOD 2
attempting product rule differentiation on di(x(t + 1)) m1
t
d dx
—(x(t+1))=—(t+1)+x
(1) = 5 (r+1)
dx
=(1+1) e r A1
de t+1
so t+1 is an integrating factor for this differential equation AG
[2 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q11 | 21 marks

-13 - SPEC/5/MATAA/HP2/ENG/TZ0/XX/M
Question 11 continued
(b) attempting to multiply through by (t+1) and rearrange to give (M1)
dx _t
(1+1)—+x=10(¢+1)e * A1
dt
d _t
E(x(t+1))=1o(z+1)e 4
x(t+1)=[10(¢+1)e * dr A1
attempting to integrate the RHS by parts M1
=—40(t+1)e * +40[c * df
=—40(t+1)e * —160e * +C A1
‘ Note: Condone the absence of C . ‘
EITHER
substituting 1 =0,x=0 = C =200 M1
—40(¢+1)e * —160e * +200
X = A1

t+1

t _t _t
using —40e * as the highest common factor of —40(7+1)e * and —160e ¢ M1

OR

t _t _t
using —40e * as the highest common factor of —40(7+1)e * and —160e * giving

L

x(t+1)=—40e *(¢t+5)+C (or equivalent) M1A1
substituting r =0, x=0 = C =200 M1
THEN
200—40e *(1+5
x(t) = ( ) AG
t+1
[8 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q11 | 21 marks

-14 - SPEC/5/MATAA/HP2/ENG/TZ0/XX/M
Question 11 continued
(c)
X
N
20+
(6.60, 14.6)
—> 1
0 60
graph starts at the origin and has a local maximum (coordinates not required) A1
sketched for 0 <¢ <60 A1
correct concavity for 0 <¢ <60 A1
maximum amount of salt is 14.6 (grams) at = 6.60 (minutes) A1A1
[5 marks]
(d) using an appropriate graph or equation (first or second derivative) M1
amount of salt is decreasing most rapidly at 1 =12.9 (minutes) A1
[2 marks]
(e) EITHER
attempting to form an integral representing the amount of salt that left
the tank M1
60
I@df
o t+1
60 7
I200—40e 42(”5)dt A1
o (t+1)
OR
attempting to form an integral representing the amount of salt that entered the
tank minus the amount of salt in the tank at # =60 (minutes) M1
60 t
amount of salt that left the tank is IlOe 4 dr—x(60) A1
0
THEN
=36.7 (grams) A2
[4 marks]
Total [21 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q1 | 5 marks

1. j3‘/x S jL3-5x3de

j—d X =3X— 1Ox2 (+c)
substituting limits into their integrated function and subtracting

3(9)—10(9)% —(3(1)—10(1);J OR 27-10x3—(3-10)

=4
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(A1)

AlAl

(M1)

Al

[5 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q4 | 5 marks

4.  evidence of using product rule
dy kx kx kx
——=(2x-1Dx(ke™ |+2xe” (=e“(2kx—k +2

correct working for one of (seen anywhere)

dy at x =1= ke* +2¢e*
dx

OR
slope of tangent is 5e*

their g—y at X =1 equals the slope of y =5e*x (: 5e") (seen anywhere)
X

ke® + 2e* =5e*

k=3
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(M1)
Al

Al

(M1)

Al

[5 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q12 | 21 marks

12. (@) METHOD 1

recognition of both known series (M1)
2 3 5
X X . X
e=1+—+—+..andSinX=X——+—+
1 21 31 5l
attempt to multiply the two series up to and including x* term (M1)
X.[xlexsxs}
eg'sinx=|1+—+—+... || X——+—+...
1 21 3! 5l
X3 3
=X——+ X — ... (A1)
3! 2!
X ot 2 1 3
e'sinX=Xx+X +§x +... Al
[4 marks]
METHOD 2
f(x)=e"sinx
f'(x) =e*cosx+e*sinx Al

f"(x) =e"cosx—e"sinx-+e"sinx+e* cosx (= 2e"cosx)
f"(x) =2e*cosx—2e*sin x
f"(x)=2e*cosx and f"(x)=2e*(cosx—sinx) Al

substitute x=0 into f or its derivatives to obtain Maclaurin series (M1)

2 3
exsinx=0+5x1+x—x2+x—x2+...
1! 2! 3l

] 1
exsmx:x+x2+§x3+... Al

[4 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q12 | 21 marks

—33-—

Question 12 continued

M22/5/MATHX/HP1/ENG/TZ1/XXIM

(b) exzsin(xz):x2+x4+%x6+... (A1)
substituting their expression and attempt to integrate M1
Jlexz sin(x®)dx = jl(xz +x* +1x6de
0 0 3
| Note: Condone absence of limits up to this stage.

3 5 7T
| X XX Al

3 5 21

105

[4 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q12 | 21 marks

—-34 - M22/5/MATHX/HP1/ENG/TZ1/XXIM

Question 12 continued

(c) (i) attemptto use product rule at least once
g'(x) =e*cosx—e*sinx
g"(x) =€ cosx—e"sinx—e*sin x —e* cos x (= —2¢sin x)
EITHER
2(9'00—-9(x) = 2(eX cosx—e*sinx—e* cosx) =-2e*sin x
OR
g9"(x) = Z(excosx—exsin x—excosx)
THEN
9"(x)=2(g'(x)-9(x))

M1

Al

Al

Al

Al

AG

Note: Accept working with each side separately to obtain —2e*sinx.

i 9"(x)=2(g"(x)-g'(x)
9 (%) =2(g"(x)-g"(x))

Al

AG

Note: Accept working with each side separately to obtain —4e”* cosX.
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continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q12 | 21 marks

— 35—

Question 12 continued

M22/5/MATHX/HP1/ENG/TZ1/XXIM

(d) attempt to substitute x =0 into a derivative (M1)
9(0)=1,9'(0)=19"(0)=0 Al
9"(0)=-2,9“(0)=—4 (A1)
attempt to substitute into Maclaurin formula (M1)
g(x):1+x—£x3—ix4+...(:1+x—1x3—1x4+...J Al

3! 41 3 6
\ Note: Do not award any marks for approaches that do not use the part (c) result. \
[5 marks]

(e) METHOD 1

6% cos X 1 x L1+x—;x3—(13x4+...J—l—x
| 3 =lim 3 M1
x—0 X x—0 X
=lim —£—1x+ (A1)
x—0 3 6
__1 Al
Note: Condone the omission of +... in their working.
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q12 | 21 marks

- 36— M22/5/MATHX/HP1/ENG/TZ1/XX/IM
Question 12 continued
METHOD 2
. e*cosx—1-x 0. . .
I|rr01—3 =— indeterminate form, attempt to apply I'Hdpital's rule M1
X—> X
. e*cosx—e*sinx-1( . g'(x)-1
=lim 5 [: Ilm%)
x—=0 3x x=0  3x

= % using I'Hopital's rule again

:"m—Ze sin x :"mg (x)
x—=0 6X x-0  BX

0 :
= 0’ using I'Hopital's rule again

:"m—Ze sinx—2e cosx(:"mg (x)) AL
x—0 6 x>0 @
__1 Al
3
[3 marks]

Total [21 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q6 | 8 marks

6. (a) attempts to replace X with —X

f(=x) = —xy1—(~x)’
:—x,ll—(—x)2 (=-f(x))

M1

Al

Note: Award M1A1 for an attempt to calculate both f(—x)and —f (—x)
independently, showing that they are equal.
Note: Award M1AO for a graphical approach including evidence that either the

graph is invariant after rotation by 180° about the origin or the graph is
invariant after a reflection in the y-axis and then in the X-axis (or vice

versa).

so f is an odd function

(b) attempts both product rule and chain rule differentiation to find f’(x)

st oo (- 2

1-x°

sets their f'(x)=0
1
> X=t—
V2
, 1
attempts to find at least one of f (i—j

N

I
o

Note: Award M1 for an attempt to evaluate f(x) at least at one of their f’(x)
roots.

a=—1 and b=
2

Note: Award Al for —

1
2
1
Z<y<
2y

N -

Apollo | Original source crop | 81

AG
[2 marks]

M1

Al

M1

Al

(M1)

Al

[6 marks]
Total [8 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q7 | 6 marks

7. METHOD 1
U =secX = du =secxtan x dx

attempts to express the integral in terms of u

2
L u"du

AT (<Y

\ Note: Condone the absence of or incorrect limits up to this point.

2"-1"
n
2"-1
n

Note: Award M1 for correct substitution of their limits for u into their
antiderivative for u ( or given limits for x into their antiderivative for x).

METHOD 2

_[sec” xtan x dx = jsec“’l Xsec xtan x dx

applies integration by inspection

= %[sec” x]oE

\ Note: Award A2 if the limits are not stated.

1( n T N j
=—|sec'—-sec"0
n 3

\ Note: Award M1 for correct substitution into their antiderivative.

21
n
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(A1)
M1

Al

Al

M1

Al

(A1)

(M1)

A2

M1

Al

[6 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q4 | 7 marks

4. (&) recognizing atrest v=0 (M1)
t =3.34692...
t =3.35 (seconds) Al

Note: Award (M1)AO for any other solutionto v=0 eg t =—0.205 or t =6.08.

[2 marks]

(b) recognizing particle changes direction when v=0 OR when t =3.34692... (M1)
a=-4.71439...

a=-4.71(ms?) A2

[3 marks]

6
(c) distance travelled = jo v|dt OR

[ (e 4 asin(t))dt— [ (e™ +4sin(t))dt (=14.3104..+6.44300..) (A1)
0 " 3104...+ 6.44300...

=20.7534...
= 20.8 (metres) Al

[2 marks]

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q10 | 20 marks

10. (@)
y
2 4
N y=rw)
| , X
0 1 2
correct shape (concave down) within the given domain 1< x<2 Al
(10) and (2,43)(=(2.1.73)) Al
Note: The coordinates of endpoints may be seen on the graph or marked on the
axes.
continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q10 | 20 marks

-21- M22/5/MATHX/HP2/ENG/TZ1/XXIM
Question 10 continued
(b) (i) interchanging X and y (seen anywhere) M1
X=4y -1
x> =y*-1 Al
y=+x>+1 Al
fH(x)=+x"+1 AG
(i)  0<x<+/30R domain [0,&](:[0,1.73]) Al
1<y<2 OR 1< f7(x)<2 ORrange [1,2] Al
[5 marks]
continued...

Apollo | Original source crop | 85



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q10 | 20 marks

-22 - M22/5/MATHX/HP2/ENG/TZ1/XXIM

Question 10 continued

(c) () attemptto substitute X =+/y*+1 into the correct volume formula (M1)

h

= nj(\/ﬁ)z dy [: ni(y2 +1) dyJ Al

0

1, 7T
L Al
”[3y y}

0

:n[%herh) AG

Note: Award marks as appropriate for correct work using a different variable e.g.

(o) ax

0

(i)  attempt to substitute h=+/3 (=1.732...) into V (M1)
V =10.8828...

V =10.9 (m?) (= 2J§n) (m?3) Al

[5 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q10 | 20 marks
—23—

Question 10 continued

(d METHOD 1

o 10.8828...(_ zﬁnJ

0.4 0.4

=27.207...

= 27.2(=53x(s)
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(M1)

Al

[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q10 | 20 marks

- 24 — M22/5/MATHX/HP2/ENG/TZ1/XXIM
Question 10 continued
(e) attempt to find the height of the tank when V =5.4414... (= x/§n) (M1)
1.5
n| Zh°+h|=5.4414... (=3n)
3
h=1.1818... (A1)
attempt to use the chain rule or differentiate V = n(% h? + hj with respect to t (M1)
%:ﬁxd_\/:%xd—v OR d—V:n(h2+1)% (A1)
dt dv dt =w(h*+1) dt dt dt
: : dv
attempt to substitute their h and Y =04 (M1)
dh = 04 5 =0.053124...
dt  m(1.1818..%+1)
=0.0531 (ms?) Al
[6 marks]

Total [20 marks]
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12. (a) attemptto use Euler's method

2_ny2
Xr =%, 0.1 Y=Y, +O'1X% , where dy = %
X

dx X

correct intermediate Yy -values

3.7,4.63140...,5.92098...,7.79542...

Note: Al for any two correct y -values seen

y =10.6958...
y=10.7

Note: For the final A1, the value 10.7 must be the last value in a table or a list, or
be given as a final answer, not just embedded in a table which has further

lines.
dy dv
b =VX=>—=V+X—
®) Y dx dx
replacing y with vX and d_y with v+ xd—v
dx dx

xz%z y? —2x° :>x2(v+x%j:v2x2—2x2
X X

v+xﬂ:v2—2 (since x>0)
dx
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(M1)

(A1)(A1)

Al

[4 marks]

(A1)

M1

Al

AG

[3 marks]

continued...
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Question 12 continued
(c) () attemptto separate variables v and X (M1)
J. v d_X
vi-v-2 7 x
j—dv Y (A1)
(v=2)(v+]1) X
attempt to express in partial fraction form M1
1 __A N B
(v-2)(v+1) v-2 v+l
_1 1(L_Lj Al
(v=-2)(v+1) 3\v-2 v+l
ety ot
v—-2 v+1 X
L I I I
§( njv—2|-Injv+1)=In|x(+c) Al

Note: Condone absence of modulus signs throughout.

EITHER
attempt to find ¢ using x=1,y=3,v=3 M1

1.1
c==In=
3 4

1 1. 1
§(In|v—2|—|n|v+]4):In|x|+§lnz

expressing both sides as a single logarithm (M1)
— X
In|—2 2 =In | |
v+l 4

continued...
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Question 12 continued
OR
expressing both sides as a single logarithm (M1)
In|Y=2| - In(A|x|3)
v+1
attempt to find A using x=1,y=3,v=3 M1
A=l
4
THEN
v=2 :1x3(since x>0)
v+l 4
substitute v = y (seen anywhere) M1
X
Yoo,
X_—Zx* (since y>2x)
Y
X
N 2X _ EXS
y+x 4
attempt to make y the subject M1
3 4
y-2Y oy X Al
4 4
8x+x*
= AG
Y=
continued...
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-32- M22/5/MATHX/HP2/ENG/TZ1/XX/M

Question 12 continued

(i)  actual value at y(1.5)=27.3 Al

(i)  gradient changes rapidly (during the interval considered) OR
the curve has a vertical asymptote at X = Q/Z(: 1.5874...) R1

[12 marks]
Total [19 marks]
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2. METHOD 1
recognises that g(x)= J.(3X2 +5ex) dx

g(x)=x’+5e*(+C)

Note: Award A1l for each integrated term.

substitutes x=0 and y =4 into their integrated function (must involve +C)
4=0+5+C=C=-1
g(x)=x>+5e* -1

METHOD 2

attempts to write both sides in the form of a definite integral

Ig'(t) dt :I(3t2 +5e') dt

0

g(x)—4=x*+5¢e* —5¢e°

Note: Award A1 for g(x)—4 and A1 for x> +5e* —5¢°.

g(x)=x+5e* -1
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(M1)

(A1)(AD)

(M1)

Al

(M1)

(A1)

(A1)(A1)

Al

[5 marks]
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5. (@) recognises the need to find the value of t when v=0

t=1.5707... (: E)
2

t=1.57 (: gj (s)

(b)  recognises that a(t) =v'(t)
t, =2.2627..., t,=2.9573...
t,=2.26,1,=2.96 (s)

Note: Award M1A1AQ if the two correct answers are given with additional values
outside 0<t<3.

(c) speedisgreatestat t=3
a=-1.8377...
a=-1.84 (ms?
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(M1)

Al

[2 marks]

(M1)

AlAl

[3 marks]

(A1)

Al

[2 marks]

Total [7 marks]
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6.  attempts to express X’ in terms of y

V = nI36£1 —%j dy

‘ Note: Correct limits are required.

fael =9
Attempts to solve n.[36 I—T dy =285 for h
h

3 2
Note: Award M1 for attempting to solve 367{% _hI + gj =285 or equivalent
for h.
h=0.7926...
h=0.793 (cm)
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(M1)

Al

(M1)

A2
[5 marks]
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7. (@ (as Iirrol x* =0, the indeterminate form % is required for the limit to exist)
X

= Iim(arctan(cos x)—k) =0

Xx—0
arctanl-k =0 (k =arctan1)

o) k:E
4

Note: Award M1AO for using k I to show the limit is 9
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M1

Al

AG

[2 marks]

continued...
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—-17 - M22/5/MATHX/HP2/ENG/TZ2/XX/IM
Question 7 continued
¢ T
o) Iimarc an(cosx)—Z 0
x—0 X2 a 0
—sinx
-1+ c0s* X
=|im==2 2 AlAl
x—0 2X
Note: Award A1l for a correct numerator and Al for a correct denominator.
recognises to apply I'H6pital’s rule again (M1)
—sin X
.1 2 0
—limiltcos'x [ _Y
x—0 2X 0
Note: Award MO if their limit is not the indeterminate form 6
EITHER
—cosx(1+ cos? x)—ZSin2 X COS X
2 2
_ (1+cos’x)
=lim AlAl
x—0 2
Note: Award A1l for a correct first term in the numerator and Al for a correct
second term in the numerator.
OR
. —COS X
lim > - AlAl
x>0 2(1+ CoS x)—4xsm X CO0S X
| Note: Award A1 for a correct numerator and Al for a correct denominator.
THEN
substitutes X =0 into the correct expression to evaluate the limit Al
Note: The final Al is dependent on all previous marks.
1
__- AG
4
[6 marks]
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10.

(@)

(b)

(©)

0] 32 (cm)

(i)  h,(0)=sin(6)+27
=26.7205...
=26.7 (cm)

attempts to solve h, (t)=h,(t) for t

t=4.0074...,4.7034...,5.88332...
t=4.01,4.70,5.88 (weeks)

ha(t)—hg(t)=sin(2t+6)+t-5

EITHER

fort>6,t-5>1

and as sin(2t+6)>-1=h,(t)—hy(t)>0
OR

the minimum value of sin(2t+6)=-1
sofor t>6, h,(t)-hy(t)=t-6>0

THEN

hence for t > 6, Plant A was always taller than Plant B
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Al
(M1)

Al

[3 marks]

(M1)

A2

[3 marks]

Al

Al
R1

R1

Al

AG
[3 marks]

continued...
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Question 10 continued
(d) recognises that h,’(t)and h,'(t) are required (M1)
attempts to solve h,’(t)=h,’(t) for t (M1)
t=1.18879... and 2.23598... OR 4.33038... and 5.37758... OR 7.47197... and 8.51917... (A1)

Note: Award full marks for t=—-3,—-3,| —3,—-3,—-3,— -3
ote: Award full marks for 3 3 3 3 3 3

Award subsequent marks for correct use of these exact values.

V¥ s St 3(7n 8n 10% 11n j

1.18879...<t <2.23598... OR 4.33038...<t <5.37758...0R

7.47197...<t <8.51917... (A1)

attempts to calculate the total amount of time (M1)

3(2.2359...—1.1887...) L:3((5§—3)—(4§—3JJJ

=3.14 (=m) (weeks) Al
[6 marks]

Total [15 marks]
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12. (a) rate of growth (change) of the (marsupial) population (with respect to time) Al
[1 mark]

\ Note: Do not accept growth (change) in the (marsupials) population per year. \

(b) METHOD 1

o - dP kP? . P
attempts implicit differentiation on — =kP — N by expanding kP 1_N (M1)
2
d szd—P—Zk—Pd—P AlAl
dt? dt N dt
- kd_P(l_Z_P) Al
dt N
p P g
d— = kP(l——j and so d—lj = kZP(l—Bj(l—Z—P] AG
dt N dt N N
METHOD 2
o - dP P
attempts implicit differentiation (product rule) on P kP 1_N M1
2
0 (3 P up{ (1) "
dt dt N N /) dt
dP P 2
substitutes —=kP[1——j into their 97 M1
dt N dt?

9% s ifo-2) -2 e {2)ofi-2)

2
ol e
N N /UN
_iep(1-P 1P P Al
N N N
2
) dezkzP(l—%jtl—%j AG
[4 marks]
continued...
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—-29 - M22/5/MATHX/HP2/ENG/TZ2/XX/M
Question 12 continued
d*P P 2P
) —=0=k°P|1-—|1-=— =0 M1
© ( N )( N ) M
p=0N N A2
2

Note: Award A1l for P :% only.

o , N , L
uses the second derivative to show that concavity changes at P = ?or the first derivative

. N
to show a local maximum at P = r) M1
EITHER
d?pP . N :
a clearly labelled correct sketch of pre versus P showing P :? corresponding to
: _ dpP
a local maximum point for E R1
d’p
dr?
d2 + ve
dr?
P=0

OR

. . : N .
a correct and clearly labelled sign diagram (table) showing P = P corresponding to

a local maximum point for %—T R1

continued. ..
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Question 12 continued

(d)

—-30-

M22/5/MATHX/HP2/ENG/TZ2/XXIM

OR
2 2 2
for example, d_I:: 3k°N (>0) with P = N and 3N (<0) with P = SN
dt 32 4 32 4
: N . . dP
showing P :E corresponds to a local maximum point for ’r R1
so the population is increasing at its maximum rate when P :% AG
[5 marks]
substitutes P :ﬂ into d—P (M1)
2 dt
N
P _ (ﬁj _2
d 2 N
the maximum value of d—P is k—N Al
dt 4
[2 marks]
continued...
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Question 12 continued
() METHOD 1
attempts to separate variables M1
o —dp= [kt
P( N — P)
attempts to write —————— in patrtial fractions form M1
P( N — P)
_N__A B .\ =A(N-P)+BP
P(N—P) P (N —P)
A=1, B=1 Al

J’(%+(Nip)JdP:Ik dt

=InP—-In(N-P)=kt(+C) A1A1

Note: Award Al for —In(N —P) and A1 for InP and kt(+C). Absolute value
signs are not required.

attempts to find C in terms of N and P, M1

when t=0, P=F andso C=InR,—In(N-P)

P

ktzln( P )—In R —In| N=P Al
N-P N-P, R
N-P,

s0 kt=|n3(N‘P°j AG

PRAN-P
[7 marks]
continued. ..
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-32- M22/5/MATHX/HP2/ENG/TZ2/XXIM
Question 12 continued
METHOD 2
attempts to separate variables M1
[———<dp =kt
P
p(l_j
N
_ 1 _ _
attempts to write Py in partial fractions form M1
p(l_j
N
;Eé+i:>15 A 1—3 +BP
p(1-P] P 1P N
N N
A=1, B= L Al
N
1 1 1
=—+
P

:InP—In[l—%jzkt(w) Al1A1l

P
Note: Award A1 for —In(l—ﬁ} and A1 for InP and kt(+C) . Absolute value

signs are not required.

continued. ..
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—33-
Question 12 continued
In :kt+C:>In( NP j:kt+C
1_3 N-P
N

attempts to find C in terms of N and P,

when t=0, P=P, and so C:In(

N_P
ktzlni(N PO)
pUN=P
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NF,

N—P,

|

M22/5/MATHX/HP2/ENG/TZ2/XXIM

M1

Al

AG

[7 marks]

continued. ..
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- 34 - M22/5/MATHX/HP2/ENG/TZ2/XX/IM
Question 12 continued
METHOD 3
lets U= i and forms d_u = —izd—P M1
P dt pPs dt

- . : _ _ 1
multiplies both sides of the differential equation by sy and makes the above

substitutions M1
1dP 1 1 du 1
-——=k| =—-=|=>—=k|l =-u
P dt N P dt N
d—u+ku=£ (linear first-order DE) Al
dt N
T L LI LI (M1)
dt N
d oy K «
a(ue ):Wet
ue“ =iek‘(+C) {iek‘ =ie“(+C)J Al
N P N
attempts to find C interms of N and P, M1
1 _
when t =0, P:PO, U=— and so C:i—i{: N Poj
R, P, N NP,
oK N — Pj: N-P,
NP NP,
emz( P j N-P, Al
N-P P,
kt:lnE(N_P"j AG
PRUN-P
[7 marks]
continued...
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-35- M22/5/MATHX/HP2/ENG/TZ2/XXIM
Question 12 continued

: , P(N-P,
(f)  substitutes t=10, P=3P, and N =4P, into kt =In— M1

PRAUN-P

10k =In3| oo (=In9)
4P, 3P,
k=0.220 (:iln&:llnBJ Al
10 5

[2 marks]

Total [21 marks]
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2. @ @ 4-i Al
[1 mark]
N 1 . .
(i) mean:§(4+|+4—|) Al
=4 AG
[1 mark]

(b) METHOD 1
attempts product rule differentiation (M1)

Note: Award (M1) for attempting to express f (x) as f(X)=x’—9x*+25x-17

f'(x) = (x—1)(2x—8) + x* =8x+17 ( f'(x) =3x* —18x +25) Al

f'(4) =1 Al

Note: Where f'(x) is correct, award A1 for solving f'(x)=1 and obtaining
X=4.

EITHER
y-3=1(x-4) Al

OR
y=X+cC

3=4+c=c=-1 Al

OR

states the gradient of y=x—1 is also 1 and verifies that (4, 3) lies on the

line y=x-1 Al
THEN
so y=x-1 is the tangent to the curve at A(4, 3) AG

Note: Award a maximum of (MO)AOA1A1 to a candidate who does not attempt
to find f'(x).

continued...
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-20- M22/5/MATHX/HP3/ENG/TZ1/XXIM

Question 2 continued

METHOD 2

sets f(x)=x-1 toform x—1:(x—1)(x2 —8x +17)

EITHER
(x-1)(x* —8x+16)=0 (X’ —9x* +24x~16=0)
attempts to solve a correct cubic equation

(x-1)(x-4)"=0=x=14

OR
recognises that X #1 and forms x?—8x+17 =1 (x2 —8Xx+16 = O)

attempts to solve a correct quadratic equation

(x—4) =0=x=4

THEN

X=4 is a double root

so y=x-1 is the tangent to the curve at A(4, 3)

Note: Candidates using this method are not required to verify that y =3.

Apollo | Original source crop | 109

(M1)

Al

(M1)

Al

(M1)

R1
AG

[4 marks]

continued...
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Question 2 continued

(©)

7 A4,3)

a positive cubic with an x- intercept (x :1) , and a local maximum and local
minimum in the first quadrant both positioned to the left of A Al

Note: As the local minimum and point A are very close to each other, condone
graphs that seem to show these points coinciding.

For the point of tangency, accept labels such as A, (4, 3) or the point
labelled from both axes. Coordinates are not required.

a correct sketch of the tangent passing through A and crossing the x-axis at the
same point (X=1) as the curve Al

Note: Award A1AO if both graphs cross the x- axis at distinctly different points. |

[2 marks]

continued...
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Question 2 continued

(d)

(i)

- 22— M22/5/MATHX/HP3/ENG/TZ1/XX/M
EITHER
g9'(x)=(x-r)(2x—2a)+x* —2ax+a’ +b’ (M1)A1
OR
g(x)=x"~(2a+r)x* +(a’ +b*+2ar)x—(a’ +b*)r
attempts to find g'(x) M1

g9'(x)=3x"-2(2a+r)x+a’+b*+2ar
=2x*—2(a+r)x+2ar +x* —2ax+a’+b? Al

(:2(x2—ax—rx+ar)+ X* —2ax+a’ +b’)

THEN
g9'(x)=2(x—r)(x—a)+x*—2ax+a’ +b’ AG
[2 marks]
continued...
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Question 2 continued
(i) METHOD 1
g(a)=b*(a-r) (A1)
g'(a)=b’ (A1)
attempts to substitute their g(a) and g'(a) into y—g(a)=g'(a)(x—a) M1
y—-b*(a—r)=b*(x-a)
EITHER
y=b’(x-r) (y=b>x—br) Al
sets y=0 so b*(x-r)=0 M1
b>0=>X=r oRb#0=>x=r R1
OR
sets y=0 so —-b’(a-r)=b*(x-a) M1
b>00ORb#0 =—(a-r)=x-a R1
X=r Al
THEN
so the tangent intersects the x- axis at the point R (r, 0) AG
continued. ..
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Question 2 continued
METHOD 2
g'(a)=b’ (A1)
g(a)=b*(a-r) (A1)
attempts to substitute their g(a)and g'(a) into y=g'(a)x+c and attempts to find c
M1
c=-b’r
EITHER
y=b*(x—=r) (y=b’x—b’r) Al
sets y=0 so b*(x—r)=0 M1
b>0=x=r oRb#0=x=r R1
OR
sets y=0 so b*(x-r)=0 M1
b>0OR b#0 =x-r=0 R1
X=r Al
METHOD 3
g'(a)=b? (A1)
the line through R (r, 0) parallel to the tangent at A has equation
y:bz(x—r) Al
sets g(x)=b*(x—r) toform b*(x—r)=(x—r)(x*—2ax+a’+b?) M1
b® =x*—2ax+a’+b*, (x=r) Al
(x-a)’'=0 Al
since there is a double root (x =a), this parallel line through
R (r, 0) is the required tangent at A R1
[6 marks]
continued. ..
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Question 2 continued
(e) EITHER
g'(@)=b*>=b=./g'(a) (since b>0) R1
Note: Accept b==,/g'(a) .
OR
(a+bi=)a+ivb? and g'(a)=b? R1
THEN
hence the complex roots can be expressed as a+i/g'(a) AG
[1 mark]
(H () b=4 (seen anywhere) Al
EITHER
attempts to find the gradient of the tangent in terms of a and equates to 16 (M1)
OR

substitutes r=-2,x=a and y =80 to form 80=(a—(-2))(a*-2a’+a*+16)  (M1)

OR

substitutes r=-2,x=a and y=80 into y=16(x-r) (M1)
THEN

a+2

roots are —2 (seen anywhere) and 3+ 4i A1A1

Note: Award A1 for —2 and A1 for 3+4i. Do not accept coordinates.

[4 marks]
(i) (3.-4) Al
Note: Accept “ X=3 and y=—-4".
Do not award ALFT for (a,—4).
[1 mark]
continued. ..
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- 26— M22/5/MATHX/HP3/ENG/TZ1/XXIM

Question 2 continued

@ @) 9 (x)=2(x-r)(x—a)+x*—2ax+a’+b?
attempts to find g"(x)
9"(x) =2(x—a)+2(x—r)+2x—2a (=6x—2r-4a)
sets 9"(x)=0 and correctly solves for x

for example, obtaining X—r+2(x—a)=0 leading to 3x=2a+Tr

SO x:%(2a+ r

Note: Do not award Al if the answer does not lead to the AG. |

(i) point P is % of the horizontal distance (way) from point R to point A

Note: Accept equivalent numerical statements or a clearly labelled diagram
displaying the numerical relationship.
Award AO for non-numerical statements such as “ P is between R and A
, closerto A”.
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M1

Al

AG

[2 marks]

Al

[1 mark]

continued...
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Question 2 continued

h) 0 Y=(X-1)(x*-2x+5) (A1)

Y

oy

a positive cubic with no stationary points and a non-stationary point of
inflexion at X =1 Al

Note: Graphs may appear approximately linear. Award this Al if a change of

concavity either side of X =1 is apparent.
Coordinates are not required and the y- intercept need not be indicated.

[2 marks]

@ (r,0) Al
[1 mark]
Total [28 marks]
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L. @ 0

approximately symmetric about the x-axis graph of y* = x>

including cusp/sharp point at (0, 0)

(i)  approximately symmetric about the x-axis graph of y? = x®+1 with
approximately correct gradient at axes intercepts

some indication of position of intersections at x=-1, y=+1

Note: Final Al can be awarded if intersections are in approximate correct place
with respect to the axes shown. Award A1A1A1AOQ if graphs ‘merge’ or
‘cross’ or are discontinuous at x-axis but are otherwise correct. Award
A1AOQAOAOQ if only one correct branch of both curves are seen.

Note: If they sketch graphs on separate axes, award a maximum of 2 marks for
the ‘best’ response seen. This is likely to be ALA1AO0AOQ.
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[2 marks]

Al
Al

[2 marks]

continued...
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Question 1 continued
(b) () (0,1) and (0, -1) Al
[1 mark]

(i)  Any two from:
y? = x® has a cusp/sharp point, (the other does not)
graphs have different domains
y? = x*+1 has points of inflexion, (the other does not)

graphs have different x-axis intercepts (one goes through the origin, and the
other does not)

graphs have different y-axis intercepts Al

Note: Follow through from their sketch in part (a)(i). In accordance with marking
rules, mark their first two responses and ignore any subsequent.

[1 mark]

continued. ..
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Question 1 continued

(c) Anytwo from:

as X —> 00, y —> Foo

as X >, y> =x*+b is approximated by y*= x> (or similar)
they have X intercepts at X = —3/5

they have y intercepts at y = (J_r)\/B

they all have the same range

y =0 (or x-axis) is a line of symmetry

they all have the same line of symmetry (y =0)

they have one X-axis intercept

they have two y -axis intercepts

they have two points of inflexion

at X -axis intercepts, curve is vertical/infinite gradient

there is no cusp/sharp point at X -axis intercepts AlAl

Note: The last example is the only valid answer for things “not” present. Do not
credit an answer of “they are all symmetrical” without some reference to
the line of symmetry.

Note: Do not allow same/ similar shape or equivalent.

Note: In accordance with marking rules, mark their first two responses and ignore
any subsequent.

[2 marks]

continued...
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Question 1 continued

(d (@) METHOD1

M22/5/MATHX/HP3/ENG/TZ2/XXIM

attempt to differentiate implicitly M1
2yd—y =3x"+1 Al
dx
2
dy 3¢+l OR (J_r)2\/x3+xg:3x2+1 Al
dx 2y dx
dy 3x° +1
I R el AG
dx  2¢x%+x
METHOD 2
attempt to use chain rule y = (£)v/x* +x M1
1
ﬂ=(4_r)1(x3+x) 2(3x% +1) A1A1
dx 2
1 1
Note: Award A1 for (i)E(x3 +X) 2, Al for (3x* +1).
dy 3x°+1
A T el AG
dx 24 +x
[3 marks]
(i) EITHER
- . dy
local minima/maxima occur when d_ =0
X
1+3x?* =0 has no (real) solutions (or equivalent) R1
OR
2 2 dy
(x*20=) 3x*+1>0,s0 -2 #0 R1
dx
THEN
S0, no local minima/maxima exist AG
[1 mark]
continued...
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Question 1 continued

(e) EITHER

2

. . .d
attempt to use quotient rule to find d—z/
X

1
d’y _ (+)12xm— (L+3x%) (x+x°) 2(1+3%?)
dx* 4(x+x%)

Note: Award Al for correct 12X/ X+ x® and correct denominator, Al for correct

—(1+3x%) (x + x3)_% (1+3x?).

Note: Future A marks may be awarded if the denominator is missing or incorrect.

2
stating or using % =0 (may be seen anywhere)
X

1
124X+ X% = (1+3x%) (x+ x%) 2(1+3x%)

OR

2

_.d
attempt to use product rule to find d—g
X

d2y 1 3 1

v E(SXZ +1)(—%)(3x2 +1)(x3 + x)_E +3x(x3 + x)_E

\ Note: Award A1l for correct first term, A1l for correct second term.

2
setting d’y =0

dx?
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M1

AlAl

(M1)

M1

AlAl

(M1)

continued...
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Question 1 continued

M22/5/MATHX/HP3/ENG/TZ2/XXIM

OR
attempts implicit differentiation on ZyS—y =3x*+1 M1
X
2 2
2(QJ r2y Y ey Al
dx dx
. d’y
recognizes that —= =0 (M1)
dx
dy
=2 = +/3x
3x*+1
+) = = (+)/3x (A1)
)2\/x3+x (*)
THEN
12x (x+ x%) = (1+3x%)?
12x% +12x* =9x* +6x° +1
3x*+6x2-1=0 Al
attempt to use quadratic formula or equivalent (M1)
L2 8E/48
6
(x>0=)x= 26_3 (p=2,q=-3,r=3) Al
| Note: Accept any integer multiple of p, q and r (e.g. 4,—6 and 6). |
[7 marks]
continued...
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Question 1 continued
(H () attemptto find tangent line through (—1,-1) (M1)
3
y+1:—§(x+1) OR y=-15x-25 Al
[2 marks]
(i)  attempt to solve simultaneously with y* = x*+2 (M1)

Note: The M1 mark can be awarded for an unsupported correct answer in an
incorrect format (e.g. (4.25, -8.875)).

obtain (E, —Ej Al
4 8

[2 marks]

continued...
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Question 1 continued
(9) attempt to find equation of [QS] (M1)
Y=1_ 79 1 88095...) (A1)
X+1 42
solve simultaneously with y* = x°+2 (M1)
X:O.28798...(: Ej Al
441
y=-14206. [ =111 Al
9261
(0.288,-1.42)
OR
attempt to find vector equation of [QS] (M1)
[l (A1)
y) (1) "(-%
X=-1+ 2—1/1
4
79
—1-2,
y 8
2 3
attempt to solve (1—%9/1j = (—1+%1Aj +2 (M1)
A =0.2453...
X=0.28798...(= 12—7J Al
441
y= —1.4226...(= Bﬂj Al
9261
(0.288,-1.42)
[5 marks]

[Total 28 marks]
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1. g'(x) =2xe" " (A2)
substitute x =—1 into their derivative (M1)
g'(-1)=-2¢° A1
Note: Award AOMOAO in cases where candidate’s incorrect derivative is

g'(x) _ ex2+l

[4 marks]
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4. recognizing need to integrate

dx OR u=x*+1 OR é11:2)6
dx

| 6x

2 +1

Pdu OR 3]2 dr
u x +1

:31n(x2+4)(+c) or 3lnu(+c)
correct substitution of x=1and f(x)=50r x=1andu =2 into equation

using their integrated expression (must involve c)
5=3In2+c

x*+1

f(x)=3In(x*+1)+5-3In2 (: 3In(x’ +1)+5-In8 =3ln[ j+5j (or equivalent)

Note: Accept the use of the modulus sign in working and the final answer.
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(A1)

A1

(mM1)

A1l

[5 marks]
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7.  attempt at implicit differentiation, including use of the product rule (M1)
EITHER
(2x+2yd—yjy2+(x2+y2)2yd—y:8x A1A1A1
dx dx

dy) 2 2 dy
Note: Award A7 for each of | 2x+2y— , (x”+ 2y—=— and 8x.
( ydxjy ()2

OR

xzy2 +y4 =4y?

dy dy
2xp° + 2x% L +4y° =L =8x A1A1A1
Y ydx Y dx

Note: Award A7 for each of 2xy’ +2x2y%, 4y3% and 8x.

THEN

at a local maximum or minimum point, % =0 (M1)
2xy” =8x

x=0ory’=4(= y=1%2) A1
Note: Award AOfor x=0ory=2

since x>0 and —2 < y <2 there are no solutions R1
hence there are no local maximum or minimum points AG

[7 marks]
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0. (@ Y_y-2¥

= % = —2ln|x|(+c)

Note: Condone the absence of the modulus sign up to this point.

2
:>y—2=—21n|x|+c
2x

attempt to substitute x =1,y =2 into their integrated expression to find ¢

=2=-2In[ll+c=>c=2

2
:>y—2: —21n|x|+2
2x

=y =2x (—2 ln|x| + 2)(: 4x’ (1 — ln|x|))
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(A1)

(M1)

(A7)

M1

A1

A1

M1

A1

[8 marks]

continued...
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Question 9 continued

(b) attempt to set % =0 in the differential equation

y:\/fx andy:—x/zxor m=12
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(M1)

A1

[2 marks]

Total [10 marks]
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Section B
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2. (a) (0.708519...,0.639580...)

(0.709,0.640) (x=0.709, y=0.640)

(b) 1.09885...

x=1.10 (accept (1.10,0))

(c) METHOD 1

Ioz|f(x)|dx
4.61117...

area = 4.61

METHOD 2

[*  f(x)dx OR [*|f(x)|dx OR4.17527..

1.09885...

1.09885... 2
[ f(x)ax=[  f(x)dx OR0.435901... +4.17527...

0 1.09885...

4.61117...

area = 4.61
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A1A1

[2 marks]

A1

[1 mark]

(A1)

A2

(A1)

(A1)

A1
[3 marks]

Total [6 marks]
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8. EITHER

(d—V :lenh —1h®
dh

Note: This A7 may be implied by the value i—Z: 76.5616... .

attempt to use chain rule to find a relationship between % Cll—fand ((11—:

dh _dh dv|_ 1 dv

FTRr AT —(cle s
dh

OR

attempt to differentiate V' = Snth’ —%n}f throughout with respect to ¢

d_V: IORh%—nhZ%

dr dt dr
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continued...
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Question 8 continued
THEN
(10nh—nh2)d—h=2 OR %:;2 (A1)
dr dt 10mh—=h

Note: Award this A1 if the correct expression is seen with their 4 already
substituted.

attempt to solve 200 = 5zh’ —%nif

h=4.20648...

Note: This (M1)(A1) can be awarded independently of all previous marks, and may

be implied by the value ((11—: =76.5616...

Ignore extra values of 4 -3.24 and 14.0.

((li—h =0.0261227...

t

% = 0.0261(cms’1)
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(m1)

(A1)

A1

[6 marks]
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11. (a) attempt to use product rule (M1)

[1(x) =3¢ +2¢™ (3x—4) (=™ (6x-5)) A2

Note: Award A1 for 2 out of 3 of 3e’*, 6xe’* and —8¢** seen or implied.

[3 marks]
(b) f'(x)=1 (M1)
x=0.86299...
x=0.863 A1
y==7.92719...
y=-7.93 A1l
(0.863,-7.93)
[3 marks]
. . 4
(c) x-intercept is at 5(1.33) (A1)
attempt to use formula for volume of revolution (M1)
Note: Award (M1) for an integral involving wand (f(x))2. Condone use of 2w and
incorrect or absent limits.
4
3 2
nJ.(ezx (3x—4)) dx (A1)
0
‘ Note: This (A1) can be awarded if the dx is omitted. ‘
=164.849...
=165 A1
[4 marks]
continued...
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Question 11 continued
(d) (i) attemptto compose functions in the correct order (M1)
(fo2)(0)=/(g(0)=r)
=-7.38905...
=-7.39(=-¢") A1
(i)  attempt to use the chain rule (M1)

(/=) (0)=1"(2(0))2'(0)

Note: For this (M1) to be awarded, multiplication of two derivatives should be seen

or implied.
=21"(1)(=2%7.38905...) (A1)
=14.7781...
=14.8(=2¢) A1
[5 marks]
Total [15 marks]
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1. (a) EITHER
S, :§(2xl+(n—l)xl)

OR

u, =1 and either u, =n or d =1 stated explicitly

OR
1+2+...+n (or equivalent) stated explicitly
THEN
n
S =—(l+n
n 2( )

Note: Award A0 for a numerical verification.

(i) a+a,+ ay=1
2a,+4a,+8a, =5

3a,+9a,+27a, =14

their answer to part (b) (i).

Note: For the third A mark, award A1FT for 3a, + 9a, + 27a, = p where p is
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A1

A1

A1

AG

[1 mark]

A1
[1 mark]

A1
A1
A1

[3 marks]

continued...
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Question 1 continued
(i) 4 :é (=0.166666...~0.167), a, :% (=0.5),

a, =l (=0.333333...0.333) A2
3

Note: Award A1 if only two of «4,,a,,a, are correct.

Only award FT if three linear equations, each in a,,a, and a, are stated
in part (b) (ii) or (iii).

Award A2FT for their a,,a, and aj,.

Award ATFT for their a,,a, and a, =0.

[2 marks]
(c) f’(x): 14+ 2x+ 3x% +... +nx"! A1
Note: Award A1 for f’(x)=> ix"".
i=1
=xf'(x)= x+2x" +3x +.+mx" AG
[1 mark]
continued...
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Question 1 continued
(d) () METHOD 1
£ (x)=xf(x)
flx)y=1"+2"x+ (32x2)+...+nzxn_l (z1+4x+(9x2)+...+n2x"_1) A1

Note: Award A1 for
xf,(x) = x(l2 +2°x+ (32x2)+...+n2x”"1) (: x(1+4x+(9x2)+...+nzx”‘1 ))

xf)(x)=1"x+2°x° +(32x3)+...+ n’x" (:x+ 4x° +(9x3)+...+n2x") A1

Note: Award A1 for f/(x)=> i’x"" and A1 for xf(x)=x) i’x"".
i=l i=1
The second A1 is dependent on the first A17.
Award a maximum of AOA1 if a general term is not considered.

n

=>i’x AG
MI;'HODZ

fi(x)=x(3(x)

=x(f"(x)+xf"(x)) (=" (x)+x"f"(x)) A1

= xznlixi_l + sz":l.(l. - l)x’;2
i=1 1

i=

=inzlix"+inzli(i—l)xi (zi(iﬂ'z—i)x’) A1

i=1
n
2o
= Zl xl AG
i=1

[2 marks]

continued...
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Question 1 continued
(i) consider g =1
fi(x)=x+2x"+...+nx" (reference to part (c)) and f;(x)=) ix’ R1
i=1
assume true for g =k, ( f,(x)=D_i*x") m1
i=l

Note: Do not award M1 for statements such as “let g =k" or “¢ =k is true”.

Subsequent marks after this M1 are independent of this mark and can be
awarded.

consider g =k +1

f}Hl(X):XfZ(X) M1

n
=x) "™ OR x(1+2x+3"'x" + .+ A1

i=1

Note: Award the above M1 if f,, (x)=x>i""'x" or xf/(x)=x) i*"'x"" (or
i=l1

i=1

equivalent) is stated.

n
.k i
= Zl X" OR x4+ 22 4393 4+ Iy A1

i=l
since true for ¢ =1 and true for ¢ =k +1 if true for ¢ =k, hence true for all
q(eZ") R1

Note: To obtain the final R1, three of the previous five marks must have been
awarded.

[6 marks]
(iy £, (1)=1"+274+37+_.+ n’

3% (= anliqu A1

i=1 i=1

[1 mark]

continued...
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Question 1 continued

ul(r” —1)

N22/5/MATHX/HP3/ENG/TZ0/XX/M

() wuses S, = " with ¥ =x and u, =1 M1
}/‘_
clear indication there are (n +1) terms R1
x/‘Hrl _1
S ()= AG
x—1
[2 marks]
(f) METHOD 1
S(x)=x"(x)
x=1)(n+1)x" —1x(x"" -1
_ (=1)(n+1) ! ( ) W1AT
(x=1)
Note: Award M1 for attempting to use the quotient or the product rule to find
f(x).
. (nx+x—n—1)x"2—(x"+l —1) _ ™ — " _zx,, 41 a1
(x—l) (x—l)
Note: Award A1 for any correct manipulation of the derivative that leads to the
AG.
nx""? —(n+l)x"+' + x
_ . AG
(x-1)
METHOD 2
attempts to form (x—1) f;(x)
M1
(x=1) f; (x) =mx"" —(x+)c2 +x° +...+x”)
1 . xn+1 _1
x)=——nx"" - -1 A1

X

x—1 x—1 x—1

£(v)= 1 {nx”“(x—l)—x””+xj [z 1

(nanrZ —-n

n+l _ _n+l
X + X A1
x—1

AG.

Note: Award A1 for any correct manipulation of the derivative that leads to the
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—12—
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£i(x)= : AG
(x=1)
[3 marks]
) . n—(n+1)+1( 0
(@ (@) limf(x) =¥(=— R1
x—l1 O O
Note: Only award R1 for sufficient simplification of the numerator, for example,
as shown above.
Do not award R1 if lm} is not referred to or stated.
[1 mark]
continued...
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Question 1 continued
(i)  attempts to differentiate both the numerator and the denominator M1
+2)x"" = (n+1) x" +1
x>l 2(x—1)
) n(n+2)x”+'—n(n+l)x”—(n+1)x” +1 _
Note: Award A1 for (hm) . This form
21 2(x—l)
can be used in subsequent work.

('Hépital’s rule applies again since)
n(n+2)x’”1 - (n+l)2 x"+1 0

lim R1
Xl 2(x—1) 0
Note: Do not award R1 if linll is not referred to or stated.
Subsequent marks are independent of this R mark.
attempts to differentiate both the numerator and the denominator M1
n |
+2)(n+1)x" - +1
x—1 2
_n(n+2)(n+1)— n(n+1)2 _n3+3n2+2n—(n3+2n2+n)
- 2 - 2
n(n+1)((n+2)—(n+1 2
_n(n+1)((n+2)=(n+1)) (_w*+n A1
2 2
1
= —n(n +1) AG
2
[5 marks]
Total [28 marks]
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2. (a) EITHER

A= 21‘:J.2x\/1 +27 dx (: 4x/§njxdxj (A1)

NG [f]i (=2m5(32-0%)) A1

OR

2k 2
A=2mmiam® || | = ommiom? | (A1)
2 |, 2

=21 (2)\5 B} (: 2m(2)45 [%D A1
THEN

=185 1 AG

[2 marks]

(b) () r=mh A1

[1 mark]

(i) I=~h+r" (M1)
[=~NR+12m (= N1+ m?) A1
[2 marks]

continued...
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Question 2 continued
h
(i) A= 2nj mxx1+m’ dx (A1)
0
1 h
PN {_4 (M1)
2 0

h
Note: Award (M1) for (c)mm~1+m’ [%xz} .
0

At least one of the above two lines needs to be seen.

= wh’m\1+m’ (:nhmx (h2+h2m2)) A1

=mrl AG

Note: Award as above if éz \J1+m? is used, for example.

[3 marks]
(c) METHOD1
attempts to use the chain rule (M1)
Note: Award (M1) for d—y:(c)x(r2 —x’ )'%.
dx
dy _ 1o, — _ 2 2 -~
E—E(r - X ) 2 (—2x) ——x(r -X ) 2 A1
METHOD 2
attempts implicit differentiation on y* =#*> —x* (or equivalent) (M1)
d__x A1
dx
[2 marks]
continued...
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Question 2 continued
(d) EITHER
attempts to substitute y =+/7* —x* and their % into 4 (M1)

a=2mf N Jl{_x(rz_xzyi]z i

r 2
:ZEI\/rz—xz 1+ al dx A1

I’2 —x2
OR
attempts to substitute y and their % in terms of x and y into 4 (M1)
r 2
A=2x(y 1+(—fj dx
e y
r x2 r
=27tjy I+—dx [=27IJ x2+y2de A1
b y bt
THEN
attempts to perform valid algebraic simplification to form a definite integral in
terms of » only M1
= 21:_[ rdx

= 27'cr[x]ir (: 2nr(r—(—r))) A1

=4rr? AG

r 1 2
Note: Award marks as above for 4 = 4n.[\/r2 —x \/1+(—x(r2 —x? )_ZJ dx .
0

[4 marks]

continued...
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—-17 — N22/5/MATHX/HP3/ENG/TZ0/XX/M
Question 2 continued
(e) (i) EITHER
horizontal stretch A1
factor l A1
k
OR
horizontal compression A1
factor k (invariant line y- axis) A1

Note: Award A1A1 as above for correct alternative descriptions.

1
For example, dilation by a factor of ; from the y-axis.

[2 marks]
r
i +— A1
(ii) i
Note: Award A0 for % only and A0 for —% only.
[1 mark]
continued...
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-18 — N22/5/MATHX/HP3/ENG/TZ0/XX/M
Question 2 continued
(i) METHOD 1
attempts to use the chain rule (M1)
1 1
dy 1 ( 2 2\72 2 2. (.2 2\72 —k’x
—:—r—kx) x(—k"2x :—kx(r—kx) = A1
dx 2 ( ) ( ) ( ) ,7"2 —k2x2
METHOD 2
attempts implicit differentiation on y* = 7> —k*x* (or equivalent) (M1)
dv__Kx
dx y
dy_ kx| A1
dx [12 _ 2y
[2 marks]
continued...
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-19 - N22/5/MATHX/HP3/ENG/TZ0/XX/M

Question 2 continued

(v) EITHER

i 4 2
A=2n r*—k*x? 1+k—x dx
N

rr—k*x? (A7)

d
Note: Award (A1) for the correct substitution of y and 4

attempts to simplify to find p(x), eg. forming a common denominator of
r* —k’x* and then cancelling »* — k*x* (M1)
OR

(A1)
y

d
Note: Award (A1) for the correct substitution of 4

attempts to simplify to find p(x), eg. forming a common denominator of j*
and cancelling )°

(mM1)
THEN

ey 3 |

=27tj.\/r2— X +k*xPdxe | =27 \/r2+(k4—k2)x2dx A1A1

=~

Note: Award A1 for correct limits (seen anywhere) and A7 for p(x) correct

The above A1 for correct limits is independent of the (M1).

[4 marks]

continued...
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—-20-—

Question 2 continued

N22/5/MATHX/HP3/ENG/TZ0/XX/M

(v) r=6378(km) (A1)
k:1.00330...(:@:%j (A1)
6357 2119
attempts to form a definite integral for surface area (M1)
6357 2 4
=2n [ [6378° —(@j X2 +(ﬂj x* dx
a5 6357 6357
=510064226.3...
=5.101x10" (km®) A1
Note: Award AOATFT(M1)AO for using  =6357 (km) and k =0.996707...
leading to an answer of 5.089x10° (kmz) :
[4 marks]
Total [27 marks]
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- 3
6. 4 =%x2 sin% OR 4= %xz sin 60° OR triangle height /= \/x2 —(ij [:\/—xj (A1)

:lx2 [QJ OR A:lx[ﬁxj [=£x2j A1
2 2 2 2 4

Note: Award A1 for sing = ﬁ This may be seen at a later stage.

attempt to use chain rule or implicit differentiation (M1)
4 _dd dx

de dx dr

%=£x2xﬂ oR M 1 in T d® (A1)
dt dt de 2 3 dr

:2;/§><5\/§><4

a_ 30(cm’s™") A1
dt

Note: Award a maximum of (A1)A1(M1)(A0)A1 for a correct answer with
incorrect derivative notation seen throughout.

[5 marks]
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9. METHOD 1 (subtracting volumes)

hZ 2
radius of cylinder, R is ,frz vy OR R* =7’ —% (seen anywhere) (A1)
. h h h
correct limits 0 and 5 OR ) and ) (seen anywhere) (A1)
EITHER

volume of part sphere = nj(rz —y? )dy

correct integration A1
3
ry-2
4 3
attempt to substitute their limits into their integrated expression (M1)
rh K
2 24
recognition that the volume of the ring is nj(r2 —yz)dy—Tchh where R = r (M1)
2 2 2 h2
n||(r"—y" )dy—=m| r" —— b (or equivalent
I( y ) Ly ( 4}1 (oreq )
correct equation (A1)
2 3 3 3 3
2n rh_ I —nr2h+ﬂ:n OR h——h—:l (or equivalent)
2 24 4 4 12
OR
h2
recognition that the volume of the ring is nj (rz —yz)— r s dy (or equivalent) (M1)
correct integration A1
hZ 3
LA
4 3
attempt to substitute their limits into their integrated expression (M1)
P
8 24
correct equation (A1)
3 3 3 3
21 h——h— =n1 OR 2 h——h— =1 (or equivalent)
8 24 8 24
THEN
h=36 A1
[7 marks]
continued...
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-18 - M23/5/MATHX/HP1/ENG/TZ1/XXIM
Question 9 continued
METHOD 2 (volume of cylindrical hole)
. . . 2 h2 2 2 h2
radius of cylinder, R is ,|r _T OR R" =7 —? (seen anywhere) (A1)
... h
correct limits 5 and r» (seen anywhere) (A1)
volume of part sphere = nJ.(rz —yz)dy
correct integration A1
3
2. )
}/' —_——
Y73
attempt to substitute their limits into their integrated expression (M1)
25 _rzh h’
3 2 24
recognition that the volume of the cylindrical hole is nf(rz —y? )dy +nR*h where R # r (M1)
nJ.(rz —yz)dy +7| 7’ ¥ e P (or equivalent)
4 3
correct equation (A1)

3 2 3 3 3 3
27{&_&4_11_]4_”2;1_%:%1;;»3—71 OR h——h—:—l (or equivalent)

3 2 24 12 4
h=36 A1
[7 marks]
continued...
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-19 - M23/5/MATHX/HP1/ENG/TZ1/XX/IM
Question 9 continued
METHOD 3 (shells)
"’ h’
radius of cylinder, R is |7’ 7 OR R* =77 vy (seen anywhere) (A1)
attempt to use shells method (M1)

2nJ. xvrt —x* dx

h2
correct limits rand , |7 - (seen anywhere) (A1)

correct integration A1
1/, 2 %
=)
attempt to substitute their limits into their integrated expression (M1)
3
2 2
L 0—|r’—| r’ ——
3 4
correct equation (A1)

N W

2
2><ﬂ O—{ 2—(r2 —h—D
3 4

h=36 A1
[7 marks]

3
=n OR 22—n><h— =7
3 8
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-20- M23/5/MATHX/HP1/ENG/TZ1/XX/IM

Section B
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11. (@) L=AC+CB

D

=cosa :>AC=—:>AC=iseca A1
cosa 4
6 )
—=sina| = CB=—= CB =6coseca A1
CB sina
3
so L :Zseca+6coseca AG
[2 marks]
. 3
(b) (i) — =—secatana —6coseca cotx A1
da 4
(i) attempt to write e in terms of sina,cosa or tana (may be seen in (i) (M1)
o
3. 3 3.,
%_Zsma_&osa oR E_Z‘[anoz_ 6 _Ztan a—6
da cos’a sin‘a da cosa sinatana| cosatan’a
dL 3 . 3 3 3 3 .
—=0==sin"a—6c¢cos"a =0 OR —tan’ « —6 =0 (or equivalent) (A1)
da 4 4
tan’ o =8 A1
tana =2 A1
a = arctan 2 AG
[5 marks]
continued...

Apollo | Original source crop | 155



Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ1 | Q11 | 19 marks

-23- M23/5/MATHX/HP1/ENG/TZ1/XXIM
Question 11 continued
(c) (i) attemptto use product rule (at least once)

d*L
da?

(m1)

3
=—secatano tan o +ZSCC0{SCC2 (44

+6coseca cota cot o + 6cosecacosec’ar (or equivalent) A1A1

Note: Award A1 for %secatanatana jLisecozsec2 o and A1 for

+6coseca cota cot a + 6cosecacosec’ . Allow unsimplified correct
answer.

d’L 2 3 2 3
i zzsecatan a+zsec a + 6coseca cot” a + 6cosec’ o
a

(i) attempt to find a ratio other than tan« using an appropriate trigonometric

identity OR a right triangle with at least two side lengths seen (M1)

2
Note: Award MO for o = arctan 2 substituted into their

> with no

da

further progress.

one correct ratio (A1)

. 2
seca =+/5 OR coseca=§ OR cota=% OR cosa =— OR sing =——

-
B

Note: M1A1 may be seen in part (d).

%(\/g)(22)+%(\/§)3 + 6(?}(%)2 + 6[%} (or equivalent) A2

1245 15J5 3J/5 155
- - -

4 4 4 4

Note: Award A1 for only two or three correct terms.
Award a maximum of (M1)(A1)A1 on FT from c(i).

d’L 45 NG
=—.5 AG
da* 4
[7 marks]
continued...
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- 24 - M23/5/MATHX/HP1/ENG/TZ1/XX/M
Question 11 continued
: d’L :
(d) (i) i >0 OR concave up (or equivalent) R1
a

(and % =0, when a =arctan2, hence L is a minimum)
a

(i) (Lo =)3(\B)+6(£j (A1)

A1
4

[3 marks]
(e) (11.25=) # > # (or equivalent comparative reasoning) R1
the pole cannot be carried (horizontally from the passageway into the room) A1

Note: Do not award ROA1.
[2 marks]
Total [19 marks]
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X

5 dx
x“+2

0

EITHER

attempts to integrate by inspection or substitution using u = x> +2 or u = x’

Note: If candidate simply states = x*+2 or u = x, but does not attempt to
integrate, do not award the (M1) .

Note: If candidate does not explicitly state the u-substitution, award the (M17) only
for expressions of the form klnu or kln(u+2).

c

A2 o2
{llnu} OR [lln(u+2)} OR [lln(x2 +2)}
2 2 2

2 0 0

‘ Note: Limits may be seen in the substitution step.

OR

attempts to integrate by inspection

Note: Award the (M1) only for expressions of the form kln(x2 + 2) .

c

Bln(xz +2)}

\ Note: Limits may be seen in the substitution step.

0

THEN

correctly substitutes their limits into their integrated expression

%(ln(cz+2)—ln2) (=In3) OR %ln(c2+2)—%ln2(:ln3)
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(mM1)

A1

(M1)

A1

(mM1)

continued...
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-12 - M23/5/MATHX/HP1/ENG/TZ2/XXIM

Question 4 continued

correctly applies at least one log law to their expression (M1)

2

2 2
lln(c ;2J(=ln3) OR ln\/cz+2—ln\/5(=ln3) OR ln£c ;2J=ln9

ct+2

V2

‘ Note: Condone the absence of In3 up to this stage. ‘

2
2
OR In(c*+2)-In2=In9 OR In ¢+

(= ln3) OR In

(= ln3)

2 2

2
+2 g or <23 A1
=16

Note: Award AO for ¢ =14 as a final answer. ‘

Total [6 marks]
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10. (@) »°=9-x" OR y=+/9—x’ A1
(since y>0) = y=+9—x’ AG
[1 mark]
b) b=2y (=2 9—x2) or h=x+3 (A1)
aﬂempmtosubﬁﬁmethekbaseexmesgonandhe@htexmesﬂoniMO14:%bh (M1)
2(x+3)V9-x7

A=+9—-x*(x+3) (orequivalent) | = ( )2 Y o 13— A1
[3 marks]

(c) METHOD1

., d4

attempts to use the product rule to find o (M1)
attempts to use the chain rule to find %\/9—)8 (M1)

(% :j m+(3+x)(%j(9—x2); (—2x) (:m—j;t_zj A1

(dA J 9-x  x'+3x [:9—x2—(x2+3x)J

> _ A1
dx \/9—)62 \/9—)c2 \/9—x2
%_9—3):—2x2 AG
dx V9 -x?
continued...
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-21- M23/5/MATHX/HP1/ENG/TZ2/XXIM

Question 10 continued

METHOD 2
da_di dy
de dy dx
attempts to find a4 where 4=y(x+3) and Y where > =9—x’ (M1)
dy dx
%=y£+x+3 and d—yz—i (or equivalent) A1
dy " dy S
substitutes their % and their d—y into %zﬁxd—y (M1)
dy dx de dy dx
%:(y(—lj+x+3j(—£j (or equivalent)
dx X y
9—x*—x"-3
St S (or equivalent) A1
VO —x?

d4 9—3x—2x’

=7 = = AG
dx V9 —x?
[4 marks]

continued...
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—-22 - M23/5/MATHX/HP1/ENG/TZ2/XX/IM
Question 10 continued
dA4 9—3x—2x
@ ——=0|—F———= (1)
dx 9—x?
attempts to solve 9 —3x—2x”> =0 (or equivalent) (M1)
3+.(=3)> —4(-2)(9) .
—(2x-3)(x+3)(=0) OR x= 22 (or equivalent) (A1)
=2 A1

Note: Award the above A1 if x =-3 is also given. ‘

substitutes their value of x into either y =+/9—x*> or y=—-/9—x’ (M1)

Note: Do not award the above (M1) if x<0.

=__V27 :_ﬂ,:_ 2—7,=—«/6.75 A1
2 2 4

[6 marks]

Total [14 marks]
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12. (a) lett=+/x M1

t* =x= 2t dt =dx (or equivalent) A1

SO Icos«/;dx=2_[tcost dt A1

attempts integration by parts (M1)
u=2t,dv=cost dt, du =2 dt, v=sint

2Jtcost dt=2tsint—2J.sint dt (A1)

=2tsint+2cost+C A1

substitution of ¢ = \/; = J-cos\/; dx = 2\/;sin X+ 2cos\/;+ C AG

[6 marks]

A1

o o COED-URE [ Gne)'w
n+l T 4 - 4

[1 mark]

continued...
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- 28— M23/5/MATHX/HP1/ENG/TZ2/XXIM
Question 12 continued

(c) areaof R is J.cos«/; dx‘ (M1)

\ Note: Modulus may be seen at a later stage. \

(2n+1)'n?
= [2\/; sin~/x +2cos \/;](an)znz A1l
4

Note: Condone +C at this stage. ‘

attempts to substitute their limits into their integrated expression (M1)

(2n+1)nxsm (2n+1)n +cos(2n+1)n _[(Zn—l)nxsm (2n—1)n +COS(2n—1)nj
=2 2 2 2
A1
=2|(-1)" (2n+1)n—((—1)"+1 @J ( or equivalent ) A1
=2 (_1)"M+(_1)”M A1
2 2
n 4nm
(1%
=4nn A1
Note: Award a maximum of (M1)ATM1A1A1A0AOQ for only attempting to
calculate J'l cos\/; dx, and not applying the modulus.
[7 marks]
continued...
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- 29— M23/5/MATHX/HP1/ENG/TZ2/XX/M
Question 12 continued
(d) EITHER
attempts to find (d =)R,, —R, m1
(d =)4(n+1)n—4n7t

Note: Award MO for consideration of special cases for example R, and R, .

Accept d =kn.

which is a constant (common difference is 4x) R1
OR

an arithmetic sequence is of the form u, =dn+c (u, =dn+u,—d) m1
attempts to compare u, =dn+c (u, =dn+u,—d) and R, =4nn m1
d=4n and ¢=0 (u,—d =0) A1

Note: Accept d =km.

THEN
so the areas of the regions form an arithmetic sequence AG
[3 marks]
Total [17 marks]
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12.

Note: Penalise only once for an answer not given to six significant figures in parts
(@), c(ii) and (d)(ii).

(a) attempt to use Euler's method (M1)

X2y —y 0-3
=y +0.03] 0 |y =3+0.03] —
yn+1 yn ( X2+1 J yl (04_1}

n

y, =291 (AL)
at least one correct further intermediate value given to at least 3 significant figures (A1)

Yo 3

A 291

Y, 2.82285...

Vs 2.73877...

Y, 2.65793...

Vs 2.58046...

y(0.15) ~ y, = 2.58046160...
= 2.58046 Al

Note: Award final Al for the correct answer seen as the last line in a table.
If the table goes beyond this value and the correct answer is not explicitly
identified award maximum (M1)(A1)(A1)A0

[4 marks]

continued...
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- 28— M23/5/MATHX/HP2/ENG/TZ1/XX/M
Question 12 continued
() () d_y =-3 Al
dx

@iy METHOD 1
attempt to use quotient (or product) rule on

dy Xxy- -
o e 0 (y=y)

attempt to use product rule and implicit differentiation on xzy

X2y — y) X2 dy+(2x)y—j—;’ (seen anywhere)

dx ( dx

=3 (when X=O,y=3,g=—3)
dx

a2y (x2+1)(x 3y+(2x)y gyj (XZy_y)(ZX)
y

X
dx” (x +1

2

OR 37)2/ =(x +1)1(X2 %+(2X) y_%J—Zx(xz +1)"(xy-y)

d’y dy
o =3 (when x=0,y=3,— i =-3)
METHOD 2

(x +1) Si Xy —y

attempt to use product rule and implicit differentiation

dy d’y  ,dy dy
2 1 dy _dy
Xt L) g =X g (2 y -0

Note: Award Al for LHS and A1l for RHS

d’y dy
o =3 (when x=0,y= 3dx -3)
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(M1)
(M1)

Al

Al

AG

Al
(M1)

AlAl

AG

[5 marks]

continued...
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-29- M23/5/MATHX/HP2/ENG/TZ1/XXIM

Question 12 continued

2 3

_ X X B 32,33
) () 3—3x+z(3)+§(9)+...(_3—3x+§x +§x +j A1A1

Note: Award A1l for first three terms, A1l for fourth term

(i) y(0.15)=2.58881125...
=2.58881 Al

[3 marks]

continued...
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-30- M23/5/MATHX/HP2/ENG/TZ1/XXIM
Question 12 continued
(d) () EITHER
attempt to separate variables M1
2
dy = 1- dx
-[ j( X2 +1)
In y=X-— 2arctanx+c AlAl

Note: Award Alfor Iny or In|y|, Al for x—2arctanx.

Condone missing +C at this stage.

OR
attempt to use integrating factor M1

dy 2
Y _yl1- =0
dx y( X2 +1j

2
IF = e-[ (lim}ix — e—x+2arctanx

Al
e—x+2arctanx % _ ye—x+2arctanx 1_ 22 — O
dx X +1

e—x+2arctanxy — A Al
THEN
Iny=x-2arctan x+c OR y = Ag* ™"
attempt to find ¢ or A using x=0,y=3 (M1)
INn3=0-2arctan0+c OR 3= Ag®?"°

=In30OR A=3 (A1)

Note: This Al should not be awarded if a correct value of ¢ or A is preceded by
incorrect working.
y = ex—2arctanx+|n3 (:3ex—2arctanx) Al
continued. ..
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-31- M23/5/MATHX/HP2/ENG/TZ1/XXIM
Question 12 continued
(i)  y(0.15)=2.58786288...

=2.58786 Al

[7 marks]

d’y
(e) the graph of y = f(x) is concave up OR o >0 (for 0<x<1) Al
X

Note: Allow positive curvature, opening upwards, increasing first derivative.

hence tangents used (in Euler's method) give an underestimate,
so the approximate value for y when X =1.5 is less than the actual value. R1
[2 marks]

Note: R1 is dependent on Al, as well as reference to tangents, in words or on a
diagram.

Total [21 marks]
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5. (a) recognize that acceleration is zero when v’(t) =0 OR at a local maximum on the

graph of v

t, =0.394791...

= 0.395(: arctan (%D (seconds)

(b) recognition that v=0
sketch OR ¢#=4.71238... OR t=10.9955...
t, =10.9955...

z2:11.o(:7—”j
2

t 10.9955... 4.71238... 10.9955...

(© [MdorR [ pdt OR [ wdi+ [ ] de(=6.53806..+129313..)

f 0.394791... 0.394791... 4.71238...
4.71238... 10.9955...

OR [ wvdr— [ vde(=653806..—(~1.29313..))
0.394791... 4.71238...

distance = 7.83118...
=7.83 (m)
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(mM1)

A1

[2 marks]

(M1)

A1

[2 marks]

(A1)

A1

[2 marks]

Total [6 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2023 TZ2 | Q7 | 5 marks

7.  attempts to express x in terms of tan y
x=tany+2

let V' be the volume of the solid

b
correctly uses V =m I x*dy

a

b
Note: Award MO for V = ch.(arctan(x — 2))2 dy

a

V=mn

SR ]

0

1.0472...
(tany+ 2)2 dy[: n I (tany + 2)2 dy)

=24.0213...

= 24.0 (:n(4ln2+n+\/§))

Note: GDC in degrees gives13.3
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(A1)

(M1)

(A1)

A1

[5 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2023 TZ2 | Q12 | 21 marks

12. (a) attemptstouse y, =y, +hx f(x),¥,)

2 2
=24 0.1x 32

=2.65

Note: Award (M1)A0 for 2.35.

(b) let y=wx

Yy Y
dx dx

dv  x?+3v%7
VEX—=—————

VX

dv  1+2v?
X—=
dx v

attempt to separate variables xand v

%m@ﬁ+gzmx+c

Note: Condone the absence of C to this stage.
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(mM1)

A1

[2 marks]

M1

(A1)

(mM1)

A1

m1

A1

continued...



Mathematics: analysis and approaches HL | Paper 2 | May 2023 TZ2 | Q12 | 21 marks

—25—

Question 12 continued

M23/5/MATHX/HP2/ENG/TZ2/XX/IM

EITHER
2
lh{zy2 +1j:lnx+C
4 X
when le,y:2:>C:%1n9 M1
Note: Award M1 for attempting to find their value of C.
2
lln(2J; +1j:lnx+lln9
4 X 4
1
2 4
(2); +lj =/3x
X
OR
2
ln( 22)/ jzln(x4)+lnC
x +1
2
2V 1=cxt
X
when x=1, y=2=C=9 M1
THEN
2
2 =0yt A1
X
9x* -1
=X AG
d 2
[8 marks]
continued. ..
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- 26 — M23/5/MATHX/HP2/ENG/TZ2/XXIM
Question 12 continued
(c) y=2.71422...
y=2.71 A1
[1 mark]
(d) EITHER
9x* -1 |
the graph of y=x is concave up (for 1<x<1.1) A1
OR
2
3x—32/>0(for1£x£1.1) A1

\ Note: Allow positive curvature, opening upwards, increasing first derivative.

THEN

hence the tangent drawn using Euler's method gives an underestimate of the true
value, so the value of y when x=1.1 is greater than the approximate value

found in part (a) R1
Note: Only award R1 if there is reference to tangent (in words or in a diagram). \
[2 marks]
continued...
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Question 12 continued

(e) EITHER
| Note: Award the first A mark for a correct graph seen in part (d).
correct graph of d_y A1
dx
y
x=0.656
X
OR
2
correct graph of % A1
Y
x=0.656
X
THEN
x =0.655996...
x=0.656 A1
[2 marks]
continued...
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Question 12 continued

2
(f) ((iix—); =0 (seen anywhere) (A1)

Note: Award (A1) for equivalent answers (seen anywhere) such as
-x'+x*y* +6y*

=0 or —x*+x’y*+6y*=0.

x2y3
EITHER
divides —x*+x’y* +6y*(=0) through by y* (M1)
4 2
—x—4+x—2+6(= 0)
yooy
m=Y=_L 1 60 (M1)
X m4 l’l’l2

(3m* =1)(2m* +1)=0 A1
m= J_rL [mz = —lj
3 2
OR
divides —x*+x’y* +6y*(=0) through by x’y’ (M1)
x2 2
—7+1+6i—2(= 0)
m=2= L i 116m*(=0) (M1)
X m

6m* +m® —l(: O)

(3m® —1)(2m’ +1)=0 A1

continued...
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-29 - M23/5/MATHX/HP2/ENG/TZ2/XX/IM

Question 12 continued

OR

attempts to factorize —x* +x’y* +6y*(=0)

(M1)
—(x2—3y2)(x2+2y2)(:()) A1
attempts to solve their factorized equation (M1)
=>y=t-—x =——X
NE (y 2 j
THEN
y—ix (and so m—i) A1
V3 V3
as x>0, y>0 (or equivalent reasoning/justification) R1
Note: Award R1 for y—ix (and so m = ! )as y#-— 1, and ¥ +2y°=0
' V3 V3 NE
for x=0 and y =0 only.
[6 marks]
Total [21 marks]
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1. ()

(1,0.368)

(0, 0) S

=

1
A1 for (1, 0.368) or (1, —j labelled at local maximum (accept correct coordinates
e

written away from the graph)
A1 for graph clearly starting at, or passing through,the origin
A1 for correct domain

A1 for correct shape i.e.: single maximum, and asymptotic behaviour (equation not
required) (or point of inflexion)

[4 marks]

continued...
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Question 1 continued

(b) j:xe*x dx (A1)

Note: Award (A1) for correct integrand and limits (which can be seen later in the
question)

Use of integration by parts

=[—xe‘”]2+j:e-xdx A1A1

Note: Award A1 for each part (including the correct sign with each)
b P
=[xe L], At

Note: Award A1 for correct second term.
Condone absence of limits to this point

attempt to substitute limits M1
=—be"—e"+1 A1
b
-b-1
_e bl AG
e
[6 marks]
b b
, . e —-b-1 . e -1
() (i) llf)ge—b—})gg 7 A1

b
(: 1ime—bj 1 At
b—wo e
[2 marks]
(ii) (j:xe*dxz)l A1
[1 mark]
continued...

Apollo | Original source crop | 180



Mathematics: analysis and approaches HL | Paper 3 | May 2023 TZ1 | Q1 | 25 marks
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Question 1 continued

(d) (i) correctintegral (M1)

\ Note: Award M1 for correct integrand with limits from O to a larger number.

24 A1
[2 marks]
(i) 120 A1

\ Note: The M1 can be awarded if either part (d)(i) or part (d)(ii) is correct. \

[1 mark]

(e) A4,=n! A1
[1 mark]

continued...
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Question 1 continued

(f)

‘ Note: Accept starting at » =0, throughout this proof.

n=1

4 =1and 1!=1 M1A1

Note: Award M1 for considering the case where n=1, and A1 if it is clear that
both 4, =1 and 1!=1 have been considered.

so true for n=1

assume true for n=k, (4, =J.:xke"xdx=k!) m1

Note: Award MO for statements such as “let n =k .

Note: Subsequent marks after this M7 are independent of this mark and can be
awarded.

when n=Fk+1

attempt to integrate by parts M1
Note: To obtain the M1, a minimum of an expression +/- an integral must be
seen.
[Fxflerdr=[ —x"e |+ (k+ 1) e d A1
(k+1)["x*e™ dr simplified to (k+1)k! seen A1
=0+(k+1)k!

\ Note: Condone omission of the zero.

=(k+1)! A1
Hence if true for n =k then also true for n =k +1. As true for n =1 so true for
neZ". R1
Note: Award the final RT mark provided at least four of the previous marks are
gained.
[8 marks]
Total [25 marks]
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2. (@ x,=12-x (M1)
S(x)=x(12-x) A1

[2 marks]

(b)y (@) (x=)6 A1

| Note: Award the A1 if 6 seen in part (ii). \

[1 mark]
(i)  f(6) OR 6> OR graph with maximum at (6, 36) m1
=36 AG
[1 mark]
12 - . )
(c) M,(12)= X =36 which is the maximum product (from (b)(ii)) A1
Note: Both the 36 AND a link to part (b), which may be simply seeing the word
“‘maximum” must be seen to award the A1.
[1 mark]
continued...
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Question 2 continued

(d) (i) letall x,be labelled as x (or x; or x, etc.) (M1)

| Note: Do not accept use of a specific number for x or n.

1

(x")" =x and "= = x A1
n
[2 marks]
(i) x+x,+..+x =8 (A1)
1
(2, XXy XX x, )" < — m1
n

| Note: Award M1 for use of the inequality, which may be seen as an equality. \

X XXy XXX, < (Ej (as both sides are positive) m1
n
LHS and RHS are equal when all values of x, are equal (to E) R1
n
M (S)= (ij AG
n
[4 marks]
e) () M,12)=4"=64 A1
[1 mark]
iy M,(12)=3"=81 A1
[1 mark]
(i) M (12)=2.4"=79.6 (79.6262...) A1
[1 mark]
continued...
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Question 2 continued

(f)  considering M, (12) for higher values of n
P(12) =81 A1

n=4
A1

Note: Award AOAO for P(12)=82.6 and n=4.41.

[2 marks]
, . 20" . . .
(g) Consideration of graph or table of | — | including values either side of 7 (M1)
n
Maximum occurs when n =7 A1
20

P(20)= El =1550 (1554.260...) A1

Note: Award (M71)A0A1 for n=7.36 and P(20)=1570.
[3 marks]
continued...
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—14 -
Question 2 continued

(h) EITHER
In(g(x)) = x(In(S) - Inx)

attempt to use implicit differentiation and product rule

&zlnS—lnx—xl
g(x) x
OR

attempt to use implicit differentiation, product rule and chain rule

&:mi{xixﬁj
g(x) X S X

OR

attempt to make equation explicit to g (x) = em(;)

attempt to use product rule and chain rule

S

g'(x)= ) {xx%x (-5x2)+In (EH

_) {m Gj—l}

THEN
S

g'(x)= (ln——ljg(x)
X

g(x)=0

g'(x)=0:>ln£—1:0
x

x=2 (0.368S.0.36789...)
(S
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M1
MiMm1

A1

M1M1M1

A1

M1
M1M1

A1

M1

A1

[6 marks]

continued...



Mathematics: analysis and approaches HL | Paper 3 | May 2023 TZ1 | Q2 | 30 marks

-15— M23/5/MATHX/HP3/ENG/TZ1/XX/IM
Question 2 continued
. S SY
(i) In(g(x))=xIn|=| =In(g(x))=In| = m1
X X
¢(x)= (ij At
X
=M (S) for xeZ"* AG
[2 marks]
i W _364 M1
e
36 37
(@) =9.3996...x10"° AND (@) =9.47406...x10" R1
36 37
largest possible product is 9.47x10" (9.47406...x10") A1

\ Note: Award A7 independently of the R1 (but not independently of the M17). \

[3 marks]
Total [30 marks]
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1. ()

clearly labelled graphs of y =log, x and y =log,, x with correct domain,

asymptotic behaviour and concavity evident A1
correct relative positions of the two log graphs both above and below the x- axis A1
(1,0) indicated (coordinates not required) A1
correct graph of y=x A1
[4 marks]

continued...
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Question 1 continued

(b)

—(x—Inx)
-1
X
. dy
attempts to solve their a: 0 for x
l—l:O:le
X

(when x=1,) x—Inx=1

EITHER

i(l_lj

dx X
1

T2

iz>0 (when x=1)
X

-8—

hence x—Inx has a minimum value of 1

M23/5/MATHX/HP3/ENG/TZ2/XX/IM

A1

(m1)

A1

A1

R1

concave-up’. Do not award R1 if the second derivative is incorrect.

Note: Award R1 for either ‘1 >0’ or a graph of y = Lz >0 or‘thegraphof y=x—Inx is
X
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-9- M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 1 continued
OR
for(0<)x<1,1—l<0 R1
X
1
forx>1,1—-—>0 R1

X

hence x—Inx has a minimum value of 1

Note: Award R71R1 for either a clearly labelled sign diagram/table (accept correct
numerical values) or the graph of y =1—l with sign change in gradient indicated.
X

Note: Award a maximum of AO(M1)A1AOR1 or AO(M1)A1ROR1 if no symbolic
derivatives are seen.

[5 marks]
(c)
EITHER
x—Inx>1 (xeR*) R1
OR
x—Inx>0 (xeR+) R1
THEN
so x>Inx AG
[1 mark]
continued...
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-10- M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 1 continued
(d)
Interval Number of intersection points
O<axl p=1
l<a<l4 q=2
1.5<a<?2 r=0
A1A2A1
Note: Award A1 for p=1, A2for g=2 and A1 for r=0.
[4 marks]
() METHOD 1
EITHER
y=log, x
y__1 (A1)
dx xlna
attempts to solve =1 for x (M1)
xIlna
OR
y=x-log, x
b1 (A1)
dx xlna
attempts to solve 1— =0 for x (M1)
xlna
continued...
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-1 - M23/5/MATHX/HP3/ENG/TZ2/XXIM
Question 1 continued
THEN
1 1 . 1
x=— OR xIna=1 OR Ina=— OR Ina" =1 OR =1 A1
Ina X a‘lna
1
at x=—, log, x=x
Ina

In x 1 Ly

attempts to solve — =—— OR Inx=1 OR | e* | =x for x (M1)
Ina Ina

x=e

coordinates of P are (e,e) (accept x=¢, y=¢) A1A1

attempts to solve % =e OR log, e=e for a analytically (M1)
na

1 c
Ina=— OR a° =¢
e
a=e° A1
continued...
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-12 - M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 1 continued

METHOD 2
EITHER
y=log, x

d_y_ 1
dx xlna

(A1)

attempts to solve =1 for x (M1)

xlna

OR
y=x-log, x

&

dx xlna

(A1)

attempts to solve 1—

=0 for x (M1)
xlna

THEN

x:L OR xlna=1 OR lna:l OR Ina* =1 OR !

Ina X a‘lna

=1 A1

at x:i, log, x=x
Ina

attempts to solve log, (Lj :L for a (M1)
Ina) Ina

EITHER

1
= =In|l— [=1
Ina Ina (lnaj

OR

log, R 1
for example, writes a ) ('“"] =a™ and then attempts to apply appropriate

log,a and so L=log“e

index/log laws to both sides: Ina =
log, e Ina

continued...
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-13 - M23/5/MATHX/HP3/ENG/TZ2/XXIM
Question 1 continued
THEN
attempts to solve IL =e OR log, e=e for a analytically (M1)
na
1 e
Ina=— OR a° =¢
e
1
a=e° A1
1 1
Inec —
e
coordinates of P are (e,e) (accept x=¢, y=e¢) A1A1
continued...

Apollo | Original source crop | 194



Mathematics: analysis and approaches HL | Paper 3 | May 2023 TZ2 | Q1 | 24 marks

- 14 — M23/5/MATHX/HP3/ENG/TZ2/XXIM
Question 1 continued
METHOD 3
y=Ilog, x
dy 1
- — A1
dx xlna (A1)
, , 1 In x, .
(equation of the tangent at (x,,y,) is) y = (x—x,)+—= (or equivalent) A1
x,Ina Ina
compares this equation with y = x and attempts to form at least one of the following M1
1 _1 OR lnxl—lzO
x,Ina Ina
attempts to solve =1 OR Inx—-1_ 0 for x, (M1)
x Ina Ina
X, =e
coordinates of P are (e,e) (accept x=¢, y=e¢) A1A1
attempts to solve 0 =1 (or equivalent) for a analytically (M1)
elna
1 e
Ina=— OR a° =¢
e
a=e° A1
[8 marks]
continued. ..

Apollo | Original source crop | 195



Mathematics: analysis and approaches HL | Paper 3 | May 2023 TZ2 | Q1 | 24 marks

-15— M23/5/MATHX/HP3/ENG/TZ2/XX/IM

Question 1 continued

1

f () l<a<e®

A1
1
Note: Award A0 for a <e®.
[1 mark]
1
(i) a>e° A1
Note: Only award FT for 1.4 <a <1.5. If the value of a is not exact, e.g. 1.44, award at
most AOA1 in part (f) for a consistent approximate endpoint value.
If a value of a is not found in part (e), award at most AOA1T in part (f) for a
consistent approximate endpoint value provided that 1.4 <a <1.5.
[1 mark]
Total [24 marks]
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8. (a)

METHOD 1
attempt to integrate by parts

u= (lnx)2 , dv = xdx

x2 (In )c)2

jx(lnx)z dx = —jxlnxdx

attempt to integrate xInx by parts, with u =Inx
x’lnx x
[xinx dx = ~ [ dx
2 2

[x(inx)" dx = xz(g“‘)z {xzinx—jg dx}

METHOD 2 ( knowing jlnx dx = xlnx—x)

attempt to integrate by parts

u=xlnx , dv=Inxdx

lenx(lnx) dx = xlnx(xlnx—x)—j(lnx+1 )(xInx—x)dx

= xlnx(xlnx—x)—J.x(lnx)zdx+.|-xdx
2

21:xlnx(xlnx—x)+x?+c

I x’ (lnx)2 _X’Inx +x_2(+c)
2 2 4
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(mM1)
(mM1)

A1
(mM1)

A1

A1

[6 marks]

(m1)
(M1)
A1

A1

m1

A1

[6 marks]

continued...
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15—

Question 8 continued

METHOD 3 ( knowing jxlnx dx)

2 2
lendeZM_x_
2 4

attempt to integrate by parts

u=Inx , dv=xInxdx

[(x1nx)inx dr= 1n;{x2 (;nx) —x—zj—jl(m—ﬁjdx
- lnx[@—%zj—f(@—%]dx

[x2(lnx) xzj X*Inx x* x?
=lnx| —2 2 |- Z _“4~ 4

2 4 4 8 8

attempt to substitute limits into their integrated expression

2 2 2 T
[x (Inx) x h‘x+x—} =(8(1n4)2—81n4+4)—(1j
4| 4

2 2

attempt to replace any In4 term with 2In2
:8(2ln2)2—8(2ln2)+4—%

=32(1n2)2—161n2+%
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(mM1)
(m1)

A1

A1

A1

A1

[6 marks]

(m1)

(M1)

A1

AG

[3 marks]
Total [9 marks]
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_ sin”(—kx)

9. (a) f(—x) (—x)2 m1
_ (csin(k)) a1
(=)
T E)
X
hence f(x) iseven AG
[2 marks]
continued...
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- 17 —
Question 9 continued

(b) METHOD 1
. , 0
Noting that le)l’ol(f(x)) =5

attempt to differentiate numerator and denominator:

lim(f(x)) _ lim[zk sinkxcoskx) (: lxlfol( ksi;2lch

x—0 x—0 2 X

0 . , .
(evaluates to 6) and attempts to differentiate a second time:

2k*(cos® kx —sin® kx 2
lim[ ( )J (: lim(MD ye

x—0 2 x—0

(k2 :16:>)k:4

8823 -7106M

(mM1)
M1

A1

M1

A1

A1

Note: Award relevant marks, even if ‘lim’ is not explicitly seen.

x—0

METHOD 2

attempt to express sin(kx) as a Maclaurin series
sin(kx) = kx(+)

sin’ (/cx) =k’x’ (+)

2 2.2
lim(sm gkx)J:hm(k x (2+)J
x—0 X x—0 X

= £i£1;1(k2 +termsinx)

M1

A1

M1

R1

\ Note: This R1 is awarded independently of any other marks.

=k?
(k*=16=)k=4

A1
A1

Note: Award relevant marks, even if ‘ling’ is not explicitly seen.
X—>

Apollo | Original source crop | 201

continued...



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q9 | 8 marks

-18 - 8823 -7106M

Question 9 continued

METHOD 3

inkx \( sinkx
splitting function into (sm j(sm ]and using limit of product = product of

X X

limits (M1)
.2 ]CX,' . .

hm[ﬂgé—l :hm(ﬂnhjth(mnmj A1

x—0 X x—0 X x—0 X

EITHER

using L’ Hépitals rule (M1)

hm(smkxj:hm(kcoskxj:k (A1)

x—0 X x—0 1

OR

using Maclaurin expansion for sin kx (M1)

sin(kx) = kx(+)

lm{mnhq=hm(h+"J=hm@H¢amsmx):k (A1)
x—0 X x—0 X x—0
THEN
)
hmmeh%(ﬂgéﬁﬂjzkxkzﬁ A1
x—> X
k*=16=k=4(k>0) A1

Note: Award relevant marks, even if ‘lin(}’ is not explicitly seen.
X

[6 marks]
Total [8 marks]
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-19 - 8823 -7106M

Section B
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1.

(a)

attempt to use chain rule to find f*(x)

f'(x)=(-2sin2x)e**** (= 0)
=sin2x=0
2x=0,m,2m, ...

T
x=0,—,m,...
2

Coordinates are (O,e),(g,lj,(n,e)
e

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1.

For extra coordinate pairs award (M1)A1(M1)A1A0.

attempt to differentiate f'(x) using product rule
f"(x)=(-2sin2x)(-2sin2x)e"*** — (4cos 2x) e
at x=0, f"(x)=—4e <0 so maximum AND

at x=m, f"(x)=—4e<0 so maximum

at ng’ f"(x)=£>0 SO minimum
e

Note: The values for the second derivative must be correct in order to award the R

marks.
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(mM1)
A1

(mM1)

A1

A1

[5 marks]
(mM1)

A1

R1

R1

[4 marks]

continued...
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8823 -7106M

— 22 —

Question 11 continued

(c)
y
e -
1
e
T T x
T T
2 A1A1A1
Note: Award A1 for general shape, A1 for correct maxima(0,¢),(m,¢)and minimum
point (%,—j and A1 for showing a higher rate of change of gradient at
e
maxima and a lower rate of change of gradient at the minimum point.
[3 marks]
continued...

Apollo | Original source crop | 205



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q11 | 21 marks
—23—

Question 11 continued

@ G coszx=1_%+(2:!)+

4
cos2x =1-2x" +2%

(i) METHOD 1
x2 3 4
e =l+x+—+—+—+
2 6 24

attempt to substitute series for cos2x—1 into series for e*

Note: Award (MO0) for substituting the Maclaurin series for cos2xinto the Maclaurin
series for e*.

4
Y | +£—2x2 + 2; ]+ 3 +...

4
(zl—2x2+2%+2x4+...j

METHOD 2

4 4
2x24 2 2
cos2x—1 __ 2x 2

e 23" 3
(§] =¢ =¢ (§

2x*

attempt to find the Maclaurin series for e ORe?

2x*

e =1-2x*+2x" +...; e3=1+§x4+...
27 %"4 2 4 2 4
e e :(1—2x +2x +) 1+§x +...

4
oo L
3
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(m1)

A1

(M1)

A1

A1

(m1)

A1

A1

continued...



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q11 | 21 marks

—24 —

Question 11 continued

) % A2 8ex’
(iii) (f(x)~)e[1—2x + 3 +}[ e—2ex’ + 3 +]

8823 -7106M

A1

[6 marks]

(mM1)

A1

A1

AG

Note: If candidate follows through an incorrect expansion from part (d), award a
maximum of MTATFTAO
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8. (a)

METHOD 1
attempt to integrate by parts

u= (lnx)2 , dv = xdx

x2 (In )c)2

jx(lnx)z dx = —jxlnxdx

attempt to integrate xInx by parts, with u =Inx
x’lnx x
[xinx dx = ~ [ dx
2 2

[x(inx)" dx = xz(g“‘)z {xzinx—jg dx}

METHOD 2 ( knowing jlnx dx = xlnx—x)

attempt to integrate by parts

u=xlnx , dv=Inxdx

lenx(lnx) dx = xlnx(xlnx—x)—j(lnx+1 )(xInx—x)dx

= xlnx(xlnx—x)—J.x(lnx)zdx+.|-xdx
2

21:xlnx(xlnx—x)+x?+c

I x’ (lnx)2 _X’Inx +x_2(+c)
2 2 4
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(mM1)
(mM1)

A1
(mM1)

A1

A1

[6 marks]

(m1)
(M1)
A1

A1

m1

A1

[6 marks]

continued...
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15—

Question 8 continued

METHOD 3 ( knowing jxlnx dx)

2 2
lendeZM_x_
2 4

attempt to integrate by parts

u=Inx , dv=xInxdx

[(x1nx)inx dr= 1n;{x2 (;nx) —x—zj—jl(m—ﬁjdx
- lnx[@—%zj—f(@—%]dx

[x2(lnx) xzj X*Inx x* x?
=lnx| —2 2 |- Z _“4~ 4

2 4 4 8 8

attempt to substitute limits into their integrated expression

2 2 2 T
[x (Inx) x h‘x+x—} =(8(1n4)2—81n4+4)—(1j
4| 4

2 2

attempt to replace any In4 term with 2In2
:8(2ln2)2—8(2ln2)+4—%

=32(1n2)2—161n2+%
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(M1)
(m1)

A1

A1

A1

A1

[6 marks]

(m1)

(M1)

A1

AG

[3 marks]
Total [9 marks]
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_ sin”(—kx)

9. (a) f(—x) (—x)2 m1
_ (csin(k)) a1
(=)
T E)
X
hence f(x) iseven AG
[2 marks]
continued...
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Question 9 continued

(b) METHOD 1
. , 0
Noting that le)l’ol(f(x)) =5

attempt to differentiate numerator and denominator:

lim(f(x)) _ lim[zk sinkxcoskx) (: lxlfol( ksi;2lch

x—0 x—0 2 X

0 . , .
(evaluates to 6) and attempts to differentiate a second time:

2k*(cos® kx —sin® kx 2
lim[ ( )J (: lim(MD ye

x—0 2 x—0

(k2 :16:>)k:4

8823 -7111M

(mM1)
M1

A1

M1

A1

A1

Note: Award relevant marks, even if ‘lim’ is not explicitly seen.

x—0

METHOD 2

attempt to express sin(kx) as a Maclaurin series
sin(kx) = kx(+)

sin’ (/cx) =k’x’ (+)

2 2.2
lim(sm gkx)J:hm(k x (2+)J
x—0 X x—0 X

= £i£1;1(k2 +termsinx)

M1

A1

M1

R1

\ Note: This R1 is awarded independently of any other marks.

=k?
(k*=16=)k=4

A1
A1

Note: Award relevant marks, even if ‘ling’ is not explicitly seen.
X—>
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-18 - 8823 -7111M

Question 9 continued

METHOD 3

inkx \( sinkx
splitting function into (sm j(sm ]and using limit of product = product of

X X

limits (M1)
.2 ]CX,' . .

hm[ﬂgé—l :hm(ﬂnhjth(mnmj A1

x—0 X x—0 X x—0 X

EITHER

using L’ Hépitals rule (M1)

hm(smkxj:hm(kcoskxj:k (A1)

x—0 X x—0 1

OR

using Maclaurin expansion for sin kx (M1)

sin(kx) = kx(+)

lm{mnhq=hm(h+"J=hm@H¢amsmx):k (A1)
x—0 X x—0 X x—0
THEN
)
hmmeh%(ﬂgéﬁﬂjzkxkzﬁ A1
x—> X
k*=16=k=4(k>0) A1

Note: Award relevant marks, even if ‘lin(}’ is not explicitly seen.
X

[6 marks]
Total [8 marks]
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1.

(a)

attempt to use chain rule to find f*(x)

f'(x)=(-2sin2x)e**** (= 0)
=sin2x=0
2x=0,m,2m, ...

T
x=0,—,m,...
2

Coordinates are (O,e),(g,lj,(n,e)
e

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1.

For extra coordinate pairs award (M1)A1(M1)A1A0.

attempt to differentiate f'(x) using product rule
f"(x)=(-2sin2x)(-2sin2x)e"*** — (4cos 2x) e
at x=0, f"(x)=—4e <0 so maximum AND

at x=m, f"(x)=—4e<0 so maximum

at ng’ f"(x)=£>0 SO minimum
e

Note: The values for the second derivative must be correct in order to award the R

marks.
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(mM1)
A1

(mM1)

A1

A1

[5 marks]
(mM1)

A1

R1

R1

[4 marks]

continued...
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8823 -7111M

— 22 —

Question 11 continued

(c)
y
e -
1
e
T T x
T T
2 A1A1A1
Note: Award A1 for general shape, A1 for correct maxima(0,¢),(m,¢)and minimum
point (%,—j and A1 for showing a higher rate of change of gradient at
e
maxima and a lower rate of change of gradient at the minimum point.
[3 marks]
continued...
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Question 11 continued

@ G coszx=1_%+(2:!)+

4
cos2x =1-2x" +2%

(i) METHOD 1
x2 3 4
e =l+x+—+—+—+
2 6 24

attempt to substitute series for cos2x—1 into series for e*

Note: Award (MO0) for substituting the Maclaurin series for cos2xinto the Maclaurin
series for e*.

4
Y | +£—2x2 + 2; ]+ 3 +...

4
(zl—2x2+2%+2x4+...j

, 8x*
=1-2x"+—+
3
METHOD 2
4 4
—2):24—2i 2 2
ecost—l —e 3 e—2x e 3

2x*

attempt to find the Maclaurin series for e ORe?

2x*

e =1-2x*+2x" +...; e3=1+§x4+...
27 %"4 2 4 2 4
e e :(1—2x +2x +) 1+§x +...

4
oo L
3
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(m1)

A1

(M1)

A1

A1

(m1)

A1

A1

continued...
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—24 —

Question 11 continued

) % A2 8ex’
(iii) (f(x)~)e[1—2x + 3 +}[ e—2ex’ + 3 +]

8823 -7111M

A1

[6 marks]

(mM1)

A1

A1

AG

Note: If candidate follows through an incorrect expansion from part (d), award a
maximum of MTATFTAO
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ1 | Q4 | 5 marks

4. (a) recognizing at rest when $=OOR sIS @ minimum (M1)
q=5.73553...
=5.74 Al

Note: If no working shown, award (M1)AO for ¢ =5.7 (2sf).

[2 marks]
() METHOD 1
recognizing that integral of v(t) is required (M1)
573.. 573..| d 5.73... 5.73...
jo v({t)|dt or jo ‘as(t)‘dt OR Uo v(t)dt‘ OR —jo v(t)dt (A1)

Note:Condone absence of dt.

Only accept quv(t) dt‘ if their value of g does not result in the particle changing direction in

the first q seconds.

=7.68302...
=7.68 (m) Al

Note: Special Cases:

Award a maximum of (M1)(A1FT)AOFT if the candidate obtains q=1.62320... in part (a), and
uses that value to find the total distance to be 3.38302... (3.37644... from 3sf).

5.73...
Award (M1)(A0)A1 if the candidate writes JO v(t)dt followed by the correct answer.

METHOD 2

recognition that total distance travelled is the difference between the initial

displacement and the displacement at minimum (M1)
initial displacement is 3.38302... AND at minimum is —4.3 (A1)
total distance travelled = 3.38302...— (—4.3)

=7.68302...

=7.68 (m) Al

Note: If no working shown, award (M1)(A0)AO for 7.7 (2sf).

[3 marks]
Total [5 marks]
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9. (a) attemptto use recursive formula y, =y, , +0.1L4_1—())/“‘1J (M1)
n Xy Yn
0 0 2
1 0.1 2.02
2 0.2 2.0398
3 0.3 2.05940...
4 0.4 2.07880...
5 0.5 2.09801...
y, =2.02 (A1)
Yy, =2.098 Al
Note: Accept any answer which rounds to the correct 4sf value.
Award no marks for a final answer of 2.1 or 2.10 with no working.
[3 marks]
continued...
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-19- 8823 -7107M
Question 9 continued
(b) METHOD 1
Note: Condone absence of absolute value signs throughout
[ _dy o M1
4-y ‘10
~In[4-y|= 2 (+c) AL
10
EITHER
substituting initial conditions X =0, y = 2to find the value of ¢ M1
(-In2=0+c=)c=-In2 Al
4—
—In|4—y|=i—ln2: Indz—i
10 2 10
[4-y|=2e © Al
OR
X _x
|A—y|=e ¥ (so 4—y=tee 1)
4—y=PAe ™0 Al
substituting initial conditions Xx=0 ,y =2 to find the value of A M1
2=Ae" = A=2 Al
THEN
y=4-2¢ 0 AG

should not be condoned until the sign has been resolved.

Note: Candidates may use —J‘% = IS—; and correctly obtain |y—4| =210 leadingto 4—y = 2e 10
y_

after consideration of the boundary conditions. In this case, the absence of absolute value signs
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- 20— 8823 -7107M
Question 9 continued
METHOD 2
attempt to rearrange and find an integrating factor M1
idx ix
O|—y+iy=i solF et =gl
dx 10~ 10
1 1 1
el d_y+ie5xy 2 g
dx 10 10
1, 1,
elo y=4el® (+c) A1A1
Note: Award Al for LHS and A1l for RHS.
substituting initial conditions X =0, y =2to find the value of ¢ M1
(2¢° =4e"+c=)c=-2 Al
1, 1,
e’ y=4e? -2
y=4-— 2e 10 AG
[5 marks]
(c)  absolute error =2.0980199...— (4 —2e7°%)=0.000478749...
=0.000479(=4.79x10"*) Al
Note: Accept 0.000459(= 4.59><10’4) from use of 4sf value.
[1 mark]
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Section B

Apollo | Original source crop | 226



Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ2 | Q4 | 5 marks

4. (a) recognizing at rest when $=OOR sIS @ minimum (M1)
q=5.73553...
=5.74 Al

Note: If no working shown, award (M1)AO for ¢ =5.7 (2sf).

[2 marks]
() METHOD 1
recognizing that integral of v(t) is required (M1)
573.. 573..| d 5.73... 5.73...
jo v({t)|dt or jo ‘as(t)‘dt OR Uo v(t)dt‘ OR —jo v(t)dt (A1)

Note:Condone absence of dt.

Only accept quv(t) dt‘ if their value of g does not result in the particle changing direction in

the first q seconds.

=7.68302...
=7.68 (m) Al

Note: Special Cases:

Award a maximum of (M1)(A1FT)AOFT if the candidate obtains q=1.62320... in part (a), and
uses that value to find the total distance to be 3.38302... (3.37644... from 3sf).

5.73...
Award (M1)(A0)A1 if the candidate writes JO v(t)dt followed by the correct answer.

METHOD 2

recognition that total distance travelled is the difference between the initial

displacement and the displacement at minimum (M1)
initial displacement is 3.38302... AND at minimum is —4.3 (A1)
total distance travelled = 3.38302...— (—4.3)

=7.68302...

=7.68 (m) Al

Note: If no working shown, award (M1)(A0)AO for 7.7 (2sf).

[3 marks]
Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ2 | Q9 | 9 marks

9. (a) attemptto use recursive formula y, =y, , +0.1L4_1—())/“‘1J (M1)
n Xy Yn
0 0 2
1 0.1 2.02
2 0.2 2.0398
3 0.3 2.05940...
4 0.4 2.07880...
5 0.5 2.09801...
y, =2.02 (A1)
Yy, =2.098 Al
Note: Accept any answer which rounds to the correct 4sf value.
Award no marks for a final answer of 2.1 or 2.10 with no working.
[3 marks]
continued...
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-19- 8823-7112M
Question 9 continued
(b) METHOD 1
Note: Condone absence of absolute value signs throughout
[ dy _ o M1
4—y 10
~In[4-y|= 2 (+c) AL
10
EITHER
substituting initial conditions X =0, y = 2to find the value of ¢ M1
(-In2=0+c=)c=-In2 Al
4—
—In|4—y|=i—ln2: Indz—i
10 2 10
[4-y|=2e © Al
OR
X _x
|A—y|=e ¥ (so 4—y=tee 1)
4—y=PAe ™0 Al
substituting initial conditions Xx=0 ,y =2 to find the value of A M1
2=Ae’= A=2 Al
THEN
y=4-2¢ 0 AG

should not be condoned until the sign has been resolved.

Note: Candidates may use —J‘% = IS—; and correctly obtain |y—4| =210 leadingto 4—y = 2e 10
y_

after consideration of the boundary conditions. In this case, the absence of absolute value signs
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- 20— 8823 -7112M
Question 9 continued
METHOD 2
attempt to rearrange and find an integrating factor M1
idx ix
O|—y+iy=i solF et =gl
dx 10~ 10
1 1 1
el d_y+ie5xy 2 g
dx 10 10
1, 1,
elo y=4el® (+c) A1A1
Note: Award Al for LHS and A1l for RHS.
substituting initial conditions X =0, y =2to find the value of ¢ M1
(2¢° =4e"+c=)c=-2 Al
1, 1,
e’ y=4e? -2
y=4-— 2e 10 AG
[5 marks]
(c)  absolute error =2.0980199...— (4 —2e7°%)=0.000478749...
=0.000479(=4.79x10"*) Al
Note: Accept 0.000459(= 4.59><10’4) from use of 4sf value.
[1 mark]
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Section B
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q2 | 31 marks

2. @ () f

A1

[1 mark]

A1

Note: Award A1 for responses such as ‘the gradient is the negative (opposite)

reciprocal of B or R m = —1 (or equivalent).
X X

Award A7 for lx(—iJ 1.
X

Do not award FT from part (a) (i).
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8823 -7103M
Question 2 continued
(i) attempts to separate variables x and ¥ (M1)
Iy dy = —Ix dx
Note: Award (M1) for y dy =—x dx.
y2 x2
2
y2 .X2
Note: Award A1 for 7+C1 = —7+C2 .
y2 X2
Award A0 for —=——.
2 2
2 2
XV,
2
=x+y =k (where k=2c) AG
[2 marks]
continued...
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-17 - 8823 -7103M

Question 2 continued

(b)

two parabolic shaped curves with approximately correct shape/position

(e.g. two intersection points, in first and fourth quadrant) A1A1
x-intercepts —1 and 2 A1
[3 marks]

continued...
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-18 — 8823 -7103M
Question 2 continued
(c) atintersection, 4a® —4ax = 4b” + 4bx
4a® —4b* = dax+4bx (a’ —b* =ax+bx, 4a’ —4b” —4ax—4bx=0) A1

attempts to factorize either the LHS or the RHS of the first two equations above
(or equivalent) OR attempts to partially factorize the LHS side of

a’—b* —ax—bx =0 (or equivalent) (M1)

(a+b)(a—b)=(a+b)x

Note: Accept alternative forms such as 4(a+b)(a—b)=4(a+b)x or

(a+b)((a—b)—x)=0.

recognition that a+b > 0 (or equivalent, eg. a > 0,5 > 0) (allows division by
a+b) R1

Note: Subsequent marks are not dependent on this R1. ‘

x=a->b A1

Note: As x=a—b is an AG, only award the above A1 if a® —b* =(a+b)(a—b)has
been used.

substitutes x =a —b into either ¥* =4a” —4ax or y* =4b’ +4bx and attempts to
simplify (M1)

y? :4a2—4a(a—b) OR y’ :4b2+4b(a—b)
y2=4a2—4a2+4ab3y=i2\/£ At
SO M(a—b, 2\/%) and N(a—b, —2@) AG

[6 marks]

continued. ..
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-19- 8823 -7103M
Question 2 continued
(d) METHOD 1

attempts implicit differentiation on either curve (M1)
& 4a( 'It)ddy 4b( ivalent) A1
——=——" (or equivalent) and — =-— (or equivalen

v 2y oo dc 2y O

dy 4a dy 4b
substitutes y =2+/ab into either —=—— or —=— M1
4 & 2y T de 2y )

L A . ) (ZL)(orequivalent) A1
& \b ' ab dc Va = ab
EITHER

\F\F 1 OR ax—b 1( ivalent) A1
—Ex === - =—1 (or equivalen

b Va Nab ~ab
OR
. , . a . |b )
eg. the negative (opposite) reciprocal of —\/% is \/: (or equivalent) A1
a
OR
the product of the two gradients is —1 A1
THEN
so at point M, the curves intersect at right angles AG
continued...
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Question 2 continued

METHOD 2

attempts chain rule differentiation on either y =+/4a” —4ax or y =~/4b”> +4bx (M1)

dy 2a _ dy 2b .

a = —m (or equivalent) and E = m (or equivalent) A1

substitutes x = a —b into either d— = dy = L (M1)

m v ar 1 dbx

ji: - ﬁ \/— ) and d_y S (=%) (or equivalent) A1

EITHER

—\/Ex\/gz—l OR —LXL:% (or equivalent) A1

b Va Jab  ab

OR

eg. the negative reciprocal of —\/% is \/g (or equivalent) A1

OR

the product of the two gradients is —1 A1

THEN

so at point M, the curves intersect at right angles AG
[5 marks]

continued...
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- 21—

Question 2 continued

——+tan—
e () g, y=—=>L "
X T
1-] == |tan—
(yJ 4
_* —X+y
_ Y Yy
g(x,y) Cx yx
y h%
- X
sog(x,y)=y
y+x

Apollo | Original source crop | 239

8823 -7103M

(A1)

A1

AG

[2 marks]

continued...
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-22- 8823 -7103M
Question 2 continued
(i) let y=wx (M1)
d_y =v+ xﬂ (A1)
dx dx
dv Ywx—x v—1
VHx—= = (A1)
dx Jvx+x v+1
dv . .
attempts to express x— as a single fraction in v (M1)
xdv v +1 : walon) a1
—=- or equivalen
dx v+l a
attempts to separate variables x and v (M1)

I vl dv:—_[l dx (or equivalent)
1 X

V4
1
Eln(v2 + 1) +arctanv = —In|x|(+d) (or equivalent) A1A1
1 2
—In [y—2+1]+arctanl+ln|x| =d (or equivalent) A1
2 X X
[9 marks]
continued...
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- 23— 8823 -7103M
Question 2 continued
() METHOD 1
1
tana f(x,y)+1
g(x, y)= I m1
— f(x,
tan f( y)
EITHER
as a >~ ! —0, (hence g(x, y) > — ! ) R1
2’ tana ’ ’ f(x, )
OR

0 1
as a—>§, tana — o0 and so g(x,y)—)M

R1
0- f(xa y)
THEN
limg(x, y)=- ! AG
et ()
Note: The R1 is dependent on the 1.
METHOD 2
. s
uses either tana =~ or 1 = c9sa to form g(x, y) = cosaf().c,y) e m1
cosa  tana sina cosa —sina f(x,y)
Ox f(x,y)+1
as a—)z, cosa — 0 and sina — 1 and so g(x,y)—)M R1
2 O—f(x,y)
. 1
limg(x, y)=- AG
05—’% f(xa y)
‘ Note: The R1 is dependent on the M1. ‘
[2 marks]

Total [31 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q4 | 7 marks

4. (a) recognising cosx =2sinxcosx (M1)
(cosx * 0) so Sinx :E OR one correct value (accept degrees) (A1)
d u d o A1

X - coordinates —~ and —/—

6 6

Note: Award (M1)(A1)A0 for solutions of 30" and 150°.

[3 marks]
(b) METHOD 1
attempt to integrate +(cosx —sin2x) (M1)
kS kS
I,f (cosx—sin2x)dx OR f,f (cosx—2sinxcosx)dx
2 2
S
: 1 o : L,
= smx+§c052x OR :[smx—sm xlf’ A1
> 2

Note: Award A1 for fcorrect integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into their integral and subtract M1
= sin(s—nj+lcos(5—nj —~ sin(£j+lcos(n) OR
6 2 3 2) 2
. (STE] . 2(5n} . (ﬂ:j . z(nj
sin| — |—sin"| — | |—| sin| — |—sin" | —
6 6 2 2
= l+l - 1_1 OR = 1.1 _(1_1)
2 4 2 2 4
1

area =— A1

4

Note: Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q4 | 7 marks

11— 2224 —7101M
Question 4 continued
METHOD 2
sn sm > 1 5
If cosxdx =[sinx]|¢ and If sin 2xdx = [_ECOS 2x} A1
2 2 2 >

‘ Note: Award A1 for correct integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into their integral and subtract (for both integrals) M1
L (@ 1 Sm) 1
sin| — |-sin| = | and ——=cos| — |+—=cos(n)
6 2 2 3 2
attempt to subtract the two integrals in either order (seen anywhere) (M1)

Sn Sn
sin 5—ﬁj—sin - —lcos(s—n +lcos(n) OR Lf cosxdx—.[f sin 2xdx
6 2 2 \3 )72 = :

L)

4

Note: Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.

[4 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q4 | 7 marks

-12 - 2224 -7101M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q6 | 6 marks

6. METHOD1

attempt to find an integral involving © and the square of f(x) M1
Note: Condone incorrect or absent limits for this M1.
£ 2
2
n| 2 (f(x)) dx
N3
n szin(xz)dx A1
0
EITHER
attempt to use integration by substitution M1
Ty
EJ.O sm(u)du
, du
Note: Award M1 for u=x :a= 2x
:
= [—Ecos(u)} A1
2 0
OR
attempt to integrate by inspection (M1)
T ﬂ 2 s ﬁ 2 2
1 2 1 | 2 «
2_[() 2xs1n(x )dx OR 2‘[0 s1n(x )d(x )
N3
2
:{—Ecos(xz)} A1
2 0
Note: Condone incorrect or absent limits for M1.
The correct limits may be seen or implied by later work for the A1.
THEN
= —Ecos - —ECOS(O) (or equivalent) (A1)
2 4 2
2 1
L m o M2 mpn( 1 e V2 A1
242 2 4 2 2\ 2 21 2
n(2—\/§)
_ AG
4
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q6 | 6 marks

- 16 — 2224 -7101M
Question 6 continued
METHOD 2
attempt to find an integral involving = and the square of f(x) M1
Note: Condone incorrect or absent limits for this M1.
\/; 2
2
nf 2 (f (%)) dx
ﬁ 2
CRE
n-[o xsm(x )dx A1
attempt to use integration by substitution M1
du
2 . 2
u=cos(x”)=>—=-2xsin(x
(¥)=1 (')
Note: Award M1 for u = cos(xz)
T -1
= __J. 1 du
2° %
- -1
= [—Eu} (or equivalent) A1A1
1
2
Note: Condone incorrect or absent limits for M1.
A1 for —gu and A1 for both correct limits.
2
_r__T ORn_i ORE 1_L ORE 1_£ A1
2 22 2 4 2 2 2 2
n(2—\/§)
_ AG
4
Total [6 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q6 | 6 marks

-17 - 2224 -7101M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q8 | 7 marks

sin(xz):xz—x—+...(:x2—%+...) A1A1

‘ Note: Award A1 for each term.

(i) METHOD 1

attempt to square their series for sin(xz) (M1)

(sn")) =(‘Tj

8
=x4——+...(=x4—x?+...) A1A1

Note: Award A1 for each term.

METHOD 2
i 1—c0s(2x2)
attempt to use the identity sin (x ):# (M1)
smz(xz):l 1- —(2X2) +(2x2)4
2! 4!
=x" —%#..(:x“—x—g#..j A1A1
4! 3

Note: Award A7 for each term. ‘

[5 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q8 | 7 marks

-19—

Question 8 continued

(b)

METHOD 1

recognition that 4x sin(xz)cos(xz) = =

S
:4x3—8i+...

METHOD 2

recognition that 4x sin(x2 )cos(xz) =2x sin(2x2)

METHOD 3

4xsin(x2 )cos(x2 )

Question 8 continued

METHOD 4

d(sin(xz))

recognition that 2xcos(x2) =

dx
4xsin(x2)cos(x2)
6 5
:2()c2 —x—+...][2x—6i+ j
3! 2!
7
=4x —8i+
3
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d((sin(xz))z)

2224 -7101M

(m1)

A1

(m1)

A1

(A1)

A1

continued...

(m1)

A1

[2 marks]
Total [7 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q8 | 7 marks

-20- 2224 -7101M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q11 | 17 marks

11. (a) attempt to substitute —1 into P(x) OR use of synthetic division OR long division M1
3(-1)’ +5(-1)" +(-1)-1=0 OR 3 5 1 -1
-1 -3 -2 1
3 2 -1 0
3x? +2x -1
OR x+1>3x3+5x2+x—1 A1
3x° +3x
2x* 4+ x
2x° +2x
—-x—1
—-x-1
0
[2 marks]
(b) attempt to divide P(x) by (x+1) e.g. using long division or synthetic division (M1)
P(x)=(x+1)(3x> +2x~1) (A1)
= (x+1)(x+1)(3x=1)(=(x+1)’ (3x-1)) A1
[3 marks]
1 A B

_ 1= A(2x+1)+B(x+1
Con(erl) aal 2xg1 S ARE ) Blrl)

1
attempt to equate both coefficients OR substitute two values eg —1 and B (M1)

2A+B=0and 4+B=10R 1=-4 and lzéB

A=-1and B=2 A1A1

‘ Note: Award A1 for each value.

12
G D)(2x+1)  xt1 2041

[3 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q11 | 17 marks

- 28— 2224 -7101M
Question 11 continued
1
d
L T G
_ - ! + 2 (A1)
(x+1) x+1 2x+1
=— ! >+ 2 =— ! 2+2[—L+ 2 j A1
(x+1) (2x+1)(x+1) (x+1) x+1 2x+1
4 2 1
— _ — : AG
2x+1 x+1 (x+1)
Note: Award A1AO0 for follow through from incorrect values in part (c). ‘
[2 marks]
. , 4 2 1
(e) attempt to integrate at least one term in - - > (M1)
2x+1 x+1 (x+1)
4 2 1
(oo i |
2x+1 x+1 (x+1)
1
=2In|2x+1|-2In|x +1|+——(+c) A1A1A1
x+1
Note: Award A1 for each correct term.
Award a maximum of M1A1A0A1 if modulus signs are omitted.
Condone the absence of +c.
[4 marks]
(f) () METHOD 1
attempt to cancel factors and substitute x =—1 (M1)
2
+1) (3x-1 - -1)-
lim (x) = lim| L) Gx 1) :um(“ 1}3( h-1
x—>—1 x——1 (X+1) (2x+1) x>-1\ 2x+1 2(_1)+1
=4 A1
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q11 | 17 marks

—-29 - 2224 -7101M
Question 11 continued
METHOD 2
attempt to expand denominator, differentiate numerator and denominator
twice and substitute x =-1 (M1)

. . [ 3 +5x +x—1 . [ 9x*+10x+1) . (18x+10) 18(=1)+10
lim f(x)=lim 3 > =lm| ———— |=1lim =
x>l >l 2x" +5x"+4x+1) -1 6x +10x+4 ) ~—>-1\12x+10) 12(-1)+10

=4 A1

(i) METHOD 1
attempt to consider coefficients of x”or divide all terms by x’

3% +... . ( 3+ terms which tend to 0 j
3 or lim -
2x° +... 2 + terms which tend to 0

lim £(x) = lim

== A1
METHOD 2
attempt to cancel factors and consider coefficients of x or divide all terms by x
2 3 1
+1) (3x-1 — .
lim £(x) = lim (x )2( x-1) :lim(3x lj or lim| —
x—0 X—>0 (X+1) (2X+1) x>\ 2x +1 x—0 2+l
X
3
=— A1
2
METHOD 3
attempt to expand denominator, differentiate numerator and denominator
three times
3 2 _ 2
lim £ (x) = lim| 2% 20 +X=1 |y [ 9% +10x+] =lim(18x+10jzlim(§)
X% ool 2x” +5x"+4x+1) e 6x°+10x+4 ) =\ 12x+10) x>=(12
3
=— A1
2
Note: If the M1 has not been awarded in part (i) it can be awarded in part (ii). ‘
[3 marks]
Total [17 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q11 | 17 marks

-30- 2224 -7101M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q8 | 6 marks

Note: To award full marks limit notation 1im must be seen at least once in their

x—0

working. If no limit notation is seen but otherwise all correct, do not award

the final A1.
. 4sec*xtanx + 2sin xcos x
lim 3
x>0 4x° —2x

Note: Award A7 for numerator and A7 for denominator.

_ lim 16secxtan’x + 4sec’x — 2sin’x + 2cos’x
50 12x% -2

Note: Award M1 for second use of 'Hépital’s rule providing their expression is

in indeterminate form as x — 0 and providing there is no third attempt at
using I'Hopital’s Rule.
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A1A1

M1A1A1

A1

[6 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q8 | 6 marks

-19 - 2224 -7106M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q12 | 20 marks

3 3
12. (a) n=1:LHS=f"(x)= —%x—a(l—ax)Z [:%(1—%)2} A1
3
11—
RHS = a(1)!(1-ax) 2 therefore true for n =1 R1
2' (o)
assume (that the result is) true for n=k M1

Note: Do not award M1 for statements such as “let n=k” or “assume that n=k
is true”. The assumption of truth must be clear.

. ( ) ( )7(2k+0

Wy a4 (2k-1)(1-ax) 2
/ (x)_ 22k—1(k_1)!
attempt to differentiate the right-hand side with respectto x: M1

k()= 4
)= )

_ (k1)

—(2k+1)x-a d*(2k-1)!(1-ax) _

= X i (or equivalent) A1
2 2 (k—l)!

attempt to multiply top and bottom by 2k m1

2k+3

k+1 .
(2k+1)xa (2k—1)!(1—ax) 2 x%
2 ! (k —1)! 2k

2k+3

ak”(2k+1)!(1—ax)7T

= 22k+1 (k)' A1
hence if the result is true for n =k then it is true for n=k +1 and as it is true for n=1 it
istrueforall neZ”* R1
Note: To obtain the final R1, at least five of the previous marks must have been
awarded.
[8 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q12 | 20 marks

—-29- 2224 ~7106M
Question 12 continued.
x2
© )= 7O+ (0)+ 7 (0) 5
*(3)(1-ar) >
oy a (3)(1-ax) 2 3, s ) a2(3)!
4 a " 6612

f(0)=1, f(0)=5, 77(0)= g A1

1 3 ,,
f(x)=1+§ax+§ax + AG
[2 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q12 | 20 marks

-30- 2224 -7106M

Question 12 continued.

(c) attempttouse a=2 or a=4 in the expansion M1

1 2
(1—2x)_5=1+2—x+3><4x :1+x+§x2+...j
2 8 2

(1—4x)’%=1+4—’C+3X16X2
2

=142x+6x*+... A1
( )

Note: Award A1 for at least one correct.

attempt to multiply their two expansions together M1

(l+x+%x2+...j(1+2x+6x2+...):1+2x+6x2+x+2x2 +%x2 F..

24+4x+12x* +2x+4x* +3x* +...
C1raxs D2y QR 2FARHI2N H 20k A +3x A1
2 2
1 1 2
(1-2x)2 (1-4x) 2 zw AG
[4 marks]
(d) |x|<l A1
4
[1 mark]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q12 | 20 marks

-31- 2224 -7106M
Question 12 continued.
(e)
246x+19x* ) 2+40.6+0.19( 2
Y- 2 = [ (or equivalent) A1
2 2 200
1 1
attempt to substitute x = % into (1-2x)2(1—4x) 2 (mM1)
((1 2x)3 (1=4x)? jlo (or equivalent) A1
—2x)2(1-4x)2 = |—— (or equivalen
7as
10 279 (or equivalent in terms of /3 ) A1
43 200
1 .27
J3 500
500
3~ — A1
V3 279
[5 marks]
Total [20 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q4 | 6 marks

4. (a) recognition that velocity is zero
V= 25in(0.5t)+ 03t-2=0
t=1.68694...
t=1.69

(b) recognition that v >0
1.68694...<t<6.11857...
1.69<t<6.12

(m1)

A1
[2 marks]

(mM1)

A1
[2 marks]

(c) attempt to substitute into the total displacement formula (condone missing or incorrect

limits, and absence of dr)
10 . 10

jo (2sin(0.5¢)+0.3t-2)dr OR jov(z)dt

=-2.13464...

=-2.13(m)

Note: Award (M1)A0if —2.13 is followed by 2.13.
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(m1)

A1

[2 marks]

Total [6 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q4 | 6 marks

-13 - 2224 -7102M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q7 | 7 marks

__y:x

dx

recognition that an integrating factor is required
eJP(x)dx (= ej—ldx)

—X

=¢C

e ——¢c'y=xe"

L dy
dx
e’xy(: fxe*xdx)
attempt to integrate right hand side using integration by parts
(e"xy :) —xe " +Je " dx
=—xe —e " +c
y=—x-1+ce"
substitute initial values y =2 and x =0 into an integrated expression involving ¢
2==-14+c=>c=3

y=3¢"—x-1
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(M1)

(A1)

A1

(mM1)

A1

(mM1)

A1

[7 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q7 | 7 marks

-16 - 2224 -7102M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q11 | 19 marks

11. (a) attempt to use implicit differentiation

[1+d—y]e"+y =2x+2yd—y
dx dx

m1

A1A1

| Note: Award A1 for LHS and A1 for RHS.

attempt to expand brackets and collect d—yterms on the same side

e“yd—y—zyd—yzzx—e“y OR eX*yd—y—zyd—y+eX*}’ =2x OR (¢""-2y)
dr 7 dx dr 7 dx

dy  2x—e™

dx e -2y

(b) (i) recognition that 2x—e™” =0 at P and Q

=>x+y= ln(2x)
recognition that e =x* +3” at P and Q
=2x=x"+ (ln(Zx) - x)2 or equivalent

2x* +(In(2x))" ~2xIn(2x)~2x =0
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M1
d—y:2x—e”y A1
dx

AG

[5 marks]

(M1)
A1

(M1)
A1

AG

continued...



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q11 | 19 marks

—-24 — 2224 -7102M
Question 11 continued
(i)  x=0.331077... or 1.84273...
x=0.331 or 1.84 A1A1
attempt to use x+y =1In(2x) OR ¢ =x*+)* tofind y-coordinates (mM1)

y=-0.743332..., y =-0.538335...

coordinates (0.331,—0.743) and (1.84,-0.538) A1A1

Note: If no working shown, award ATA1(M1)A0AO for (0.33,-0.74) and (1.8,-0.54) (2 sf)

[9 marks]
(c) coordinates (—0.743,0.331) and (—0.538,1.84) A1
Note: Do not award FT from (b) if only one coordinate pair is given.
[1 mark]
_ x+y
(d) setting Zjiy—ez =—1 OR recognition that the point lies on line of symmetry (M1)
e -2y
2x—e" =2y—e"
attempt to substitute y = x into e = x* + )’ (M1)
e™ =2x* OR e” =2y’
x=-0.451, y=-0.451 A1
coordinates (—0.451,—0.451)
Note: If no working shown, award M1A1(M1)A0 for x =—-0.45,y=-0.45 (2 sf)
[4 marks]
Total [19 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q11 | 19 marks

-25- 2224 -7102M

Apollo | Original source crop | 267



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q1 | 6 marks

1. (a) attempts to find an intersection point (M1)
a=-0.916562... or b=0

a=-0917,b=0 A1A1

[3 marks]

(b) let 4 be the area of the region

EITHER
attempts to form the required integral involving subtraction (in any order). Accept
absence of limits or incorrect limits. Accept absence of dx. (M1)
OR
shows a graph with the required area shaded (M1)
THEN
b 0
A= U(f(x) —g(x))dx] = j (1 —x’ —ezx)dx (or equivalent) (A1)
a -0.916562...
A=0.239855...
A=0.240 A1
[3 marks]
Total [6 marks]
-8- 2224 -7107M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q4 | 6 marks

4. (@) v=-0.996114..

v=-0.996 (ms™) A1
[1 mark]
(b)
considers V(1) =0 (M1)
t=0.405833...
v .. =1.18230...
v =1.18 (ms™) A1
[2 marks]
(c) recognizes that the particle changes direction when v =0 (M1)

Note: Award (M1) for t =1.65840... seen.

finds acceleration for their value of t for which v(t) =0 (M1)
v'(1.65840...)
a=-2.53487...
a=-2.53 (ms?) A1
[3 marks]
Total [6 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q4 | 6 marks

-1 - 2224 -7107M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q6 | 6 marks

6. attempts to solve (V¥ :)gnr3 =20 for r

1
r=1.68389...| = (I—ST (seen anywhere)
T

attempts to use the chain rule

dv dV dr do dr d
= X O

R—= —x—V (or equivalent)

A dr dr e dv_ dr

EITHER
Y g™ (=4n(L68389")2§£j =4n(lé
dt de de n
OR
1y ﬂ_ 1 dV]__ 1
- 2 1 | T 2 L | 2
dt A4mwr” dr | 4m(1.68389...) dr (15 3
4| —
T
THEN
attempts to find i when d—V:S
d dt
9 0.140324...
dt
dr 5

E:O.MO =E(%j3 (cm s™) (accept 0.14)
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(mM1)

A1

(M1)

A1

A1

(M1)

A1

[6 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q6 | 6 marks

-14 - 2224 -7107M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q7 | 5 marks

7.  attempts to express x (or x*)in terms of y

Note: Only award (M1) if base e is applied to both sides.

y y 2y y
x=e*+2 | x*=|e*+2| =e2+4e* +4

let V' be the volume of the solid formed

d
forms a definite integral of the form nszdy with their expression for x* in terms of

c

2 ? 4y y
V:nj(e4+2j dy (:nj[ez+4e4+4]dy]
0

0

=176.779...

=177 (: 2m(e? +8e—1)) (cubic units)
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(mM1)

(A1)

(mM1)

(A1)

A1

[5 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q7 | 5 marks

-15 - 2224 -7107M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q9 | 8 marks

9. recognizesthat x=1= ax*+bx+c=0 (M1)

a+b+c=0 (seen anywhere) A1
passes through (2,1) so:

2-4

=———— (4a+2b+c=-2) (seen anywhere) A1
4da+2b+c

local minimum point at (2,1) so:

attempts to find % using quotient or product rule M1

dy (ax2 +bx+c)—(x—4)(2ax+b)

2
dx (ax2 +bx+ c)
substitutes x =2 into the numerator of their %(: 0) (M1)
4a+2b+c)—(2-4)(4a+b
(4a+2b+c)—(2—-4)(4a+b)=0 (4a c)=( 2( 4 ):o A1
(4a +2b+ c)
(l2a+4b+c:0)
Note: An incorrect numerator may lead to a correct equation.
In this instance, award A0 here and do not award the final A mark.
attempts to solve their 3 linear equations in ¢,b and ¢ (M1)
a=3,b=-11and c=8 A1
Note: Three linear equations and a value for each of a,b and ¢ need to be
seen to gain the last M mark.
Note: The last M mark is dependent on an equation formed from the numerator of %
[8 marks]
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SECTION B
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12. (a)

attempts to use Euler's method

T n dy dy
X =X +—; =y +—x— where — = ycosec2x++/tanx
n+l n 12 yn+l yn 12 dx dx y

» =1.25281... :Lrl[ﬁﬂ
4 1204

¥, =1.97608...

y=1.98

attempts chain rule differentiation with multiplication of two derivatives

u=cotx:>%=—cosec2x and y=%lnu:>d—y=L OR

u 2u
u=09sx:>d_u=_ .12 and y:llnu:d—y=L OR
sinx  dx sin” x 2 du 2u
u =4/cot(x) 3ﬂ=;x—cosec2x and Q=;OR

dx  2,/cot(x) du  Jcot(x)
i(%lnf(x)j= f'(x)

dx 2f(x)
THEN
. cosec’x 1 sin x
2cotx sinx  2cosx
.t
2sin xCcoS x
_ 1
sin2x
=—cosec2x
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(m1)

(A1)

A1

[3 marks]

(M1)

A1

(A1)

A1

AG

[4 marks]

continued...
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—27 —

Question 12 continued.

(c) METHOD 1

attempts to use /(x)= ejp(x)dx

j—cosech dx
€

1 In(cotx)

METHOD 2

attempts product rule differentiation on %( BV, cotx)

dy Jootx ycosec’x
=—cotx —F———
dx 2</cotx

dy  cosec’x
=~cotx| —-—y
dx 2cotx

=+/cotx (d_y — ycosec 2xj
dx

so Vcotx is an integrating factor
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(m1)

A1

(A7)

A1

AG

M1

A1

A1

A1

AG

[4 marks]

continued...
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- 28 — 2224 -7107M
Question 12 continued.
(d) \/cotx%—ycosec 2x~/cotx =+/tan x/cot x (or equivalent) (M1)
i(y\/cotx) =1 (A1)
dx
yeotx = [1dx A1
ycotx = x(+C)or equivalent A1
substitutes x:E,y:E:C:O M1
4 4
Note: Award M1 for attempting to find their value of C.
y=Xx+tanx AG
[5 marks]
(e) (i) y=2.52878...
y=2.53 A1
(i)  the gradient changes substantially (in the neighbourhood of x :%) R1
Note: Award RO for saying the gradient is very large at x = %
(i) EITHER
the curve is concave up (over the interval) A1
OR
y .
@ >0 (over the interval) A1
[3 marks]
continued...
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-29 - 2224 -7107M

Question 12 continued.

(f) % = ycosec2x ++/tan x (z x+/tan x cosec2x ++/tan x)

cosec2x, vtanx >0 (for 0 < x < g) R1

= Y >0 A1
dx

so the curve has a positive gradient for 0 < x <§ AG

Note: Do not award ROA1.

[2 marks]

Total [21 marks]
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2. () % = 4%* —9x2 +3 (M1)(A1)

Note: Award M1 for at least two correct terms.

d’y

— =12x* —18x Al
dx
[3 marks]
(b) valid attempt to find x-coordinates (e.g. solving 12x* —18x =0 or graphing % =4x*-9x* +3
X
(M1)
3
x=0,15 (—) (Al)
2
point B is (0, 0) Al
: . 3 9
point Cis (1.5, —0.5625) [(1.5, —-0.563), (E, _BD Al

Note: Award MOAOA1AO for an unsupported answer of point B is (0, 0).

[4 marks]
(c) y-intercept=0 (as line passes through (0, 0)) R1
Note: Award R1 for correctly substituting point B or point C to show that y =0.
Award R1 for y =-0.375x+0.
_9
gradient = ~05625 | _ %6 Al
2
Note: Award AOFT if their answer to (b) doesn’t lead to the given answer, but condone _01'5563 .
=-0.375
so equation is y =-0.375x AG

Note: Award at most A1RO0 for working backwards to verify points B and C lie on the given line.

[2 marks]

continued...
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-13- 2224 -7103M
Question 2 continued
(d) x*—3x*+3x=-0.375x (M1)
2.427 Al

Note: Correct answer must be given to three decimal places for the A1l to be awarded.

Award (M1)A1 for (2.427,-0.910).

Award (M1)AO for an unsupported answer of 2.43.

[2 marks]
dy .3 2
(e) —==4x"-3mx“+n (A1)
dx
2
9 _ 19— 6mx (A1)
dx
6x(2x—m)=0
x=0,1 Al
2
Note: Accept Om in place of 0.
[3 marks]
f () pointBis (0,0) Al
[1 mark]
mY’ mY’ m m* m* nm
ii =|l—| -ml—| +n| — =t — Al
o (333 5T @
4 _ 4 m m3
=—m—+m OR 8nm—m OR —| n——| OR equivalent simplification Al
16 2 16 2 8
4
Point C is m,—m—+m
2 16 2
Note: Award the second Al if the simplified y-coordinate is seen here or in part (g).
[2 marks]
continued...
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-14 - 2224 —-7103M
Question 2 continued
(g) attempt to divide their y. by their X, OR substitute into YooYy (M1)
X=X
m* nm) m
eq. | ——<+— |+
16 2 2
m* nm) 2 . . . . .
_E+7 ><E OR equivalent manipulation leading to given answer Al

Note: Award AO FT if their answer does not lead to the AG.

m3
=gt and y -intercept = 0,

m3
SO equation is y = (—?4‘ n) X AG

Note: Award at most M1AO for working backwards to verify points B and C lie on the given line.

[2 marks]
(h) METHOD 1
4 3 _ m°
X" —mx® 4+ nNX =——X+NX
attempt to rearrange this equation to equal zero (M1)
3
xt—m+ L x =0
recognizing their (X— XC) is a factor of this expression (M1)
2
m) , m_ m .
X(X—Ej(x _EX_TJ (=0) OR equivalent A1IM1A1

m , m_m
Note: Award Al for x x—E , M1A1 for | X _EX_T .

If a candidate divides by x without justification, do not award the first A1, but all subsequent
marks can still be awarded.

continued...
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-15- 2224 —-7103M
Question 2 continued
use of quadratic formula to find roots, X, (and X, ), of the quadratic M1
m |m*
——,|—+m
X, = % OR equivalent Al
Note: Condone a * in place of the minus sign, provided given answer is restated.
m m
X, =———+5 AG
4 4
Note: Award (M1)(MO)AOMOAOMOADO for attempting to verify the given answer satisfies
4 3 m°
X" =mx®+NX=——X+NX.
METHOD 2
3
4 3 . m
X" —mx® 4+ nNX=——X+NX
attempt to rearrange this equation to equal zero (M1)
3
xt—m+ Ly =0
8
3
m
x| x*—mx*+— |=0
8
Recognise that their X is a root of this equation (M1)
Attempt to find sum and product of roots (M1)
m m m
Xa+Xg+—=m AND X,xX,x—=—— Al
A D 2 A D 2 8
X, X m X, |X m_ m’
Al M) 2 8
x,2 My m’ =0 Al
A 2 A 4
use of quadratic formula to find roots, X, (and Xy ), of the quadratic M1
continued...
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-16 - 2224 -7103M
Question 2 continued
m |m*
——|—+m
X, = 2 ;’ OR equivalent Al
Note: Condone a = in place of the minus sign, provided given answer is restated.
x, =2 M /5 AG
4 4
[7 marks]
m m
o 5-35)
() ~ (A1)
—-0
2
_5-1 Al
2
Note: Answer must be exact.
[2 marks]

Total [28 marks]
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1. (a) (i) attempts chain rule differentiation to find f”(x)

F(x) == (=(-)(2)2-x)")

(2-x)

Note: Award (M1) for attempting chain rule differentiation on (4—4x+x2 )71 or

attempting quotient rule differentiation on ! =~ | = ! = |-
(4—4x+x ) (2—x)

Award A1 for f'(x)= (2_2x)3 (= (—1)(—2)(2_x)-3).

(i) g'(x) =2x
f'(x)g'(x)= (2(2 —X) 3)(2x) (— é(_zi)l } (or equivalent)
_ 4x
Q-
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(M1)

A1

[2 marks]

(A1)

A1

AG

[2 marks]
continued...
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-8- 2224 -7108M

Question 1 continued.

(iif)

Note: Award a maximum of (M1)A1(M1)AOFT from parts (a) (i) and (ii).

substitutes f(x),g(x) and their g'(x), f'(x) into the given expression (M1)
EITHER
f(x)g'(x)Jrg(x)f’(x):2x(2—x)’2+2xz(2—x)’3 A1

Note: Award ATif f(x)g'(x)=2x(2—x)" and g(x)f"(x)=2x*(2—x)" are
stated separately.

attempts to factorise their expression (M1)
=2x(2—x)'3((2—x)+x) A1
OR
2x 2x?
x)g'(x)+g(x)f'(x)= + A1
Note: Award A7if f(x)g'(x) =2_x2 and g(x)f’(x)zsz3 are stated
(2—x) 2-x
separately.
attempts to form an expression with a common denominator (M1)
Note: Award (M1) for (2—x)2 (2—)6)3 as a common denominator.
2x(2 - 2x° 4x—2x" +2x°
=x( )3c)+ x3=x x+3x A1
2-x  (2-%) (2-x)
THEN
_ 4x
(2-x)’
AG
Note: Award marks as appropriate for attempting to find the derivative of
2
f(x)g(x)= x_z (or equivalent).
(2-%)
[4 marks]
continued...
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_9_ 2224 -7108M
Question 1 continued.
(b) METHOD 1
J(x)g'(x)=g(x) /" (x) = 1 (x) g (x) (A1)
(/' (x)g'(x)=g(x).f"(x)-f (x)g'(x)=0)
£'()(g' () =g (x) =7 (x)g'(x) (/' (2)(g(x)-g'(x) =~/ (x)g'(x)) At
S(x)_ gx
70 #0809 "
Note: Award (A0)AO for use of f(x) and g(x) from part (a).
METHOD 2
_'(x)g'(x) _g(x)/"(x)
A TE T e
(x) “
! —f' (g x)—-g(x
g'(x) =78/ (x)=2(x)
A1
S(x)_ &)
f(x) g'(x)-g(x)
AG
Note: Candidates may not show the steps exactly as shown above.
Award (A0)AO for use of f(x) and g(x) from part (a).
continued...
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Question 1 continued.

-10 -

METHOD 3
(S
g(x)— f'(x) g( )
x) _ g’(X),—g(x)

f(x) &)
f )

S
(
)__ &=
(

f(x) g'(x)-g(x)

Note: Candidates

may not show the steps exactly as shown above.
Award (A0)AO for use of f(x) and g(x) from part (a).

METHOD 4

f(x) , &(x) _
EONICH
f(x) _g'(x)-g(x)
f(x) 2%
f1(x) &%)
f(x) g'(x)-g(x)

Note: Candidates may not show the steps exactly as shown above.
Award (A0)AO for use of f(x) and g(x) from part (a).
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(A1)

A1

AG

(A1)

A1

AG

[2 marks]

continued...
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-11- 2224 -7108M

Question 1 continued.

(c) METHOD 1

Note: Condone the absence of 'dx' and the modulus sign throughout.
Only award the second A mark if the constant of integration has been
dealt with correctly.

EITHER

4 C) .
1nf(x)_jg,(x)_g(x)dx( C) A1

Note: Condone the absence of '+ C' when awarding the first A mark.

A1
[
Note: Award A1 for f(x)= Ae £0-¢)") \where 4 =-e.
OR
1nf(x)(+C):J.'g#x)dx A1
g'(x)-2(x)
Note: Condone the absence of '+ C' when awarding the first A mark.
(%) (%) (x)
(x)= eU g'(fm(x)d"je-c 7(x)e€ = e“ g'(fm(x)d"j’ £(x)= e[f erEcaey A1
[
Note: Award A1 for f(x)=Ae €0 where A=e7C.
THEN
g(x)
f(x)= Ae[jg i AG
continued...
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—-12 —

Question 1 continued.

METHOD 2

Note: Condone the absence of 'dx' throughout.

e
Note: Award A1 for f(x)e gl )~
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A1l

A1

AG

[2 marks]

continued...
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Question 1 continued.

(d)

— 13 —
g'(x)=xe" +¢e* (seen anywhere)
attempts to find an expression for —=———— g
g'(x)—g(x)
_xe'+et(_e'(x+])
e’ e’
=x+1(ase" #0)
attempts to integrate their 'g+x)
g'(x)—g(x)

_[(x+1)dx :%xz +x(+C)

1
—x* +x]

fx) = 6[2

l)cz +x+C

Note: Award A0 for f(x)= e[2 j (or equivalent expressed with an arbitrary

constant).
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(A1)

(m1)

(A1)

(m1)

A1

[5 marks]

continued...
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—-14 - 2224 -7108M
Question 1 continued.
(e) g'(x)=cosx—sinx (seen anywhere) (A1)
attempts to find an expression for ’g;x) (M1)
g'(x)—g(x)
B cosx—sinx (_ sinx —cosx
COS X —Sinx —Ssinx —cosx 2sinx
1 1 . 1 1 .
=———cotx (as sinx#0) OR =___09sx (as sinx#0) A1
2 2 2 2sinx
l—lcot.’c dx
f=d)
, . L cos X
attempts to find the indefinite integral of (+k)cotx OR (+k)= (M1)
sin x
Note: As |sin x| =sinx for 0 < x < m, condone the presence or omission of the
modulus sign throughout a candidate’s solution.
Condone the presence of an arbitrary constant except when awarding the
final A mark.
) LU dx=£—lln|sinx|(+C) =l(x—1n|sinx|(+C)) A1
2 2 2 2 2
X —lln‘sinx‘ c
f(x)=e?e ? (e )
> I L C = lln(ij C x—In(sinx) C
=g2e 's¥ (e ) =ele? (e ),: e (e ) A1
sin x
B e’ 1
=./e"cosecx [= , J (where h(x)=——o) A1
sin x sin x
[7 marks]
Total [24 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q7 | 7 marks

7. (a) attempttofind /(0)= V2, fL%J =1 or ngJ =2 or sketch of graph  (M1)

1< f(x)<2 A1A1
‘ Note: Award A1A0 for strong inequality seen. Allow equivalent, and/or interval notation.
[3 marks]
: T
(b) consider 7tJ‘sec2 (x—zj dx m1
0

Note: For the M1, condone incorrect or missing limits and omission of & .

- 3
=mx|tan| x—— A1
=)

[ n T
= n_tanz—tan(—zﬂ (A1)
=(1-(-1))
=2n A1
[4 marks]
Total [7 marks]
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10. (a) outer curved surface area is 27r(4r)h AND inner curved surface area is 2zrh

(A1)
area of each base (top and bottom) is 7z(4r)2 —r’ (A1)
S=2[7r(4r)2 —ﬂr2}+27z(4r)h+27rrh A1
=30mr’ +10mrh AG

[3 marks]

(b)  30mr’+10mrh =240n

attempt to solve their equation for % or rh in terms of » (mustisolate / or rh)

(M1)
240-30r7( 24-37° ~307°
h= g " 1OR rh :M(: 24-3r%) (or equivalent)
107 r
A1
uses volume = large cylinder — small cylinder (M1)
V=Tc(4r)2h—nr2h (=167zr2h—7zr2h=157rr2h) A1
attempt to substitute in for 4 or rh (M1)
-3 240-307
v=15m| 2223 or poisg] 220307 (=157r(24-3r)) OR
r 10
384zr—48xzr —24zr+3711° A1
=360nr — 451 AG
[6 marks]
(c) d—V:3607t—1357tr2 A1A1
dr
[2 marks]
continued...
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Question 10 continued.
(d) METHOD 1 (working with r)

recognition that (for a maximum) (;—V =0 M1
r

3607 —-13571* =0

2 360(_8
135\ 3
360 8
r=—|= A1
135 3
2
p=2 OR r:2\/; A1

2
METHOD 2 (working with p\/;)

a

recognition that (for a maximum) 1 =0 M1
r
2
2
3607[1357[[;}\/;] =0
360-90p> =0
p2 — 4 A1
2
p=20Rr= 2\/; A1
[3 marks]
continued...
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Question 10 continued.

(e) attempt to substitute their value of 7 into V =360mr — 451

3
V=3607TX2\/§—457[>< 2\/2
3 3
:360nx2\/§—45nx8xzx\/§
3 3 3
= 720n\/§ — 2407:\/z
3 3
=4807:\/z
3
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11. (a) EITHER

attempt to use I'Hépital’'s (M1)
. (e =1) .. 2e*
lim| —- = lim —- A1
x—oe| et 4] x>0 Da
OR
attempt to divide each term by e** (M1)
2x _ a2x
limEez ljzlim[l °_ j A1
ol e 4] ) o 14e"
THEN
=1 AG
[2 marks]
(b) (i) attempt to use quotient rule or product rule M1
dy (ezx + 1)26” —(ezx —1)2e2x
—= A1A1
2
dx (e“ + 1)

Note: Award A1 for first term in numerator, A7 for second term in numerator.
If denominator is incorrect award A1A0.

4e*

R — AG
(ez" +1)2
(i)  attempt to substitute for y and express as a single fraction M1
2
(ez'” +1)
2x 2 (o 1)
= (e +1) (ez 1) or equivalent (A1)
(ez)C + l)
_etaoen +1—(e‘“‘2—2e2x +1) or 2x2 1
(e“ +1) (e +1)
__ et AG
(ezx +1)2
[6 marks]
continued...
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Question 11 continued.
(c) (i) attemptto use implicit differentiation

d’y dy
el A B T

~-2(1-)

=2y" -2y

. d3y_ 2 d_y
(i) [@_j(@} Z)dx

(607 -2)(1-5°)(-82° 62" -2)

(d) attempt to evaluate at least three of y,)’,1y",y" at x=0
y(0)=0, »'(0)=1, »"(0)=0, y"(0)=-2

attempt to use Maclaurin series y ~ y(0)+ »'(0)x+ Y 2('0) x’

yz0+lx+0x2+(;—?)x3+...

y=x x3+
3
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m1

A1

A1

AG

A1

A1

[5 marks]

(m1)

A1

+2 (0)x3+...

m1

A1

[4 marks]

Total [17 marks]
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10. (@) (i) a=0.358 (exact); b=30.5 (exact answer is 30.52) A1A1

Note: Award A7AQ if the values of @ and b are interchanged or not labeled.

(i)  arepresents the (average) rate of increase (change) in population (0.358 millions

of people per year). (or equivalent) R1

[3 marks]

(b) Itis unreliable because 2030 is outside the range of data (extrapolation). A1

[1 mark]

(c) (i) attemptto find B(100) (M1)
55.1633...

55.2 million OR 55,200,000 A1

(i)  The annual growth rate of the population is 0.5%. A1

| Note: Description must include some reference to annual rate. ‘

[3 marks]
(d) 54.6094...

54.6 million OR 54,600,000 A1
[1 mark]
(e) consideration of the difference function C(¢)-B(r) or B(t)-C(t) or |C(t)—B(t)| (M1)
evidence of finding the maximum (or minimum) of this function. (M1)

t =58.6283...
2058 (accept 2059) A1
[3 marks]
continued...
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—-19—
Question 10 continued.

f () 0.242876...
B'(75)=0.243

(i) 0.184941...
C'(75) =0.185

(@) B'(75)>C'(75) (or equivalent in words)

8824 -9701M

A1

A1
[2 marks]

A1

the population in Benoit's model is increasing at a faster rate than in Cecilia’s model (in

2075) (or equivalent)

‘ Note: Do not award AOR1.
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R1

[2 marks]

Total [15 marks]
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1. f'(x)=4x"-16 A1
sets their derivative equal to zero (M1)

4x*-16=0, (x=%2)

p=2 (accept x=2) A1
substitutes their positive p into f'(x) (M1)
4(2°) 32 64
=——=-16(2)| =—-32=——
y=—3 ( )( 3 3j
64 —64
=—— (accept y=— A1
9=73 (accept y 3 )
Total [5 marks]
-9- 2225 -7106M

Apollo | Original source crop | 304



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ1 | Q3 | 4 marks

3. METHOD1

attempt to set up integral e* — (—e") =2e" or e"and then double (M1)

j(e" —(—e"))dx OR 2je"dx

=2 B e dx
1

- [e L (A1)

attempt to substitute correct limits into their integrated function and subtract (M1)

2

=2(e—1j, 2e—=, 2e—2¢" A1
e e

METHOD 2

1 1 1 1
Le dx = [e ]_1 and L -e'dx = [—e ]_] (A1)
attempt to substitute correct limits into both their integrated functions and subtract (M1)

e —e' and —e'—(—e)

subtracts their two integrals in correct order (M1)

e —e —(—el +e"1)

:2(e—1j , 26—2, 2e—2e! A1
e e

Total [4 marks]
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9 Yy =vx, d_y: xﬂ+
dx
dv x—=vx( 1-v
X—+v= =—
dx x+vx\ 1+v
xdv+v 1-v
dx l+v (A7)
dv 1-v 1-2v—v?
X—= —V| =
dx 1+v 1+v
attempt to separate variables and form two integrals (M1)
J‘l;vzdv - Ildx
1-2v—v X
Ildlenx+c A1
X
use of substitution or inspection to integrate1 12+V —or equivalent (M1)
— 22V =V
du
u=1-2v—v' = —=-2-2v=-2(1+v)
dv
ERES 1 5 1.1,
I =——1n|1—2v—v| OR ——1n|v +2v—1|=1n|x|+c A1
1-2v—v? 2 2
1 y Lo Sy
—Zinf1-22 -2 _In|x|=c OR —=In[Z +22 1|~ In|x|=
2 X X 2 |x b
EITHER
attempt to substitute x =2 and either y =0 or v =0to find a constant ¢ (M1)
c=-In2
2
SIS ~In|x|=-In2 OR ——ln +2 —1‘—ln|x|=—ln2 A1
2 x° x° X
OR
2
—22 -2 -4 OR x y—+2y 1|=4 A1
b x x X
attempt to substitute x =2 either y=0or v=_0to find a constant 4 (M1)
THEN
2 2
21-22 -2 -4 OR xz(l—zl—y—zj=4 A1
X X X X
checking boundary values confirms x* —2xy—y° =4 AG
continued...
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-17 - 2225-7106M

Question 9 continued.

Note: Condone absence of absolute value signs even if removed incorrectly until the
final A7 mark where they must be seen or have been removed to form a correct
equation.

Total [8 marks]
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12. (a) attempt to use integration by parts on f, (x) = cos"" xcosx M1

el dv
u=cos" x, —=cosx
dx

d ) .
au =—(n—1)cos" > xsinx, v=sinx
jfn(x)dx =cos" xsinx+ j(n —1)cos" ™ xsin® xdx A1A1

Note: A1 for each term with correct signs

=cos"" xsinx+(n—l).|‘cos"_2 x(l—cos2 x)dx A1
=cos" ™ xsinx+(n— l)j cos" ™ xdx —(n— 1)_[ cos” xdx AG
[4 marks]

(b)  attempt to rearrange the equation given in part (a) to collect terms in If,,(x)dx

or Icos" xdx M1

J-fn(x)dx+(n—1)J.fn(x)dx=cos”’1xsinx+(n—1).|.fn_2(x)dx OR

Icos" xdx+(n— I)I cos” xdx =cos”" xsinx+ (n— 1)_[ cos" % xdx

nj-fn(x)dx=cos”’1xsinx+(n—l)ffn_2(x)dx OR

n.l. cos” xdx = cos"™ xsin x +(n— I)J. cos”* xdx A1

[ £, (r)dx = 1 cos xsinx+ 21 [ £, (0)dx AG
n n

[2 marks]

continued...
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- 24 — 2225 -7106M
Question 12 continued.

(c) attempt to use equation from part (a) to reduce the power of COSX (M1)

jcos“ xdx = lcos3 xsinxﬁLgJ‘cos2 xdx
4 4

EITHER
attempt to use equation from part (a) again to reduce the power of COSX (M1)
1 : 3(1 . 1
Icos4xdx:—cos3x51nx+— —cosxs1nx+—jldx (A1)
4 4\ 2 2
OR
attempt to use double angle formula to rewrite cos” x in terms of cos2x (M1)
1 ) 3 2x+1
Jc0s4xdx:—cos3xs1nx+—J. COSLXT D\ gy (A1)
4 4 2
THEN
1 . .
:—cos3xsmx+§cosxsmx+§x+c A1
4 8 8
[4 marks]
(d) attempt to use the formula for volume of revolution using © and (cos2 x)2 (M1)
volume = J.n(cos2 x)2 dx
3 2 \? 2 2
volume = J.R(COS X) dx OR 2In(cosz x) dx (A1)
_g 0
Note: Condone omission dx for the A1.
attempt to substitute correct limits into their (c) and subtract (M1)
1 smn.n 3 @wn.nm 3(7:) 1 3(nj.(n]3 (nj.(n)3(n}
| —cos” —sin—+—cos—sin—+—| — | |—@| —cos’ | —— |sin| —— [+—=cos| —— |sin| —— |[+—=| ——
4 2 2 8 2 2 8\2 4 2 2) 8 2 2) 8\ 2
3 A1
8
Note: FT marks may be awarded for a final answer of »x> based on non-zero values
of p,gand r.
[4 marks]
continued...
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-25- 2225-7106M
Question 12 continued.
(e) () METHOD1
attempt to raise Maclaurin expansion for COS X to the power of ! (M1)
x2 n
f,(x)=(cosx)" = Ll —7+...]
nx’
=1-—-+... A2
METHOD 2
attempt to differentiate f, (x) twice (M1)
f.'(x)=-ncos" " xsinx, f,"(x)=-ncos" x+n(n—1)cos"? xsin’ x A1
£,0)=1, £'(0)=0, £ "(0)=-n
nxz
[ (x)=1-———+... A1
2
(i) METHOD 1
attempt to use Maclaurin expansion for f, (x) (M1)
o
limLQ)_1 = lim2—2(: lim(—£+ powers ofxD
x—0 X x—0 X x—0 2
__n A1
2
METHOD 2
g A ] . cos”(x)—-1
attempt to use I'Hopital’s rule twice on ————— (M1)
X
n n-1 : n-2 2 n
i O (;c) 1 i fcos” xsinx . n(n—1)cos" ~ xsin” x—ncos" x
x—0 X x—0 2x x—0 2
__n A1
2
Note: Do not award FT marks for an expression that does not involve n.
[5 marks]
Total [19 marks]
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(a) correct substitution into distance formula

2
P=x"Inx+4-x*+x*> OR \/(x—0)2+(\/x2lnx+4—x2—0) OR

\/x2+x21nx+4—x2

I=Vx’Inx+4

(b) recognising % =0 (seen anywhere)

EITHER

attempt to use chain rule with /

1

l(x2 lnx+4)75 ><i<x2 lnx+4)
2 dx
attempt to use product rule with %(x2 lnx+4)

1
l(x2 lnx+4) 2 ><[x2 xl+lnx><2x}
2 X

OR
recognising to minimise x° Inx + 4

attempt to use product rule

1
X2x—+Inxx2x
X

THEN

x+2xInx=0 (or equivalent)

1
=lnhx=——
2

Note: Award A0 for including x =0 in the final answer.
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A1

AG
[1 mark]

(mM1)

(M1)

(mM1)

A1

(M1)
(M1)
A1

A1

A1

[6 marks]
Total [7 marks]
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7. x> =r*—y* (seen anywhere) (A1)
b
substituting their expression for x> into .[ w’dy (M1)
nj(r“—y“)dy OR 2nj(r4—y4)dy (A1)
-r 0

5" 57
=7 r4y—y— OR 2n r4y—y— A1

5 5],

5

Note: Award A1 for r'y _y? seen.

s s s 1
:TE[[}’ —?j—[—}" +?j] OR 27[[1’ _?J (A1)

:§nr5 A1
5

. _4_ 1P~ ____1__7
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9. METHOD1

limﬂ = 9 indeterminate form, attempt to apply I'Hopital’s rule

x=0]—cosx

Note: Subsequent marks are independent of this R mark.
. Sinx+Xxcosx ) XCOoS X
=lim———— | =lim| | + —
x>0 sin x -0 sin x

EITHER

Applying I'Hépital’s rule again (since limwzg)
x>0 sin x 0

Note: Award (MO) if their limit is not the indeterminate form %

COSX+Ccosx—xsinx

lim
x>0 CcoSXx
OR

) CcoS X
=lim| 1+

x>0 sin x
X

recognizing fundamental trig limit lim

x>0 x

sin x
=1

THEN

substituting x=0

(lim xsinx jz 5
x>0 ]—cosx
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R1

A1

(mM1)

A1

A1

R1

(mM1)

A1

continued...
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-14 - 2225-7116M
Question 9 continued
METHOD 2
multiplying numerator and denominator by 1+ cosx M1
. ( xsin x 1+cosx)
lim x
x>0\ 1—-cosx 1+cosx
. [ xsinx(1+cosx)
lim 5
x>0 I-cos” x
. [ x(1+cosx)
lim| —— A1
=0 sin x
Mim 1+.cosx (A1)
x>0 (sinx
)
recognizing fundamental trig limit lim S Y =1 OR ]jm_i=1 (R1)
x>0  x >0 s x
substituting x =0 (M1)
(111’1’1 xXsimx j=2 A1
x>0 ]1—cosx
continued...
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—15-—
Question 9 continued

METHOD 3

expressing either xsinx or 1—cosx as a Maclaurin series with at least two terms

( x3 XS
i 3t 5!
) — x4( = j
— |+ —+...
21 410 6!
recognizing numerator and denominator are multiples of x>
2 4
X X
1—3![+5!—...j
lim
0| ] XZ( X j
— =+ ...
21 410 6!
substituting x =0

(hm xXSsimx jzz

x>0 ]—cosx

METHOD 4

Expressing in terms of half angles

. 2xsin<cos*
lim————2

< 2
=0 28in” %

XCO0S %

=lim—
x>0 qIn &
2
X X
. 5CO0S~5
=2lim2—2
x=>0 SIn %

=1

Using lim
=0 tan x
=2
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(mM1)

A1

(M1)

A1

(mM1)

A1

M1

A1A1

(m1)

M1

A1
[6 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2025 TZ1 | Q3 | 6 marks

3. METHOD 1

attempt to find change in population using a definite integral (M1)

t =4 at the start of 2026 (seen anywhere) (A1)
4

J’O —104000e "% d¢ (A1)

=-404165.8... (A1)

attempt to add initial population to their change in population from a definite integral (M1)

population at the start of 2026 = 6.78 x10° —404165.8...

=6375834.1...

= 6380000(=6.38x10°) A1

METHOD 2

attempt to find population using an indefinite integral (M1)

P= I—104OOOe’°‘°145‘dt

_ 1 040006—040145[

YT +c(=7172413.7..e " + ) (A1)
attempt to substitute £ =0, P = 6.78 x10°into equation with c. (M1)
6.78x10° =7172413.7...+ c = ¢ =-392413.7...

P=7172413.7..e"""%" -392413.7... (A1)
t =4 at the start of 2026 (seen anywhere) (A1)
population at the start of 2026 7172413.7...e *"'"*® —392413.7...

=6375834.1...

= 6380000(=6.38x10°) A1

Total [6 marks]
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5. (a) recognition of the need to differentiate (M1)

h'(x)=1 —ISSin(Ej =—15—nsin(ﬂj=—3—nsin(ﬂj A1A1
50 50 50 50 10 50
h'(k) = —ﬁsin (ﬁj = —3—nsin (ﬁ)
50 50 10 50

Note: Award A1 for —ISSin(%] and A1 for factor of l.

Award A1A0 for a correct expression with additional terms or additional
factors.

[3 marks]
(b) recognition that gradient of tangent = —tan(%j OR tan(7—nj (M1)
Note: Accept tan(%j OR —tan[%tj for the (M1)
setting their 4'(k) equal to —tan(%) OR tan(%tj(z —0.414213...) (A1)
—ls—nsin (ﬁj =—tan (E) OR —ls—nsin [ﬁj = tan (7_71)
50 50 8 50 50 8
k=7.24211... , k=42.7578...
k=724, k=428 A1
[3 marks]
Total [6 marks]
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9. (a) attemptto use Euler's method with a step of 0.25 (M1)
2x
()C,Hl =X, +O.25),yn+l =y, +0.25( — J
xﬂ + yn
(7,=0)
», =05 (A1)
¥, =0.803030...
v, =1.04868...
Note: Award (A1) for at least two correct intermediate values given to 3sf.
If x=2,y=1.26152...
y=1.26 A1
[3 marks]
(b) (i) The estimate will be an overestimate A1
because the tangents to the curve lie above the curve (the curve is concave
down). R1
(i)  The gradient of the curve (at (1,0) ) is positive (so the method works in the
direction of the upper part of the curve). R1
[3 marks]
Total [6 marks]
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(@) one critical value (seen anywhere) (A1)

recognizing that for f* to be decreasing /' <0 (M1)

x=-1.73554... or x=0.517999...

x<-1.74 and x>0.518 OR x<—-1.74 and x>0.518 A1
[3 marks]
(b) correct critical value x =-0.405465... (: lngj ( seen anywhere) (A1)

attempt to find maximum of ' OR recognising that f"(x) >0 OR sketching graph of

/" OR f"(x):2—3ex (M1)
concave-up for x < ln% OR x<—0.405 A1
[3 marks]

Total [6 marks]
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(a) recognition that maximum speed occurs when |v| is greatest

one correct coordinate for minimum (4.71238...,—2.71828...)

2.72(=¢) (ms™)

Note: Award (M1)AO0 for the answer 1, from working with degrees.

(b) substitution of limits into correct formula

5
[ e
0

3.84591...
3.85 (metres)

(c) v=0 (seen anywhere)
t= 2.35619...(: 3—n]
4

a=0.986137...

1

a=0.986 [: Zeﬁ] (ms’z)
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A1

[2 marks]

(mM1)

A1
[2 marks]

(mM1)

(A1)

A1

[3 marks]
Total [7 marks]
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11. (a) METHOD 1

PCx "CxC, (_3003x252x1 _ 756756 (o 15!
3! 6 6 51x51x 51x 3!

(A1)(A1)

!
Note: Award A7 for 15C5 X 1°C5(= 756756) OR % and A1 for dividing by
IXJIXI!

31(=6).

=126126

METHOD 2
e, x’c,x*C,

A1

(AT)(AT)

Note: Award A1 for '“C, and A1 for “C, x°C,.

If a random student comes out and picks a team of 4 on their turn.

=126126

(b) attempt to use integration by parts

dv _
u=t and —=¢™
dr

1
[edr = —ge’“ (seen anywhere)

[ F0yde - k{t(_%e-ﬁﬂ: [ —%e‘“dt}
R ERIE

A1
[3 marks]

(mM1)

A1

A1

Note: Condone the absence of £ and limits up to this stage.
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- 24 - 2225-7112M
Question 11 continued.
=k (—lae_“ —Oj+l(—le'3“ 1]
30 3 3
= k(—lae‘“ —16_3(1 +lj A1
3 9 9
k —3a
=§[l—(3a+l)e ] AG
[4 marks]
3x+1 3 1
c [ lim = lim =lim A1
0 0 ()
‘ Note: This first A7 must be seen.
=0 A1
.k k . 3a+l1
i lim=|1-(3a+1)e™ | ==| 1-lim
() a—mog[ ( ) } 9( >0 e3a j
k
=—(1-0 A1
o(1-0) (A1)
recognising area of probability density function =1 (seen anywhere) (M1)
k_y
9
k=9 A1
[5 marks]
(d) recognition that the integral or their expression equals 0.5 for a =m (M1)

["f(1)di=05 OR 1-(3m+1)e*" =035

0.559448... OR 33.566939...
median = 0.559 (min) OR 33.6 (sec) A1

Note: FT can only be awarded for a positive value of % .

Award (M1)(A1) for a final answer of 0.56 with no working shown.

[2 marks]
Total [14 marks]
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12. (a) METHOD 1

attempt to differentiate implicitly (M1)
8x+2y Y 24+4Y (=0) A1A1
dx dx
dy  ,dy
Note: Award A7 for 8x—24 and A1 for 2ya+4a.

Award A1A0 for 8x + 2y%— 24 + 4% =-20 (or equivalent).

The implicit differentiation must be seen to award the above A marks.

dy 24-8x [ _12-4x A1
dx 2y+4 y+2
dy _4(3-x) AG
de  y+2
METHOD 2
i(4x2+y2—24x+4y+20)=8x—24 A1
dx
i(4x2+y2—24x+4y+20)=2y+4 A1
dy

dc
dy _ dx
ay _ _ dx M1
e (M1)

dy
dy 24-8x (_12-4x A1
dx 2y+4 y+2
d_y:4(3—x) AG
dx  y+2

[4 marks]
continued...
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- 26 —
Question 12 continued.
(b) recognising boundaries of domain when % undefined
y+2=0
y=-2

substituting their y value into curve equation and attempt to solve for x
4x” +(-2) —24x+4(-2)+20=0 (¥’ —6x+4=0)
6+/20
O
2
3-5<x<3+45 (accept a=5)

R(x-3)-5=0

2225-7112M

(m1)

(A1)
(mM1)

A1

‘ Note: Award a maximum of MTA1TM1AO0 for a final answer of 0.764 < x <5.24.

() x,=3
substituting their x value into curve equation
4(3) +y* —24(3)+4y+20=0
2.472135...0R -2+ 2:/5
y, =247 OR y, =—2+2/5

A(3,247)0R 4(3,-2+25)

‘Note: Award A1(M1)A1 for a final answer of A4(3,2.5) with no working shown.

(d)  4x?+(mx)’ —24x+4(mx)+20=0 ((4+m2)x2 +(4m—24)x+20 = o)

(4m-24)" —4(4+m’)(20)
recognising discriminant = 0 (seen anywhere)

both m=—4 and m=1
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[4 marks]

A1
(mM1)

A1

[3 marks]

(A1)

A1

M1
A1
[4 marks]

continued...
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- 27 - 2225-7112M
Question 12 continued.
() METHOD 1
attempt to form an equation in ) by substituting x = —%y (M1)
1Y 1
4(_Zyj +y2—24[—zyj+4y+20:0 (A1)
yB = —4 A1
‘Note: Award (M1)A1AO0 if an extra value is given for ).
METHOD 2
attempt to form an equation in x by substituting y =—4x (M1)
4x7 +(—4x)’ = 24x +4(—4x)+20(=0)
x=1 (A1)
yp=—4 A1
‘Note: Award (M1)A1AO0 if an extra value is given for y,.
[3 marks]
(f)  attempt to solve for x by quadratic formula or completing the square (M1)
—(-24 J_r\/ —24) —4(4)(»* +4y+20
2x4
24 —,/256 - 64y —16)" —4y—y?
(2 yo16y" [ 5 [16=4v=y" A1
8 4
Note: Condone * at this stage. ‘
\/ 3 2 5 2
24245 24 —1/256—-64y—16 47... -4y -
V:ny“[ y=16y } I (3_ /M] o a1
4 8 4 4
29.708027...
volume = 29.7 A1
\Note: Award (M1)A1A1 for a final answer of 30 with no working shown.
[4 marks]
Total [22 marks]
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5. (a) use of quotient rule or product rule (M1)
EITHER
, 3x2x(2x+a)’(x+5)* =2(2x+a)’(x+5
Fi = BB+ (645 22+ )’ (x+3) a1
((x+5))
2 2 3 . 2
f,(x):6(2x+a) (x+5) 24(2x+a) (x+5) :2(x a+15)(?x+a) A1
(x+5) (x+5)
OR
f1(x)=3x2x2x+a)’ (x+5)7 -2Q2x+a)’ (x+5)~ (A1)
[(0)=6Q2x+ay (x+5)7 =2(2x+a) (x+5)" (=2x—-a+15)2x+a) (x+5)") A1
[3 marks]
(b) recognizing f'(1) is equal to tan 70" (=2.74747) (M1)
22 3
0@2+ay 6 ~22+a) X6 _ 170 OR 6(2+4a)'62 —2(2+a) x67 = tan 70° (A1)
6
2.72844..., 14.96968...
a=2.73,15.0 A1A1
[4 marks]
Total [7 marks]
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9. (a)

Let APG =«
0 =BPG - APG (may be seen in diagram) (M1)
tan(0+a) = xX+2 (: O+a= arctan(x+2jj AND tan o =%[:> a= arctan[%jj A1
(x+ 2] [x}
0 = arctan —arctan| —
6 6 AG
[2 marks]
METHOD 1
setting € =0.178 (M1)
arctan( X 2) —arctan (%) =0.178
x=4.63047... (A1)

Note: The following three marks are independent of the first two marks.

EITHER

i arctan(x+2j = 62 OR i arctan(ij = 26 (seen anywhere) (A1)
dx 6 (x+2)"+36 dx 6 x +36

2
j—arctan (%) with respect to ¢t (M1)

(% =j 62 xg— 5 6 xE OR (% =j—0.0294199...xg (or equivalent) (A1)
dt J(x+2)"+36 dr x +36 dt dt dt

+
attempt to use the chain rule to differentiate arctan(x

substituting their x and ((11—9 =125 (M1)
t

12.5=-0.0294199...x ;ﬂ
t

continued...
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Question 9 continued

OR
i( 12 j__ 12(2x+2)
dx\ x* +2x+36 (x2+2x+36)

attempt to use the chain rule to differentiate tand =

wrdf_ 120x+2) dr

de (P +2x+36) d dr

substituting € =0.178, their x and %=12.5

sec’(0.178)x12.5= —0.0303721...><;1ﬂ
t

THEN

ﬁ:—424.881...

dt

(speed =) 425 (kmhr™)
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> (seen anywhere)

2225-7117M

(A1)

with respect to ¢ (M1)

déo dx :
>— OR sec’ 0— = —O.O3O3721...><E (or equivalent) (A1)

(m1)

A1

continued...
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-14 - 2225-7117M
Question 9 continued
METHOD 2
setting 6 =0.178 (M1)
arctan(x il 2) —arctan (%) =0.178
x=4.63047... (A1)
, : . do
substitutes their value of x to find o when 6 =0.178 (M1)
40 =-0.0294199...
dx
recognition that chain rule required (seen anywhere) (M1)
%:ﬂx—e (or equivalent, must include x,7 and 6)
d d6 dr
- . do dé
substituting their value for a(: -0.0294199...) and o 12.5 (M1)
dr = ;xu 5
dr ) —0.0294199...
=-424881...
(speed =) 425 (kmhr™) A2
[7 marks]
Total [9 marks]
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10. (@) () 7.43076...

v()=7.43 (ms™) A1
(i)  equating v(¢) and 5 (M1)
0.348114...
0.348 (seconds) A1
[3 marks]
(b) recognizing a =v'(t) (M1)
0.590930...
0.591 (seconds) A1
[2 marks]
(c) (i) considering large values of ¢ (M1)
(lim(v(t)) :)8.14 (ms™) A1
t—00
(i) EITHER
the race lasts a finite time (e.g. it ends after (Fiona) crosses the line) R1
OR
the graph approaches the limiting value but Fiona will never attain that speed R1
OR
Fiona cannot maintain that speed for a long period of time R1

Note: Award R1 for a valid reason that does not contradict their answer to part (c)(i).

[3 marks]

continued...
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Question 10 continued

(d)

Fiona takes t, seconds to travel 200 m

EITHER
recognizing distance travelled by either athlete in the first t seconds is

t

J.v(t) dr OR jw(t) dt (seen anywhere)
0 0

equating distance travelled by Fiona to 200 (m)

i
jv(z) dr =200

0
OR
attempt to integrate v(¢)

s(t)=8.14/t> +0.2 —3.64031...

equating 200 to their s(¢) (must include a constant of integration)

8.14/t* +0.2 —3.64031...= 200
THEN
t, =25.0132... (accept 25)

recognition that a definite integral of w(z) with 0 and their t,is required

25.0132...
(Lucy’s distance =) j w(t)dr (=195.772...)

0
distance from finishing line = 200 — their Lucy’s distance
4.22788...
4.23 (m)
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(m1)

(mM1)

(mM1)

(m1)

(A1)
(mM1)

(m1)

A1

[6 marks]
Total [14 marks]
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12. (a) attempt to use integration by parts (M1)
(xz—S)e"—ijexdx OR —Se"-l-xzex—ZIxexdx A1
attempt to use integration by parts a second time (M1)
(x2 —S)ex —2(xe)C —Iex dx) OR —5¢" +x’¢" —2(erC —Ie" dx) A1
(x*=5)e" —2(xe" —e") (A1)
(x2 —2x—3)e“ +c¢ OR (x2 —5)6" —2(xex —ex)-l-c (or equivalent) A1

[6 marks]

d
(b) rearranging to ay+y =x* —5 AND attempt to find integrating factor (M1)
eI e (seen anywhere) A1

ex%Jre"y:(xz —5)ex

L{ery)= (¥ -5)e" OR €'y = [(x5)e" v m1
exy:(xz—Zx—3)ex+C OR ¢'y=x"e" —2xe" -3¢ +C A1
y=x"-2x-3+Ce™ AG
[4 marks]

continued...
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Question 12 continued

—-20-—

(c) substituting x=-3,y=2 into y=x"-2x-3+Ce"

2=9+6-3+C¢’

= C=-0.497870... (: —10e‘3)

y=x"-2x-3-0.498¢"" (accept y=x"—2x-3-10e")

(-2.70, 2.28)

(0.899, -4.19)

2225-7117M

(m1)

A1

A1A1A1

Note: Award marks as follows:

A1 for domain.

A1 for approximately correct shape AND x-intercepts in approximately correct place
(exactly two negative and one positive x-intercepts)

A1 for maximum in approximately correct position and labelled (—2.70, 2.28) AND
minimum in approximately correct position and labelled (0.899, —4.19)
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continued...
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Question 12 continued

d
(d) substituting —3 and p OR -3 and ¢ into ay

gradient of tangent at (-3, p) is 4—p and at (-3, q) is 4—¢
finding equation of tangents

y=p=(4=p)(x+3) AND y—g=(4-g)(x+3)

solving their equations simultaneously
qg-p=(x+3)(4-p-(4-9) (=(x+3)(g-p))

x+3=1 (since p#gq)

x=-2

y=p=4-pORy-g=4-¢

y=4

hence all tangents intersect at (-2, 4)

2225-7117M

(m1)

(m1)
A1
(M1)

A1

A1
AG

[6 marks]
Total [21 marks]
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2. (a) g'(x)=m OR g"(x)=0 (seen anywhere)

Note: Award A0 for g"(x)=0 obtained from an incorrect g'(x), for example,

g'(x):l OR g'(x):O.

EITHER

k@jz——ELﬁ—ORkUD:——B—i—ORkQ): 0
(1+mz)5 <1+mz)5 V143m? +3m* + m®

OR

the numerator of k(x) is zero and the denominator is non-zero

THEN
= k(x)=0
i __b
(b) () x= »

Note: Do not award A71if a =0 is included as a solution.

(i)  substitutes their value of x into & (x)

YA — 2l

" ()

3

(1 +(~b+b)’ )5

ol w

=2d

Note: Award (M1)AQ if the modulus sign is not considered.
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(A1)

A1

A1

AG
[2 marks]

A1

[1 mark]

(M1)

A1

[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 3 | May 2025 TZ1 | Q2 | 32 marks

-14 - 2225-7108M
Question 2 continued.
(i) EITHER
lim k(x)=0 A1
OR
the curvature (of a quadratic) approaches zero as x — o A1
THEN
for large positive values of x, quadratic functions are close to being straight R1

Note: Award R1 for similar statements such as ‘for large positive values of x, a
quadratic function behaves like a linear function.

[2 marks]
(iv) C(k, ofp =k, ofq) A1
ko Of pis (2x|-2|=)4 and k,,, of gis (2x|2]|=)4 R1
Note: Accept arguments such as ‘k,, = 2|a| and both quadratics have |a|=2.
Do not award ATRO.
If modulus signs were omitted in part (b)(ii), award FT in part (b)(iv) for an
answer of B with appropriate values shown.
[2 marks]
(c) () sets k'(x)=0 and attempts to solve for x (M1)
, 1
X ==
2
1
X=— A1
V2
Note: Award A0 for x = i% (=40.707). Award A0 for x =0.707 .
[2 marks]
continued...
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Question 2 continued.

(i)  substitutes their value of x into & (x)

Note: Award a maximum of (M7)(A0)AOAO if their value of x is a decimal.
Award (M1)(A0)AOAO for (0.707,0.385).

Note: Award the following two marks for evaluating the above denominator.

REIRY

= ﬂ (or equivalent unsimplified fractional surd e.g. ‘/2?:7 )

242

1
P2 [_ 1 22
- V233

2\2

__2 (or equivalent surd e.g @)
33 c9

B
9

max
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(M1)

(A1)

A1

A1

AG

[4 marks]

continued...
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—16 —
Question 2 continued.

(d) () EITHER

sets k'(x) =0 and attempts to solve for ¢**

er:l
2

oL
NG

substitutes their values for e¢** and e* into k(x)

OR

attempts to solve k'(x)=0 forx

x=llnl =InL=—lln2
2 2 2

Note: Award a maximum of (M1)(A0)(MO)AOAO if their value of x is a decimal.
Award (M1)(A0)(MO)AOAO for (—0.347,0.385) .

substitutes their value of x into k(x)

THEN

for example, (k[ln

23

Note: After obtaining the penultimate A7 above, candidates may state & :T

as per correct work seen in part (c) (ii). In such cases, award the final A7.
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(mM1)

A1

(mM1)

(M1)

A1

(M1)

A1

A1

AG

[5 marks]

continued...
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Question 2 continued.

(i) EITHER

w and v are inverse functions of each other (and as such are equally

‘curved’) (or equivalent)
OR

the graphs of w and v are reflections of each other in the line y =x

OR

w and v have the same shape (or equivalent)

(e) () METHOD 1

attempts to use the chain rule to find %

d 1 S x X
2 _(2 _ 2 | —_ -
dx 2( x)(l” x) [ rz_xz’ yj

2
attempts to use the quotient or product rule to find jx—);
dy
Ey e (Lxdy 1
dx” v yide oy
X
x| x
correct substitution of d—y — 2 to form :—2)/ [:_2[__
Y Y Y Y
_ —y2 —x (__yz +x2]
v’ )y’
dZy rZ
&)
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R1

R1

R1
[1 mark]

(m1)

A1

(mM1)

A1

I

A1

AG

continued...
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Question 2 continued.

METHOD 2

attempts to use the chain rule to find %

d—y:l(—Zx)(rz—xz)% LZ_L)
dx 2 252
2

attempts to use the quotient or product rule to find jx—);

e G G S

Note: Award A1 for a correct numerator and A7 for a correct denominator.

2
Candidates may express their d—); in terms of r and y instead of r and x.
dx
dZy B 7"2
oy
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(mM1)

A1

(M1)

A1

A1A1

AG

continued...
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Question 2 continued.
METHOD 3
attempts to use implicit differentiation on y* =7’ — x* (M1)
dy dy
2y—=-2x —=-X A1
el -
attempts to use the product rule and implicit differentiation (M1)
Y  dy .
— | +y—==-1 (or equivalent A1
( dxj S (oreq )
d Lo
correct substitution of < =~ to form | -~ | + y—J; =-1 A1
dx y v dx
dZy _l _1_ x2
dx2 y y2
22 2 2
_Yox (:_ytxJ A1
y y
d2 2
i Ac
y
[6 marks]
continued...
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—-20-—

Question 2 continued.

(i) METHOD 1

2

substitutes their & and the given d—); into & (x)
dx dx
rZ
-

Note: Award the following three marks for evaluating the above numerator and
denominator as appropriate.

2 2

r
= 7 (seen anywhere)

numerator: recognizes that 3

2 2 2
. +
denominator: attempts to express (1+(—£j J as Y Zx

y y
3
2 2 3
denominator is EF—ZJ [: F—J
y y

Note: Award the following A mark for showing that & = l

~

which is a constant

2 2
7 roo. .
——{==s not considered.
Yy

Note: Award a maximum of (M1)AOM1A1A1 if ‘
y
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(mM1)

A1

M1

A1

A1

AG

continued...
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Question 2 continued.

METHOD 2

2

dy a4y into k(x)
dx

substitutes their and the given

2

I+ -2

Note: Award the following three marks for evaluating the above numerator and
denominator as appropriate.

numerator: recognizes that |—

N
. . r
denominator is —
r —X

Note: Award the following A mark for showing that & = l

r
7"2
3 3
(rz_xz)z 2 (rz_xz)z 1
k= 3 k= =X 5 =>k=—
r 2\5 r r
g (r-x")
(r2 —x2)2
which is a constant
r2 ‘ 2

Note: Award a maximum of (M1)AOM1A1A1 if |—

considered.

Apollo | Original source crop | 356

2225-7108M

(mM1)

A1

A1

A1

AG

continued...
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Question 2 continued.

METHOD 3

substitutes their

d_y and the given —
dx

— 22 —

d2y

2

into & (x)

2225-7108M

(mM1)

Note: Award the following two marks for evaluating the above numerator and
denominator as appropriate.

numerator: recognizes that

denominator: attempts to express £1+(

el

(seen anywhere)

A1

M1

Note: Award the following A71A1 for showing that & = l

7

x2+y2 x2+y2
3 3
Y Yy
k= 3 3
x4yt )2 (x2+y2)2
y2 y3
1
- T
(xz+y2)2
k= ! = k=

which is a constant

A1

A1

AG

considered.

Note: Award a maximum of (M1)AOM1A1A1 if |- al

[5 marks]
Total [32 marks]
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1. (@ ()
y
/_\ x

general shape of curve passing through (0,0) A1
[1 mark]
(i) (-4,0),(0,0),(4,0) A1

Note: Award A0 if additional points are given. ‘
[1 mark]
(i) Max (—1.94,1.20)(-1.94347...,1.20113...) A1
Min (1.94,—1.20) (1.94347...,—1.20113...) A1
[2 marks]
continued

Apollo | Original source crop | 358



Mathematics: analysis and approaches HL | Paper 3 | May 2025 TZ2 | Q1 | 28 marks

-8- 2225-7113M
Question 1 continued.
(b) EITHER
odd A1
2
(=x)((=x)~16)  —x(x*-16
since f(—x)= . = (2 ) =—/(x) (or equivalent) R1
(—x) +16 x"+16
OR
odd A1
since graph of /' has rotational symmetry order 2 (of 180 degrees) about (0,0) R1
OR
odd A1
since graph has reflection symmetry over the x-axis followed by reflection
symmetry over the y-axis (or vice versa) R1
Note: Do not award A7R0. \
[2 marks]
(c) attempt to use quotient rule or product rule (M1)

. _<x2+A)(3x2—A)—2x(x3—Ax) , _2x2+(x2—A)_2x2(x2—A)
T (v s ) R N

(or equivalent) A1A1

Note: Award A1 for numerator, A7 for denominator.
Note: If product rule used, award A1 for each correct term.

Note: Award (M1) for an attempt to use quotient rule or product rule with 4 =16 or
any other constant. Award no further marks.

2A)(2A)—0

(V4 :(— =1 A1

hence independent of A AG
[4 marks]
continued
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-9- 2225-7113M

Question 1 continued.

(d () METHOD 1

24 xX(F+A)=24x (04 gx—24x
X—= = 2 = 2 M1
x +A4 x +A4 x +A4
3 x(x*+4-24
Ex2 Ax | ( 2 ) Al
x“+ A4 x + A
2
24 x{x" -4
xX—— * (2 ) AG
x + A4 x + A4
Note: Award no marks for numerical approaches. \
METHOD 2
EITHER
x(x*—4 3 _
attempt to do long division on (2 )or xz Ax M1
x + A4 x +4
quotient of x and remainder of —2 Ax A1
2
24 x(x"—A4
xX—— * (2 ) AG
x + A4 x + A
OR
X’ Ax X+ Ax  Ax+ Ax
2 ) =" ) M1
x+A x+4 x+4 x +4
x(x*+ 4
(¥ r4) s A1
(x2+A) (x2+A)
2
24 x(x"—A4
=x—— * - (2 ) AG
x +A x + A
Note: Award no marks for numerical approaches. \
[2 marks]
continued
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-10 -

Question 1 continued.

(i) hence oblique asymptote is y = x (since

X

2

X
—0 as x > tw)
+ A4

2225-7113M

A1

Note: Award AO0 if not given as an equation.

(i) (\4,0) OR (—/4,0)
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A1

[1 mark]

continued
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-11- 2225-7113M
Question 1 continued.
(e)
| Note: Award no marks for attempts at integration that do not involve partial fractions. |
attempt to write in the form i+L (M1)
1—v? 1+v 1-v
B=—and C= l A1
2 2
1 1
J- —j 2 dv
1+ v -
attempt to integrate their partial fractions (M1)
EITHER
1 1 1
—In[l+v|-=In|l-v[+=In 4 A1A1
2 2 2

Note: Award A7 for first two terms. The moduli must be present for this mark. Award A7 for
1

—InA4.
2
OR
Linfiev]=Linfi-v|(+e) A1
2 2
2¢
:lln ﬂ where e* = 4 A1
2 1-v

Note: The moduli must be present for each of these marks.

THEN
A(l+
L [A0Y) AG
1_
[5 marks]
continued
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-12 - 2225-7113M
Question 1 continued.
(f)  attempt to separate variables and integrate (M1)
dx dv
-[7 B I 1-v?
A(l
1n|x| =—In M A1
2
attempt to use power rule of logs (M1)
1
2 A(l
1n|x| =In M OR ln|x|2 =1In M
1-v I-v
1
2 A(l
o o e .
1- 1-
A(l + yj
el X/ A1
Y
X
2o |AG+y) AG
X=y

Note: Award at most (M1)A1(M1)A1A0 for incorrect use or omission of moduli.

Note: The substitution of 2 may be seen earlier.
X

[5 marks]

continued
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—-13—

Question 1 continued.
A (x + y)
X=y
attempt to clear denominator

xz(x—y):A(x+y)

X —x’y=Ax+ Ay

(@ x’=

attempt to isolate y
X —Ax=x"y+ Ay
x(x2 —A) =y()c2 +A) (x3 —Ax= y()c2 +A))

x(x2 —A)

X’ + A

2225-7113M

(A1)

M1

M1

A1

AG

Note: The y must be factored out for the final A1.
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2. (@ (@ o
(i) O

(b) attempts to expand a product of two of the side lengths
EITHER

V= x(4x2 —2(a+b)x+ab) (V = x(4x2 —2ax—2bx+ab))

OR
V =(ax—2x")(b-2x)

=4x* —2ax* —2bx* + abx

OR
V =(a-2x)(bx—2x")

=4x° —2ax* —2bx* + abx

THEN
V =4x’ =2(a+b)x* +abx
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A1
[1 mark]

A1
[1 mark]

(mM1)

A1

A1

A1

AG
[2 marks]

continued...
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-13 - 2225-7118M
Question 2 continued
(c) attempts to find d—V (M1)
dx
%:12x2—4(a+b)x+ab A1

Note: Award (M1) for obtaining the equivalent of two correct terms.

EITHER

dr
attempts to solve E =0 for x using the quadratic formula (M1)

—(—4<a+b>>iJ<—zia+b>>2—4<12><ab> a1

Note: Award A0 for incorrect expressions, for example:

o —(~4(a+b)) <4 (a+b)* —4(12)(ab)
24

attempts to expand brackets within the square root sign and/or to

take a common factor of 4 (M1)

 —(~4(a+b))£4/16a> +16b* +32ab-48ab

xX= A1
24
S 4(a+b)tda> +2ab+b* —3ab
24
OR
: . : . _dV
attempt to substitute either of the given x values into their E M1
correct manipulation with each solution to reduce each expression to zero A1A1
dr
E =0 is a quadratic equation and hence these are the only two solutions R1
THEN
(a+b)*\a*—ab+b’
X = AG
6
[6 marks]
continued...
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-14 - 2225-7118M
Question 2 continued
, A
(d) attempts to find their —; (M1)
v
- =24x—-4(a+b) A1
2
d 12/ <0 R1
Note: Award R1 for equivalent statement in words.
/ 2
substitutes x—( a+b)-Na’ ~ab+b (M1)
+ [ 2 2
Note: Award (M1) for substituting x = (a+b)* Z ab+b
2 ]2 2
d_12/=24 (a+b)—~Na —ab+b _4(a+b)
dx 6
=—4Ja’ —ab+b’ (<0) A1
_ / 2 2
SO X, = (avb)—Va —abtb gives a local maximum of V AG
[5 marks]
(e) the maximum volume will occur at either the endpoints or at the local maximum. R1
Note: Award R1 for an answer which refers to the volume being 0 at both
endpoints (x=0 and x :%) and the volume of the box at x, >0
hence the maximum volume of the box occurs at x, / the local maximum is
a global maximum. AG
[1 mark]
continued...
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15— 2225-7118M
Question 2 continued

(f) 2st—s5°<t’—5’ A1

t* > 2st and since t € Z" (dividing both sides by ¢) R1

Note: Award R1 for equivalent reasoning, ¢ >0 or ¢ is positive

=>t>2s AG
[2 marks]
(g) attempts to substitute for each of a,b and \a’ —ab+b’ interms of s and ¢ (M1)
25t =82 )+ (17 =57 )= (s* —st+1°
oy () =) ) N
6
_ —3s% +3st A1
6
x, = s(t=s) AG
2
[3 marks]
(h) () METHOD1
when s is even, x  is an integer R1
hence V, is a product of integers (a, be Z") R1
hence ¥, is an integer AG
METHOD 2
t— t— t—
Vv, _s=s) 2st—s> =2 st=9) -5 =2 s(=5) (or equivalent) A1
2 2 2
Note: Award A1 for szs(t_s) a-2 st=s) b-2 s(t=)
2 2 2

when s is even, S(tz_ $) is an integer AND
hence V, is a product of integers (a, beZ") R1
hence ¥, is an integer AG
[2 marks]
continued...
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—-16 —

Question 2 continued

(i)  when sis odd AND ¢is odd (s(¢—s) is even)

x, and V are both integers

2225-7118M

A1
AG
[1 mark]

(iii)y  the following table shows some possible sets of values for s,¢,a,b,x, and V,

§ t a b X, v,
1 3 5 8 1 18
1 5 9 24 2 200
2 5 16 21 3 450
2 6 20 32 4 1152
2 7 24 45 5 2450
2 8 28 60 6 4608
3 7 33 40 6 3528
4 10 64 84 12 28800

attempts to use values of s and ¢ to find
EITHER x, OR a and b OR V,
a corresponding correct x, value

corresponding correct a and b values

a corresponding correct ¥ value

(mM1)
A1
(A1)
A1

The three A marks can be awarded in any order.

Some candidates may determine in part (h) that V, =

Note: Award at most (M1)AOAOAO if the values of s and ¢ do not satisfy the
conditions: s,te€Z", t >2s,and s is even / s and ¢ are odd.

The A1 for x,, and the A7 for a and b can be awarded independently.

s’ (t—s)

2

[4 marks]
Total [28 marks]

Apollo | Original source crop | 370



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q3 | 7 marks

3. (a)

i =9

(i)  attempt to substitute (3,0) into y = ax’ + ¢ with their c
9a+9=0
a=-1

METHOD 1 (single integral)
attempt to subtract areas (seen anywhere)

j.(9—x2)—(9—3x) dx (:j.3x—x2 dxj OR j.(9—x2)dx—trianglearea
0 0 0

3 3

correct integration {%xz—%xﬂ OR [9);_%;53}

0 0

attempt to substitute their limits into their integrated expression (condone
absence of the 0 substitution)

20720 <[ 3007 =507 ] or 9(3)-3(3)
27 27

—-9 OR 18—
2 2

Area =% (square units)
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A1
(M1)

A1
[3 marks]

(mM1)

(A1)

(mM1)

A1

continued...
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Question 3 continued.

METHOD 2 (evaluating two integrals separately)

i(g_xZ)dx{gx_%xs}

| Note: Award A1 for correct integration. Ignore absence of limits. |

3 3

OR [(9-3x) dx:[9x—%x2} (A1)

0 0

attempt to substitute their limits into both of their integrated expressions (condone

absence of the 0 substitution) (M1)
9(3)~3(3)' ~[5(0)-5(0) | and 9(3)-3(3)
attempt to subtract the two integrals in any order (seen anywhere) (M1)
1,3 3,32
9(3)-30) —(9(3)—5(3) j OR [(9—x")dx—[(9-3x)dx
18-27
2
9 :
Area =5 (square units) A1
[4 marks]
Total [7 marks]
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5. (a) () METHOD 1

f(x)=401-x)7 A1
substitution of x=0 into derivative m1
4(1-0)> OR f'(0)=4
a=4 AG
Note: Do not award M7 for 1+4x seen without clear evidence of a substitution.
METHOD 2
attempt to create binomial expansion to at least two terms M1
-4 -4
1+ X+ (x)2 +...
1 2
correct expansion
1+(—4)(—x)+ (#(—x}z + j A1
a= 4 AG
\ Note: Do not award A7 for 1+4x seen without clear evidence of correct working.
(i) METHOD 1
f1(x) = (=5)x (@) (1-x)" x(~1), 20(1-x)" (A1)
(£"(0)=)20 (A1)
20
2!
b=10 A1
METHOD 2
—4)(—
%(—x)2 (may be seen in their expansion in (i) (A1)
20
— A1
5 (A1)
b=10 A1
[5 marks]
continued...
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15—
Question 5 continued.
(b) attempt to substitute 0.1 into the expansion

1.52
1520 (dollars)
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(mM1)

A1
[2 marks]
Total [7 marks]
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7. (a) attempt to separate variables (M1)
Id—); = J‘cos2 x dx
y
attempt to use an identity for cos” x, may be seen above (M1)
1
—(1+cos2x)
2
a1 1.
-y =—| x+—=sin2x |[+C A1A1
2 2
Note: Award A1 for LHS and award A1 for RHS.
Award A1AQ0 for at least one correct side and missing constant of integration.
2 in 2 -
_ 1 _2x+sin erC1 OR y= . 4 (A1)
2x+sin2x+C,
| Note: Condone solutions that do not deal correctly with the constant(s) of integration. |
a=-4 A1
[6 marks]
(b) attempt to substitute initial conditions with their a. (M1)
4
n+0+b
b=-4-n A1
[2 marks]
Total [8 marks]
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9. (a) recognitionthat f'(x)=0 (seen anywhere) (M1)
attempt to solve quadratic equation (condone not seeing =0) (M1)
a=-5,b=1 A1

[3 marks]
(b) (local) maximum A1
( f'(x)/gradient) changes from positive to negative (at x=a)
OR f(x) changes from increasing to decreasing (at x=a)
OR f"(a)=-18 (accept f"(a)<0) R1
| Note: Do not award AOR1. |
[2 marks]
() [f"(x)=6x+12 (A1)
6¢c+12=0 (A1)
c=-2 A1
[3 marks]
(d) vyes (there is a point of inflexion at x =c¢) A1
( f"(x)/second derivative) changes sign at x =c
OR concavity (of /) changes at x=c¢
OR f’(x)/gradient decreasing to the left of ¢, and increasing to the right of ¢ R1
[2 marks]
Note: Award RO if their only reason is that f"(c¢)=0. Do not award AOR1. ‘
continued...
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Question 9 continued.
(e) recognize to find If’(x)dx (M1)
X +6x* —15x(+C) (A1)
substitution of (—2,36) into their integrated expression (must contain +C') (M1)

36=(-2) +6(-2)" ~15(-2)+C
C=-10 A1
f(x)=x"+6x>=15x-10

[4 marks]
Total [14 marks]

Apollo | Original source crop | 380



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q9 | 14 marks

-23- 8825 -7106M

Apollo | Original source crop | 381



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q10 | 18 marks

10. (a) (i) attempt to create binomial expansion to four terms with n=-1 (M1)
=1y, (=1}, 5,2 (=1}, ,\2
1+( i jx +( 5 J(x ) +[ 3 ](x ) +...
—1)(—-2 —1)(-2)(-3
1—x2+( )( )( 2)2 (=D(=2)( )(x2)3 A1A1
2 6
| Note: Award A1 for the third term and A1 for the fourth term. |
1-x" +x* —x° AG
[3 marks]
(ii) Xy +lx5—lx7(+C) A2
3 5 7
[2 marks]
| Note: Award A1A0 for any three correct terms. |
1
(b) (i) attempt to create binomial expansion the term in x* with » :—5 (M1)
1+ 2 |xX*+| 2 (xz) +
1 2
)
1 2 2 2 2\2
1—5(—x )—i—T(—x ) (A1)(A1)
| Note: Award (A1) for the first two terms and (A1) for the third term. |
1+lx2 +§x4 A1
2 8
(ii) Xty +ix5(+c) A1
6 40
[5 marks]
continued...
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Question 10 continued.
(c) arcsinx:.[ dr - (seen anywhere) (A1)
1—x
attempt to substitute x :% into their antiderivative (M1)
1 YL 11y 31y 1103
arcsin—~ |[—+— —| +—| = |, —+—+—— A1
2 )2 6\2 40\ 2 2 48 1280
k=3 (accept 2+i) A1
48 1280
[4 marks]
(1 oo
(d) arcsin 5 :g (seen anywhere) (A1)
equating their value of arcsin(%] to their expression from (c) (M1)
n 25 3 (25 3 j
— R —+——, T OX| —+——
6 48 1280 48 1280
z§+ 18 ,4000+ 18 (A1)
8 1280 1280 1280
009
~ accept p=2009 A1
640 (accept p )
| Note: Condone use of “=" instead of “~”. |
[4 marks]
Total [18 marks]
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2
6. xd_y+3y:cosec X
dx X
dyv 3  cosec’x
Ty A1
dx x d x* (A1)
3
F=eh“(=x) (A1)
attempt to multiply through by their IF: (M1)

x’ Y +3x%y = xcosec’x
dx

Note: Award first 3 marks if candidates directly multiply through the DE by x”.

attempt to write LHS as an exact differential (M1)
d

a( 3y) = xcosec’x

x’y =—xcotx +In|sinx|+c A1

—xcotx+ 1n|sinx| +c

y= x3
- T 8 . - :
substituting x = > y =— into their integrated expression (M1)
T
=>c=n
m—xcotx+Insinx

X

Note: Do not penalise omission of absolute value signs as for 0<x <= , sinxis
always positive.

[7 marks]
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D
8. (a) attemptto sum times for both sections using T :E

_ 400secd N 1000 -400tan @
0.8 1.2

2500-1000tan &

T

T =500sec@ +

(b) attempt to differentiate T’ (sec@tan@ or sec’ 6 seen)

1000 sec? O

[d—T =jSOOsec Otan 6 —
do

(c) settheir j—g =0 and attempt to solve

500sin9—$: 0

sin9=£

3

2 3 .
tand =— OR secd =—= or equivalent

J5 J5
800

PX =400tand ( seen anywhere ) OR PX =—

NG
— 1605
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(mM1)

A1

AG

[2 marks]

m1

A1A1

[3 marks]

(mM1)

A1

A1

A1

AG

[4 marks]
Total [9 marks]
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9.

(a)

| Note: In this question, the marks are independent and may be awarded in either order.

finding correct discriminant k> —26 A1
recognition that discriminant (b2 - 4ac) <0 M1

b>—4ac<0 or k*=26<0 or k*<26

(since keZ") k=5 AG
[2 marks]
(i x =-5 (must be an equation) A1

(i)  attempt to substitute their value of x (from axis of symmetry) into %xz +5x+13

OR attempt to use completing the square (M1)

1

(-5) +5(—5)+13(: 5] OR (y=)

2
(—5,lj A1
2

1
5) +—
(x+)+2

N | =

[3 marks]
5
at x=-3, y= ) (seen anywhere) A1
Y ris A1
dx
at x=-3, & =2 A1
dx
normal gradient is negative reciprocal of their % at x=-3 (M1)
gradient of normal = —%
5 1 5 1
——=——(x+3) OR —=——(-3)+c=>c=1 A1
yoy=(¥3) ORZ=—(=3)
= —lx +1 AG
T
[5 marks]
continued...
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Question 9 continued

(d) attempt to describe shaded area as the difference of two integrals or one integral and
the area of a trapezium (M1)

90 1 t(1, 11
(4=) J(—x2+5x+l3de—J(——x+ljdx OR I(—x2+—x+12jdx
AW A 22 2
0
OR j(lx2+5x+13jdx—l(§+1)3
2 22

correct integration A2

X 5x7 ’ x ’ X 11x° ’ X 5x7 ’ 21
—+—+13x| —|—+x OR | —+ +12x| OR | —+—+13x| ——
6 2 R 4 R 6 4 . 6 2 R

4

‘ Note: If not completely correct, award A7 for at least two terms correctly integrated. ‘

substituting (0 and) —3 into their integrated expression and subtracting (M1)
-3)" 11(=3) -3) 5(=3)
0-— (=3) + (=3) +12(-3)| OR 0- (=3) + (=3) +13(-3) 22l (or equivalent)
6 4 6 2 4
_6 A1
4
[5 marks]
Total [15 marks]
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8.  attempt to write at least one function in terms of y (M1)
x> =3»"+16 OR x* =25y-50 (or equivalent) (A1)
one correct expression for volume
3 3
nfy’+16dy OR m[25y—50 dy (A1)
0 2
attempt to subtract two volumes with limits for y (M1)
3 3
n.[(y2+16)dy—n.|‘(25y—50) dy (A1)
0 2

3
Note: Award at most MTATATMOAOAO for a candidate who writes 7 j (»* +16)—(25y-50)dy.

0

179.0707...—39.269908
139.8008...

V=140 (cubic units) (: %nj A1

Note: Ignore absence of n throughout if their final answer is correct. Otherwise award at most
M1A1ATM1A0AO.

Total [6 marks]
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9. attempt to find a relationship between x and € using cosine rule (M1)

x* =15 +20° -2(15)(20)cosf, x=+625-600cos 6

attempt to relate the rates (seen anywhere) (M1)
de_dv do
de do dt
de 1 1 )
— =—(625-600cos ) 2 x600sin & (A1)
dé 2
OR
Attempt to differentiate implicitly with respect to ¢ (M1)
1
2x% = 60()sin9'% OR & =l(625—600COS 0) 2 x600sin6"% (A1)
dt dt d 2 dt
OR
. . dx
Using GDC to find — (M1)
déo
E:13.835110... (A1)
déo
attempt to find cos@ or sinfor & when areais 140 (M1)
sin@ = % or cosfd = % or 8=1.20358... (seen anywhere) (A1)
(accept 68.9605...7)
1 J29 =) 280 n
—| 625-600] — 600x—jx(——j (A1)
2 15 300 60
—0.724402...
% =-0.724 (cm min’l) A1
dt

Note: Award (M1)(M1)(A1)(M1)(A1)(A1)AO0 for % =0.724 (cmmin™").

Total [7 marks]
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10. (a) (i)  speed of airplane = 60 (ms ') A1

(i) speedofcar =0 (ms') A1

[2 marks]

(b) (i) recognizing v, =v,,. when speeds are the same (M1)
6.35564...

t=6.36 (s) A1
(i)  31.7782...

speed = 31.8 (ms ') A1

[3 marks]

(c) let s, (¢) be the displacement of the airplane and s, (¢) be the displacement of

the car at time ¢

recognizing to integrate either velocity function (M1)

j 60e " dt, j 5¢ dt

correct integration (A1)(A1)

—600e™", %tz (+C) (award A1 for each term)

recognize to subtract displacements (seen anywhere) (M1)
EITHER
substituting initial condition into their d () (M1)

100 = —600e ™" —%x 0°+C OR -100=600e"” +§>< 0° +C (or equivalent)

OR
substituting initial condition into their s, () (M1)

(50 (0)=0=>)100 = —600e ™ + C

car

continued...
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Question 10 continued.
THEN
C =700 (or —=700) (A1)
d(t)=—-600e™"" —%zz +700 (accept d(t) =|600e " +§t2 —700|) A1
[7 marks]
(d) recognizing to solve their d(¢)=0 (M1)
15.0586...
t=15.1 (s) A1
[2 marks]
(e) attempt to find the distance travelled by the car (M1)
15.0586 5 )
5t dr, E(15.0586) (A1)
0
566.904...
567 (m) (accept 570 (m) from 3 sf answer in (d)) A1

Note: Award (M1)(A1FT)A0, where appropriate, if the candidate has an incorrect d(¢) and/or

incorrect value of ¢ which leads to their distance travelled by the car to be less than
100 (m).

For example, where the candidate finds d(¢) = 600e ™" —%tz —500 in part (c), award

(M1)(A1FT)A0 to 7.08, or 7.06 from using 3 sf value.

[3 marks]
Total [17 marks]
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3x

5. attempt to rearrange f(x)=e * to get an expression for x in terms of » OR find f’l(x) (M1)
xz%lny OR f_l(x)zglnx (A1)
3x
attempt to use nj x*dy OR nj(f’1 (x))2 dx for their rearrangement of y=¢* (M1)
4 Y 4. Y
nI(Elnyj dy OR nj‘(glnx) dx
2 2
8( 4 s( 4
nL (Elny) dy OR n.[l (Elnxj dx (A1)
l16m 2
—85.6(85.5716...) :T(S(lnS) ~16In8+14) A1
[5 marks]
-12 - 8825-7117M
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10. (a) (i) attempt to find a maximum point (M1)
(x :)0.718442...or (y :)1.80645...or (x :)3.71844...or (y :)1.19181... etc

1.80645...
(maximum displacement)= 1.81(cm) A1
" " ds
(i)  recognition that v :d— (M1)
t
recognition that the gradient at ¢ = 0 represents the maximum velocity (M1)
v=§at t =0
dt
V= 4.18879025...(4?7t j
\):4.19(43—7t j(cms4) A1
[5 marks]
(b) (i) attempt to find a minimum point (M1)

(x=)2.21844...0r (y=)—1.46729...OR (x=)5.21844...OR (y=)—0.968053...

—1.46729...
-1.47 A1

(i) (r=3.5)s=1.06620...
s=1.07 A1
[3 marks]

continued...
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Question 10 continued

(c) METHOD 1

attempt to sum distances from O involving maximum, minimum and distance at

t=3.5 (M1)
1.80645...x2+1.46729...x2+1.06620... (A1)
=7.61369...
7.61(cm) A1
METHOD 2
attempt to integrate the absolute value of % (M1)
ssld [ a-L . (2t
—| 2 dsin| == ||dt A1
=7.61369...
7.61 (cm) A1
[3 marks]
d (T=)15 A1
[1 mark]
continued...
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Question 10 continued
(e)
(i)  attempt to divide two of u,u,,u,... (M1)
uz( 1.46729...] u3( 1.19181...} : u3( 1.19181...}
—“|=—lor—=|=—or r=—=|{=——
u, \ 1.80645... u, \ 1.46729... u, \ 1.80645...
0.812252...
(r=)0.812 A1
(i)  attempt to use the sum to infinity of the GP (mM1)
. :ﬂ(: 9.62167...)
1-0.812252...
recognition that the total distance is double their S (mM1)
2xSw:2xw OR 2x9.62167..
1-0.812252...
19.2433...
19.2(cm) A1

Note: Award (M1)(M1)A0 for values of » that lead to an answer that is smaller than
2 x first maximum displacement (3.6129).

[5 marks]
Total [17 marks]
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: dy
12. (a i —=-1.7 A1
(@) (i) i
(i)  attempt to use Euler’s formula with step length 0.2 (M1)
step X Yy
0 1 1.5
1 1.2 1.16
2 1.4 1.07491524
1.54+0.2x-1.70r 1.16 (A1)
1.07 A1
Note: Accept 1.075.
(i) change (decrease) in the y values is decreasing. OR the gradient is increasing
as the gradient at 1.2 is —0.425423... R1
concave up A1
Note: Do not award ROA1.
Do not award FT from either part (i) or part (ii).
[6 marks]
continued...
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Question 12 continued
(b) () METHOD 1
[%(xy) =jx%+y (seen anywhere) A1

attempt to differentiate either the LHS or the RHS implicitly using the product rule M1

(x2+xy)3;—)2}+(2x+x%+y)%:2x+x%+y—6y% A1A1
Note: Award A1 for LHS and A1 for RHS.
(x2+xy)d2);=2x+y—x(d—yj2—(x+7y)d—y AG
dx dx dx
METHOD 2
(i(xy) :jxd—y+ y (seen anywhere) A1
dx dx

d +xy-3y°
attempt to rearrange into the form Y sz#
dx X" +xy

the RHS implicitly using quotient rule M1

and attempt to differentiate

d d d
(dzy]_ (x2 +xy)(2x+xd);+y—6ydij—(x2 +xy—3y2)(2x+xd§+yj

= A1

dr? (x2+xy)2
) dy dy 2 dy dy
&y _(x +xy)(2x+xdx+y—6ydx - (x +xy)a 2x+xa+y

o ; 5 A1
(x +xy)

(x2+x ) 2y—2x+ - X Y 2—(x+7 )d_y AG
34 I Y dx Y dx

continued...
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Question 12 continued
. : - dy 3
(i)  attempt to substitute their aand x=Ly= 5 (M1)
5d%y 7 2 23
——=——(-1.7) ——(-1.7
8.064 1008 OR 8.06 A1
125
Note: Award (M1)A0 for 8.1 seen with no working.
[6 marks]
(c) attempt to make the numerators of common denominator equivalent (M1)
I+v=A(1+2v)+ B(1-2v)
A—E(O 75) B—l(O 25) A1
A
[2 marks]
continued...
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Question 12 continued

dy dy dv
d attempt to replace y and —— by substitution of y =vxand —=v+x— M1
(d) p P y ™ y y=vx ™ % (mM1)

(x2 + xzv)(v + xd—vJ =x* +ux? =3xH?
dx

2
(1+v)£v+x@j l+v-=3vor v+xﬁzl— 3 A1
dx dx 1+v

dv )
v(il+v)+(A+v)x—=14+v—-3v
(L) + L+ v)x
(1+v)xﬂzl+v—3vz—v—v2
dx

(Hv)xﬂzl—4v2
dx

I 1+V I & A1
1—4v?

3 1 3 1
hence Inx = —§1n|1 —2v| +§ln|l +2v|(+¢) [: —gln(Zv—l) +§ln(2v+ 1)(+c)) A1A1
substitution of x=1, v=1.5 OR x=1,y=1.5 to find a value of ¢ (M1)

¢ =%ln2 (0.086643...)

81nx+31n(2—y—1j:ln[l+2—yj+ln2 or equivalent A1

X X
3
xsf_y_lj :2[1+2—y) At
X X

x6(2y—x)3=2(x+2y) AG

[8 marks]

Total [22 marks]
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1. (a) () METHOD 1

attempts to find d—y (mM1)
dx

y__1

dx x’

dy 1 -1 .

a = _1_2 AND m,, = — (or equivalent) A1l

N

Note: Accept mm, =—1 (or equivalent) seen anywhere.

Award A1 for m, =x* and as x=t¢, then m, =¢".

so gradient of N is ¢* AG
METHOD 2
b
b _dr -
uses & dv (or equivalent) (M1)
dt
1
d__r
dx 1
dy 1 -1 .
a = _1_2 AND m,, = — (or equivalent) A1
s

Note: Accept m;m, =—1 (or equivalent) seen anywhere.

Award A1 for m, = x> and as x=t¢, then m, =¢".

so gradient of N is ¢* AG
[2 marks]

continued...
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Question 1 continued.

(ii)

-8- 8825-7108M
EITHER
y—;:t (x—t) OR y=t¢ (x—t)+; A1
OR
= (t)+c=>c=—-t A1
t t
OR
2 2 1 2 2 1
Px—y—|t (t)—; =0 OR ’x—y=t (t)—; A1
THEN
: 2 1 3
leadingto y =t x+;—t AG
[1 mark]
2 2 4 1 3 1 4
m=1(m*=t') OR ¢=-—r OR c=-(1-1") (A1)
t t
t:ix/a (seen anywhere) A1
1
substitutes one of their  =vm OR t=—m into c==—# OR c:l(l—t4) M1
t t
c=+L(1—m2) A1
Jm
so either C=L(1—m2) OR C=L(m2 —1) AG
Jm Jm
[4 marks]
meR" (or equivalent) A1
[1 mark]
continued...
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Question 1 continued.
() (i) m=l1 A1
[1 mark]
(i) meR",m=1 (orequivalent) A1A1
‘ Note: Award A7 for 0 <m <1 and A7 for m>1. |
[2 marks]
: 1
(d) (i) acorrect sketch of y=— A1
X
[1 mark]
(i)  aline normal to H such that ¢ #0 A1
a second parallel line which is normal to H such that ¢ # 0 A1

approximately equidistant from O.

Note: For normal lines that cross the y-axis, award A1AQ if the y- axis intercepts are not

eg.

sketched for m > 1.

Note: Accept correct sketches that show the point(s) where the line(s) is/are normal.
Candidates are not required to show dashed lines as shown above.

Award a maximum A71AO0 for a normal line sketched for 0 <m <1 and a normal line
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continued...
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Question 1 continued.

. kK, ; k
(e) () —=tx—k'+— (A1)

X t
attempts to form a quadratic equation in x” M1

k k K

eg. tz)cz—lct3)c+7x=k2 OR xz—ktx+t—3x—t—2:O A1

2
OR k——ﬁ—(kt—téjx OR tzxz—k(ﬁ—%jx—kz:O

£

2
xz—k(t—%jx—k—zzo AG
t t

Note: Award (A0)M1AO0 for attempting to verify that &z is a root of the AG (or its equivalent
quadratic equation).
Award (A0)MOAO for showing that A lies on F.

[3 marks]

continued...
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Question 1 continued.
(i) METHOD 1
let o be the x- coordinate of A and let S be the x- coordinate of B
EITHER
recognizes that the sum of roots is k(t—%) (M1)
t
Note: Award (M1) for —k(t—%).
t
1
kt+p=k t_t_3
OR
k2
recognizes that the product of roots is ——- (M1)
t
k2
Note: Award (M1) for E
k2
ktﬁ = —t—z
THEN
k.
(B :)_t_3 is the other root A1
y =—kt’ A1
: k 3
coordinates of B are | ——,—kt
t
continued...
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Question 1 continued.
METHOD 2
. . ) 1 K

recognizes that (x—kz) is a factor of x* —k t_t_3 x—t—2(: 0) (M1)
(x—kt)£x+t£3j(= 0)

k
=>X= kt, -

t

k

_t_3 is the other root A1
y =—kt’ A1

coordinates of B are (—%,—kﬁj
t

METHOD 3
attempts to use the quadratic formula (M1)
2
1 1 K
{(1-1): J(k@_ﬁ)) wf8)
- 2
k
=>X= kt, -
t
k .
_t_3 is the other root A1
y =—kt’ A1

coordinates of B are (—%,—kﬁj
t

[3 marks]

continued...

Apollo | Original source crop | 413



Mathematics: analysis and approaches HL | Paper 3 | Nov 2025 TZ1 | Q1 | 26 marks

-13- 8825-7108M
Question 1 continued.
()  METHOD 1
A(kt,ﬁ] and B(—é,—kﬁ)
t t
C(—kt,—k) (A1)
t
attempts to find their m,. or my. (M1)
. —E—(—kﬁ) L
My =— AND my. =—L———— p =t =" L =—¢ |(¢=+1) (or equivalent) A1
! —kt —(—3j T_kt
t
attempts to find their m,. xm,. OR recognizes that m, . = —L (or equivalent) (M1)
Myc
1 ) 1 kt*-k ¢ £ k' -k 1 ) ,
=—x|-t") OR eg. —x X =—x OR ——=—t" (or equivalent
I (=) ST ek P ~(kt* —k) 1 (ored )
t2
A1
=-1 and so [BC] L[CA] R1
hence BCA is a right angle AG
METHOD 2
A(kt,ﬁj and B(—é,—kﬁ)
t t
C[—kt,—kj (A1)
t
1
My == A1
t
attempts to find their equation of the perpendicular to [AC] atC (M1)
y —(—é) =% (x—(—kt))
, k. . . .
substitutes x = i into their equation of the perpendicular to [AC] atC (M1)
y =—kt’ A1
B lies on the perpendicular to [AC] at C (B#C)and so [BC] L[CA] R1
hence BCA is a right angle AG
continued...
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Question 1 continued.
METHOD 3
A(kt,kj and B(—é,—kﬁ)
t t
i N —kt
C(—kt,——j OROC=| (A1)
t R
t
attempts to find their CA OR their CB (M1)
. 2kt . —£3+kt
CA=| 2t | AND CB=| ! A1
kel sk
t —kt” +—
t
attempts to find their C_A- C_>B (M1)
CA-CB= 2kt(—£3+ktj +2—k(—kt3 +Ej
t t t
2 2
=—%+2k2t2—2k2t2+% A1
t t
=0 (and since t #=£1, |CB|#0) R1
then BCA is a right angle AG
. kt . 2kt
Note: Award as above if OA =| f | is used instead of CA =| 2% |.
t t
continued ...
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Question 1 continued.
METHOD 4
A(kt,k] and B(—é,—kﬁ)
t t
C(—kz,—ﬁj (A1)
t
attempts to find one of their AB%, AC? or BC? (M1)
EITHER
2 2
AB? =[kt—(—£3D +(5—(—kﬁ)) A1
t t
OR

AC? =kt —(~kt))’ +(5—(—5D2 A1

OR
2 2
BC? = (—kz—(—én +(—5—(—kﬁ)) A1
t t
THEN
attempts to show that their AB* = AC* + BC* (M1)
2 K’ 4 3 . 2 ' K’ 4 3 .
AB” = t_é(t +1) (or equivalent) AND AC” +BC _t_é(t +1) (or equivalent) A1
2 2 2 2
AB? = i%t° + 3k*t +3ti2+lz—6 AND AC? + BC? = k%t® + 3k*t +3tiz+];—6
AB? = AC* +BC? (and so, by the converse of Pythagoras’ theorem) R1
BCA isa right angle AG
[6 marks]
Total [26 marks]
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2. (a) (i) thatthe stable/long term population will be the same as before the reduction. A1

| Note: Condone ‘the maximum value / carrying capacity of the population will be 200’. \

[1 mark]
(i)  attempt to substitute into logistic function (M1)
~ 200
1+Ce°
40+40C =200
C=4 A1
[2 marks]
(iii)  correct substitution into their logistic function (A1)
200
1+4e™*
1 130
k=0.153 (0.153451...,——ln(—j) A1
5 280
[2 marks]
(iv) correct substitution into their logistic function (A1)
200

X= |+ 4o 100153451, (: 107'397"")
x=107 A1
[2 marks]
continued...
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Question 2 continued
(b) (i) ﬂ =0 A1
dt
[1 mark]

(i)  the population is steady/stable (at 200) OR this (200) is the equilibrium population A7

Note: Accept phrases such as ‘the rate of change of wolf population is zero’.
Do not accept 200 is the maximum. Do not follow through from an incorrect (b)(i).

[1 mark]
(i) EITHER
————x an attempt to differentiate In200—1n x m1
In200 —In x
O e a1
In200—1nx X
OR
1 WX ><_200 VAT
(200] 200 X’
In| —
X
| Note: Award M1 if there is a product of three expressions and two are correct. |
__ -1 AG
- (2ooj
xln| —
X
[2 marks]
continued...
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Question 2 continued
(iv) attempt to separate variables M1
j—‘l dx=j—adt A1
(200)
xIln| —
X
1
Note: Award A1 also for I—dx = Iadt )
()
x| In| —
X

In(In200-1nx) = —at(+c) A1A1
| Note: Award A1 for LHS and A7 for RHS. |
In200—Inx=¢“" OR In200—Inx= Ae™, (A=¢) A1
Inx=In200— Ae ™ AG
[5 marks]
(v)  correct substitution 1n40=1n200— 4e™ (A1)
A= ln(S) A1

(p=5)
[ Note: Award A1A0 for an unsupported 1.61 (1.60943...). |
[2 marks]
continued...

Apollo | Original source crop | 420



Mathematics: analysis and approaches HL | Paper 3 | Nov 2025 TZ1 | Q2 | 29 marks

-19- 8825-7108M

Question 2 continued
(vi) correct substitution In 70 = In 200 —In5xe™>* A1
a=0.0854528... A1

Note: Award A1 if their unrounded answer has at least four significant figures and rounds to

0.0855 OR if an exact value equivalentto 0.2In % is seen.
In (j
70
a=0.0855 to 3 significant figures AG
[2 marks]
(vii) correct substitution Inx =1n200—In5x e84 (A1)
100.839... (A1)
| Note: Accept 100.871... from use of 3sf 0.0855. |
101 to the nearest whole number A1
[3 marks]
(c) both are overestimates OR the Gompertz is closer to the true value A1
[1 mark]

Note: Follow through on their answers for 2(a)(iv) and 2 (b)(vii) if both positive values and these
values are compared with 85.

continued...
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Question 2 continued

(d) (i) attemptto use Euler (M1)

Note: Condone maximum of one error from missing X, +at start, or incorrect/missing subscripts,
absence of 0.5.

X, =X, +O.5[0.0855xn ln(@}—0.0B’an (A1)
‘xn
evidence of correct use of Euler's method (A1)

Note: Award (A1) for any correct value of X, for n=2,3,... seen (including this intermediate

value presented as a final answer).

after 10 years the population will be 89 wolves (89.42803...) A1

[4 marks]

(i)  correctly compare their result to the actual number of wolves or to the other models or
both. Allow even if this is implicit, for example, it is more accurate / realistic than the
other models A1

[1 mark]

Total [ 29 marks]
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1. (a)
y
Y =sinx
1 _
Yy =sin(sinx)
: X
T
2
,1 |
correct shape y =sinx A1
correct domain A1
intercepts on x-axis at 0, «, 27w A1

correct shape y = sin(sin x) with a smaller maximum value and a larger minimum

value than y =sinx and the same x-intercepts as y =sinx A1

Note: For candidates who do not label their graphs with sin x and sin(sin x)
award at most ATA1A1AO.

For candidates who sketch their graphs on separate axes award at most
A1A1A1A0.

These marks are independent of each other.

[4 marks]

continued...
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Question 1 continued

() () 1
(i)  0.841(0.841470...)

(i) 0.746(0.745624...)

(c) use of GDC eg tables (to vary the value of n)
(S4 (g) = 0.678430..., S, (g] =0.627571..., S, (gj = 0.587180...]

n==6
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A1
[1 mark]

A1
[1 mark]

A1

[1 mark]
(M1)

A2
[3 marks]

continued...
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Question 1 continued
L dy .

(d) attempt to find ausmg chain rule (M1)

(d_y =jcos(sinx)cosx A1

dx

cos(sinx)cosx =0

considers cosx =0 M1

X = r and x = 3—“ A1

2 2
considers cos(sinx) =0 m1
sinx = r = no other solution for x R1

| Note: The M1R1 above are independent of the previous M1A1.

hence curve has exactly two points of zero gradient at x :g and x = 3% AG

[6 marks]

(e)  S;(x)=cos(S,(x))cos(S, (x))cosx A1
S, (x) = cos(sin(sin x) ) cos(sin x) cos x G

[1 mark]

continued...
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Question 1 continued

(f)  consider case when n=1 LHS = %(sinx) =cosx = RHS A1

| Note: Subsequent marks after this A1 are independent of this mark and can be awarded.

assume true for some £, m1

i.e. %(Sk (x)) = cos(Sk_1 (x))cos(Sk_2 (x)) . .cos(S1 (x))cosx

Note: Award MO for statements such as “let n = k” or “assume that n =k is true”. The assumption of
truth of the statement must be clear. Subsequent marks after this M1 are independent of this mark and
can be awarded.

EITHER
recognition that S, ,, (x) =sin(S, (x)) M1
d d .
E(Sk” (x))= asm(Sk (x))
d
= cos(S, (x))E(Sk (x)) A1
= cos(Sk (x))cos(S,H (x))cos(Skf2 (x)) ..cosx (by assumption) A1
OR
recognition that S, (x) =S, (sinx) m1
d d .
E(Sk+1 (x)) = 3(5,{ (sin x))
=S, (sinx)cosx A1

= cos (S, (sinx))cos(S,_, (sinx))...cosx(sinx)cosx (by assumption)

=cos (S, (x))cos(S,, (x))cos(S,_,(x))...cosx A1
THEN

hence true for case n =k +1

true for the case n =1, when case n =k assumed true, case n =k +1 proven to be
true. Hence true for all positive integers n. R1

Note: Only award R1 if at least 3 of the previous 5 marks have been awarded. ‘

[6 marks]

continued...

Apollo | Original source crop | 426



Mathematics: analysis and approaches HL | Paper 3 | Nov 2025 TZ3 | Q1 | 26 marks

-11- 8825-7118M
Question 1 continued

(g) attempt to differentiate numerator and denominator (M1)

- S, (x) _ cos (S, (x))cos(S,_,(x))...cos(S, (x))cosx
x—0 X x—0 1 A1
_ cos(0)cos(0)...cos(0)cos(0) A1

- 1
=1 AG
Note: For candidates who don’t include the limit award a maximum of (M1)A1A0

[3 marks]
Total [26 marks]
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2. (a) attempttouse S, = 4 (M1)
—-r
1
1+x° A1
Note: Allow working with «, =1 and r=-x" or u, =1-x" and r=x" .
[2 marks]
b dx =arctanx (+c A1
(b) J.1+x2 ( )
¥ X x
I(l—xz+x4—x6+...)dx:(c+)x—?+?—7+...(:arctanx) A1
Note: The A1 marks above are independent.
when x=0,arctan0=c+0=¢=0 R1
3 5 7
arctanx:x——+x——x—+... AG
3 5 7
[3 marks]
(c) arctan1 T 1 1(1j3+1(1j5 A1
¢ —=—|rR—=—=|—F=| +=| =
Vo6l 3 3V3) 5B
3 5
1 1I(1 (1
attempt to evaluate ———E—J +— —j M1
B 3\WB) s\\B
n~3.156 A1
[3 marks]
continued...
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Question 2 continued

(d)

METHOD 1
2m—1
recognition that in the Maclaurin expansion of arctan x, the error term is 5 (M1)
m J—
1 1 2m-1
attempt to solve ———x| — <0.0001 OR m=6.60583...(=7) M1
2m-1 \\3
6 (non-zero) terms are needed A1
Note: Accept the error term in an absolute value.
Give marks as above for candidates who use 2m+1 instead of 2m —1.
This gives m =5.60583...(=6) and leads to needing 6 terms.
Give marks as above for candidates who use n as the exponent and
divisor. This gives n=12.211675...and leads to needing 6 terms.
METHOD 2
x2m—l
recognition that in the Maclaurin expansion of arctan x, the error term is 1 (M1)
m J—
attempt to find the value of the error term for at least two consecutive values of m M1
error terms are
(lj (IJ (1J (1]
L =0.003054..., V3 =0.0007919..., V3 =0.0002159..., V3 =0.00006092...
7 9 11 13
6 (non-zero) terms are needed A1
Note: Accept the error term in an absolute value.
Accept 2m+1 or n in place of 2m—1.
continued...
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Question 2 continued

METHOD 3

attempt to find the actual error using arctan x — (first m non-zero terms)
attempt to find the error for at least two consecutive values of m

(m=4=0.000623,m =5=0.000169,m = 6 = 0.0000473)

6 (non-zero) terms are needed

d
(e) wu=arctanx and av =1 (or equivalent)

ﬁ
1 x
arctanx dx = [xarctan x](f j dx
0

oS G-

\ Note: Award A1 for each term.

=[xarctan x]f —%[ln(l +Xx )l)% (— %arctan%—%ln%)

=———ln—

6\3 2

% 3 5 7
M | =X X ldx=0.158422
AGE 7

1. 4
(g) attempt to solve (for ) L—Eln§z0.158422

63

n~3.1412
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(m1)

M1

A1
[3 marks]

(A1)

A1A1

A1

AG

[4 marks]

A2

[2 marks]

M1

A1
[2 marks]

continued...
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Question 2 continued
1
. W x" T
(h) theorem error is given by J. (M1)
0
=4.57%x107 A1
attempt to evaluate their error (M1)
1, 4
(———1 —j 0.158422 OR 0.158458558...—0.158422
63
=3.69x107 A1
Note: Accept =3.73x10° from using the unrounded answer from part (f).
The (M1)A1 above are independent of the previous (M1)A1.
3.69x107° < 4.57x107 R1
hence theorem holds AG
[5 marks]
continued...
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Question 2 continued
() METHOD 1
ko
recognition error is of the form _[ ( ]dx (M1)
n
0
| Note: Condone absence of limits of integration for (M1) |
( 1 jn+1
\/73— <1x107° A1
n(n+1)
attempt to solve using GDC (M1)
n=14.3336...
=>n=15 A1
(hence 8" term is the error term so) we require 7 (non-zero) terms A1
METHOD 2
1 1
B_2am-l V3 2l
recognition error is of the form dx OR I dx (M1)
o 2m—1 o 2m+1
| Note: Condone absence of limits of integration for (M1) |
(IJZm £1j2m+2
\f3—<1><1o-6 OR V3 <1x107° A1
2m(2m—1) (2m+l)(2m+2)
attempt to solve using GDC (M1)
= m=7.66681... OR = m =6.66681... A1
(hence 8" term is the error term so) we require 7 (non-zero) terms A1
continued...
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Question 2 continued
METHOD 3
1
3 ¥
recognition error is of the form _[ ( ]dx (M1)
n
0

| Note: Condone absence of limits of integration for (M1) |

3 RE NG 15
j 2 lx=2.51234..x10° OR j 2 ldx=6.35065...x1077 A1
13 )15

attempt to find the value of the integral for at least two consecutive odd values of
n,n>9 (M1)

1 1

NG JRE N 15
j 2 ldx=2.51234..x10°°, j = ldx =6.35065...x107 A1
13 15

Note: Award this A1 for the second correct value.

(hence 8" term is the error term so) we require 7 (non-zero) terms A1
METHOD 4
1
N
attempt to find the actual error using Iarctanxdx— (first m non-zero terms) (M1)
0
error with 6 terms is 2.00830...x107° OR error with 7 terms is 5.04041...x10” A1
attempt to find the error for at least two consecutive values of m (M1)
error with 6 terms is 2.00830...x10™° and error with 7 terms is 5.04041...x10” A1

Note: Award this A7 for the second correct value.

we require 7 (non-zero) terms A1

[5 marks]
Total [29 marks]
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