
APOLLO

Calculus

HL

Mathematics: analysis and approaches

First assessment 2021

135 questions | mark schemes



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q4 | 7 marks

Apollo | Original source crop | 2

– 10 – M21/5/MATHX/HP1/ENG/TZ1/XX/M 

4. (a) ( ) ( )2f x x h = − − A1 

[1 mark] 

(b) ( ) 2exg x − = OR ( ) 3 23 eg − =   (may be seen anywhere) A1 

Note: The derivative of g  must be explicitly seen, either in terms of x  or 3. 

recognizing ( ) ( )3 3f g = (M1) 

( ) ( )3 22 3 e  eh −− − = =

6 2 eh− + =   OR  
e

3
2

h− = − A1 

Note: The final A1 is dependent on one of the previous marks being awarded. 

e 6

2
h

+
= AG 

[3 marks] 

(c) ( ) ( )3 3f g= (M1) 

( )
2 3 23 2 eh k k−− − + = +

correct equation in k

EITHER 

2

3 2e 6
3 2 e

2
k k−+ 

− − + = + 
 

A1 

2 2
6 e 6 e

e e
2 2

k
− − −   

= + +   


 
=

   



A1 

OR 

2
e 6

e 3
2

k
+ 

= + − 
 

A1 

2e 12e 36
e 9 3e 18

4
k

+ +
= + − − + A1 

THEN 
2e

e
4

k = + AG 

[3 marks] 
Total [7 marks] 
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8. attempt to differentiate numerator and denominator M1 

0

arctan 2
lim

tan 3x

x

x→

 
 
 

2

20

2

1 4
lim

3sec 3x

x

x→

 
 
+ = A1A1 

Note: A1 for numerator and A1 for denominator. Do not condone absence of limits. 

attempt to substitute 0x = (M1) 

2

3
= A1 

Note: Award a maximum of M1A1A0M1A1 for absence of limits. 

[5 marks] 
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Question 11 continued 

Note: Award A1 for any two correct coordinates seen or final answer in vector 

form.  

[7 marks] 

Total [19 marks] 

12. (a) attempt to use the chain rule M1 

( ) ( )
1

2
1

1
2

f x x
−

 = + A1 

( )
3

2
1

( ) 1
4

f x x
−

 = − + A1 

3

1

4 (1 )x
= −

+
AG 

Note: Award M1A0A0 for 
1

( )
1

f x
x

 =
+

 or equivalent seen 

[3 marks] 

(b) let 2n =  

( )
1 1

2
2

3

1 1 1!
(1 )

4 0!4 (1 )
f x x

x

−  
  = − = − +   + 

R1 

Note: Award R0 for not starting at 2n = . Award subsequent marks as 

appropriate. 

assume true for n k= , (so ( ) ( )1 1

2
2 3 !1

( ) (1 )
4 ( 2)!

k
kk k

f x x
k

−
−− 

= − + 
− 

) M1 

Note: Do not award M1 for statements such as “let n k= ” or “ n k= is true”. 

Subsequent marks can still be awarded. 

consider 1n k= +  

( )

( )( )
1

( )
LHS ( )

k

k
d f x

f x
dx

+
= = M1 

( )1 1
1

2
2 3 !1 1

(1 )
4 ( 2)! 2

k
kk

k x
k

−
− −−   

= − − +   
−   

  (or equivalent) A1 

EITHER 

( ) 1
1

( 1) 2
2 1 !1

RHS ( ) (1 )
4 ( 1)!

k
k

k
k

f x x
k

− −
+

− 
= = − + 

− 
 (or equivalent) A1 

( ) 1
1

2
2 1 (2 2)(2 3)!1

(1 )
4 ( 1)( 2)!

k
kk k k

x
k k

− −− − − 
= − + 

− − 
A1 

continued… 
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Question 12 continued 

Note: Award A1 for 
( ) ( ) ( )2 1 ! 2 1 (2 2)(2 3)! 2 2 1 (2 3)!

( 1)! ( 1)( 2)! ( 2)!

k k k k k k

k k k k

− − − − − − 
= = 

− − − − 

( )1 1
1

2
2 1 (2 2)(2 3)!1 1

(1 )
4 4 ( 1)( 2)!

k
kk k k

x
k k

−
− −− − −  

= − − +  
− −  

A1 

( )1 1
1

2
2 1 (2 3)!1 1

(1 )
2 4 ( 2)!

k
kk k

x
k

−
− − − −  

= − − +    −   

 

Note: Award A1 for leading coefficient of 
1

4
− .

1 1
1

2
1 1 (2 3)!

(1 )
2 4 ( 2)!

k
kk

k x
k

−
− −−  

= − − +  
−  

A1 

OR 

Note: The following A marks can be awarded in any order. 

( )1 1
1

2
2 3 !1 1 2

(1 )
4 ( 2)! 2

k
kk k

x
k

−
− −− −   

= − +   
−   

( )( )1 1
1

2
2 1 2 3 !1 1

(1 )
2 4 ( 2)!

k
kk k

x
k

−
− −− −  

= − − +  
−  

A1 

Note: Award A1 for isolating ( )2 1k −  correctly.

( )1 1
1

2
2 1 !1 1

(1 )
2 4 (2 2)( 2)!

k
kk

x
k k

−
− −−  

= − − +  
− −  

A1 

Note: Award A1 for multiplying top and bottom by ( )1k − or ( )2 1k − .

( )1 1
1

2
2 1 !1 1

(1 )
4 4 ( 1)( 2)!

k
kk

x
k k

−
− −−  

= − − +  
− −  

A1 

Note: Award A1 for leading coefficient of 
1

4
− . 

( ) 1
1

2
2 1 !1

(1 )
4 ( 1)!

k
kk

x
k

− −− 
= − + 

− 
A1 

continued… 
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Question 12 continued 

( ) ( )( )
( )

( )
1 1 1

1
2

2 1 3 !1
(1 ) RHS

4 ( 1 2)!

k
kk

x
k

+ −
− ++ − 

= − + = 
+ − 

THEN 

since true for 2n = , and true for 1n k= +  if true for n k= , the statement is 

true for all , 2n n   by mathematical induction R1 

Note: To obtain the final R1, at least four of the previous marks must have been 

awarded. 

[9 marks] 

(c) METHOD 1

( ) 1 emxh x x= +

using product rule to find ( )h x (M1) 

( )
1

1 e e
2 1

mx mxh x x m
x

 = + +
+

A1 

( )
3

1 1 1
( ) 1 e e e e

2 1 2 1 4 1

mx mx mx mxh x m x m m
x x x

 
 = + + + − 

+ +  +

A1 

substituting 0x = into ( )h x M1 

2 21 1 1 1
(0)

2 2 4 4
h m m m m m

 
 = + + − = + − 

 
A1 

( ) ( ) ( ) ( )
2

0 0 0 ...
2!

x
h x h xh h = + + +

equating 
2x coefficient to 

7

4
M1 

( )
( )

0 7 7
0

2! 4 2

h
h

  
=  = 

 

24 4 15 0m m+ − = A1 

( )( )2 5 2 3 0m m+ − =  

5

2
m = − or 

3

2
m = A1 

[8 marks] 

continued… 
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Question 12 continued 

METHOD 2 

EITHER 

attempt to find ( )0f , ( )0f   , ( )0f  (M1) 

( ) ( )
1

21f x x= + ( )0 1f =

( ) ( )
1

2
1

1
2

f x x
−

 = + ( )
1

0
2

f  =

( )
3

2
1

( ) 1
4

f x x
−

 = − + ( )
1

0
4

f  = −

( ) 21 1
1

2 8
f x x x= + − + A1 

OR 

attempt to apply binomial theorem for rational exponents (M1) 

( ) ( )
1

2
2

1 1

1 2 2
1 1

2 2!
f x x x x

  
−  

  = + = + + +

( ) 21 1
1

2 8
f x x x= + − + A1 

THEN 

( )
2

21
2

m
g x mx x= + + + (A1) 

( )
2

2 21 1
1 1

2 8 2

m
h x x x mx x

  
= + − + + + +  
  

(M1) 

coefficient of 
2x is 

2 1

2 2 8

m m
+ − A1 

attempt to set equal to 
7

4
 and solve M1 

2 1 7

2 2 8 4

m m
+ − =

24 4 15 0m m+ − = A1 

( )( )2 5 2 3 0m m+ − =  

5

2
m = −  or 

3

2
m = A1 

[8 marks] 

continued… 
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Question 12 continued 

METHOD 3 

( ) emxg x m = and ( ) 2emxg x m = (A1) 

( ) ( ) ( ) ( )
2

0 0 0 ...
2!

x
h x h xh h = + + +

equating 
2x coefficient to 

7

4
M1 

( )
( )

0 7 7
0

2! 4 2

h
h

  
=  = 

 

using product rule to find ( )h x  and ( )h x  (M1) 

( ) ( ) ( ) ( ) ( )h x f x g x f x g x  = +

( ) ( ) ( ) ( ) ( ) ( ) ( )2h x f x g x f x g x f x g x    = + + A1 

substituting 0x = into ( )h x  M1 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 2 0 0 0 0h f g g f g f    = + +

2 21 1 1
1 2 1   

2 4 4
m m m m

   
=  +  +  − = + −   

   
A1 

24 4 15 0m m+ − = A1 

( )( )2 5 2 3 0m m+ − =  

5

2
m = − or 

3

2
m = A1 

[8 marks] 

Total [20 marks] 
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4. (a) ( )2ln 16 0x − = (M1) 

( )0 2e 16 1x= − =

2 17x =  OR 17x =  (A1) 

17a = A1 

 [3 marks] 

(b) attempt to differentiate (must include 2x  and/or
2

1

16x −
) (M1) 

( ) 2

2

16

x
f x

x
 =

−
A1  

setting their derivative 
1

3
= M1 

2

2 1

16 3

x

x
=

−

2 16 6x x− = OR  2 6 16 0x x− − = (or equivalent) A1 

valid attempt to solve their quadratic (M1) 

8x = A1 

Note:  Award A0 if the candidate’s final answer includes additional solutions 
(such as 2, 8x = − ). 

[6 marks] 
Total [9 marks] 
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9. sin d cos  du x u x x=  = (or equivalent) A1 

2
d

2

u
u

u u
=

− − A1 

attempt to use partial fractions M1 

( )( )
( ) ( )2 1

1 2 1 2

u A B
u A u B u

u u u u

 
 +   − + +  + − + − 

Valid attempt to solve for A  and B  (M1) 

1

3
A = and 

2

3
B = A1 

( )( ) ( ) ( )
1 2

1 2 3 1 3 2

u

u u u u
 +

+ − + −

( ) ( )
( )

1 2 1 2
 d ln 1 ln 2

3 1 3 2 3 3
u u u C

u u

 
+ = + + − +  + − 

 (or equivalent) A1 

Note:  Condone the absence of C+ or lack of moduli here but not in the final answer. 

1 2
ln sin 1 ln sin 2

3 3
x x C= + + − + A1 

Note:  Condone further simplification of the correct answer. 

[7 marks] 
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Section B 

10. (a) 6 6cos 0x+ = (or setting their ( ) 0f x = ) (M1) 

 cos 1x = − (or sin 0x = ) 

π, 3πx x= = A1A1 

 [3 marks] 

(b) attempt to integrate ( )
3π

π

6 6cos dx x+ (M1) 

 
3π

π
6 6sinx x= + A1A1 

substitute their limits into their integrated expression and subtract (M1) 

( ) ( )18π 6sin3π 6π 6sin π= + − +

( )( ) ( )6 3π 0 6π 0= + − +  ( )18π 6π= − A1 

area 12π=  AG 

[5 marks] 

(c) attempt to substitute into the formula for surface area (including base) (M1) 

( ) ( )( )2π 2 π 2 12πl+ = (A1) 

4π 2π 12πl+ =

2π 8πl =

4l =  A1 

[3 marks] 

continued… 
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Question 10 continued 

(d) valid attempt to find the height of the cone (M1) 

e.g. ( )
22 22 theirh l+ =  

( )12 2 3h = = (A1) 

attempt to use 
21

3
V r h=  with their values substituted M1 

( )( )21
π 2 12

3

 
 
 

4π 12 8π 3 8π
volume

3 3 3

 
= = =  

 
A1 

[4 marks] 
Total [15 marks] 

11. (a) ( )
d

1
d

v
v

t
= − + (A1) 

1
1d  d

1
t v

v
= −

+   (or equivalent / use of integrating factor) M1 

( )( )ln 1t v C= − + + A1 

EITHER 

attempt to find C  with initial conditions 
00,t v v= = M1 

( )0ln 1C v= +

( ) ( )0ln 1 ln 1t v v= + − +

0 01 1
ln e

1 1

tv v
t

v v

+ + 
=  = 

+ + 
A1 

( ) 0e 1 1t v v+ = +

( )01 1 e tv v −+ = + A1 

( ) ( )01 e 1tv t v −= + − AG 

continued… 
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OR 

( )
( )

1
ln 1 e

1

t Ct C v
v

−− = − +  =
+

Attempt to find C with initial conditions 
00,t v v= = M1 

( )
( )0

0

1
e ln 1

1

C C v
v

− =  = +
+

( ) ( )0 0ln(1 ) ln 1 ln(1 ) ln 1t v v t v v− + = − +  = + − +

0 01 1
ln e

1 1

tv v
t

v v

+ + 
=  = 

+ + 
A1 

( ) 0e 1 1t v v+ = +

( )01 1 e tv v −+ = + A1 

( ) ( )01 e 1tv t v −= + − AG 

OR 

( )ln 1 e 1t Ct C v v− +− = − +  = +  A1 

e 1tk v− − =  

Attempt to find k  with initial conditions 
00,t v v= =   M1 

01k v= +

( )0e 1 1t v v− + = + A1 

( ) ( )01 e 1tv t v −= + − AG 

Note:  condone use of modulus within the ln function(s) 

[6 marks] 

continued… 
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Question 11 continued 

(b) (i) recognition that when , 0t T v= =  M1 

( )0

0

1
1 e 1 0 e

1

T Tv
v

− −+ − =  =
+

A1 

0e 1T v= + AG 

Note:  Award M1A0 for substituting 0 e 1Tv = −  into v and showing that 0v = . 

(ii) ( ) ( ) ( )( )( )0 d  1 e 1 dts t v t t v t−= = + −  (M1) 

( ) ( )01 e tv t D−= − + − + A1 

( 0, 0t s= = so)
01D v= + A1 

( ) ( )0 01 e 1ts t v t v−= − + − + +

at maxs , ( )0 0e 1 ln 1T v T v= +  = +

Substituting into ( ) ( )( )0 01 e 1ts t v t v−= − + − + +  M1 

( ) ( )max 0 0 0

0

1
1 ln 1 1

1
s v v v

v

 
= − + − + + + 

+ 
A1 

( )( )max 0 0ln 1s v v= − +

[7 marks] 

(c) METHOD 1

( ) ( )01 e e 1T kv T k v −− = + − (M1) 

( )0

0

1
1 e 1

1

kv
v

 
= + − 

+ 
 A1 

e 1k= − AG 

[2 marks] 
METHOD 2 

( ) ( ) ( )
01 e 1

T k
v T k v

− −
− = + −

( )
e 1

T kTe
− −

= −  M1 

1T T ke − += − A1 

e 1k= − AG 

[2 marks] 
continued… 
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Question 11 continued 

(d) METHOD 1

( ) ( )01 e e 1T kv T k v − −+ = + − (A1) 

e 1k−= − A1 

[2 marks] 

METHOD 2 

( ) ( ) ( )
01 e 1

T k
v T k v

− +
+ = + − (A1) 

( )
e 1

T kTe
− +

= −  

1T T ke − −= −  

e 1k−= − A1 

[2 marks] 

(e) METHOD 1

( ) ( ) e e 2k kv T k v T k −− + + = + − A1 

attempt to express as a square M1 

( )
2

2 2e e 0
k k

− 
= −  
 

A1 

so ( ) ( ) 0v T k v T k− + +   AG 

[3 marks] 

METHOD 2 

( ) ( ) e e 2k kv T k v T k −− + + = + − A1 

Attempt to solve ( )
d

e e 0
d

k k

k

−+ = ( )0k = M1 

minimum value of 2, (when 0k = ), hence e e 2k k−+  R1 

so ( ) ( ) 0v T k v T k− + +   AG 

[3 marks] 
Total [20 marks] 
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3. Amplitude is  (A1) 

A1 

A1 

 OR (M1) 

A1 

Total [5 marks] 

4. (a) recognising   

 

 (sec) A1 
Note: Do not award A1 if additional values are given. 

[2 marks] 

(b)  OR  (A1) 

 (m) A1 
[2 marks] 

(c) recognising acceleration at  is given by  (M1) 

acceleration 

 (ms-2) A1 
 [2 marks] 

Total [6 marks] 

110 55
2

=

55a = -

65c =

2 20
b
p
= −55cos(20b)+ 65= 10

( )0.314
10

b p
= =

0v =

t = 6.74416...

= 6.74

( )
10

0
dv t tò − v(t)

0

6.74416...

∫ dt + v(t)
6.74416...

9.08837...

∫ dt − v(t)
9.08837...

10

∫ dt

= 37.0968...

37.1=

7t = '(7)v

= 5.93430...

5.93=

(M1) 
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Question 8 continued 

(c) (i)  is a multiple of  (M1) 

 is a multiple of 5 (M1) 
A1 

(ii) 

A1 
 [4 marks] 

Total [7 marks] 

9. (a)  OR A1 

 AG 
Note:  𝑦 − 𝑥 may be identified as a length on a diagram, and not written explicitly. 

[1 mark] 

(b) attempt to differentiate with respect to t (M1) 

 A1 

attempt to set speed of B equal to double the speed of A (M1) 

 

 A1 

 OR  (A1) 

Note:  This A1 can be awarded independently of previous marks. 

 

So the speed of boat A is 5.2 (ms-1) A1 

Note:  Accept 5.20 from the use of inexact values. 

[6 marks] 
Total [7 marks] 

( )argzw zwÎ ÞZ π
1 2kÞ -
3k =

( ) ( )( )16 cos π isin πzw= - + -

16-

50tan
y x

q =
-

cot
50
y xq -

=

50coty x q= +

( )2d d d50 cosec
d d d
y x
t t t

qq= -

( )2d d d2 50 cosec
d d d
x x
t t t

qq= -

( )2d d50 cosec
d d
x
t t

qq= -

( )arctan5 1.373 78.69q = = …= …° 2 2
21 261

5
cose t

5
1

2
c coq q æ ö= + =ç

è
= ÷

ø
+

26 0.1
25

d 50
d
x
t

æ ö
ç ÷

ø
´-= -

è
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Section B. 

10. (a) attempt to find the point of intersection of the graph of  and the line (M1) 
 

 A1 

 [2 marks] 

(b) A1 
attempt to set the gradient of  equal to (M1) 

Q has coordinates  (accept A1A1 

Note: Award A1 for each value, even if the answer is not given as a coordinate pair.  

Do not accept  as a final value for .  Do not accept 2.0 or 2.00 

as a final value for .

[4 marks] 

(c) attempt to substitute coordinates of Q ( in any order)
into an appropriate equation (M1) 

 OR A1 
equation of  is AG 

[2 marks] 

continued… 

f y x=
5.56619...x =

5.57=

0.5( ) 45e xf x -¢ = -
f 1-

0.545e 1x-- = -

( )2ln 45,2 1( 2ln ,2)
45

-

1ln ln 4545  or 
0.5 0.5-

x

y

( )2 2ln45y x- = - - 2 2ln 45 c= - +
L 2ln 45 2y x= - + +
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Section B. 

10. (a) attempt to find the point of intersection of the graph of  and the line (M1) 
 

 A1 

 [2 marks] 

(b) A1 
attempt to set the gradient of  equal to (M1) 

Q has coordinates  (accept A1A1 

Note: Award A1 for each value, even if the answer is not given as a coordinate pair.  

Do not accept  as a final value for .  Do not accept 2.0 or 2.00 

as a final value for .

[4 marks] 

(c) attempt to substitute coordinates of Q ( in any order)
into an appropriate equation (M1) 

 OR A1 
equation of  is AG 

[2 marks] 

continued… 

f y x=
5.56619...x =

5.57=

0.5( ) 45e xf x -¢ = -
f 1-

0.545e 1x-- = -

( )2ln 45,2 1( 2ln ,2)
45

-

1ln ln 4545  or 
0.5 0.5-

x

y

( )2 2ln45y x- = - - 2 2ln 45 c= - +
L 2ln 45 2y x= - + +
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Question 10 continued 

(d) (i) A1 

(ii) appropriate method to find the sum of two areas using integrals of the difference
of two functions (M1)

Note: Allow absent or incorrect limits. 

(A1)(A1) 

Note: Award A1 for one correct integral expression including correct limits 
and integrand. 
Award A1 for a second correct integral expression including correct limits and 
integrand. 

 
 A1 

[5 marks] 

(e) by symmetry  (M1) 

A1 
Note: Accept any answer that rounds to 3.0 (but do not accept 3). 

[2 marks] 
Total [15 marks] 

( )ln 45 1 4.81x = + =

( )( ) ( )( )5.566... 7.613... 0.5

4.806... 5.566...
2 ln 45 2 d 90e 2ln 45 2 dxx x x x x-- - + + + - - + +ò ò

1.51965...=
1.52=

2 1.52´
3.03930...=
3.04=
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12. (a)

(A1) 

attempt to compare coefficients OR substitute  and  and solve (M1) 

 and A1 

[3 marks] 

(b) attempt to integrate their (M1) 

A1A1 

[3 marks] 

Note: Award A1 for each correct term. Award A1A0 for a correct answer without modulus 
 signs. Condone the absence of +c. 

continued… 

( )
1  a b

x k x x k x
º +

- -

( ) 1a k x bx- + =
x k= 0x =

1a
k

=
1b
k

=

( ) ( )
1 1'f x
kx k k x

= +
-

a b
x k x
+

-

( ) 1 1 1 df x x
k x k x

æ ö= +ç ÷-è øò

( )( ) ( )1 1ln ln ln xx k x c c
k k k x

æ ö
= - - + = +ç ÷-è ø
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Question 12 continued 

(c) attempt to separate variables and integrate both sides M1 

A1 

Note: There are variations on this which should be accepted, such as 

  Subsequent marks for these variations should be awarded as 

appropriate. 

EITHER 

attempt to substitute ,  into an equation involving  M1 

 A1 

A1 

A1 

OR 

 A1 

attempt to substitute ,  M1 

 A1 

A1 

continued… 

( )
15 d = 1dk P t

P k P-ò ò
( )( )5 ln lnP k P t c- - = +

( )( )1 1ln ln .
5

P k P t c
k k

- - = +

0t = 1200P = c

( )( ) 12005 ln1200 ln 1200 5ln
1200

c k
k

æ öæ ö= - - = ç ÷ç ÷-è øè ø
( )( ) ( )( )5 ln ln 5 ln1200 ln 1200P k P t k- - = + - -

( )
( )
1200

ln
1200 5
P k t

k P
æ ö-

=ç ÷ç ÷-è ø
( )

( )
5

1200
e

1200

tP k
k P
-

=
-

ln
5

P t c
k P

+æ ö =ç ÷-è ø
5e
tP A

k P
=

-
0t = 1200=P

1200
1200

A
k

=
-

51200e
1200

t

P
k P k

=
- -
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Question 12 continued 

THEN  

attempt to rearrange and isolate M1 

 OR  

OR  

 OR  A1 

AG 

[8 marks] 

(d) attempt to substitute ,  (M1) 

(A1) 

 
  A1 

Note:  Award (M1)(A1)A0 for any other value of  which rounds to 2850 
[3 marks] 

(e) attempt to find the maximum of the first derivative graph OR zero

of the second derivative graph OR that (M1) 

 
 (days) A2 

Note:  Accept any value which rounds to 1.6. 
[3 marks] 

Total [20 marks] 

P
5 51200 1200 e 1200 e- = -
t t

Pk P k P 5 5e 1200 e 1200 1200
- -
- = -

t t

Pk P k P

5

12001
1200e

-
- = t

k k
P

5 51200 1200e 1200 e
t t

P k k
æ ö
- + =ç ÷

è ø
5 5 0e 120 12 0 120e 00
t t

kP k
- -æ ö

+ =
ø

-ç ÷
è

( ) 5

1200

1200 e 1200
t
kP

k
-

=
- +

10t = 2400=P

( ) 2

12002400
1200 e 1200- +

=
-

k
k

2845.34...=k
2845=k

k

( )1422.67...
2
kP = =

1.57814...t =
1.58=



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q9 | 8 marks

Apollo | Original source crop | 23

9. (a) 21 t t− + A1 

Note: Accept 1, t−  and 2t . 

[1 mark] 

(b) 

( )
( )

1
2 4

2 4

1
sec 1 ...

2! 4!
1 ...

2! 4!

x x
x

x x

−   
 = = − + −  
   − + −  

(M1) 

cos 1t x= − or ( )
2

sec 1 (cos 1) cos 1x x x= − − + − (M1) 

( ) ( )
2

2 4 2 4

1 ... ...
2! 4! 2! 4!

x x x x   
= − − + − + − + −   

   
A1 

2 4 4

1
2 24 4

x x x
= + − + A1 

so the Maclaurin series for sec x  up to and including the term in 
4x is 

2 45
1

2 24

x x
+ + AG 

[4 marks] 

Note: Condone the absence of ‘…’ 

(c) 
( )

3
2

arctan 2 2 ...
3

x
x x= − +

( )
3

2 40 0

2
2 ...

3arctan 2
lim lim

sec 1 5
1 1

2 24

x x

x
x x

x x

x x x→ →

  
 − + 

     =   
−     + + −   

 

M1 

4
2

2 40

8
2 ...

3lim
5

2 24

x

x
x

x x→

 
− + 

=  
 + 
 

A1 

2
2

2 20

4
2 1

3
lim

5
1

2 12

x

x
x

x x→

  
−  

  =
  

+  
  

4= A1 

Note:  Condone missing ‘lim’ and errors in higher derivatives. 

  Do not award M1 unless x is replaced by 2x in arctan. 

[3 marks] 
Total [8 marks] 

M21/5/MATHX/HP2/ENG/TZ2/XX/M – 18 –
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Section B 

10. (a) use of inverse normal to find z-score (M1) 

2.0537...z =

82 75
2.0537...



−
= (A1) 

3.408401... =

3.41 = A1 

[3 marks] 

(b) evidence of identifying the correct area under the normal curve (M1) 

( )P 80 0.071193...T  =  

( )P 80 0.0712T  = A1 

[2 marks] 

(c) recognition that ( )P 80 82T   is required (M1) 

( )
( )
( )

P 80 82 0.051193...
82 80

P 80 0.071193...

T
P T T

T

   
  = =  

  
(M1)(A1) 

 0.719075...=  

 0.719=  A1 

[4 marks] 

continued… 

M21/5/MATHX/HP2/ENG/TZ2/XX/M – 19 –
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11. (a) attempt to use ( )( )
2

π d

b

a

V f x x=  (M1) 

( )

2

ln16 ln162
2

2

0 0

e e
π d  π d

1 e 1 e

x

x

x x

k
V x V k x

   
   = =
   + +    

 

EITHER 

applying integration by recognition (M1) 

ln16

2

0

1
π

1 ex
k

 
= − + 

A3 

OR 

1 e d e dx xu u x= +  = (A1) 

attempt to express the integral in terms of u (M1) 

when 0x = , 2u = and when ln16x = , 17u =

17

2

2

2

1
π dV k u

u
=  (A1) 

17

2

2

1
πk

u

 
= − 

 
A1 

OR 

e d e dx xu u x=  = (A1) 

attempt to express the integral in terms of u (M1) 

when 0x = , 1u =  and when ln16x = , 16u =

( )

16

2

2

1

1
π d

1
V k u

u
=

+
 (A1) 

16

2

1

1
π

1
k

u

 
= − + 

A1 

Note: Accept equivalent working with indefinite integrals and original limits for x. 

THEN 

2 1 1
π

2 17
k

 
= − 

 
A1 

so the volume of the solid formed is 
215 π

34

k  cubic units AG 

Note: Award (M1)(A0)(M0)(A0)(A0)(A1) when 
15

34
is obtained from GDC 

[6 marks] 
continued… 

M21/5/MATHX/HP2/ENG/TZ2/XX/M – 21 –
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Question 11 continued 

(b) a valid algebraic or graphical attempt to find k (M1) 

2 300 34

15π


=k

170 680
14.7 2

π π

 
= = =  

 
k  (as +k ) A1 

Note:  Candidates may use their GDC numerical solve feature. 

[2 marks] 

(c) (i) attempting to find ( )OA 0
2

= =
k

f

with 
170 680

14.712... 2
π π

 
= = =  

 
k (M1) 

170
OA 7.36 

π

 
= =  

 
A1 

(ii) attempting to find ( )
4

BC ln16
17

= =
k

f

with 
170 680

14.712... 2
π π

 
= = =  

 
k (M1) 

8 170 8 10
BC 3.46 

17 π 17π

 
= = =  

 
A1 

[4 marks] 

continued… 

M21/5/MATHX/HP2/ENG/TZ2/XX/M – 22 –
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Question 11 continued 

(d) (i) EITHER 

recognising to graph ( )y f x= (M1) 

Note:  Award M1 for attempting to use quotient rule or product rule differentiation. 

( )
( )

( )

2

2

e 1 e

2 1 e

x

x

x

k
f x

−
 =

+

for 0x  graph decreasing to the local minimum A1 

before increasing towards the x-axis A1 

continued… 

M21/5/MATHX/HP2/ENG/TZ2/XX/M – 23 –
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Question 11 continued 

OR 

recognising to graph ( )y f x= (M1) 

Note: Award M1 for attempting to use quotient rule or product rule differentiation. 

( )
( )

( )

22

3

e e 6e 1

4 1 e

x

x x

x

k
f x

− +
 =

+

for 0x  , graph increasing towards and beyond the x-intercept A1 

recognising ( ) 0f x =  for maximum rate (A1) 

THEN 

( )( )1.76 ln 2 2 3x = = + A1 

Note: Only award A marks if either graph is seen. 

(ii) attempting to find ( )1.76...f (M1) 

the cross-sectional radius at this point is 5.20  
85

π

 
  
 

(cm) A1 

[6 marks] 
Total [18 marks] 

M21/5/MATHX/HP2/ENG/TZ2/XX/M – 24 –
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1. (a) (i)

: positive cubic with correct y-intercept labelled A1 
local maximum point correctly labelled A1 
local minimum point correctly labelled A1 

[3 marks] 

continued… 

1c =
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Question 1 continued 

(ii) 

: positive cubic with correct y-intercept labelled A1 

local maximum point correctly labelled A1 
local minimum point correctly labelled A1 

Note:  Accept the following exact answers: 

Local maximum point coordinates . 

Local minimum point coordinates . 

[3 marks] 
continued… 

2c =

( )2,2 4 2- +

( )2,2 4 2-
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Question 1 continued 

(b) A1 

Note: Accept  (an expression). 

[1 mark] 

(c) (i)  A1 
[1 mark] 

(ii) considers the number of solutions to their (M1) 

A1 
[2 marks] 

(iii) A1 

Note: The (M1) in part (c)(ii) can be awarded for work shown in either (ii) or (iii). 

[1 mark] 

( ) 23 3f x x c¢ = -

23 3x c-

0c =

( ) 0f x¢ =

23 3 0x c- =

0c >

0c <
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(d) attempts to solve their  for (M1) 

(A1) 

Note:  Award (A1) if either  or  is subsequently considered. 

Award the above (M1)(A1) if this work is seen in part (c). 

(i) correctly evaluates A1 

the coordinate of the local maximum point is  AG 

[3 marks] 

(ii) correctly evaluates A1 

the coordinate of the local minimum point is AG 

[1 mark] 
continued… 

( ) 0f x¢ = x

x c= ±

x c= - x c=

( )f c-

( ) ( )
3 3
2 23 2 3 2f c c c c c c c- = - + + = - + +

-y
3
22 2c +

( )f c

( ) ( )
3 3
2 23 2 3 2f c c c c c c c= - + = - +

-y
3
22 2c- +
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Question 1 continued 

(e) (i) the graph of  will have one axis intercept if 

EITHER 

 (or equivalent reasoning) R1 

OR 
the minimum point is above the axis R1 

Note:  Award R1 for a rigorous approach that does not (only) refer to sketched graphs. 

THEN 
 A1 

Note:  Condone . The A1 is independent of the R1. 

[2 marks] 

(ii) the graph of  will have two axis intercepts if 

EITHER

 (or equivalent reasoning) (M1) 
OR 
evidence from the graph in part(a)(i) (M1) 
THEN 

 A1 

[2 marks] 
continued… 

( )y f x= x -

3
22 2 0c- + >

x -

0 1c< <

1c <

( )y f x= x -

3
22 2 0c- + =

1c =
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Question 1 continued 

(iii) the graph of  will have three axis intercepts if 

EITHER

 (or equivalent reasoning) (M1) 

OR
reasoning from the results in both parts (e)(i) and (e)(ii) (M1) 
THEN

A1 

[2 marks] 

continued… 

( )y f x= x -

3
22 2 0c- + <

1c >
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Question 1 continued 

(f) case 1:

 (independent of the value of ) A1 

EITHER 

 does not have two solutions (has no solutions or 1 solution) R1 

OR 

 for R1 

OR 

the graph of  has no local maximum or local minimum points, 

hence any vertical translation of this graph ( ) will also have
no local maximum or local minimum points R1 
THEN 

therefore there is only one axis intercept AG 

Note:  Award at most A0R1 if only  is considered. 

continued… 

0c £ d

( ) 0g x¢ =

( ) 0g x¢Þ ³ xÎ!

( )y f x=

( )y g x=

-x

0c <
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Question 1 continued 

case 2 

 

 is a local maximum point and  is a 

local minimum point (A1) 

Note: Award (A1) for a correct coordinate seen for either the maximum or the 
minimum. 

considers the positions of the local maximum point and/or the local minimum point (M1) 

EITHER 
considers both points above the axis or both points below the axis 

OR 
considers either the local minimum point only above the axis OR 
the local maximum point only below the axis 

THEN 

 (both points above the axis) A1 

 (both points below the axis) A1 

Note: Award at most (A1)(M1)A0A0 for case 2 if  is not clearly stated. 

[6 marks] 
Total [27 marks] 

0c >
3
2, 2c c d

æ ö
- +ç ÷
è ø

3
2, 2c c d

æ ö
- +ç ÷

è ø

-y

-x -x

-x
-x

3
22d c> -x
3
22d c< - -x

0c >
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1. (a)

inverted parabola extended below the axis A1 

axis intercept values  A1 

Note:  Accept a graph passing through the origin as an indication of . 

local maximum at A1 

Note:  Coordinates must be stated to gain the final A1.

Do not accept decimal approximations. 

[3 marks] 

-x

-x 0,2x =

0x =

( )1,1
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(b) 

Number of 
local 
maximum 
points 

Number of 
local 
minimum 
points 

Number of 
points of 
inflexion 
with zero 
gradient 

 

and 

 
1 0 2 

 

and 

 
1 2 0 

A1A1A1A1A1A1 

Note:  Award A1 for each correct value. 

For a table not sufficiently or clearly labelled, assume that their values are 
in the same order as the table in the question paper and award marks 
accordingly. 

[6 marks] 

3n =

5n =

2n =

4n =
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(c) METHOD 1
attempts to use the product rule (M1) 

( ) ( ) ( )
1 1n nn n

nf x nx a x nx a x
− − = − − + − A1A1 

Note:  Award A1 for a correct  and A1 for a correct . 

EITHER 

attempts to factorise ( )nf x (involving at least one of 
1nnx −

or ( )
1n

a x
−

− ) (M1) 

A1 

OR 

attempts to express ( )nf x as the difference of two products with each product

containing at least one of 
1nnx −

or ( )
1n

a x
−

− (M1) 

( )( )( ) ( )( )( )
1 11 1n nn nx nx a x a x nx a x
− −− −= − − + − − A1 

THEN 

AG 

Note:  Award the final (M1)A1 for obtaining any of the following forms: 

( ) ( )
( )

;
nn

n

a x x
f x nx a x

x a x

 − − = −   − 
( )

( )

( )
( );

nn

n

nx a x
f x a x x

x a x

−
 = − −

−

( ) ( ) ( )( )11 ;
n nn

nf x nx a x x a x
−− = − − −

( ) ( ) ( )( )1 1n nn n

nf x a x nx a x nx
− − = − − −

METHOD 2 

( ) ( )( )
n

nf x x a x= − (M1) 

( )2
n

ax x= − A1 

attempts to use the chain rule (M1) 

( ) ( )( )
1

22
n

nf x n a x ax x
−

 = − − A1A1 

d

d

v
u

x

d

d

u
v

x

( ) ( )( )
11 nnnx a x a x x
−−= − − −

( ) ( )( )
11 2

nn

nf x nx a x a x
−− = − −
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Note:  Award A1 for ( )2n a x− and A1 for ( )
1

2
n

ax x
−

− . 

AG 

[5 marks] 

(d) A2 

Note:  Award A1 for either two correct solutions or for obtaining 

. 

Award A0 otherwise. 

[2 marks] 

(e) attempts to find an expression for
2

n

a
f
 
 
 

(M1)

2 2 2

n n

n

a a a
f a
     

= −     
     

 

2
2

 ,
2 2 2 2

n n n n
a a a a

            = = =                         

A1 

EITHER 

since a + , 

2

0
2

n
a 

 
 

 (for , 1n n+   and so 0
2

n

a
f
 

 
 

) R1 

Note:   Accept any logically equivalent conditions/statements on a  and n . 

Award R0 if any conditions/statements specified involving a , n  or both 

are incorrect. 

OR 

(since a + ), 
2

a
 raised to an even power ( 2n ) (or equivalent reasoning) is always 

positive (and so 0
2

n

a
f
 

 
 

) R1 

Note:   The condition a +  is given in the question. Hence some candidates 

will assume a +  and not state it. In these instances, award R1 for a 

convincing argument. 

Accept any logically equivalent conditions/statements on a  and n . 

Award R0 if any conditions/statements specified involving a , n  or both 

are incorrect. 

( ) ( )( )
11 2

nn

nf x nx a x a x
−− = − −

0, ,  
2

a
x x x a= = =

0, ,
2

a
x x a x= = − = −
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THEN 

so ,
2 2

n

a a
f

  
  
  

 is always above the horizontal axis AG 

Note:  Do not award (M1)A0R1. 

[3 marks] 

(f) METHOD 1
1 1 1 1

3
 

4 4 2 4 4 2 4

n n n n

n

a a a a a a a
f n a a n

− − − −             = − − =                         

A1 

EITHER 
1 1

3
0

4 2 4

n n
a a a

n

− −

    
    

    
 as a +  and n + R1 

OR 
1

,
4 2

n
a a

n a

−

   
−   

   
 and

1

4

n
a

a

−

 
− 

 
 are all 0  R1 

Note:  Do not award A0R1. 

Accept equivalent reasoning on correct alternative expressions for 

4
n

a
f
 
 
 

 and accept any logically equivalent conditions/statements on a

and n . 

Exceptions to the above are condone  1n   and condone 0.n   

An alternative form for 
4

n

a
f
 
 
 

is ( )( )
2 1

1
2 3

4

n
n a

n

−
−  
 
 

. 

THEN 

hence AG 

[2 marks] 

METHOD 2 

 and A1 

0
4

n

a
f
   
 

(0) 0nf = 0
2

n

a
f
 

 
 
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(since  is continuous and there are no stationary points between  and 

) 

the gradient (of the curve) must be positive between  and R1 

Note:  Do not award A0R1. 

hence AG 

[2 marks] 

(g) (i)

for n  even: 

( ) ( )
1

1 0
n

n n
−

− = −   (and ( ) ( )
1

2 , 1
n

a a
−

+ + are both 0 ) R1 

( )1 0nf  −  A1 

( )0 0nf  = and 0
4

n

a
f
   
 

 (seen anywhere) A1 

Note:  Candidates can give arguments based on the sign of ( )
1

1
n−

−  to obtain the 

R mark. 

For example, award R1 for the following: 

If n   is even, then 1n− is odd and hence ( ) ( )
1

1 0 1
n−

−  = − . 

Do not award R0A1. 

The second A1 is independent of the other two marks. 

The A marks can be awarded for correct descriptions expressed in words. 

Candidates can state ( )0,0  as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that ( )0 0nf  = . The last A 

mark can be awarded for a clearly labelled diagram showing changes in 
the sign of the gradient. 

The last A1 can be awarded for use of a specific case (e.g. 2n = ). 

hence  is a local minimum point AG 

[3 marks] 

nf 0x =

2

a
x =

0x =
2

a
x =

0
4

n

a
f
   
 

1 1( 1) ( 1) ( 2)( 1)n n

nf n a a− − − = − + +

( )0,0
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(ii) for n  odd:

( ) ( )
1

1 0
n

n n
−

− =  , (and ( )2 ,a + ( )
1

1
n

a
−

+ are both 0  ) so ( )1 0nf  −   R1 

Note:  Candidates can give arguments based on the sign of ( )
1

1
n−

−  to obtain the 

R mark. 

For example, award R1 for the following: 

If n  is odd, then 1n− is even and hence ( ) ( )
1

1 0 1
n−

−  = . 

( )0 0nf  = and 0
4

n

a
f
   
 

 (seen anywhere) A1 

Note:  The A1 is independent of the R1. 

Candidates can state ( )0,0 as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that ( )0 0nf  = . The last A mark 

can be awarded for a clearly labelled diagram showing changes in the 
sign of the gradient. 

The last A1 can be awarded for use of a specific case (e.g. 3n = ). 

hence  is a point of inflexion with zero gradient AG 

[2 marks] 

( )0,0
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(h) considers the parity of n (M1) 

Note:  Award M1 for stating at least one specific even value of n . 

n must be even (for four solutions) A1 

Note:  The above 2 marks are independent of the 3 marks below. 

A1A1A1 

Note:  Award A1 for the correct lower endpoint, A1 for the correct upper endpoint 
and A1 for strict inequality signs. 

The third A1 (strict inequality signs) can only be awarded if A1A1 has 
been awarded. 

For example, award A1A1A0 for 

2

0
2

n
a

k
 

   
 

. Award A1A0A0 for 0k  . 

Award A1A0A0 for  0
2

n

a
k f

 
   

 
. 

[5 marks] 

Total [31 marks] 

2

0
2

n
a

k
 

   
 
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Section A 

1. METHOD 1

recognition that 
π

cos  d
4

y x x
 

= − 
 

 (M1) 

( )
π

sin
4

y x c
 

= − + 
 

(A1) 

substitute both and x y  values into their integrated expression including c (M1) 

π
2 sin

2
c= +

1c =

π
sin 1

4
y x

 
= − + 

 
 A1 

[4 marks] 

METHOD 2 

3π2

4

π
d cos d

4

y x

y x x
 

= − 
 

  (M1)(A1) 

π π
2 sin sin

4 2
y x

 
− = − − 

 
A1 

π
sin 1

4
y x

 
= − + 

 
A1 

[4 marks] 
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5. (a) (4) 6f  = A1 

[1 mark] 

(b) (4) 6 4 1 23f =  − = A1 

[1 mark] 

(c) ( )(4) (4)h f g= (M1) 

2(4) (4 3 4) (4)h f f= −  =

(4) 23h = A1 

[2 marks] 

(d) attempt to use chain rule to find h (M1) 

( )( ) ( )f g x g x  OR  ( ) ( )2 23 3x x f x x
 −  −

( ) ( )2(4) 2 4 3 4 3 4h f =  − −  A1 

30=

( )23 30 4y x− = − OR 30 97y x= − A1 

[3 marks] 

Total [7 marks] 
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8. 
2

d 2 ln 2

d

y y x

x x x
+ = (M1) 

attempt to find integrating factor (M1) 

2
d

2ln 2e e
x

xx x
 

= = 
 

(A1) 

2 d
2 ln 2

d

y
x xy x

x
+ =

( )2d
ln 2

d
x y x

x
=

2 ln 2  dx y x x= 

attempt to use integration by parts (M1) 

( )2 ln 2x y x x x c= − + A1 

2

ln 2 1x c
y

x x x
= − +

substituting 
1

, 4
2

x y= = into an integrated equation involving c M1 

4 0 2 4c= − +

3

2
c =

2

ln 2 1 3

2

x
y

x x x
= − + A1 

[7 marks] 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q10 | 16 marks

Apollo | Original source crop | 48

– 21 – N21/5/MATHX/HP1/ENG/TZ0/XX/M 

Section B 

10. (a) (i) valid approach to find turning point ( 0v = , 
2

b

a
− , average of roots) (M1) 

4 6 0t− = OR 
( )
4

2 3
−

−
OR

2
2

3

2

− +

2

3
t =  (s) A1 

(ii) attempt to integrate v (M1) 

( ) ( )2 2 3 d 4 4 3  d 4 2v t t t t t t t c= + − = + − +  A1A1 

Note: Award A1 for
24 2t t+ , A1 for 

3t− .  

attempt to substitute their t into their solution for the integral (M1) 

distance 

2 3
2 2 2

4 2
3 3 3

     
= + −     

     

8 8 8

3 9 27
= + −  (or equivalent) A1 

88

27
=  (m) AG 

[7 marks] 

continue… 
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Question 10 continued. 

(b) 

valid approach to solve 
24 4 3 0t t+ − = (may be seen in part (a)) (M1) 

( )( )2 2 3t t− + OR 
4 16 48

6

−  +

−

correct x- intercept on the graph at 2t =  A1 

Note: The following two A marks may only be awarded if the shape is a 

concave down parabola. These two marks are independent of each 

other and the (M1).  

correct domain from 0 to 3 starting at ( )0,4 A1 

Note: The 3 must be clearly indicated. 

vertex in approximately correct place for 
2

3
t =  and 4v   A1 

[4 marks] 

continue… 
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Question 10 continued. 

(c) recognising to integrate between 0 and 2, or 2 and 3 OR

3

2

0

4 4 3  dt t t+ − (M1) 

( )
2

2

0

4 4 3  dt t t+ −

8= A1 

( )
3

2

2

4 4 3  dt t t+ −

5= − A1 

valid approach to sum the two areas (seen anywhere) (M1) 

2 3

0 2

 d  dv t v t−  OR 

2 3

0 2

 d  dv t v t+ 

total distance travelled 13=  (m) A1 

 [5 marks] 

Total [16 marks] 
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11. (a) For 1n =  

LHS: ( ) ( )( )2 2 2d
e e 2 e e 2

d

x x x xx x x x x
x

= + = + A1 

RHS: ( ) ( )( ) ( )( )2 22 1 1 1 1 e e 2x xx x x x+ + − = + A1 

so true for 1n =

now assume true for n k=  ; i.e. ( ) ( )2 2d
e 2 1 e

d

k
x x

k
x x kx k k

x
 = + + −   M1 

Note: Do not award M1 for statements such as ‘’let n k= ’’. Subsequent 

marks can still be awarded. 

attempt to differentiate the RHS M1 

( ) ( )( )
1

2 2

1

d d
e 2 1 e

d d

k
x x

k
x x kx k k

x x

+

+
 = + + −   

( ) ( )( )22 2 e 2 1 ex xx k x kx k k= + + + + − A1 

( ) ( )2 2 1 1 exx k x k k = + + + +  A1 

so true for n k=  implies true for 1n k= +

therefore 1n = true and n k= true  1n k= + true 

therefore, true for all n + R1 

Note: Award R1 only if three of the previous four marks have been 

awarded 

[7 marks] 

continue… 
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Question 11 continued. 

(b) METHOD 1

attempt to use ( ) ( )2 2d
e 2 1 e

d

n
x x

n
x x nx n n

x
 = + + −   (M1) 

Note: For 0x = , ( ) ( )2

| 0

d
e 1

d

n
x

n x
x n n

x =
= − may be seen. 

( ) ( ) ( ) ( ) ( ) ( )4
0 0,  0 0,  0 2,  0 6,  0 12f f f f f  = = = = =

use of ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 3 4

4
0 0 0 0 0

2! 3! 4!

x x x
f x f xf f f f  = + + + + + (M1) 

( ) 2 3 41

2
f x x x x  + + A1 

[3 marks] 

METHOD 2 

 ‘
2x  Maclaurin series of ex

’ (M1) 

2
2 1

2!

x
x x
 
+ + + 

 
(A1) 

( ) 2 3 41

2
f x x x x  + + A1 

[3 marks] 

continue… 
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Question 11 continued. 

(c) METHOD 1

attempt to substitute 
2 2 3 41
e

2

xx x x x + + into 
( )

3
2 2

9

exx x

x

−
M1 

( ) ( )
3

2 3 4 23
2 2

9 9

1
e 2

x x x x x
x x

x x

 
+ + + − −   (A1) 

EITHER 

3

3 4

9

1

2
x x

x

 
+ + 

 = A1 

( )9

9

higher order termsx

x

+
=

OR 

( )
3

3 4

3

1
...

2
x x

x

 
+ + 

 
 
 

A1 

( )
3

1
1 ...

2
x

 
+ + 

 

THEN 

1 (= + higher order terms) 

So 
( )

3
2 2

9
0

e
1lim

x

x

x x

x→

 −
  =
 
 

A1 

[4 marks] 

continue… 
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Question 11 continued. 

METHOD 2 

( )
3 32 2 2 2

9 30 0

e e
lim lim

x x

x x

x x x x

x x→ →

 −  −  =  
   
 

M1 

3

0

e 1
lim

x

x x→

 −
=  

 
(A1)

attempt to use L'Hôpital's rule M1 

3

0

e 0
lim

1

x

x→

 −
=  

 

3

0
limex

x→

 =
 

1= A1 

[4 marks] 

Total [14 marks] 
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12. (a) (i) 

3
π

i
61 e 1

 
+ − 

 

3
π

i
6e

 
=  
 

A1 

π
i
2e= A1 

π π
cos isin

2 2
= +

i= AG 

Note: Candidates who solve the equation correctly can be awarded the 

above two marks. The working for part (i) may be seen in part (ii). 

(ii) ( )
π

i 2π3 21 e
k

z

 
+ 

 − = (M1) 

π 4π
i

6 61 e

k

z

 
+ 

 − = (M1) 

( )
5π

i
6

21 1 ek =  = + A1 

( )
9π

i
6

32 1 ek =  = + A1 

[6 marks] 

continue… 
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8. (a) METHOD 1 

attempts to differentiate implicitly including at least one application of the product rule (M1) 

u xy= , ( )lnv xy= , 
d d

d d

u y
x y

x x
= + , 

d d 1

d d

v y
x y

x x xy

 
= + 
 

( )
d d d

1 ln
d d d

y xy y y
x y x y xy

x xy x x

    
= − + + +    

    
A1 

Note: Award (M1)A1 for implicitly differentiating ( )( )1 lny x y xy= −  and obtaining

( ) ( )
d d d

1 ln ln
d d d

y xy y y
x y x xy y xy

x xy x x

  
= − + + +  

  
. 

( )
d d d

1 ln
d d d

y y y
x y x y xy

x x x

    
= − + + +    

    

( )( )
d d

1 1 ln
d d

y y
x y xy

x x

 
= − + + 

 
A1 

( )( )
d d

1 ln 1
d d

y y
x y xy

x x

 
+ + + = 
 

AG 

METHOD 2 

ln lny x xy x xy y= − −

attempts to differentiate implicitly including at least one application of the product rule (M1) 

d d d d
1 ln ln

d d d d

y xy y xy y y
x y x x y y

x x x y x x

     
= − + + − + +     

      
A1 

or equivalent to the above, for example 

( )
d d d d

1 ln 1 ln ln ln
d d d d

y y y y
x x x y y y x y

x x x x

    
= − + + − + +    

    

( ) ( )
d d

1 ln ln 1 ln ln 1
d d

y y
x x y y x y

x x
= − + + − + + A1 

or equivalent to the above, for example 

( )( ) ( )( )
d d

1 ln 1 ln 1
d d

y y
x xy y xy

x x
= − + − +

( )( )
d d

1 ln 1
d d

y y
x y xy

x x

 
+ + + = 
 

AG 
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METHOD 3 

attempt to differentiate implicitly including at least one application of the product rule M1 

( )lnu x xy= , v y= , ( )
d d

ln
d d

u y x
xy x y

x x xy

 
= + + 

 
, 

d d

d d

v y

x x
=

( ) ( )
d d d

1 ln ln
d d d

y y xy y
x xy y xy x y

x x xy x

  
= − + + +  

  
A1 

( )( ) ( )( )
d d

1 ln 1 ln 1
d d

y y
x xy y xy

x x
= − + − + A1 

( )( )
d d

1 ln 1
d d

y y
x y xy

x x

 
+ + + = 
 

AG 

METHOD 4 

lets w xy=  and attempts to find 
d

d

y

x
 where lny x w w= − M1 

( )
d d d d

1 ln  1 1 ln
d d d d

y w w w
w w

x x x x

   
= − + = − +   

   
A1 

d d

d d

w y
x y

x x
= + A1 

( ) ( )( )
d d d d

1 ln  1 1 ln
d d d d

y y y y
x y x y xy x y xy

x x x x

      
= − + + + = − + +      

      

 AG 

[3 marks] 

( )( )
d d

1 ln 1
d d

y y
x y xy

x x

 
+ + + = 
 
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(b) METHOD 1

substitutes 1x =  into ( )lny x xy xy= − (M1) 

1 ln 1y y y y= −  =  A1 

substitutes 1x = and their non-zero value of y into ( )( )
d d

1 ln 1
d d

y y
x y xy

x x

 
+ + + = 
 

(M1) 

d d
2 0 0

d d

y y

x x

 
= = 

 
A1 

equation of the tangent is 1y = A1 

METHOD 2 

substitutes 1x = into ( )( )
d d

1 ln 1
d d

y y
x y xy

x x

 
+ + + = 
 

(M1) 

( )( )
d d

1 ln 1
d d

y y
y y

x x

 
+ + + = 
 

EITHER 

correctly substitutes 
1

ln
y

y
y

−
=  into ( )( )

d d
1 ln 1

d d

y y
y y

x x

 
+ + + = 
 

A1 

( )
d 1 d

1 0 0 1
d d

y y
y

x y x

 
+ =  = = 

 
A1 

OR 

correctly substitutes ln 1y y y+ =  into ( )( )
d d

1 ln 1
d d

y y
y y

x x

 
+ + + = 
 

A1 

( ) ( )
d d

2 ln 0 0 1
d d

y y
y y

x x
+ =  = = A1 

THEN 

substitutes  into (M1) 

1 ln 1y y y y= −  =

equation of the tangent is  A1 

[5 marks] 

Total [8 marks] 

1x = ( )lny x xy xy= −

1y =
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Section B 

9. (a)
2π

12
b

=   OR   
2π

12
b = A1 

π

6
b = AG 

[1 mark] 

(b) 
6.8 2.2

2
a

−
=   OR  

max min

2
a

−
= (M1) 

2.3=  (m) A1 

[2 marks] 

(c) 
6.8 2.2

2
d

+
=   OR  

max min

2
d

+
= (M1) 

4.5=  (m) A1 

[2 marks] 

continued… 
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2. (a) (i) METHOD 1 

d

dt

y
y=

d
dt

y

y
=  (M1) 

ln y t c= + OR   ln y t c= + A1A1 

Note:  Award A1 for ln y  and A1 for t and c. 

ety A= AG 

METHOD 2 

rearranging to 
d

0
dt

y
y− = AND multiplying by integrating factor e t− M1 

e ty A− = A1A1 

ety A= AG 

[3 marks] 

(ii) substituting ety A=  into differential equation in x M1

d
e

dt

tx
x A= −

d
e

dt

tx
x A− = − AG 

[1 mark] 

(iii) integrating factor (IF) is
1d

e
t− (M1) 

e t−= (A1) 

d
e e

dt

t tx
x A− −− = −

e tx At D− = − + (A1) 

( )etx At D= − + A1 

Note:  The first constant must be A, and the second can be any constant for the final 

A1 to be awarded. Accept a change of constant applied at the end. 

[4 marks] 
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(b) (i)
2

2

d d d

d d d

y x y

t t t
= − + A1 

EITHER 

d

d

y
x y

t
= − + + (M1) 

d d

d d

y y

t t
= + A1 

OR 

( )x y x y= − + + − + (M1) 

( )2 x y= − + A1 

THEN 

d
2

d

y

t
= AG 

[3 marks] 

(ii) 
d

2
d

Y
Y

t
= A1 

d
2d

Y
t

Y
=  M1 

ln 2Y t c= + OR  ln 2Y t c= + A1 

2e tY B= AG 

[3 marks] 

(iii) 
2d

e
d

ty
B

t
=

2e dty B t=  M1 

2e
2

tB
y C= + A1 

Note:  The first constant must be B, and the second can be any constant for the final 

A1 to be awarded. Accept a change of constant applied at the end. 

[2 marks] 
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(iv) METHOD 1

substituting 
2d

e
d

ty
B

t
=  and their (iii) into 

d

d

y
x y

t
= − + M1(M1) 

2 2e e
2

t tB
B x C= − + + A1 

2e
2

tB
x C= − + AG 

Note:  Follow through from incorrect part (iii) cannot be awarded if it does not lead to 
the AG. 

METHOD 2 

2d
e

d 2

tx B
x C

t
= − −

2d
e

d 2

tx B
x C

t
− = − −

d( e )
e e

d 2

t
t tx B

C
t

−
−= − − M1 

e e e d
2

t t tB
x C t− −= − −

e e e
2

t t tB
x C D− −= − + + A1 

2e e
2

t tB
x C D= − + +

2 2 2d
e e e e 0

d 2 2

t t t ty B B
x y B C D C D

t
= − +  = − − + +  = M1 

2e
2

tB
x C= − + AG 

[3 marks] 
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(c) (i)
d

4
d

y
x y

t
= − +

2

2

d d d
4

d d d

y x y

t t t
= − + seen anywhere M1 

METHOD 1 
2

2

d

d

y

t

d
4( )

d

y
x y

t
= − − +

attempt to eliminate x M1 

1 d d
4

4 d d

y y
y y

t t

  
= − − − +  

  
 

d
2 3

d

y
y

t
= + A1 

2

2

d d
2 3 0

d d

y y
y

t t
− − = AG 

METHOD 2 

rewriting LHS in terms of x and y M1 

( ) ( )
2

2

d d
2 3 8 5 2 4 3

d d

y y
y x y x y y

t t
− − = − + − − + − A1 

0= AG 

[3 marks] 

(ii) 
d

e
d

ty
F

t

= , 
2

2

2

d
e

d

ty
F

t

= (A1) 

2e 2 e 3 e 0t t tF F F   − − = (M1) 
2 2 3 0 − − = (since e 0t  ) A1 

1  and 2 are 3 and -1 (either order) A1 

[4 marks] 



Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q2 | 30 marks

Apollo | Original source crop | 64

– 16 – N21/5/MATHX/HP3/ENG/TZ0/XX/M 

(iii) METHOD 1
3e et ty F G −= +

3d
3 e e

d

t ty
F G

t

−= − , 
2

3

2

d
9 e e

d

t ty
F G

t

−= +  (A1)(A1) 

( ) ( )
2

3 3 3

2

d d
2 3 9 e e 2 3 e e 3 e e

d d

t t t t t ty y
y F G F G F G

t t

− − −− − = + − − − + M1 

3 3 39 e e 6 e 2 e 3 e 3 et t t t t tF G F G F G− − −= + − + − − A1 

0= AG 

METHOD 2 
1 2e et ty F G = +  

1 2

1 2

d
e e

d

t ty
F G

t

  = + , 1 2

2
2 2

1 22

d
e e

d

t ty
F G

t

  = +  (A1)(A1) 

( ) ( )1 2 1 2 1 2

2
2 2

1 2 1 22

d d
2 3 e e 2 e e 3 e e

d d

t t t t t ty y
y F G F G F G

t t

        − − = + − + − + M1 

( ) ( )1 22 2e 2 3 e 2 3t tF G    = − − + − − A1 

0= AG 

[4 marks] 
Total [30 marks] 
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3. attempt to integrate (M1) 

 2 d2 1 4
d
uu x x
x

     

 
2

8 2d d
2 1

x x u
ux




   (A1) 

 
 EITHER 

  4 u C   A1 
 
 OR 

  24 2 1x C    A1 
 
 THEN 

 correct substitution into their integrated function (must have C ) (M1) 
 5 4 1C C     
   24 2 1 1f x x    A1 

Total [5 marks] 
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Section B 
 
10. (a) attempt to use quotient rule (M1) 
  correct substitution into quotient rule 

   
 2

15 ln 5
5

kx k x
xf x
kx

   
    (or equivalent) A1 

   2 2
ln 5 ,k k x k

k x


   A1 

  2
1 ln 5x

kx


  AG 

[3 marks] 
 
 (b)   0f x   M1 

  2
1 ln 5 0x

kx


  

  ln 5 1x   (A1) 

  
e
5

x   A1 

[3 marks] 
 
 (c)   0f x   M1 

  3
2 ln 5 3 0x

kx


  

  
3ln 5
2

x   A1 

  
3
25 ex   A1 

  so the point of inflexion occurs at 
3
21 e

5
x   AG 

[3 marks] 
 
 

continued… 
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Question 10 continued 
 
 (d) attempt to integrate (M1) 

  
d 1ln 5
d
uu x
x x

    

  
ln 5 1d  dx x u u

kx k
   (A1) 

 
  EITHER 

  
2

2
u
k

  A1 

  so 

3 3
22 2

1 1

1  d
2
uu u

k k
 

  
 

  A1 

 
  OR 

  
 2ln5

2
x

k
  A1 

  so 
 

33
22 11 ee 2 55

e e
5 5

ln 5ln 5 d
2

xx x
kx k

 
  
  

  A1 

 
  THEN 

  
1 9 1

2 4k
   
 

 

  
5

8k
  A1 

  setting their expression for area equal to 3 M1 

  5 3
8k

  

  
5
24

k   A1 

[7 marks] 
 

Total [16 marks] 
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12. (a) attempting to use the chain rule to find the first derivative M1 
      sincos e xf x x   A1 
  attempting to use the product rule to find the second derivative M1 
     sin 2e cos sinxf x x x    (or equivalent) A1 

  attempting to find  0f ,  0f   and  0f   M1 

   0 1f  ;     sin 00 cos0 e 1f    ;    sin 0 20 e cos 0 sin 0 1f      A1 

  substitution into the Maclaurin formula 
2

( ) (0) (0) (0) ...
2!
xf x f xf f      M1 

  so the Maclaurin series for  f x  up to and including the 2x  term is 
2

1
2
xx   A1 

[8 marks] 
 
 (b) METHOD 1 

  attempting to differentiate ( )f x  M1 

           sin 2 sincos e cos sin cos e 2sin 1x xf x x x x x x      (or equivalent) A2 

  substituting 0x   into their  f x  M1 

       0 1 1 0 1 0 1 0f        

  so the coefficient of 3x  in the Maclaurin series for  f x  is zero AG 
 
  METHOD 2 

  substituting sin x  into the Maclaurin series for ex   (M1) 

  
2 3

sin sin sine 1 sin ...
2! 3!

x x xx      

  substituting Maclaurin series for sin x  M1 

  

2 33 3

3
sin

... ...
3! 3!

e 1 ... ...
3! 2! 3!

x

x xx x
xx

   
                  

 
 A1 

  coefficient of 3x  is 
1 1 0
3! 3!

    A1 

  so the coefficient of 3x  in the Maclaurin series for  f x  is zero AG 
[4 marks] 

 
 

continued… 
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Question 12 continued 
 
 (c) substituting 3x  into the Maclaurin series for ex   M1 

  
   2 3

3 3 3
e 1 3 ...

2! 3!
x x x

x      A1 

  substituting  3e 1x   into the Maclaurin series for arctan x    M1 

         3 53 3
3 3

e 1 e 1
arctan e 1 e 1 ...

3 5

x x
x x

 
       

  
   

   
32 3

2 3

3 3
3

2! 3!3 3
3 ...

2! 3! 3

x x
x

x x
x

 
               

 
 

 A1 

  selecting correct terms from above  M1 

  
     2 3 33 3 3

3
2! 3! 3
x x x

x
 

    
 
 

 

  
2 39 93

2 2
x xx    A1 

[6 marks] 
 
 (d) METHOD 1 
  substitution of their series  M1 

  

2

20

...
2lim

93 ...
2

x

xx

xx


 

 
 A1 

  
0

1 ...
2lim 93 ...
2

x

x

x

 


 
 

  
1
3

  A1 

 
  METHOD 2 
  use of l’Hôpital’s rule M1 

   

 

sin

30

23

cos e
lim

3e
1 e 1

x

xx

x

x


 

 (or equivalent) A1 

  
1
3

  A1 

[3 marks] 
 

Total [21 marks] 
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4. (a) 1.29a   and 10.4b    A1A1 
[2 marks] 

 
 (b) recognising both lines pass through the mean point (M1) 
  28.7 , 30.3p q   A2 

[3 marks] 
 
 (c) substitution into their x on y equation (M1) 
  1.29082(29) 10.3793x     
  27.1x   A1 
 

Note: Accept 27. 
[2 marks] 

 
Total [7 marks] 

 
 
5. (a) use of a graph to find the coordinates of the local minimum (M1) 
  16.513...s    (A1) 
  maximum distance is 16.5 cm (to the left of O) A1 

[3 marks] 
 
 (b) attempt to find time when particle changes direction eg considering the  

first maximum on the graph of s  or the first t – intercept on the graph of .s  (M1) 
  1.51986...t   (A1) 

  attempt to find the gradient of s  for their value of t,  1.51986...s  (M1) 
  8.92   (cm/s2) A1 

[4 marks] 
 

Total [7 marks] 
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11. (a) METHOD 1 

  using    de P t tI t   M1 

  
1 d

1e
t

t  
   ln 1e t  A1 
  1t   AG 
 
  METHOD 2 

  attempting product rule differentiation on   d 1
d

x t
t

  M1 

      d d1 1
d d

xx t t x
t t

     

    d1
d 1
x xt
t t

     
 A1 

  so 1t   is an integrating factor for this differential equation AG 
[2 marks] 

 
 

continued… 
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Question 11 continued 
 
 (b) attempting to multiply through by  1t  and rearrange to give (M1) 

      4d1 10 1 e
d

txt x t
t


     A1 

       4d 1 10 1 e
d

t

x t t
t


    

      41 10 1 e  d
t

x t t t


    A1 
  attempting to integrate the RHS by parts M1 

    4 440 1 e 40 e  d
t t

t t
 

      

    4 440 1 e 160e
t t

t C
 

      A1 
 

Note: Condone the absence of C . 
 
  EITHER 

  substituting 0, 0t x  200C   M1 

  
  4 440 1 e 160e 200

1

t t

t
x

t

 
   




 A1 

  using 440e
t


  as the highest common factor of   440 1 e

t

t


   and 4160e
t


  M1 

 
  OR 

  using 440e
t


  as the highest common factor of   440 1 e

t

t


   and 4160e
t


  giving 

   41 40e 5
t

x t t C


      (or equivalent) M1A1 
  substituting 0, 0t x  200C   M1 
 
  THEN 

     4200 40e 5
1

t

t
x t

t


 




 AG 

[8 marks] 
 
 

continued… 
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Question 11 continued 
 
 (c)  

 
  graph starts at the origin and has a local maximum (coordinates not required) A1 
  sketched for 0 60t   A1 
  correct concavity for 0 60t   A1 
  maximum amount of salt is 14.6 (grams) at 6.60t   (minutes) A1A1 

[5 marks] 
 

(d) using an appropriate graph or equation (first or second derivative) M1 
  amount of salt is decreasing most rapidly at 12.9t   (minutes) A1 

[2 marks] 
 
 (e) EITHER 
  attempting to form an integral representing the amount of salt that left  

the tank M1 

  
60

0

( ) d
1

x t t
t   

   
 

60 4

2
0

200 40e 5
d

1

t

t
t

t


 

  A1 

 
  OR 
  attempting to form an integral representing the amount of salt that entered the  

tank minus the amount of salt in the tank at 60t  (minutes) M1 

  amount of salt that left the tank is  
60

4

0

10e  d 60
t

t x


  A1 

 
  THEN 

  36.7  (grams) A2 
[4 marks] 

 
Total [21 marks] 

 
  



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q1 | 5 marks

Apollo | Original source crop | 74

– 8 – M22/5/MATHX/HP1/ENG/TZ1/XX/M 

Section A 

1. 
1

2
3 5

d 3 5 d
x

x x x
x

− −
= − 

 
  (A1) 

1

2
3 5

d 3 10 ( )
x

x x x c
x

−
= − + A1A1 

substituting limits into their integrated function and subtracting (M1) 

1 1

2 23(9) 10(9) 3(1) 10(1)
 

− − − 
 

 OR 27 10 3 (3 10)−  − −  

4= A1 

[5 marks] 
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4. evidence of using product rule (M1) 

( ) ( )
d

(2 1) e 2 e e (2 2)
d

kx kx kxy
x k kx k

x
= −  +  = − + A1 

correct working for one of  (seen anywhere) A1 

d

d

y

x
 at 1 e 2ek kx k=  +

OR 

slope of tangent is 5ek

their 
d

d

y

x
 at 1x = equals the slope of ( )5e 5ek ky x= = (seen anywhere) (M1) 

e 2e 5ek k kk + =

3k = A1 

[5 marks] 
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12. (a) METHOD 1 

recognition of both known series (M1) 

2 3 5

e 1 ... and sin ...
1! 2! 3! 5!

x x x x x
x x= + + + = − + +

attempt to multiply the two series up to and including 
3x term (M1) 

2 3 5

e sin 1 ... ...
1! 2! 3! 5!

x x x x x
x x

  
= + + + − + +  
  

3 3
2 ...

3! 2!

x x
x x= − + + + (A1) 

2 31
e sin ...

3

x x x x x= + + + A1 

[4 marks] 

METHOD 2 

( ) e sinxf x x=

( ) e cos e sinx xf x x x = + A1 

( )( ) e cos e sin e sin e cos 2e cosx x x x xf x x x x x x = − + + =

( ) 2e cos 2e sinx xf x x x = −

( ) 2e cosxf x x = and ( )( ) 2e cos sinxf x x x = − A1 

substitute 0x = into f or its derivatives to obtain Maclaurin series (M1) 

2 3

e sin 0 1 2 2 ...
1! 2! 3!

x x x x
x = +  +  +  +

2 31
e sin ...

3

x x x x x= + + + A1 

[4 marks] 

continued… 
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Question 12 continued 

(b) ( )
2 2 2 4 61

e sin ...
3

x x x x x= + + + (A1) 

substituting their expression and attempt to integrate M1 

21 1
2 2 4 6

0 0

1
e sin( )d d

3

x x x x x x x
 

 + + 
 

 

Note: Condone absence of limits up to this stage. 

1
3 5 7

0
3 5 21

x x x 
= + + 
 

A1 

61

105
= A1 

[4 marks] 

continued… 
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Question 12 continued 

(c) (i) attempt to use product rule at least once M1 

( ) e cos e sinx xg x x x = − A1 

( )( ) e cos e sin e sin e cos 2e sinx x x x xg x x x x x x = − − − = − A1 

EITHER 

( ) ( )2 ( ) ( ) 2 e cos e sin e cos 2e sinx x x xg x g x x x x x − = − − = − A1 

OR 

( )( ) 2 e cos e sin e cosx x xg x x x x = − − A1 

THEN 

( )( ) 2 ( ) ( )g x g x g x = − AG 

Note: Accept working with each side separately to obtain 2e sinx x− .

(ii) ( )( ) 2 ( ) ( )g x g x g x  = − A1 

( ) ( )4
( ) 2 ( ) ( )g x g x g x = − AG 

Note: Accept working with each side separately to obtain 4e cosx x− . 

[5 marks] 

continued… 
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Question 12 continued 

(d) attempt to substitute 0x =  into a derivative (M1) 

(0) 1, (0) 1, (0) 0g g g = = =  A1 

(4)(0) 2, (0) 4g g = − = − (A1) 

attempt to substitute into Maclaurin formula (M1) 

3 4 3 42 4 1 1
( ) 1 ... 1 ...

3! 4! 3 6
g x x x x x x x

 
= + − − + = + − − + 

 
A1 

Note: Do not award any marks for approaches that do not use the part (c) result. 

[5 marks] 

(e) METHOD 1

3 4

3 30 0

1 1
1 ... 1

e cos 1 3 6
lim lim

x

x x

x x x x
x x

x x→ →

 
+ − − + − − − −  = M1 

0

1 1
lim ...

3 6x
x

→

 
= − − + 

 
(A1) 

1

3
= − A1 

Note: Condone the omission of ...+  in their working. 

continued… 
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Question 12 continued 

METHOD 2 

30

e cos 1 0
lim

0

x

x

x x

x→

− −
=  indeterminate form, attempt to apply l'Hôpital's rule M1 

2 20 0

e cos e sin 1 ( ) 1
lim lim

3 3

x x

x x

x x g x

x x→ →

− − − 
= = 

 

0
,

0
= using l'Hôpital's rule again 

0 0

2e sin ( )
lim lim

6 6

x

x x

x g x

x x→ →

−  
= = 

 

0
,

0
= using l'Hôpital's rule again 

0 0

2e sin 2e cos ( )
lim lim

6 6

x x

x x

x x g x

→ →

− −  
= = 

 
A1 

1

3
= − A1 

[3 marks] 

Total [21 marks] 



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q6 | 8 marks

Apollo | Original source crop | 81

– 15 – M22/5/MATHX/HP1/ENG/TZ2/XX/M 

6. (a) attempts to replace x  with x− M1 

( ) ( )
2

1f x x x− = − − −

( ) ( )
2

1 ( )x x f x= − − − = − A1 

Note: Award M1A1 for an attempt to calculate both ( )f x− and ( )f x− −

independently, showing that they are equal. 

Note: Award M1A0 for a graphical approach including evidence that either the 

graph is invariant after rotation by 180  about the origin or the graph is 

invariant after a reflection in the -y axis and then in the -x axis (or vice 

versa). 

so f  is an odd function AG 

[2 marks] 

(b) attempts both product rule and chain rule differentiation to find ( )f x  M1 

( ) ( ) ( ) ( )
1 1 2

2 2 22 2

2

1
2 1 + 1 1 1

2 1

x
f x x x x x x

x

−  
 =   −  − −  = − − 

− 
A1 

2

2

1 2

1

x

x

−
=

−

sets their ( ) 0f x = M1 

1

2
x =  A1 

attempts to find at least one of 
1

2
f
 
 
 

(M1) 

Note: Award M1 for an attempt to evaluate ( )f x at least at one of their ( ) 0f x =

roots. 

1

2
a = − and 

1

2
b = A1 

Note: Award A1 for 
1 1

2 2
y−   . 

[6 marks] 

Total [8 marks] 
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7. METHOD 1

sec d sec tan  du x u x x x=  = (A1) 

attempts to express the integral in terms of u M1 

2
1

1
dnu u−

 A1 

2

1

1 nu
n
 =   (

π

3

0

1
secn x

n
 =   ) A1 

Note: Condone the absence of or incorrect limits up to this point. 

2 1n n

n

−
= M1 

2 1n

n

−
= A1 

Note: Award M1 for correct substitution of their limits for u  into their 

antiderivative for u ( or given limits for x  into their antiderivative for x ). 

METHOD 2 

1sec tan  d sec sec tan  dn nx x x x x x x−=  (A1) 

applies integration by inspection (M1) 

π

3

0

1
secn x

n
 =   A2 

Note: Award A2 if the limits are not stated. 

1 π
sec sec 0

3

n n

n

 
= − 

 
M1 

Note: Award M1 for correct substitution into their antiderivative. 

2 1n

n

−
= A1 

[6 marks] 
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4. (a) recognizing at rest 0v =  (M1) 

3.34692...t =

3.35t = (seconds) A1 

Note: Award (M1)A0 for any other solution to 0v = eg 0.205t = −  or 6.08t = . 

[2 marks] 

(b) recognizing particle changes direction when 0v =  OR when 3.34692...t = (M1) 

4.71439...a = −

-24.71(ms )a = −  A2 

[3 marks] 

(c) distance travelled =
6

0
dv t  OR 

( ) ( )
3.34... 6

sin( ) sin( )

0 3.34...
e 4sin( ) d e 4sin( ) d ( 14.3104... 6.44300...)t tt t t t+ − + = +  (A1) 

20.7534...=

= 20.8 (metres) A1 

[2 marks] 

Total [7 marks] 
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Section B 

10. (a)

correct shape (concave down) within the given domain 1 2x    A1 

( )1,0  and ( ) ( )( )2, 3 2,1.73= A1 

Note: The coordinates of endpoints may be seen on the graph or marked on the 

axes. 

continued… 
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Question 10 continued 

(b) (i) interchanging x  and y  (seen anywhere) M1 

2 1x y= −  

2 2 1x y= −  A1 

2 1y x= + A1 

( )1 2 1f x x− = +  AG 

(ii) 0 3x  OR domain  ( )0, 3 0,1.73  =
 

A1 

1 2y  OR ( )11 2f x−   OR range  1,2 A1 

[5 marks] 

continued… 
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Question 10 continued 

(c) (i) attempt to substitute 
2 1x y= + into the correct volume formula (M1) 

( ) ( )
2

2 2

0 0

π 1 d  π 1  d

h h

V y y y y
 

= + = + 
 

  A1 

3

0

1
π

3

h

y y
 

= + 
 

A1 

31
π

3
h h

 
= + 

 
AG 

Note: Award marks as appropriate for correct work using a different variable e.g. 

( )
2

2

0

π 1 d  

h

x x+

(ii) attempt to substitute ( )3 1.732...h = =  into V (M1) 

10.8828...V =

10.9V = (m3) ( )2 3π=  (m3) A1 

[5 marks] 

continued… 
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Question 10 continued 

(d) METHOD 1

time 
10.8828... 2 3π

0.4 0.4

 
= = 

 
(M1) 

27.207...=

( )( )27.2 5 3π s= = A1 

[2 marks] 

continued… 



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q10 | 20 marks

Apollo | Original source crop | 88

– 24 – M22/5/MATHX/HP2/ENG/TZ1/XX/M 

Question 10 continued 

(e) attempt to find the height of the tank when ( )5.4414... 3πV = =  (M1) 

( )31
π 5.4414... 3π

3
h h

 
+ = = 

 

1.1818...h = (A1) 

attempt to use the chain rule or differentiate 
31

π
3

V h h
 

= + 
 

 with respect to t (M1) 

2

d d d 1 d

d d d π( 1) d

h h V V

t V t h t
=  = 

+
 OR ( )2d d

π 1
d d

V h
h

t t
= + (A1) 

attempt to substitute their h and
d

0.4
d

V

t
= (M1) 

( )2

d 0.4
0.053124...

d π 1.1818... 1

h

t
= =

+

0.0531=  (m s-1) A1 

[6 marks] 

Total [20 marks] 
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12. (a) attempt to use Euler’s method (M1) 

1 1

d
0.1; 0.1

d
n n n n

y
x x y y

x
+ += + = +  , where 

2 2

2

d 2

d

y y x

x x

−
=

correct intermediate y -values (A1)(A1) 

3.7,4.63140...,5.92098...,7.79542...  

Note: A1 for any two correct y -values seen 

10.6958...y =

10.7y = A1 

Note: For the final A1, the value 10.7 must be the last value in a table or a list, or 

be given as a final answer, not just embedded in a table which has further 

lines.  

[4 marks] 

(b) 
d d

d d

y v
y vx v x

x x
=  = + (A1) 

replacing y with vx  and 
d

d

y

x
 with 

d

d

v
v x

x
+  M1 

2 2 2 2 2 2 2d d
2 2

d d

y v
x y x x v x v x x

x x

 
= −  + = − 

 
A1 

2d
2

d

v
v x v

x
+ = −   (since 0x  ) 

2d
2

d

v
x v v

x
= − − AG 

[3 marks] 

continued… 
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Question 12 continued 

(c) (i) attempt to separate variables v  and x (M1) 

2

d d

2

v x

v v x
=

− − 

d d

( 2)( 1)

v x

v v x
=

− +  (A1) 

attempt to express in partial fraction form M1 

1

( 2)( 1) 2 1

A B

v v v v
 +

− + − +

1 1 1 1

( 2)( 1) 3 2 1v v v v

 
= − 

− + − + 
A1 

1 1 1 d
d

3 2 1

x
v

v v x

 
− = 

− + 
   

( ) ( )
1

ln 2 ln 1 ln
3

v v x c− − + = + A1 

Note: Condone absence of modulus signs throughout. 

EITHER 

attempt to find c  using 1, 3, 3x y v= = =  M1 

1 1
ln

3 4
c =

( )
1 1 1

ln 2 ln 1 ln ln
3 3 4

v v x− − + = +

expressing both sides as a single logarithm (M1) 

3

2
ln ln

1 4

xv

v

 −
=  

 +
 

continued… 
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Question 12 continued 

OR 

expressing both sides as a single logarithm (M1) 

( )32
ln ln

1

v
A x

v

−
=

+

attempt to find A  using 1, 3, 3x y v= = = M1 

1

4
A =

THEN 

32 1

1 4

v
x

v

−
=

+
(since 0x  ) 

substitute 
y

v
x

=  (seen anywhere) M1 

3

2
1

41

y

x x
y

x

−
=

+

 (since 2y x ) 

32 1

4

y x
x

y x

 −
 = 

+ 

attempt to make y  the subject M1 

3 4

2
4 4

x y x
y x− = + A1 

4

3

8

4

x x
y

x

+
=

−
AG 

continued… 
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Question 12 continued 

(ii) actual value at (1.5) 27.3y = A1 

(iii) gradient changes rapidly (during the interval considered) OR

the curve has a vertical asymptote at ( )3 4 1.5874...x = = R1 

[12 marks] 

Total [19 marks] 
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2. METHOD 1

recognises that ( ) ( )23 5e dxg x x x= + (M1) 

( ) ( )3+5exg x x C= +  (A1)(A1) 

Note: Award A1 for each integrated term. 

substitutes 0x =  and 4y = into their integrated function (must involve C+ ) (M1) 

4 0 5 1C C= + +  = −  

( ) 3+5e 1xg x x= − A1 

METHOD 2 

attempts to write both sides in the form of a definite integral (M1) 

( )2

0 0

g'( ) d 3 5e  d

x x

tt t t t= +  (A1) 

3 0( ) 4 5e 5exg x x− = + − (A1)(A1) 

Note: Award A1 for ( ) 4g x −  and A1 for
3 05e 5exx + − . 

( ) 3+5e 1xg x x= − A1 

[5 marks] 
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5. (a) recognises the need to find the value of t  when 0v =  (M1) 

π
1.5707... 

2
t

 
= = 

 

π
1.57 

2
t

 
= = 

 
(s) A1 

[2 marks] 

(b) recognises that ( ) '( )a t v t= (M1) 

1 2.2627...t = , 
2 2.9573...t =

1 2.26t = , 
2 2.96t =  (s) A1A1 

Note: Award M1A1A0 if the two correct answers are given with additional values 

outside 0 3t  . 

[3 marks] 

(c) speed is greatest at 3t =  (A1) 

1.8377...a = −  

1.84a = −  (m s-2) A1 

 [2 marks] 

Total [7 marks] 
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6. attempts to express
2x in terms of y (M1) 

( )
24 4

π 36 1  d
16

h

y
V y

 −
= − 

 
 

  A1 

Note: Correct limits are required. 

Attempts to solve 
( )

24 4
π 36 1  d 285

16
h

y
y

 −
− = 

 
 

 for h (M1) 

Note: Award M1 for attempting to solve 
3 2 8

36π 285
48 4 3

h h 
− + = 

 
 or equivalent 

for h . 

0.7926...h =

0.793h =  (cm) A2 

[5 marks] 
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7. (a) (as 
2

0
lim 0
x

x
→

= , the indeterminate form 
0

0
 is required for the limit to exist) 

( )( )
0

lim arctan cos 0
x

x k
→

 − = M1 

( )arctan1 0 arctan1k k− = = A1 

so 
π

4
k = AG 

Note: Award M1A0 for using 
π

4
k =  to show the limit is 

0

0
. 

[2 marks] 

continued… 
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Question 7 continued 

(b) 
( )

20

π
arctan cos

04lim
0x

x

x→

−
 
= 
 

2

0

sin

1 coslim
2x

x

x

x→

−

+= A1A1 

Note: Award A1 for a correct numerator and A1 for a correct denominator. 

recognises to apply l’Hôpital’s rule again (M1) 

2

0

sin
01 coslim  

2 0x

x

x

x→

−

 += = 
 

Note: Award M0 if their limit is not the indeterminate form 
0

0
. 

EITHER 

( )

( )

2 2

2
2

0

cos 1 cos 2sin cos

1 cos
lim

2x

x x x x

x

→

− + −

+
= A1A1 

Note: Award A1 for a correct first term in the numerator and A1 for a correct 
second term in the numerator. 

OR 

( )20

cos
lim

2 1 cos 4 sin cosx

x

x x x x→

−

+ −
A1A1 

Note: Award A1 for a correct numerator and A1 for a correct denominator. 

THEN 

substitutes 0x =  into the correct expression to evaluate the limit A1 

Note: The final A1 is dependent on all previous marks. 

1

4
= − AG 

[6 marks] 

Total [8 marks] 
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Section B 

10. (a) (i) 32 (cm) A1 

(ii) ( ) ( )0 sin 6 27Ah = + (M1) 

26.7205...=

26.7= (cm) A1 

[3 marks] 

(b) attempts to solve ( ) ( )A Bh t h t= for t (M1) 

4.0074...,4.7034...,5.88332...t =

4.01,4.70,5.88t =  (weeks) A2 

[3 marks] 

(c) ( ) ( ) ( )sin 2 6 5A Bh t h t t t− = + + − A1 

EITHER 

for 6t  , 5 1t −   A1 

and as ( )sin 2 6 1t +  − ( ) ( ) 0A Bh t h t −  R1 

OR 

the minimum value of ( )sin 2 6 1t + = − R1 

so for 6t  , ( ) ( ) 6 0A Bh t h t t− = −   A1 

THEN 

hence for 6t  , Plant A was always taller than Plant B AG 

[3 marks] 

continued… 
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Question 10 continued 

(d) recognises that ( )Ah t and ( )Bh t  are required (M1) 

attempts to solve ( ) ( )A Bh t h t = for t  (M1) 

1.18879... and 2.23598... OR 4.33038... and 5.37758... OR 7.47197... and 8.51917...t = (A1) 

Note: Award full marks for 
4π 5π 7π 8π 10π 11π

3, 3, 3, 3, 3, 3
3 3 3 3 3 3

t
 

= − − − − − − 
 

. 

Award subsequent marks for correct use of these exact values. 

1.18879... 2.23598...t  OR 4.33038... 5.37758...t  OR 

7.47197... 8.51917...t  (A1) 

attempts to calculate the total amount of time (M1) 

( )
5π 4π

3 2.2359... 1.1887... 3 3 3
3 3

     
− = − − −     

     

( )3.14 π= = (weeks) A1 

[6 marks] 

Total [15 marks] 
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12. (a) rate of growth (change) of the (marsupial) population (with respect to time) A1 

[1 mark] 

Note: Do not accept growth (change) in the (marsupials) population per year. 

(b) METHOD 1

attempts implicit differentiation on 
2d

d

P kP
kP

t N
= − by expanding 1

P
kP

N

 
− 

 
(M1) 

2

2

d d d
2

d d d

P P kP P
k

t t N t
= − A1A1 

d 2
1

d

P P
k

t N

 
= − 

 
A1 

d
1

d

P P
kP

t N

 
= − 

 
and so

2
2

2

d 2
1 1

d

P P P
k P

t N N

  
= − −  

  
AG 

METHOD 2 

attempts implicit differentiation (product rule) on 
d

1
d

P P
kP

t N

 
= − 

 
M1 

2

2

d d 1 d
1

d d d

P P P P
k kP

t t N N t

    
= − + −    

    
A1 

substitutes 
d

1
d

P P
kP

t N

 
= − 

 
into their 

2

2

d

d

P

t
M1 

2

2

d 1
1 1 1

d

P P P P
k kP kP kP

t N N N N

          
= − − + − −          

          

2

2 21 1
P P P

k P k P
N N N

    
= − − −    

    

2 1 1
P P P

k P
N N N

  
= − − −  

  
A1 

so 

2
2

2

d 2
1 1

d

P P P
k P

t N N

  
= − −  

  
AG 

[4 marks] 

continued… 
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Question 12 continued 

(c) 

2
2

2

d 2
0 1 1 0

d

P P P
k P

t N N

  
=  − − =  

  
(M1) 

0, ,
2

N
P N= A2 

Note: Award A1 for 
2

N
P =  only. 

uses the second derivative to show that concavity changes at 
2

N
P = or the first derivative 

to show a local maximum at 
2

N
P = M1 

EITHER 

a clearly labelled correct sketch of 
2

2

d

d

P

t
versus P  showing

2

N
P =  corresponding to 

a local maximum point for 
d

d

P

t
R1 

OR 

a correct and clearly labelled sign diagram (table) showing 
2

N
P =  corresponding to 

a local maximum point for 
d

d

P

t
R1 

continued… 



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ2 | Q12 | 21 marks

Apollo | Original source crop | 102

– 30 – M22/5/MATHX/HP2/ENG/TZ2/XX/M 

Question 12 continued 

OR 

for example, ( )
2 2

2

d 3
0

d 32

P k N

t
=  with 

4

N
P =  and ( )

2 2

2

d 3
0

d 32

P k N

t
= −   with 

3

4

N
P =

showing 
2

N
P =  corresponds to a local maximum point for 

d

d

P

t
R1 

so the population is increasing at its maximum rate when 
2

N
P = AG 

[5 marks] 

(d) substitutes
2

N
P =  into 

d

d

P

t
(M1) 

d 21
d 2

N
P N

k
t N

 
  

= −  
  

 

the maximum value of 
d

d

P

t
 is 

4

kN
A1 

[2 marks] 

continued… 
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Question 12 continued 

(e) METHOD 1

attempts to separate variables M1 

( )
d  d

N
P k t

P N P
=

− 

attempts to write 
( )

N

P N P−
 in partial fractions form M1 

( ) ( )
( )

N A B
N A N P BP

P N P P N P
 +   − +

− −

1A= , 1B = A1 

( ) ( )
1 1N

P N P P N P
 +

− −

( )
1 1

d  dP k t
P N P

 
+ =  − 

 

( ) ( )ln lnP N P kt C − − = + A1A1 

Note: Award A1 for ( )ln N P− − and A1 for ln P and ( )kt C+ . Absolute value 

signs are not required. 

attempts to find C  in terms of N  and 0P M1 

when 0t = , 0P P=  and so ( )0 0ln lnC P N P= − −

0

0

ln ln
P P

kt
N P N P

  
= −   

− −    0

0

ln

P

N P
P

N P

  
  

−  =
  

  −  

A1 

so 0

0

ln
P N P

kt
P N P

− 
=  

− 
AG 

[7 marks] 

continued… 
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Question 12 continued 

METHOD 2 

attempts to separate variables M1 

1
d  d

1

P k t
P

P
N

=
 
− 

 

 

attempts to write 
1

1
P

P
N

 
− 

 

 in partial fractions form M1 

1
1 1

11

A B P
A BP

PP P N
P

NN

 
 +   − + 

   −− 
 

1A= , 
1

B
N

= A1 

1 1 1

1 1
P PP

P N
N N

 +
   
− −   

   

1 1
d  d

1

P k t
PP

N
N

+ =
 
− 

 

 

( )ln ln 1
P

P kt C
N

 
 − − = + 

 
A1A1 

Note: Award A1 for ln 1
P

N

 
− − 

 
and A1 for ln P  and ( )kt C+ . Absolute value 

signs are not required. 

continued… 
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Question 12 continued 

ln ln

1

P NP
kt C kt C

P N P

N

 
   

= +  = +   
−  −

 

attempts to find C  in terms of N  and 0P M1 

when 0t = , 0P P=  and so 0

0

ln
NP

C
N P

 
=  

− 

0

0

ln ln
NP NP

kt
N P N P

  
= −   

− −    0

0

ln

P

N P
P

N P

  
  

−  =
  

  −  

A1 

0

0

ln
P N P

kt
P N P

− 
=  

− 
AG 

[7 marks] 

continued… 
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Question 12 continued 

METHOD 3 

lets 
1

u
P

=  and forms 
2

d 1 d

d d

u P

t P t
= − M1 

multiplies both sides of the differential equation by 
2

1

P
− and makes the above

substitutions M1 

2

1 d 1 1 d 1

d d

P u
k k u

P t N P t N

   
− = −  = −   

   

d

d

u k
ku

t N
+ = (linear first-order DE) A1 

 d

IF e e
k t kt= =

d
e e e

d

kt kt ktu k
k u

t N
 + = (M1) 

( )
d

e e
d

kt ktk
u

t N
=

( ) ( )
1 1 1

e e e ekt kt kt ktu C C
N P N

 
= + = + 

 
A1 

attempts to find C  in terms of N  and 0P M1 

when 0t = , 0P P= , 
0

1
u

P
=  and so 0

0 0

1 1 N P
C

P N NP

 −
= − = 

 

0

0

ekt N P N P

NP NP

− − 
= 

 

0

0

ekt P N P

N P P

 − 
=   

−  
A1 

0

0

ln
P N P

kt
P N P

− 
=  

− 
AG 

[7 marks] 

continued… 
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Question 12 continued 

(f) substitutes 10t = , 
03P P=  and 

04N P=  into 0

0

ln
P N P

kt
P N P

− 
=  

− 
M1 

( )0 0

0 0

4
10 ln3  ln9

4 3

P P
k

P P

 −
= = 

− 

1 1
0.220 ln9, ln3

10 5
k

 
= = = 

 
A1 

[2 marks] 

Total [21 marks] 
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2. (a) (i) 4 i− A1 

[1 mark] 

(ii) mean ( )
1

4 i 4 i
2

= + + − A1 

4= AG 

[1 mark] 

(b) METHOD 1

attempts product rule differentiation (M1) 

Note:  Award (M1) for attempting to express ( )f x  as 
3 2( ) 9 25 17f x x x x= − + −

. 

( )2 2( ) ( 1)(2 8) 8 17 ( ) 3 18 25f x x x x x f x x x = − − + − + = − + A1 

(4) 1f  = A1 

Note:  Where ( )f x  is correct, award A1 for solving ( ) 1f x = and obtaining 

4x = . 

EITHER 

( )3 1 4y x− = − A1 

OR 

y x c= +

3 4 1c c= +  = −  A1 

OR 

states the gradient of 1y x= −  is also 1 and verifies that (4, 3)  lies on the

line 1y x= −  A1 

THEN 

so 1y x= −  is the tangent to the curve at A (4, 3) AG 

Note:  Award a maximum of (M0)A0A1A1 to a candidate who does not attempt 

to find ( )f x .

continued… 
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Question 2 continued 

METHOD 2 

sets ( ) 1f x x= − to form ( )( )21 1 8 17x x x x− = − − + (M1) 

EITHER 

( )( ) ( )2 3 21 8 16 0 9 24 16 0x x x x x x− − + = − + − = A1 

attempts to solve a correct cubic equation (M1) 

( )( )
2

1 4 0 1,4x x x− − =  =

OR 

recognises that 1x   and forms ( )2 28 17 1 8 16 0x x x x− + = − + = A1 

attempts to solve a correct quadratic equation (M1) 

( )
2

4 0 4x x− =  =

THEN 

4x = is a double root R1 

so 1y x= − is the tangent to the curve at A (4, 3) AG 

Note:  Candidates using this method are not required to verify that 3y = . 

[4 marks] 

continued… 
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Question 2 continued 

(c) 

a positive cubic with an -x intercept ( )1x = , and a local maximum and local 

minimum in the first quadrant both positioned to the left of A A1 

Note:  As the local minimum and point A  are very close to each other, condone 
graphs that seem to show these points coinciding. 

For the point of tangency, accept labels such as A , ( )4,3  or the point

labelled from both axes. Coordinates are not required. 

a correct sketch of the tangent passing through A  and crossing the x-axis at the 

same point ( 1x = ) as the curve  A1 

Note:  Award A1A0 if both graphs cross the -x axis at distinctly different points. 

[2 marks] 

continued… 
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Question 2 continued 

(d) (i) EITHER 

( ) ( )( ) 2 2 22 2 2g x x r x a x ax a b = − − + − + + (M1)A1 

OR 

( ) ( ) ( ) ( )3 2 2 2 2 22 2g x x a r x a b ar x a b r= − + + + + − +

attempts to find ( )g x M1 

( ) ( )2 2 23 2 2 2g x x a r x a b ar = − + + + +

( )2 2 2 22 2 2 2x a r x ar x ax a b= − + + + − + + A1 

( )( )2 2 2 22 2x ax rx ar x ax a b= − − + + − + +

THEN 

( ) ( )( ) 2 2 22 2g x x r x a x ax a b = − − + − + + AG 

[2 marks] 

continued… 
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Question 2 continued 

(ii) METHOD 1

( ) ( )2g a b a r= − (A1) 

( ) 2g a b = (A1) 

attempts to substitute their ( )g a  and ( )g a  into ( ) ( )( )y g a g a x a− = − M1 

( ) ( )2 2y b a r b x a− − = −

EITHER 

( ) ( )2 2 2 y b x r y b x b r= − = − A1 

sets 0y =  so ( )2 0b x r− = M1 

0b x r  = OR 0b x r  = R1 

OR 

sets 0y = so ( ) ( )2 2b a r b x a− − = − M1 

0b  OR 0b   ( )a r x a− − = − R1 

x r= A1 

THEN 

so the tangent intersects the -x axis at the point R ( , 0)r  AG 

continued… 
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Question 2 continued 

METHOD 2 

( ) 2g a b = (A1) 

( ) ( )2g a b a r= − (A1) 

attempts to substitute their ( )g a and ( )g a  into ( )y g a x c= + and attempts to find c

M1 

2c b r= −

EITHER 

( ) ( )2 2 2 y b x r y b x b r= − = − A1 

sets 0y = so ( )2 0b x r− =  M1 

0b x r  = OR 0b x r  = R1 

OR 

sets 0y = so ( )2 0b x r− =  M1 

0b  OR 0b   0x r − =  R1 

x r= A1 

METHOD 3 

( ) 2g a b = (A1) 

the line through R ( , 0)r  parallel to the tangent at A  has equation 

( )2y b x r= − A1 

sets ( ) ( )2g x b x r= − to form ( ) ( )( )2 2 2 22b x r x r x ax a b− = − − + + M1 

2 2 2 22b x ax a b= − + + , ( )x r  A1 

( )
2

0x a− = A1 

since there is a double root ( x a= ), this parallel line through 

R ( , 0)r  is the required tangent at A  R1 

[6 marks] 

continued… 
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Question 2 continued 

(e) EITHER

2( ) ( )g a b b g a =  = (since 0b  ) R1 

Note:  Accept ( )b g a=  . 

OR 

( ) 2i ia b a b =  and ( ) 2g a b = R1 

THEN 

hence the complex roots can be expressed as i ( )a g a AG 

[1 mark] 

(f) (i) 4b = (seen anywhere) A1 

EITHER 

attempts to find the gradient of the tangent in terms of a and equates to 16  (M1) 

OR 

substitutes 2,r x a= − =  and 80y =  to form ( ) 2 2 280 ( 2) ( 2 16)a a a a= − − − + + (M1) 

OR 

substitutes 2,r x a= − =  and 80y =  into ( )16y x r= − (M1) 

THEN 

80
16 3

2
a

a
=  =

+

roots are 2−  (seen anywhere) and 3 4i A1A1 

Note: Award A1 for 2−  and A1 for 3 4i . Do not accept coordinates. 

[4 marks] 

(ii) ( )3, 4− A1 

Note: Accept “ 3x =  and 4y = − ”. 

Do not award A1FT for ( ), 4a − .

[1 mark] 

continued… 
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Question 2 continued 

(g) (i) ( ) ( )( ) 2 2 22 2g x x r x a x ax a b = − − + − + +

attempts to find M1 

( ) ( ) ( )( ) 2 2 2 2  6 2 4g x x a x r x a x r a = − + − + − = − −

sets ( ) 0g x = and correctly solves for x A1 

for example, obtaining ( )2 0x r x a− + − = leading to 3 2x a r= +

so 
1

(2 )
3

x a r= + AG 

Note:  Do not award A1 if the answer does not lead to the AG. 

[2 marks] 

(ii) point P  is 
2

3
of the horizontal distance (way) from point R  to point A A1 

Note:  Accept equivalent numerical statements or a clearly labelled diagram 
displaying the numerical relationship.  
Award A0 for non-numerical statements such as “ P  is between R  and A

, closer to A ”. 

[1 mark] 

continued… 

( )g x
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Question 2 continued 

(h) (i)
2( 1)( 2 5)y x x x= − − + (A1) 

a positive cubic with no stationary points and a non-stationary point of 

inflexion at 1x =  A1 

Note:  Graphs may appear approximately linear. Award this A1 if a change of 

concavity either side of 1x =  is apparent. 

Coordinates are not required and the -y intercept need not be indicated. 

[2 marks] 

(ii) ( , 0)r A1 

[1 mark] 

Total [28 marks] 
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1. (a) (i)

approximately symmetric about the x-axis graph of 
2 3y x= A1 

including cusp/sharp point at (0, 0) A1 

[2 marks] 

(ii) approximately symmetric about the x-axis graph of 
2 3 1y x= + with 

approximately correct gradient at axes intercepts A1 

some indication of position of intersections at 1, 1x y= − =   A1 

[2 marks] 

Note:  Final A1 can be awarded if intersections are in approximate correct place 
with respect to the axes shown. Award A1A1A1A0 if graphs ‘merge’ or 

‘cross’ or are discontinuous at x-axis but are otherwise correct. Award 

A1A0A0A0 if only one correct branch of both curves are seen. 

Note: If they sketch graphs on separate axes, award a maximum of 2 marks for 
the ‘best’ response seen. This is likely to be A1A1A0A0. 

continued… 
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Question 1 continued 

(b) (i) (0, 1) and (0, 1)− A1 

[1 mark] 

(ii) Any two from:

2 3y x=  has a cusp/sharp point, (the other does not)

graphs have different domains

2 3 1y x= + has points of inflexion, (the other does not) 

graphs have different x-axis intercepts (one goes through the origin, and the 

other does not) 

graphs have different y-axis intercepts A1 

Note:  Follow through from their sketch in part (a)(i). In accordance with marking 
rules, mark their first two responses and ignore any subsequent. 

[1 mark] 

continued… 
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Question 1 continued 

(c) Any two from:

as ,  x y→ →  

as x → , 
2 3y x b= + is approximated by 

2 3y x=  (or similar) 

they have x  intercepts at 3x b= −

they have y  intercepts at ( )y b=    

they all have the same range 

0y = (or x -axis) is a line of symmetry 

they all have the same line of symmetry ( )0y =

they have one x -axis intercept

they have two y -axis intercepts 

they have two points of inflexion

at x -axis intercepts, curve is vertical/infinite gradient

there is no cusp/sharp point at x -axis intercepts A1A1 

Note:  The last example is the only valid answer for things “not” present. Do not 
credit an answer of “they are all symmetrical” without some reference to 
the line of symmetry. 

Note:  Do not allow same/ similar shape or equivalent. 

Note: In accordance with marking rules, mark their first two responses and ignore 
any subsequent. 

[2 marks] 

continued… 
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Question 1 continued 

(d) (i) METHOD 1 

attempt to differentiate implicitly M1 

2d
2 3 1

d

y
y x

x
= + A1 

2d 3 1

d 2

y x

x y

+
=   OR  

3 2d
( )2 3 1

d

y
x x x

x
 + = + A1 

2

3

d 3 1

d 2

y x

x x x

+
= 

+
AG 

METHOD 2 

attempt to use chain rule 
3( )y x x=  + M1 

1
3 22

d 1
( ) ( ) (3 1)

d 2

y
x x x

x

−

=  + + A1A1 

Note:  Award A1 for 

1
3 2

1
( ) ( )

2
x x

−

 + , A1 for 
2(3 1)x + . 

2

3

d 3 1

d 2

y x

x x x

+
= 

+
AG 

[3 marks] 

(ii) EITHER

local minima/maxima occur when 
d

0
d

y

x
=

21 3 0x+ = has no (real) solutions (or equivalent) R1 

OR 

( )2 0x    
23 1 0x +  , so 

d
0

d

y

x
 R1 

THEN 

so, no local minima/maxima exist AG 

[1 mark] 

continued… 



Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ2 | Q1 | 28 marks

Apollo | Original source crop | 121

– 12 – M22/5/MATHX/HP3/ENG/TZ2/XX/M 

Question 1 continued 

(e) EITHER

attempt to use quotient rule to find 
2

2

d

d

y

x
M1 

( )

1
2 3 2 3 22

2 3

d 12 (1 3 )( ) (1 3 )

d 4( )

y x x x x x x x

x x x

−

+ − + + +
= 

+
A1A1 

Note:  Award A1 for correct 
312x x x+ and correct denominator, A1 for correct

1
2 3 22(1 3 )( ) (1 3 )x x x x

−

− + + + . 

Note: Future A marks may be awarded if the denominator is missing or incorrect. 

stating or using 
2

2

d
0

d

y

x
= (may be seen anywhere) (M1) 

1
3 2 3 2212 (1 3 )( ) (1 3 )x x x x x x x

−

+ = + + +

OR 

attempt to use product rule to find 
2

2

d

d

y

x
M1 

( ) ( )( ) ( )
3 12

2 2 3 32 2
2

d 1 1
3 1 3 1 3

d 2 2

y
x x x x x x x

x

− − 
= + − + + + + 

 
A1A1 

Note:  Award A1 for correct first term, A1 for correct second term. 

setting 
2

2

d
0

d

y

x
= (M1) 

continued… 
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Question 1 continued 

OR 

attempts implicit differentiation on 
2d

2 3 1
d

y
y x

x
= + M1 

2 2

2

d d
2 2 6

d d

y y
y x

x x

 
+ = 

 
A1 

recognizes that 
2

2

d
0

d

y

x
= (M1) 

d
3

d

y
x

x
= 

( ) ( )
2

3

3 1
3

2

x
x

x x

+
 = 

+
(A1) 

THEN 

3 2 212 ( ) (1 3 )x x x x+ = +

2 4 4 212 12 9 6 1x x x x+ = + +

4 23 6 1 0x x+ − = A1 

attempt to use quadratic formula or equivalent (M1) 

2 6 48

6
x

− 
=

( )
2 3 3

0
3

x x
−

  = ( )2, 3, 3p q r= = − = A1 

Note:  Accept any integer multiple of p, q and r (e.g. 4, 6− and 6). 

[7 marks] 

continued… 
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Question 1 continued 

(f) (i) attempt to find tangent line through ( )1, 1− − (M1) 

3
1 ( 1)

2
y x+ = − + OR 1.5 2.5y x= − − A1 

[2 marks] 

(ii) attempt to solve simultaneously with
2 3 2y x= + (M1) 

Note:  The M1 mark can be awarded for an unsupported correct answer in an 

incorrect format (e.g. (4.25, -8.875)). 

obtain 
17 71

,
4 8

 
− 

 
A1 

[2 marks] 

continued… 
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Question 1 continued 

(g) attempt to find equation of  QS (M1) 

( )
1 79

1.88095
1 42

y

x

−
= − = −

+
(A1) 

solve simultaneously with 
2 3 2y x= + (M1) 

127
0.28798

441
x

 
= = 

 
A1 

13175
1.4226

9261
y

 
= − = 

 
A1 

( )0.288, 1.42−

OR 

attempt to find vector equation of  QS (M1) 

21
4

79
8

1

1

x

y


−     
= +     

−     
(A1) 

21
1

4
x = − +

79
1

8
y = −

attempt to solve 

2 3
79 21

1 1 2
8 4
 

   
− = − + +   

   
(M1) 

0.2453 =

127
0.28798

441
x

 
= = 

 
A1 

13175
1.4226

9261
y

 
= − = 

 
A1 

( )0.288, 1.42−

[5 marks] 

[Total 28 marks] 
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Section A 

1. ( ) 2 12 exg x x +′ = (A2) 

substitute 1x = −  into their derivative (M1) 

( ) 22e1g′ −− = A1 

Note:  Award A0M0A0 in cases where candidate’s incorrect derivative is 
( ) 2 1exg x +′ = .

 [4 marks] 
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4. recognizing need to integrate (M1) 

2
6 d

1
x x

x
∫

+
  OR  2 1u x= +   OR  

d 2
d
u x
x
=

3 du
u
∫   OR  2

23 d
1
x x

x
∫

+
(A1) 

( )( ) ( )23ln 1  or  3lnx c u c= + + + A1 

correct substitution of 1 and  ( ) 5x f x= = or 1 and 2x u= =  into equation 

using their integrated expression (must involve c) (M1) 

5 3ln 2 c= +  

( ) ( ) ( )
2

2 2 13ln 1 5 3ln 2 3ln 1 5 ln8 3ln 5
2

xf x x x
  +

= + + − = + + − = +  
  

 (or equivalent) A1 

Note: Accept the use of the modulus sign in working and the final answer. 

[5 marks] 
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7. attempt at implicit differentiation, including use of the product rule (M1) 

EITHER

( )2 2 2d d2 2 2 8
d d
y yx y y x y y x
x x

 + + + = 
 

A1A1A1 

Note:  Award A1 for each of 2d2 2
d
yx y y
x

 + 
 

, ( )2 2 d2
d
yx y y
x

+  and 8x . 

OR 

2 242 4yx y x+ =

2 2 3d d2 2 4 8
d d
y yxy x y y x
x x
+ =+ A1A1A1 

Note:  Award A1 for each of 2 2 d2 2
d
yxy x y
x

+ , 3 d4
d
yy
x

 and 8x . 

THEN 

at a local maximum or minimum point, 
d 0
d
y
x
= (M1) 

22 8xy x=  

( )20 or 4 2x y y= = ⇒ = ± A1 

Note:  Award A0 for 0 or 2x y= =  

since 0 and 2 2x y> − < <  there are no solutions R1 

hence there are no local maximum or minimum points AG 

[7 marks] 
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9. (a)
2 2d 2

d
y y x
x xy

−
=

let y vx=

d d
d d
y vv x
x x

⇒ = + (A1) 

2 2 2

2
d 2
d

v x x
vx

vv x
x

−
⇒ =+ (M1) 

d
2d
v

vx
x

−
⇒ = (A1) 

d2dv v x
x

⇒ = −∫ ∫ M1 

( )
2

2ln
2
v x c⇒ = − + A1 

Note: Condone the absence of the modulus sign up to this point. 

2

2 2ln
2
y x c
x

⇒ = − +  A1 

attempt to substitute 1, 2x y= =  into their integrated expression to find c  M1 

2 2ln 1 2c c⇒ = − + ⇒ =

2

2 2ln 2
2
y x
x

⇒ = − +  

( ) ( )( )2 2 22 2ln 2 4 1 lny x x x x⇒ = − + = − A1 

[8 marks] 

continued… 
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Question 9 continued 

(b) attempt to set
d 0
d
y
x
=  in the differential equation (M1) 

2  and 2= = −y x y x or 2= ±m A1 

[2 marks] 

Total [10 marks] 
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Section B 

10. (a) 2 2cos 3sin 0− =x x

valid attempt to reduce equation to one involving one trigonometric function (M1) 

2

2

sin 1
cos 3

x
x
= OR   2 21 sin 3sin 0x x− − =    OR   ( )2 2cos 3 1 cos 0x x− − =

OR  cos 2 1 cos 2 0x x− + =  

correct equation  (A1) 

2 1tan
3

x =   OR  2 3cos
4

x =   OR  2 1sin
4

x =   OR  
1cos 2
2

x =

1tan
3

x = ±   OR  
3cos

2
x = ± OR  ( ) 1sin

2
x = ± OR  

π 5π2 ,
3 3

x  =  
 

 (A1) 

π
6

x = , 
5π
6

x = A1A1 

Note:  Award M1A1A0A1A0 for candidates who omit the ±  (for tan or cos) and 

give only 
π
6

x = . 

Award M1A1A0A0A0 for candidates who omit the ±  (for tan or cos) and 
give only 30x = ° . 

Award M1A1A1A1A0 for candidates who give both answers in degrees. 

Award M1A1A1A1A0 for candidates who give both correct answers in 
radians, but who include additional solutions outside the domain.  

Award a maximum of M1A0A0A1A1 for correct answers with no working. 

 [5 marks] 

continued… 
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2. (a) ( )0.708519...,0.639580...

( )0.709,0.640  ( 0.709, 0.640x y= = ) A1A1 

[2 marks] 

(b) 1.09885...

1.10x =  (accept ( )1.10,0 ) A1 

[1 mark] 

(c) METHOD 1

( )
2

0
f x dx∫ (A1) 

4.61117...  

area = 4.61 A2 

METHOD 2 

( )
2

1.09885...
f x dx−∫  OR ( )

2

1.09885...
f x dx∫  OR 4.17527… (A1) 

( ) ( )
1.09885... 2

0 1.09885...
f x dx f x dx−∫ ∫  OR 0.435901… + 4.17527… (A1) 

4.61117...  

area = 4.61 A1 

[3 marks] 

Total [6 marks] 
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8. EITHER

2d 10π π
d
V h h
h

 = − 
 

 (A1) 

Note: This A1 may be implied by the value d 76.5616...
d
V
h

=  . 

attempt to use chain rule to find a relationship between d
d
h
t

, d
d
V
t

and d
d
V
h

(M1) 

d d d 1 d
dd d d d
d

h h V V
Vt V t t
h

 
 
 = × = ×

  
    

 

OR 

attempt to differentiate 32 15π π
3

V h h= −  throughout with respect to t (M1) 

2d d d10π π
d d d
V h hh h
t t t

= − (A1) 

continued… 
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Question 8 continued 

THEN 

( )2 2d10π π
d
hh h
t

− =  OR 2
d 2
d 10π π
h
t h h

=
−

(A1) 

Note: Award this A1 if the correct expression is seen with their h already 
substituted. 

attempt to solve 2 31200 5π π
3

h h= − (M1) 

4.20648...h =  (A1) 

Note: This (M1)(A1) can be awarded independently of all previous marks, and may 

be implied by the value d 76.5616...
d
V
h

=

Ignore extra values of h  -3.24 and 14.0. 

d 0.0261227...
d
h
t

=

( )1d 0.0261 cms
d
h
t

−= A1 

[6 marks] 
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11. (a) attempt to use product rule (M1) 

( ) ( )( )2 2 2( ) 3e 2e 3 4 e 6 5x x xf x x x′ = + − = − A2 

Note: Award A1 for 2 out of 3 of 2 23e , 6 ex xx  and 28e x− seen or implied. 

[3 marks] 

(b) ( ) 1f x′ = (M1) 

0.86299...x =

0.863x = A1 

7.92719...y = −

7.93y = − A1 

( )0.863, 7.93−

[3 marks] 

(c) x -intercept is at ( )4 1.33
3

(A1) 

attempt to use formula for volume of revolution (M1) 

Note:  Award (M1) for an integral involving π and ( )2( )f x . Condone use of  2π  and
incorrect or absent limits. 

( )( )2

0

4
3 2

4π e 3 dx x x−∫ (A1) 

Note:  This (A1) can be awarded if the dx  is omitted. 

164.849...=  

165= A1 

[4 marks] 

continued… 
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Question 11 continued 

(d) (i) attempt to compose functions in the correct order (M1) 

( )( ) ( )0 (0) (1)f g f g f= =

7.38905...= −  

( )27.39 e= − = − A1 

(ii) attempt to use the chain rule (M1) 

( ) ( ) ( )( ) ( )0 0 0f g f g g′ ′ ′=

Note: For this (M1) to be awarded, multiplication of two derivatives should be seen 
or implied. 

( )( )2 1 2 7.38905...f ′= = ×  (A1) 

14.7781...=  

( )214.8 2e= = A1 

[5 marks] 

Total [15 marks] 
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1. (a) EITHER

( )( )2 1 1 1
2n
nS n= × + − × A1 

OR 

1 1u =  and either nu n=  or 1d =  stated explicitly A1 

OR 
1 2 ... n+ + +  (or equivalent) stated explicitly A1 

THEN 

( )1
2n
nS n= + AG 

Note:  Award A0 for a numerical verification. 

[1 mark] 

(b) (i) 14 A1 
[1 mark] 

(ii) 1 2 3    1a a a+ + =  A1 

1 2 32  4  8 5a a a+ + = A1 

1 2 33  9  27 14a a a+ + = A1 

Note:  For the third A mark, award A1FT for 1 2 33  9  27a a a p+ + =  where p  is 
their answer to part (b) (i). 

[3 marks] 
continued... 
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Question 1 continued 

(iii) 1
1   ( 0.166666... 0.167)
6

a = = ≈ , 2
1  ( 0.5)
2

a = = , 

3
1 ( 0.333333... 0.333)
3

a = = ≈ A2 

Note:  Award A1 if only two of 1 2 3, ,a a a  are correct. 

Only award FT if three linear equations, each in 1 2,a a  and 3a  are stated 
in part (b) (ii) or (iii). 
Award A2FT for their 1 2,a a  and 3a . 

Award A1FT for their 1 2,a a  and 3 0a = . 

[2 marks] 

(c) ( ) 2 11  2  3 ...  nf x x x nx −′ = + + + + A1 

Note:  Award A1 for ( ) 1

1

n
i

i
f x ix −

=

′ = ∑ .

( ) 2 3     2 3 ... nx f x x x x nx⇒ = + +′ + + AG 

[1 mark] 
continued... 
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Question 1 continued 

(d) (i) METHOD 1

( ) ( )2 1f x xf x′=

( ) ( )( )12 2 2 2 2
1

2 21  1 4 9 .( ) 1 2   3 .. ... n nxf x x x n x n xx − −′ = + + + + = + + + + A1 

Note:  Award A1 for 

( )( ) ( )( )( )12 2 2 2 2 21 2
1( ) 1 2   3 .  1 4 9 . ... . nnx xf x x x x n x x x n x− −′ = + + = + ++ + + +

. 

( ) ( ) ( )( )2 2 2 2 3 2 2 3 2
1' 1  2 3 ...  4 9 ... n nxf x x x x n x x x x n x= + + + + = + + + + A1 

Note:  Award A1 for 2 1
1

1
( )

n
i

i
f x i x −

=

′ =∑  and A1 for 2 1
1

1
( )

n
i

i
xf x x i x −

=

′ = ∑ . 

The second A1 is dependent on the first A1. 
Award a maximum of A0A1 if a general term is not considered. 

2

1

n
i

i
i x

=

=∑ AG 

METHOD 2 

( ) ( )( )2
d
d

f x x xf x
x

′=

( ) ( )( ) ( ) ( )( )2 x f x xf x xf x x f x′ ′′ ′ ′′= + = + A1 

( )1 2 2

1 1
1

n n
i i

i i
x ix x i i x− −

= =

= + −∑ ∑

( ) ( )2

1 1 1
1  

n n n
i i i

i i i
ix i i x i i i x

= = =

 
= + − = + − 

 
∑ ∑ ∑  A1 

2

1

n
i

i
i x

=

=∑ AG 

[2 marks] 
continued... 
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Question 1 continued 

(ii) consider 1q =

( ) 2
1 2 ... nf x x x nx= + + +  (reference to part (c)) and ( )1

1

n
i

i
f x ix

=

=∑ R1 

assume true for q k= , ( ( )
1

n
k i

k
i

f x i x
=

=∑ ) M1 

Note:  Do not award M1 for statements such as “let q k= ” or “ q k=  is true”. 
Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

consider 1q k= +  

( )1 ( )k kf x xf x+ ′= M1 

1 1

1

n
k i

i
x i x+ −

=

= ∑   OR  1 1 2 1 1(1 2 3 ... )k k k nx x x n x+ + + −+ + + +  A1 

Note:  Award the above M1 if ( ) 1 1

1
1

n

i
k

k if x i xx+
+ −

=

= ∑  or 1 1

1
( )

n
k

k
i

i
xx i xf x + −

=

′ = ∑  (or 

equivalent) is stated. 

1

1

n
k i

i
i x+

=

=∑  OR  1 2 1 3 12 3 ...k k k nx x x n x+ + ++ + + + A1 

since true for 1q =  and true for 1q k= +  if true for q k= , hence true for all 
( )q +∈  R1 

Note:  To obtain the final R1, three of the previous five marks must have been 
awarded. 

[6 marks] 

(iii) ( )1 1  2 3 ...  q q q q
qf n= + + + +

1 1

  1 
n n

i q

i

q

i

i i
= =

 
= 


=


∑ ∑ A1 

[1 mark] 
continued... 
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Question 1 continued 

(e) uses 
( )1 1

1

n

n

u r
S

r
−

=
−

 with r x=  and 1 1u =  M1 

clear indication there are ( )1n +  terms R1 

1 1( )
1

nxf x
x

+ −
=

−
AG 

[2 marks] 

(f) METHOD 1

1( ) ( )f x xf x′=

( )( ) ( )
( )

1  

2

1 1 1 1
 

1

n nx n x x
x

x

+− + − × −
=

−
M1A1 

Note:  Award M1 for attempting to use the quotient or the product rule to find 
( )f x′ . 

( ) ( )
( ) ( )

1   1

2 2

1 1 1  
1 1

n n n n nnx x n x x nx nx xx x
x x

+ + + − − − − − − +
 = =
 − − 

A1 

Note:  Award A1 for any correct manipulation of the derivative that leads to the 
AG. 

( )
( )

2 1

2

1   
1

n nnx n x x
x

+ +− + +
=

−
AG 

METHOD 2 

attempts to form ( ) ( )11x f x−
M1 

( ) ( ) ( )1 2 3
11 ...n nx f x nx x x x x+− = − + + + +

( )
1

1
1

1 1 1
1 1

n
n xf x nx

x x

+
+  −

= − −  − −  
A1 

( ) ( )1 1 2 1 1

1

11 1
1 1 1 1

n n n n nnx x x x nx nx x xf x
x x x x

+ + + + +   − − +  − − +
= =    − − − −   

 A1 

Note:  Award A1 for any correct manipulation of the derivative that leads to the 
AG. 
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( ) ( )
( )

2 1

1 2

1
1

n nnx n x x
f x

x

+ +− + +
=

−
AG 

[3 marks] 

(g) (i)
( )

11

1 1
lim ( 0)

0 0x

n n
f x

→

 
 = =


− +



+
R1 

Note:  Only award R1 for sufficient simplification of the numerator, for example, 
as shown above. 
Do not award R1 if 

1
lim
x→

 is not referred to or stated. 

[1 mark] 
continued... 
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Question 1 continued 

(ii) attempts to differentiate both the numerator and the denominator M1 

( ) ( )
( )

21

1

2   1   1
lim

2 1

n n

x

n n x n x
x

+

→

+ − + +
−

A1 

Note:  Award A1 for ( ) ( ) ( ) ( )
( )

1

1

2 1   1 1 
lim

2 1

n n n

x

n n x n n x n x
x

+

→

 + + − + +
 −

−



. This form 

can be used in subsequent work. 

(l’Hôpital’s rule applies again since) 
( ) ( )

( )

21

1

2   1   1 
l

0
m 0i

2 1

n n

x

n n x n x
x

+

→

+ − + +
=

−
R1 

Note:  Do not award R1 if 
1

lim
x→

 is not referred to or stated. 

Subsequent marks are independent of this R mark. 

attempts to differentiate both the numerator and the denominator M1 

( )( ) ( )2 1

1

2 1   1  
lim

2

n n

x

n n n x n n x −

→

+ + − +

( )( ) ( ) ( )2 3 2 3 23 2 22 1   1  
 

2 2
n n n n n nn n n n n  + + − + ++ + − +

 = =
 
 

( ) ( ) ( )( ) 21 2 1
 

2 2
n n n n n n+ + − +  +

= = 
 

A1 

( )1 1
2

n n= + AG 

[5 marks] 
Total [28 marks] 
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2. (a) EITHER
3 3

2

0 0

2 2 1 2 d  4 5 dA x x x x
 

= π + = π 
 

∫ ∫ (A1) 

( )( )232

0

2 2 5  2π 5  3 0x = =π −  A1 

OR 
2

2

0

2
22 1   2 

2
π 1

2

h
xA mm hmm

 
= 

  
+ = +    

π 





 (A1) 

( ) ( )
22

0

3
3 22 π 22 5  

2 2
5 x   

=   
 

= π 
  




 A1 

THEN 

18 5= π  AG 

[2 marks] 

(b) (i) r mh= A1 

[1 mark] 

(ii) 2 2l h r= + (M1) 

2 2 2 2  ( 1 )l h h m h m= + = +  A1 

[2 marks] 
continued... 
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Question 2 continued 

(iii) 2

0

2 1  d
h

A mx m x= π +∫ (A1) 

= 2 2

0

12 1
2

h

m m x π +   
(M1) 

Note:  Award (M1) for ( ) 2 2

0

11
2

h

c m m x π +   
. 

At least one of the above two lines needs to be seen. 

( )( )2 2 2 2 21h m m hm h h m= π + = π × + A1 

rl= π AG 

Note:  Award as above if 21l m
h
= + is used, for example.

[3 marks] 

(c) METHOD 1
attempts to use the chain rule (M1) 

Note:  Award (M1) for ( ) ( )
1

2 2 2d
d
y c x r x
x

−
= − .

( ) ( ) ( )
1 1

2 2 2 22 2d 1    2
d 2
y r x x x r x
x

− − 
 = = −


− −


− A1 

METHOD 2 

attempts implicit differentiation on 2 2 2y r x= −  (or equivalent) (M1) 

d
d
y x
x y
= − A1 

[2 marks] 
continued... 
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Question 2 continued 

(d) EITHER

attempts to substitute 2 2y r x= −  and their d
d
y
x

 into A  (M1) 

( )
21

2 2 2 2 22π 1 d
r

r

A r x x r x x
−

−

 
= − + − − 

 
∫

2
2 2

2 22π 1 d
r

r

xr x x
r x−

= − +
−∫ A1 

OR 

attempts to substitute y  and their d
d
y
x

 in terms of x  and y  into A  (M1) 

2

2π 1 d
r

r

xA y x
y−

 
= + − 

 
∫

2
2 2

22π 1 d  2π d
r r

r r

xy x x y x
y− −

 
= + = + 

 
∫ ∫ A1 

THEN 
attempts to perform valid algebraic simplification to form a definite integral in 
terms of r  only M1 

2π d
r

r

r x
−

= ∫

[ ] ( )( )( ) 2 2πr

r
r r rr x

−
=π − −= A1 

24 rπ= AG 

Note:  Award marks as above for ( )
21

2 2 2 2 2

0

4π 1 d
r

A r x x r x x
− 

= − + − − 
 

∫ . 

[4 marks] 
continued... 
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Question 2 continued 

(e) (i) EITHER
horizontal stretch A1 

factor 
1
k

A1 

OR 
horizontal compression  A1 

factor k  (invariant line -y axis) A1 

Note: Award A1A1 as above for correct alternative descriptions. 

For example, dilation by a factor of 1
k

 from the -y axis.

[2 marks] 

(ii)
r
k

± A1 

Note:  Award A0 for 
r
k

 only and A0 for 
r
k

− only.

[1 mark] 
continued... 
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Question 2 continued 

(iii) METHOD 1
attempts to use the chain rule (M1) 

( )( ) ( ) ( )( )
1 1

2 22 2 22 2

2 2 2

2
2d 1

d 2
2  y r kx k x r kx k xk x

x r k x

− −

= −
  −

× − =   − 
−


= −  A1 

METHOD 2 

attempts implicit differentiation on 2 2 2 2y r k x= −  (or equivalent) (M1) 
2d

d
y k x
x y
= −

2

2 2 2

d
d
y k x
x r k x

−
=

−
A1 

[2 marks] 
continued... 
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Question 2 continued 

(iv) EITHER

4 2
2 2 2

2 2 22π 1  d

r
k

r
k

k xA r k x x
r k x

−

= − +
−∫ (A1) 

Note:  Award (A1) for the correct substitution of y  and 
d
d
y
x

. 

attempts to simplify to find ( )p x , eg. forming a common denominator of 
2 2 2r k x−  and then cancelling 2 2 2r k x− (M1) 

OR 

22 4 2

22π 1  d  2π 1  d

r r
k k

r r
k k

k x k xA y x y x
y y

− −

 
   = + − = +   
   

 
∫ ∫ (A1) 

Note:  Award (A1) for the correct substitution of 
d
d
y
x

. 

attempts to simplify to find ( )p x , eg. forming a common denominator of 2y
and cancelling 2y  (M1) 

THEN 

( )42 2 2 4 2 2 222π d  2π d

r r
k k

r r
k k

r k kr k x k x x x x
− −

 
 = − + = 
 

+

 

−∫ ∫ A1A1 

Note: Award A1 for correct limits (seen anywhere) and A1 for ( )p x  correct.

The above A1 for correct limits is independent of the (M1). 

[4 marks] 
continued... 
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Question 2 continued 

(v) ( )6378 kmr = (A1) 

6378 21261.00330...
6357 2119

k  = = = 
 

(A1) 

attempts to form a definite integral for surface area (M1) 
2 46357

2 2 2

6357

6378 63782π 6378 d
6357 6357

x x x
−

   = − +   
   ∫  

510064226.3...=   

( )8 25.101 10 km= × A1 

Note:  Award A0A1FT(M1)A0 for using ( )6357 kmr =  and 0.996707...k =

leading to an answer of ( )8 25.089 10 km× .

[4 marks] 
Total [27 marks] 
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6. 21 πsin
2 3

A x=  OR 21 sin 60
2

A x=   OR triangle height  
2

2 3
2 2
xh x x

  = − =  
   

 (A1) 

21 3
2 2

x
 

=  
 

 OR 21 3 3
2 2 4

A x x x
   

= =   
   

A1 

Note: Award A1 for π 3sin
3 2
= . This may be seen at a later stage. 

attempt to use chain rule or implicit differentiation (M1) 

d d d
d d d
A A x
t x t
= ×

d 3 d2
d 4 d
A xx
t t
= ×  OR d 1 π dsin 2

d 2 3 d
A xx
t t
= × × (A1) 

2 3 5 3 4
4

= × ×  

2 1d 30(cm s )
d
A
t

−= A1 

Note:   Award a maximum of (A1)A1(M1)(A0)A1 for a correct answer with 
incorrect derivative notation seen throughout. 

[5 marks] 
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9. METHOD 1 (subtracting volumes)

radius of cylinder, R  is 
2

2

4
hr −  OR 

2
2 2

4
hR r= −  (seen anywhere) (A1) 

correct limits 0 and 
2
h  OR

2
h

−  and
2
h  (seen anywhere) (A1) 

EITHER 

volume of part sphere ( )2 2π dr y y= −∫
correct integration A1 

3
2

3
yr y −

attempt to substitute their limits into their integrated expression (M1) 
2 3

2 24
r h h

−

recognition that the volume of the ring is ( )2 2 2π d πr y y R h− −∫  where R r≠ (M1) 

( )
2

2 2 2π d π
4
hr y y r h

 
− − − 

 
∫  (or equivalent) 

correct equation (A1) 
2 3 3

2 π2π π π
2 24 4

r h h hr h
 

− − + = 
 

  OR  
3 3

1
4 12
h h

− =   (or equivalent)

OR 

recognition that the volume of the ring is ( )
2

2 2 2π d
4
hr y r y

  
− − −  

  
∫  (or equivalent) (M1) 

correct integration A1 
2 3

4 3
h yy −

attempt to substitute their limits into their integrated expression (M1) 
3 3

8 24
h h

−

correct equation (A1) 
3 3

2π π
8 24
h h 

− = 
 

  OR   
3 3

2 1
8 24
h h 

− = 
 

  (or equivalent) 

THEN 
3 6h = A1 

[7 marks] 
continued… 
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Question 9 continued 

METHOD 2 (volume of cylindrical hole) 

radius of cylinder, R  is 
2

2

4
hr −  OR 

2
2 2

4
hR r= −  (seen anywhere) (A1) 

correct limits 
2
h  and r  (seen anywhere) (A1) 

volume of part sphere ( )2 2π dr y y= −∫
correct integration A1 

3
2

3
yr y −

attempt to substitute their limits into their integrated expression (M1) 
3 2 32

3 2 24
r r h h
− +

recognition that the volume of the cylindrical hole is ( )2 2 2π d πr y y R h− +∫  where R r≠ (M1) 

( )
2

2 2 2 34π d π π π
4 3
hr y y r h r

   − + − = −   
  

∫ (or equivalent) 

correct equation (A1) 
3 2 3 3

2 32 π 42π π π π
3 2 24 4 3
r r h h hr h r

 
− + + − = − 

 
  OR  

3 3

1
12 4
h h

− = −   (or equivalent)

3 6h = A1 

[7 marks] 
continued… 
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Question 9 continued 

METHOD 3 (shells) 

radius of cylinder, R  is 
2

2

4
hr −  OR 

2
2 2

4
hR r= −  (seen anywhere) (A1) 

attempt to use shells method (M1) 
2 22π dx r x x−∫  

correct limits r and 
2

2

4
hr −  (seen anywhere) (A1) 

correct integration A1 

( )
3

2 2 21
3

r x− −

attempt to substitute their limits into their integrated expression (M1) 
3

2 2
2 21 0

3 4
hr r

 
   − − − −      

 

correct equation (A1) 
3

2 2
2 22π2 0 π

3 4
hr r

 
  −  × − − − =      

 

  OR  
32π2 π

3 8
h 

× = 
 

3 6h = A1 

[7 marks] 
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Section B 
10. (a) (i) recognition that 5n = (M1) 

5 45S = A1 

(ii) METHOD 1

recognition that 5 6 6S u S+ = (M1) 

6 15u = A1 

METHOD 2 

recognition that ( )1 6
660
2

S u= + (M1) 

( )660 3 5 u= +

6 15u = A1 

METHOD 3 

substituting their 1u  and d  values into ( )1 1u n d+ − (M1) 

6 15u = A1 

[4 marks] 

(b) recognition that 1 1u S= (may be seen in (a))  OR  substituting their 6u into 6S (M1) 

OR equations for 5S  and 6S  in terms of 1u  and d

1 4+   OR  ( )1
660 15
2

u= +  

1 5u = A1 

[2 marks] 

continued… 
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11. (a) AC CBL = +

3 3
34 4cos AC AC sec

AC cos 4
α α

α

        = ⇒ = ⇒ = 
 
 

 A1 

6 6sin CB CB 6cosec
CB sin

α α
α

 = ⇒ = ⇒ = 
 

 A1 

so 3 sec 6cosec
4

L α α= +  AG 

[2 marks] 

(b) (i) d 3 sec tan 6cosec cot
d 4

L α α α α
α
= −  A1 

(ii) attempt to write d
d

L
α

 in terms of sin ,cosα α  or tanα  (may be seen in (i)) (M1) 

2 2

3 sind 6cos4
d cos sin

L α α
α α α
= − OR

3

2

3 3tan tan 6d 64 4
d cos sin tan cos tan

L α α

α α α α α α

 − 
= − = 

 
 

3 3d 30 sin 6cos 0
d 4

L α α
α
= ⇒ − =  OR 33 tan 6 0

4
α − =  (or equivalent) (A1) 

3tan 8α =  A1 

tan 2α =  A1 

arctan 2α =  AG 

[5 marks] 

continued… 
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Question 11 continued 

(c) (i) attempt to use product rule (at least once) (M1) 
2

2
2

d 3 3sec tan tan sec sec
d 4 4

L α α α α α
α

= +  

26cosec cot cot 6cosec cosecα α α α α+ +  (or equivalent) A1A1 

Note:  Award A1 for 23 3sec tan tan sec sec
4 4

α α α α α+  and A1 for 

26cosec cot cot 6cosec cosecα α α α α+ + . Allow unsimplified correct
answer.

2
2 3 2 3

2
d 3 3sec tan sec 6cosec cot 6cosec
d 4 4

L α α α α α α
α

 
= + + + 

 
 

(ii) attempt to find a ratio other than tanα  using an appropriate trigonometric
identity OR a right triangle with at least two side lengths seen (M1) 

Note:  Award M0 for arctan 2α =  substituted into their 
2

2

d
d

L
α

 with no 

further progress. 

one correct ratio (A1) 

sec 5α =  OR 5cosec
2

α =  OR 1cot
2

α =  OR 
1cos
5

α =  OR 
2sin
5

α =

Note: M1A1 may be seen in part (d). 

( )( ) ( )
32

323 3 5 1 55 2 5 6 6
4 4 2 2 2

    + + +    
    

 (or equivalent) A2 

12 5 15 5 3 5 15 5
4 4 4 4

+ + +

Note: Award A1 for only two or three correct terms. 
Award a maximum of (M1)(A1)A1 on FT from c(i). 

2

2
d 45 5
d 4

L
α

= AG 

[7 marks] 

continued… 
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Question 11 continued 

 (d) (i)
2

2
d 0
d

L
α

>  OR concave up (or equivalent) R1 

(and d 0
d

L
α
= , when arctan 2α = , hence L is a minimum) 

(ii) ( ) ( )min
3 55 6
4 2

L
 

= +  
 

(A1) 

15 5
4

= A1 

[3 marks] 

(e) ( ) 15 9 15 511.25
4 4

= > (or equivalent comparative reasoning)  R1 

the pole cannot be carried (horizontally from the passageway into the room) A1 

Note: Do not award R0A1. 

[2 marks] 
Total [19 marks] 
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4. 2
0

d
2

c xA x
x

=
+∫

EITHER 

attempts to integrate by inspection or substitution using 2 2u x= +  or 2u x= (M1) 

Note: If candidate simply states 2 2u x= +  or 2u x= , but does not attempt to 
integrate, do not award the (M1) . 

Note: If candidate does not explicitly state the u-substitution, award the (M1) only 
for expressions of the form lnk u  or ( )ln 2k u + . 

2 2

2

1 ln
2

c

u
+

 
  

 OR  ( )
2

0

1 ln 2
2

c

u +  
  OR ( )2

0

1 ln 2
2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

OR 
attempts to integrate by inspection (M1) 

Note: Award the (M1) only for expressions of the form ( )2ln 2k x + .

( )2

0

1 ln 2
2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

THEN 

correctly substitutes their limits into their integrated expression (M1) 

( )( ) ( )21 ln 2 ln 2 ln3
2

c + − =  OR ( ) ( )21 1ln 2 ln 2 ln3
2 2

c + − =

continued… 
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Question 4 continued 

correctly applies at least one log law to their expression (M1) 

( )
21 2ln ln3

2 2
c +

= 
 

 OR  ( )2ln 2 ln 2 ln3c + − =   OR  
2 2ln ln9
2

c +
= 

 
 

OR  ( )2ln 2 ln 2 ln 9c + − =   OR  ( )
2 2ln ln3
2

c +
=  OR  ( )

2 2ln ln3
2

c +
=

Note: Condone the absence of ln3  up to this stage. 

2 2 9
2

c +
=   OR 

2 2 3
2

c +
=  A1 

2 16c =

4c =  A1 

Note: Award A0 for 4c = ±  as a final answer. 

Total [6 marks] 
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Section B 

10. (a) 2 29y x= −  OR 29y x= ± − A1 

(since 0y > ) 29y x⇒ = − AG 

[1 mark] 

(b) ( )22  2 9b y x= = −  or 3h x= + (A1) 

attempts to substitute their base expression and height expression into 1
2

A bh= (M1) 

29 ( 3)A x x= − +   (or equivalent) 
( ) 2

2 22 3 9
9 3 9

2
x x

x x x
 + −
 = = − + −
 
 

A1 

[3 marks] 

(c) METHOD 1

attempts to use the product rule to find d
d
A
x

(M1) 

attempts to use the chain rule to find 2d 9
d

x
x

− (M1) 

( ) ( )
1 2

2 2 22
2

d 1 39 3 9 ( 2 ) 9
d 2 9
A x xx x x x x
x x

−  +   = − + + − − = − −    
    − 

A1 

( )2 22 2

2 2 2

9 3d 9 3
d 9 9 9

x x xA x x x
x x x x

 − − +− +   = − =     − − − 
A1 

2

2

d 9 3 2
d 9
A x x
x x

− −
=

−
AG 

continued… 
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Question 10 continued 

METHOD 2 

d d d
d d d
A A y
x y x
= ×

attempts to find 
d
d
A
y

where ( )3A y x= +  and d
d
y
x

 where 2 29y x= − (M1) 

d d 3
d d
A xy x
y y
= + +  and

d
d
y x
x y
= −  (or equivalent) A1 

substitutes their 
d
d
A
y

 and their d
d
y
x

 into 
d d d
d d d
A A y
x y x
= × (M1) 

d 3
d
A y xy x
x x y

   = − + + −       
 (or equivalent) 

2 2

2

9 3
9

x x x
x

− − −
=

−
 (or equivalent) A1 

2

2

d 9 3 2
d 9
A x x
x x

− −
=

−
AG 

[4 marks] 

continued… 



Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ2 | Q10 | 14 marks

Apollo | Original source crop | 162

– 22 – M23/5/MATHX/HP1/ENG/TZ2/XX/M 

Question 10 continued 

(d) 
2

2

d 9 3 20 0
d 9
A x x
x x

 − −
= = 

− 
 (M1) 

attempts to solve 29 3 2 0x x− − =  (or equivalent) (M1) 

( )(2 3)( 3) 0x x− − + =   OR 
23 ( 3) 4( 2)(9)

2( 2)
x

± − − −
=

−
(or equivalent) (A1) 

3
2

x = A1 

Note: Award the above A1 if 3x = −  is also given. 

substitutes their value of x  into either 29y x= −  or 29y x= − − (M1) 

Note:  Do not award the above (M1) if 0x ≤ . 

239
2

y  = − −  
 

27 3 3 27, , 6.75
2 2 4

 
= − = − = − = −  

 
A1 

[6 marks] 

Total [14 marks] 
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12. (a) let t x= M1 
2 2  d dt x t t x= ⇒ =  (or equivalent) A1 

so cos  d 2 cos  dx x t t t=∫ ∫ A1 

attempts integration by parts (M1) 

2u t= , d cos  dv t t= , d 2 du t= , sinv t=

2 cos  d 2 sin 2 sin  dt t t t t t t= −∫ ∫ (A1) 

2 sin 2cost t t C= + +  A1 

substitution of t x=  cos  d 2 sin 2cosx x x x x C⇒ = + +∫ AG 

[6 marks] 

(b) 
( )( )2 2

1

2 1 1 π
4n

n
x +

+ −
= ( )2 22 1 π

4
n +

=  
 

A1 

[1 mark] 

continued… 
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Question 12 continued 

(c) area of nR  is 
1

cos  d
n

n

x

x

x x
+

∫ (M1) 

Note: Modulus may be seen at a later stage. 

( )

( )2 2

2 2

2 1 π
4

2 1 π
4

2 sin 2cos
n

n
x x x

+

−
 = +  A1 

Note: Condone C+  at this stage. 

attempts to substitute their limits into their integrated expression (M1) 

( ) ( ) ( ) ( ) ( ) ( )2 1 π 2 1 π 2 1 π 2 1 π 2 1 π 2 1 π
sin cos sin cos

2 2 2 2 2 2 2
n n n n n n+ + + − − − 

× + − × + =  

A1 

( ) ( ) ( ) ( )12 1 π 2 1 π
2 1 1

2 2
n nn n++ − 

= − − − 
 

( or equivalent ) A1 

( ) ( ) ( ) ( )2 1 π 2 1 π
2 1 1

2 2
n nn n+ −

= − + − A1 

( ) 4 π2 1
2

n n
= −

4 πn= A1 

Note: Award a maximum of (M1)A1M1A1A1A0A0 for only attempting to 

calculate 
1

cos  d
n

n

x

x

x x
+

∫ , and not applying the modulus. 

[7 marks] 

continued… 
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Question 12 continued 

(d) EITHER

attempts to find ( ) 1n nd R R+= − M1 

( ) ( )4 1 π 4 πd n n= + −

4π=   A1 

Note: Award M0 for consideration of special cases for example 3R  and 2R . 
Accept πd k= . 

which is a constant (common difference is 4π ) R1 

OR 

an arithmetic sequence is of the form ( )1 n nu dn c u dn u d= + = + − M1 

attempts to compare ( )1 n nu dn c u dn u d= + = + −  and 4 πnR n= M1 

4πd =  and ( )10 0c u d= − = A1 

Note: Accept πd k= . 

THEN 
so the areas of the regions form an arithmetic sequence AG 

[3 marks] 

Total [17 marks] 
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12. 

Note: Penalise only once for an answer not given to six significant figures in parts 

(a), c(ii) and (d)(ii). 

(a) attempt to use Euler’s method (M1) 

2

1 12

0 3
0.03 , 3 0.03

1 0 1

n n n
n n

n

x y y
y y y

x
+

 − − 
= + = +   

+ +  

1 2.91y = (A1) 

at least one correct further intermediate value given to at least 3 significant figures (A1) 

0y 3

1y 2.91

2y 2.82285...

3y 2.73877...

4y 2.65793...

5y 2.58046...

( ) 50.15 2.58046160...y y =

2.58046= A1 

Note:  Award final A1 for the correct answer seen as the last line in a table. 

If the table goes beyond this value and the correct answer is not explicitly 

identified award maximum (M1)(A1)(A1)A0 

[4 marks] 

continued… 
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Question 12 continued 

(b) (i)
d

3
d

y

x
= − A1 

(ii) METHOD 1

attempt to use quotient (or product) rule on

( ) ( )( )
2

1
2 2

2

d
1

d 1

y x y y
x x y y

x x

−−
= = + −

+
(M1) 

attempt to use product rule and implicit differentiation on 
2x y (M1) 

( ) ( )2 2d d d
2

d d d

y y
x y y x x y

x x x
− = + −  (seen anywhere) A1 

3=   (when 
d

0, 3, 3
d

y
x y

x
= = = − ) 

( ) ( ) ( )( )

( )

2 2 2

2

22 2

d d
1 2 2

d d d

d 1

y y
x x x y x y y x

y x x

x x

 
+ + − − − 

 =
+

OR ( ) ( ) ( ) ( )
2

1 2
2 2 2 2

2

d d d
1 2 2 1

d d d

y y y
x x x y x x x y y

x x x

− − 
= + + − − + − 

 
A1 

2

2

d
3

d

y

x
=   (when 

d
0, 3, 3

d

y
x y

x
= = = − ) AG 

METHOD 2 

( )2 2d
1

d

y
x x y y

x
+ = − A1 

attempt to use product rule and implicit differentiation (M1) 

( ) ( )
2

2 2

2

d d d d
2 1 2

d d d d

y y y y
x x x x y

x x x x
+ + = + − A1A1 

Note: Award A1 for LHS and A1 for RHS 

2

2

d
3

d

y

x
=   (when 

d
0, 3, 3

d

y
x y

x
= = = − ) AG 

[5 marks] 

continued… 
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Question 12 continued 

(c) (i) ( ) ( )
2 3

2 33 3
3 3 3 9 ... 3 3 ...

2! 3! 2 2

x x
x x x x

 
− + + + = − + + + 

 
A1A1 

Note:  Award A1 for first three terms, A1 for fourth term 

(ii) ( )0.15 2.58881125...y =

2.58881=  A1 

[3 marks] 

continued… 
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Question 12 continued 

(d) (i) EITHER 

attempt to separate variables M1 

2

2

1 1
d d

1

x
y x

y x

−
=

+     OR 
2

1 2
d 1 d

1
y x

y x

 
= − 

+ 
 

ln 2arctany x x c= − + A1A1 

Note:  Award A1 for ln y  or ln y , A1 for 2arctanx x− .  

Condone missing c+  at this stage. 

OR 

attempt to use integrating factor M1 

2

d 2
1 0

d 1

y
y

x x

 
− − = 

+ 

IF 
2

2
1 d

2arctan1e e
x

x xx

 
− −  − ++ 

= =
A1 

2arctan 2arctan

2

d 2
e e 1 0

d 1

x x x xy
y

x x

− + − +  
− − = 

+ 

2arctane x x y A− + = A1 

THEN 

ln 2arctany x x c= − +  OR 
2arctanex xy A −=

attempt to find c  or A  using 0, 3x y= = (M1) 

ln3 0 2arctan 0 c= − +  OR 
0 2arctan 03 eA −=

ln3c =  OR 3A =    (A1) 

Note:  This A1 should not be awarded if a correct value of c  or A  is preceded by 

incorrect working. 

( )2arctan ln3 2arctane =3ex x x xy − + −= A1 

continued… 
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Question 12 continued 

(ii) ( )0.15 2.58786288...y =

2.58786=  A1 

[7 marks] 

(e) the graph of ( )y f x=  is concave up OR 
2

2

d
0

d

y

x
 (for 0 1x  ) A1 

Note: Allow positive curvature, opening upwards, increasing first derivative. 

hence tangents used (in Euler’s method) give an underestimate, 

so the approximate value for y when 1.5x =  is less than the actual value. R1 

[2 marks] 

Note: R1 is dependent on A1, as well as reference to tangents, in words or on a 

diagram. 

Total [21 marks] 
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5. (a) recognize that acceleration is zero when ( ) 0v t′ =   OR at a local maximum on the
graph of v (M1) 

1 0.394791...t =  

1
50.395 arctan

12
t   = =     

 (seconds) A1 

[2 marks] 

(b) recognition that 0v = (M1) 

sketch OR 4.71238...t =  OR 10.9955...t =

2 10.9955...t =

2
7π11.0
2

t  = = 
 

A1 

[2 marks] 

(c) 
2

1

 d
t

t

v t∫  OR 
10.9955...

0.394791...

 dv t∫   OR  ( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t+ = +∫ ∫

OR  ( )( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t− = − −∫ ∫ (A1) 

distance = 7.83118… 

= 7.83 (m) A1 

[2 marks] 
Total [6 marks] 
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7. attempts to express x  in terms of tan y (M1) 

tan 2x y= + (A1) 

let V  be the volume of the solid

correctly uses 2π d
b

a

V x y= ∫ (M1) 

Note: Award M0 for ( )2arctan( 2)
b

a

V x dy= π −∫

( ) ( )
π

1.0472...3
2 2

0 0

π tan 2 d π tan 2 dV y y y y
 

= + = + 
 

∫ ∫ (A1) 

24.0213...=  

24.0=  ( )( )π 4ln 2 π 3= + + A1 

Note: GDC in degrees gives13.3 

[5 marks] 
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12. (a) attempts to use ( )1 0 0 0,y y h f x y= + × (M1) 

( )22

1
1 3 2

2 0.1
2

y
+

= + ×

2.65=  A1 

Note: Award (M1)A0 for 2.35. 

[2 marks] 

(b) let y vx= M1 

d d
d d
y vv x
x x
= + (A1) 

2 2 2

2
d 3
d
v x v xv x
x vx

+
+ = (M1) 

2d 1 2
d
v vx
x v

+
= A1 

attempt to separate variables x and v M1 

2
1d d

2 1
v v x

v x
=

+∫ ∫  

( )21 ln 2 1 ln
4

v x C+ = + A1 

Note: Condone the absence of C  to this stage. 

continued… 
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Question 12 continued 

EITHER 
2

2
1 2ln 1 ln
4

y x C
x

 
+ = + 

 

when 1x = , 12 ln9
4

y C= ⇒ = M1 

Note: Award M1 for attempting to find their value of C . 

2

2
1 2 1ln 1 ln ln9
4 4

y x
x

 
+ = + 

 
1

2 4

2
2 1 3y x
x

 
+ = 

 
 

OR 

( )
2

4
2
2ln ln ln

1
y x C

x
 

= + + 
2

4
2

2 1y C x
x

+ =

when 1x = , 2 9y C= ⇒ =  M1 

THEN 
2

4
2

2 1 9y x
x

+ = A1 

49 1
2

xy x −
= AG 

[8 marks] 
continued… 
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Question 12 continued 

(c) 2.71422...y =

2.71y = A1 

[1 mark] 

(d) EITHER

the graph of
49 1
2

xy x −
=  is concave up (for 1 1.1x≤ ≤ ) A1 

OR
2

2
d 0
d

y
x

> (for 1 1.1x≤ ≤ ) A1 

Note: Allow positive curvature, opening upwards, increasing first derivative. 

THEN 
hence the tangent drawn using Euler’s method gives an underestimate of the true 
value, so the value of y  when 1.1x =  is greater than the approximate value 
found in part (a) R1 

Note: Only award R1 if there is reference to tangent (in words or in a diagram). 

[2 marks] 
continued… 
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Question 12 continued 

(e) EITHER

Note: Award the first A mark for a correct graph seen in part (d). 

correct graph of d
d
y
x

A1 

OR 

correct graph of 
2

2
d
d

y
x

A1 

THEN 
0.655996...x =  

0.656 x =  A1 
[2 marks] 
continued… 
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Question 12 continued 

(f) 
2

2
d 0
d

y
x

=  (seen anywhere) (A1) 

Note: Award (A1) for equivalent answers (seen anywhere) such as 
4 2 2 4

2 3
6 0x x y y

x y
− + +

=  or 4 2 2 46 0x x y y− + + = . 

EITHER 

divides ( )4 2 2 46 0x x y y− + + =  through by 4y (M1) 

( )
4 2

4 2 6 0x x
y y

− + + =

( )4 2
1 1 6 0ym

x m m
= ⇒ − + + = (M1) 

( )4 26 1 0m m+ − =

( )( )2 23 1 2 1 0m m− + = A1 

21 1 
23

m m = ± = − 
 

 

OR 

divides ( )4 2 2 46 0x x y y− + + =  through by 2 2x y (M1) 

( )
2 2

2 21 6 0x y
y x

− + + =

( )2
2

1 1 6 0ym m
x m

= ⇒ − + + = (M1) 

( )4 26 1 0m m+ − =

( )( )2 23 1 2 1 0m m− + = A1 

21 1 
23

m m = ± = − 
 

 

continued… 
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Question 12 continued 

OR 

attempts to factorize ( )4 2 2 46 0x x y y− + + = (M1) 

( )( )( )2 2 2 23 2 0x y x y− − + = A1 

attempts to solve their factorized equation (M1) 

2 21 1 
23

y x y x ⇒ = ± = − 
 

 

THEN 

1
3

y x=  (and so 1
3

m = ) A1 

 as 0, 0x y> >  (or equivalent reasoning/justification) R1 

Note: Award R1 for 1
3

y x=  (and so 1
3

m = ) as 1
3

y x≠ −  and 2 22 0x y+ =  

for 0x =  and 0y =  only. 

[6 marks] 
Total [21 marks] 
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1. (a)

A1 for ( )1, 0.368  or 
11,
e

 
 
 

 labelled at local maximum (accept correct coordinates 

written away from the graph) 
A1 for graph clearly starting at, or passing through,the origin 
A1 for correct domain  
A1 for correct shape i.e.: single maximum, and asymptotic behaviour (equation not 
required) (or point of inflexion) 

[4 marks] 

continued… 
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Question 1 continued 

(b) 
0

e d−∫
b xx x (A1) 

Note:  Award (A1) for correct integrand and limits (which can be seen later in the 
question) 

Use of integration by parts 

0 0
e e d− − = − +  ∫

bbx xx x A1A1 

Note: Award A1 for each part (including the correct sign with each) 

0 0
e e− −   = − −   

b bx xx A1 

Note:  Award A1 for correct second term. 
Condone absence of limits to this point 

attempt to substitute limits M1 

e e 1− −= − − +b bb  A1 

e 1
e
− −

=
b

b
b

AG 

[6 marks] 

(c) (i) 
e 1 e 1lim lim

e e→∞ →∞

− − −
=

b b

b bb b

b
A1 

Note: Award A1 for correct quotient. Condone absence of limit. 

elim 1
e→∞

 
= = 
 

b

bb
A1 

[2 marks] 

(ii) ( )0
e d 1

∞ − =∫ xx x  A1 

[1 mark] 

continued… 
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Question 1 continued 

(d) (i) correct integral (M1) 

Note: Award M1 for correct integrand with limits from 0 to a larger number. 

24 A1 
[2 marks] 

(ii) 120 A1 

Note:  The M1 can be awarded if either part (d)(i) or part (d)(ii) is correct. 

[1 mark] 

(e) !=nA n A1 

[1 mark] 
continued… 
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Question 1 continued 

(f) 

Note:  Accept starting at 0n = , throughout this proof. 

1=n  

1 1=A  and 1! 1=  M1A1 

Note:  Award M1 for considering the case where 1n = , and A1 if it is clear that 
both 1 1=A  and 1! 1=  have been considered. 

so true for 1=n  

assume true for =n k , (
0

e d !
∞ −= =∫ k x

kA x x k ) M1 

Note:  Award M0 for statements such as “let =n k ”. 

Note:  Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

when 1= +n k  

attempt to integrate by parts M1 

Note:  To obtain the M1, a minimum of an expression +/- an integral must be 
seen. 

1 1

00 0
e d e ( 1) e d

∞ ∞∞+ − + − − = − + + ∫ ∫k x k x k xx x x k x x A1 

0
( 1) e dk xk x x

∞ −+ ∫ simplified to ( 1) !k k+  seen A1 

0 ( 1) != + +k k  

Note:  Condone omission of the zero. 

( 1)!= +k  A1 

Hence if true for =n k  then also true for 1= +n k . As true for 1=n  so true for 
+∈n  . R1 

Note:  Award the final R1 mark provided at least four of the previous marks are 
gained. 

[8 marks] 
Total [25 marks] 
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2. (a) 2 112= −x x (M1) 

1 1( ) (12 )= −f x x x A1 

[2 marks] 

(b) (i) 1( ) 6=x  A1 

Note:  Award the A1 if 6 seen in part (ii). 

[1 mark] 

(ii) (6)f    OR  26   OR  graph with maximum at (6, 36) M1 

36= AG 

[1 mark] 

(c) 
2

2
12(12) 36
2

 = = 
 

M  which is the maximum product (from (b)(ii)) A1 

Note:  Both the 36 AND a link to part (b), which may be simply seeing the word 
“maximum” must be seen to award the A1. 

[1 mark] 
continued… 
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Question 2 continued 

(d) (i) let all ix be labelled as x (or x1 or xn etc.) (M1) 

Note:  Do not accept use of a specific number for x or n . 

1

( ) =n nx x  and =
nx x
n

A1 

[2 marks] 

(ii) 1 2 ...+ + + =nx x x S (A1) 

1

1 2( ... )× × × ≤n
n

Sx x x
n

M1 

Note:  Award M1 for use of the inequality, which may be seen as an equality. 

1 2 ...  × × × ≤  
 

n

n
Sx x x
n

  (as both sides are positive) M1 

LHS and RHS are equal when all values of ix  are equal (to 
S
n

) R1 

( )  =  
 

n

n
SM S
n

AG 

[4 marks] 

(e) (i) 3
3(12) 4 64= =M  A1 

[1 mark] 

(ii) 4
4 (12) 3 81= =M  A1 

[1 mark] 

(iii) 5
5(12) 2.4 79.6= =M  ( )79.6262... A1 

[1 mark] 
continued… 
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Question 2 continued 

(f) considering (12)nM  for higher values of n 

(12) 81=P A1 

4=n
A1

Note:  Award A0A0 for (12) 82.6=P  and 4.41=n . 

[2 marks] 

(g) Consideration of graph or table of 
20 

 
 

n

n
 including values either side of 7 (M1) 

Maximum occurs when 7=n A1 

(20) =P  
720 1550 (1554.260...)

7
  = 
 

A1 

Note:  Award (M1)A0A1 for 7.36=n  and (20) 1570=P . 

[3 marks] 
continued… 
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Question 2 continued 

(h) EITHER

( )ln( ( )) ln( ) ln= −g x x S x M1 

attempt to use implicit differentiation and product rule M1M1 

( ) 1ln ln
( )
′

= − −
g x S x x
g x x

A1 

OR 
attempt to use implicit differentiation, product rule and chain rule M1M1M1 

2
( ) ln
( )
′ − = + × 

 
g x S x Sx
g x x S x

A1 

OR 

attempt to make equation explicit to ( )
ln

e
Sx
xg x

 
 
 = M1 

attempt to use product rule and chain rule M1M1 

( ) ( )
ln

2e ln
Sx
x x Sg x x Sx

S x

 
  −    ′ = × × − +     

ln
e ln 1

Sx
x S

x

 
 
    = −    

A1 

THEN 

( ) ln 1 ( ) ′ = − 
 

Sg x g x
x

 

( ) 0≠g x

( ) 0 ln 1 0′ = ⇒ − =
Sg x
x

 M1 

(0.368 , 0.36789... )
e

=
Sx S S  A1 

[6 marks] 
continued… 
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Question 2 continued 

(i) ( )ln ( ) ln  =  
 

Sg x x
x

( )ln ( ) ln  ⇒ =  
 

xSg x
x

M1 

( )
xSg x

x
 =  
 

A1 

( )xM S=  for x +∈ AG 

[2 marks] 

(j) 
100 36.8

e
= M1 

36
15100 9.3996... 10

36
  = × 
 

  AND  
37

15100 9.47406... 10
37

  = × 
 

R1 

largest possible product is 15 159.47 10 (9.47406... 10 )× ×  A1 

Note:  Award A1 independently of the R1 (but not independently of the M1). 

[3 marks] 
Total [30 marks] 
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1. (a)

clearly labelled graphs of 2logy x=  and 10logy x=  with correct domain, 
asymptotic behaviour and concavity evident A1 
correct relative positions of the two log graphs both above and below the -x axis A1 

( )1,0  indicated (coordinates not required) A1 

correct graph of y x=  A1 

[4 marks] 
continued… 
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Question 1 continued 

(b) ( )d ln
d

x x
x

−

11
x

= − A1 

attempts to solve their d 0
d

=
y
x

 for x (M1) 

11 0 1− = ⇒ =x
x

(when 1x = ,) ln 1x x− =  A1 

EITHER 

d 11
dx x

 − 
 

2

1
x

=   A1 

2
1 0>
x

 (when 1x = ) R1 

hence ln−x x  has a minimum value of 1 

Note:  Award R1 for either ‘1 0> ’ or a graph of 2

1 0y
x

= >  or ‘the graph of lny x x= −  is 

concave-up’. Do not award R1 if the second derivative is incorrect. 

continued… 
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Question 1 continued 

OR 

for ( )0 1x< < , 11 0− <
x

R1 

for 1x > , 11 0− >
x

R1 

hence ln−x x  has a minimum value of 1 

Note:  Award R1R1 for either a clearly labelled sign diagram/table (accept correct 

numerical values) or the graph of 11y
x

= −  with sign change in gradient indicated. 

Note:  Award a maximum of A0(M1)A1A0R1 or A0(M1)A1R0R1 if no symbolic 
derivatives are seen. 

[5 marks] 
(c) 

EITHER 

ln 1x x− ≥  ( )+∈x  R1 

OR 

ln 0x x− >  ( )+∈x  R1 

THEN 
so ln>x x AG 

[1 mark] 

continued… 
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Question 1 continued 

(d) 

Interval Number of intersection points 

0 1< <a  1p =  

1 1.4< <a 2q =  

1.5 2< <a 0r =  

A1A2A1 

Note:  Award A1 for 1p = , A2 for 2q =  and A1 for 0r = . 

[4 marks] 

(e) METHOD 1
EITHER

logay x=

d 1
d ln
y
x x a
= (A1) 

attempts to solve 1 1
ln

=
x a

 for x (M1) 

OR 

logay x x= −

d 11
d ln

= −
y
x x a

(A1) 

attempts to solve 11 0
lnx a

− =  for x (M1) 

continued… 
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Question 1 continued 

THEN 

1
ln

=x
a

OR ln 1x a =  OR 1ln a
x

=  OR ln 1xa =  OR 1 1
lnxa a

=  A1 

at 1
ln

=x
a

, log =a x x

attempts to solve ln 1
ln ln

x
a a
=  OR ln 1x =  OR 

1

e
x

x x
 

= 
 

 for x (M1) 

ex =  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

attempts to solve 1 e
ln

=
a

 OR log e ea =  for a  analytically (M1) 

1ln
e

=a  OR e ea =  

1
ee=a A1 

continued… 
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Question 1 continued 

METHOD 2 
EITHER 

logay x=

d 1
d ln
y
x x a
= (A1) 

attempts to solve 1 1
ln

=
x a

 for x (M1) 

OR 

logay x x= −

d 11
d ln

= −
y
x x a

(A1) 

attempts to solve 11 0
lnx a

− =  for x (M1) 

THEN 

1
ln

=x
a

OR ln 1x a =  OR 1ln a
x

=  OR ln 1xa =  OR 1 1
lnxa a

=  A1 

at 1
ln

=x
a

, log =a x x

attempts to solve 
1 1log

ln ln
  = 
 

a a a
 for a (M1) 

EITHER 

1ln
1 1ln ln 1

ln ln ln

 
     = ⇒ = 

 
a

a a a
 

OR 

for example, writes 
1 1log

ln ln
 
 
  =

a a aa a  and then attempts to apply appropriate 

index/log laws to both sides: 
logln
log e

= a

a

aa  and so 1 log e
ln

= aa
1

log eln e= =aaa a  

continued… 
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Question 1 continued 

THEN 

attempts to solve 1 e
ln

=
a

 OR log e ea =  for a  analytically (M1) 

1ln
e

=a  OR e ea =  

1
ee=a A1 

1
e

1 1
1

ln e e

= =x  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

continued… 
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Question 1 continued 

METHOD 3 

logay x=

d 1
d ln
y
x x a
= (A1) 

(equation of the tangent at ( )1 1,x y  is) ( ) 1
1

1

ln1
ln ln

xy x x
x a a

= − +  (or equivalent) A1 

compares this equation with y x=  and attempts to form at least one of the following M1 

1

1 1
lnx a

=  OR 1ln 1 0
ln
x

a
−

=  

attempts to solve 
1

1 1
lnx a

=  OR 1ln 1 0
ln
x

a
−

=  for 1x  (M1) 

1 ex =  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

attempts to solve 1 1
e ln a

=  (or equivalent) for a  analytically (M1) 

1ln
e

=a  OR e ea =  

1
ee=a A1 

[8 marks] 
continued… 
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Question 1 continued 

(f) (i)
1
e1 ea< < A1 

Note:  Award A0 for 
1
eea < . 

[1 mark] 

(ii) 
1
eea > A1 

Note:  Only award FT for 1.4 1.5a< < .  If the value of a  is not exact, e.g. 1.44, award at 
most A0A1 in part (f) for a consistent approximate endpoint value. 
If a value of a  is not found in part (e), award at most A0A1 in part (f) for a 
consistent approximate endpoint value provided that 1.4 1.5a< < . 

[1 mark] 
Total [24 marks] 
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8. (a) METHOD 1
attempt to integrate by parts (M1) 

( )2ln=u x  , d d=v x x (M1) 

( ) ( )22
2 ln

ln  d ln  d
2

= −∫ ∫
x x

x x x x x x A1 

attempt to integrate lnx x  by parts, with ln=u x (M1) 
2 lnln  d  d
2 2

 
= − 
 

∫ ∫
x x xx x x x A1 

( )2ln  d∫ x x x ( )22 2ln ln  d
2 2 2

 
= − − 

 
∫

x x x x x x

( ) ( )
22 2 2ln ln

2 2 4
= − + +

x x x x x c A1 

[6 marks] 

METHOD 2 ( knowing ln  d ln= −∫ x x x x x )

attempt to integrate by parts (M1) 

ln=u x x  , d ln d=v x x (M1) 

( ) ( ) ( )( )ln ln  d ln ln ln 1 ln d= − − + −∫ ∫x x x x x x x x x x x x x x A1 

( ) ( )2ln ln ln d d= − − +∫ ∫x x x x x x x x x x A1 

( )
2

2 ln ln
2

= − + +
xI x x x x x c M1 

( ) ( )
22 2 2ln ln

2 2 4
= − + +

x x x x xI c A1 

[6 marks] 

continued… 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q8 | 9 marks

Apollo | Original source crop | 198

– 15 – 8823 – 7106M 

Question 8 continued 

METHOD 3 ( knowing ln  d∫ x x x )

ln  d =∫ x x x ( )2 2ln
2 4

−
x x x

attempt to integrate by parts (M1) 

ln=u x  , d ln d=v x x x (M1) 

( ) ( ) ( )2 22 2ln ln1ln ln  d ln d
2 4 2 4

   
= − − −   

   
∫ ∫

x x x xx xx x x x x x
x

 A1 

( ) ( )2 2ln ln
ln d

2 4 2 4
   

= − − −   
  
∫

x x x xx xx x  A1 

( )2 2 2 2 2ln lnln
2 4 4 8 8

 
= − − + + 

 

x x x x x x xx A1 

( ) ( )
22 2 2ln ln

2 2 4
= − + +

x x x x x c A1 

[6 marks] 

(b) attempt to substitute limits into their integrated expression (M1) 

( ) ( )( )
422 2 2

2

1

ln ln 18 ln 4 8ln 4 4
2 2 4 4

   − + = − + −   
   

x x x x x

attempt to replace any ln 4  term with 2ln 2 (M1) 

( ) ( )2 18 2ln 2 8 2ln 2 4
4

= − + − A1 

( ) 2 1532 ln 2 16ln 2
4

= − + AG 

[3 marks] 
Total [9 marks] 
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9. (a) ( ) ( )
( )

2

2

sin −
− =

−

kx
f x

x
M1 

( )( )
( )

2

2

sin−
=

−

kx

x
A1 

( ) ( )( )
2

2

sin
= =

kx
f x

x

hence ( )f x   is even AG 

[2 marks] 

continued… 
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9. (a) ( ) ( )
( )

2

2

sin −
− =

−

kx
f x

x
M1 

( )( )
( )

2

2

sin−
=

−

kx

x
A1 

( ) ( )( )
2

2

sin
= =

kx
f x

x

hence ( )f x   is even AG 

[2 marks] 

continued… 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q9 | 8 marks

Apollo | Original source crop | 201

– 17 – 8823 – 7106M 

Question 9 continued 

(b) METHOD 1

Noting that ( )( )
0

0lim
0→

=
x

f x (M1) 

attempt to differentiate numerator and denominator: M1 

( )( )
0 0

2 sin coslim lim
2→ →

 =  
 x x

k kx kxf x
x 0

sin 2lim
2→

  =     x

k kx
x

A1 

(evaluates to 0
0

) and attempts to differentiate a second time: M1 

( )2 2 2

0

2 cos sin
lim

2→

 −
 =
 
 

x

k kx kx 2

0

2 cos2lim
2→

  
=  

  x

k kx 2= k  A1 

( )2 16 4= ⇒ =k k A1 

Note: Award relevant marks, even if ‘
0

lim
x→

’ is not explicitly seen. 

METHOD 2  

attempt to express ( )sin kx  as a Maclaurin series M1 

( ) ( )sin ...= +kx kx

( ) ( )2 2 2sin ...= +kx k x A1 

( ) ( )2 2 2

2 20 0

sin ...
lim lim
→ →

   +
=   

   x x

kx k x
x x

M1 

( )2

0
lim termsin
→

= +
x

k x R1 

Note: This R1 is awarded independently of any other marks. 

 2= k   A1 

( )2 16 4= ⇒ =k k A1 

Note: Award relevant marks, even if ‘
0

lim
x→

’ is not explicitly seen. 

continued… 
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Question 9 continued 

METHOD 3 

splitting function into 
sin sin  

  
  

kx kx
x x

and using limit of product = product of 

limits (M1) 

( )2

20 0 0

sin sin sinlim lim lim
→ → →

     = ×     
    x x x

kx kx kx
x x x

 A1 

EITHER  
using L’ Hôpitals rule (M1) 

0 0

sin coslim lim
1→ →

   = =   
   x x

kx k kx k
x

(A1) 

OR 

using Maclaurin expansion for sin kx (M1) 

( ) ( )sin ...= +kx kx

( )
0 0 0

sin ...lim lim lim terms in
→ → →

+   = = + =   
   x x x

kx kx k x k
x x

(A1) 

THEN 

hence ( )2

20

sin
lim
→

 
 
 x

kx
x

2= × =k k k A1 

( )2 16 4 0= ⇒ = >k k k A1 

Note: Award relevant marks, even if ‘
0

lim
x→

’ is not explicitly seen. 

[6 marks] 
Total [8 marks] 
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Section B 

10. (a)  0=x A1 

[1 mark] 

(b) (i) setting ln(2 9) 2ln ln− = −x x d M1 

attempt to use power rule  (M1) 
22ln ln=x x ( seen anywhere ) 

attempt to use product/quotient rule for logs (M1) 
2

ln(2 9) ln− =
xx
d

 OR 
2

ln ln
2 9

=
−

x d
x

 OR 2ln(2 9) ln− =x d x

2

2 9= −
x x
d

 OR 
2

2 9
=

−
x d
x

 OR 2(2 9)− =x d x A1 

2 2 9 0− + =dx dx AG 

(ii) discriminant = 2 1 9( 2 ) 4d d− − × × (A1) 

recognizing discriminant > 0 (M1) 
2( 2 ) 4 1 9 0dd × ×− >−  OR 2(2 ) 4 9 0dd − × >   OR  2 04 36− >d d A1 

2 9 0>−d d AG 

(iii) setting ( 9 0) >−d d OR ( 9) 0d d − =  OR sketch graph

OR sign test OR 2 9>d d (M1) 

0d <  or 9d > , but d +∈

9>d  (or ] [9,∞ ) A1 

[9 marks] 

continued… 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q11 | 21 marks

Apollo | Original source crop | 204

– 21 – 8823 – 7106M 

11. (a) attempt to use chain rule to find ( )′f x (M1) 

( ) ( ) ( )cos22sin 2 e 0′ = − =xf x x A1 

sin 2 0⇒ =x (M1) 

2 0,π,2π, ...=x

π0, ,π,...
2

=x A1 

Coordinates are ( ) ( )π 10,e , , , π,e
2 e

 
 
 

A1 

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1. 

For extra coordinate pairs award (M1)A1(M1)A1A0. 

[5 marks] 

(b) attempt to differentiate ( )′f x  using product rule (M1) 

( ) ( )( ) ( )cos2 cos22sin 2 2sin 2 e 4cos2 e′′ = − − −x xf x x x x A1 

at 0=x , ( ) 4e 0′′ = − <f x  so maximum AND

at π=x , ( ) 4e 0′′ = − <f x  so maximum R1 

at π
2

=x , ( ) 4 0
e

′′ = >f x  so minimum R1 

Note: The values for the second derivative must be correct in order to award the R 
marks. 

[4 marks] 

continued… 
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Question 11 continued 

(c) 

A1A1A1 

Note:  Award A1 for general shape, A1 for correct maxima ( ) ( )0,e , π,e and minimum

point 
π 1,
2 e

 
 
 

 and A1 for showing a higher rate of change of gradient at 

maxima and a lower rate of change of gradient at the minimum point. 

[3 marks] 

continued… 
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Question 11 continued 

(d) (i) 
( ) ( )2 42 2

cos2 1
2! 4!

= − + +
x x

x   (M1) 

4
2 2cos2 1 2

3
= − +

xx x   A1 

(ii) METHOD 1
2 3 4

e 1 ...
2 6 24

= + + + + +x x x xx  

attempt to substitute series for cos2 1−x  into series for ex (M1) 

Note:  Award (M0) for substituting the Maclaurin series for cos2x into the Maclaurin 
series for ex . 

24
2

4
cos2 1 2

22
32e 1 2 ...

3 2
−

 
− +    = + − + + + 

 
x

xx
xx  A1 

4
2 421 2 2

3
 
= − + + + 
 

xx x 

4
2 81 2

3
= − + +

xx  A1 

METHOD 2 
4 4

2
2

2 22cos2 1 23 3e e e e
− +− −= =

x xxx x

attempt to find the Maclaurin series for 
22e− x  OR 

42
3e
x

(M1) 

22 2 4e 1 2 2 ...− = − + +x x x ; 
42

43 2e 1 ...
3

= + +
x

x  

( )
4

2
2

2 2 4 43 2e e 1 2 2 ... 1 ...
3

−  = − + + + + 
 

xx x x x  A1 

4
2 81 2

3
= − + +

xx  A1 

continued… 
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Question 11 continued 

(iii) ( )( )
4

2 8e 1 2
3

 
≈ − + + 

 

xf x x 

4
2 8e=e 2e

3
 

− + + 
 

xx  A1 

[6 marks] 

(e) ( )
1 1

10 10cos2 2

0 0
e d e 1 2 dx x x x≈ −∫ ∫ (M1) 

1/103

0

2e
3

 
= − 

 

xx A1 

1 2e
10 3000
 = − 
 

A1 

298e
3000

=

149e
1500

= AG 

Note:  If candidate follows through an incorrect expansion from part (d), award a 
maximum of M1A1FTA0 

[3 marks] 
Total [21 marks] 
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12. (a) attempt to expand using binomial theorem: (M1) 

Note:  Award (M1) for seeing at least one term with a product of a binomial 
coefficient, power of isinθ and a power of cosθ . 

( )5 5 5 4 5 2 3 2
1 2cos isin cos icos sin i cos sinθ θ θ θ θ θ θ+ = + +C C  

5 3 2 3 5 4 4 5 5
3 4i cos sin i cos sin i sinθ θ θ θ θ+ + +C C  A1 

( ) ( )5 3 2 4 4 2 3 5cos 10cos sin 5cos sin i 5cos sin 10cos sin sinθ θ θ θ θ θ θ θ θ θ= − + + − +  A1A1 

Note:  Award A1 for correct real part and A1 for correct imaginary part. 

[4 marks] 

(b) ( )5cos isin cos5 isin5θ θ θ θ+ = +  (A1) 

equate imaginary parts: (M1) 
4 2 3 5sin5 5cos sin 10cos sin sinθ θ θ θ θ θ= − +  A1 

substitute 2 2cos 1 sinθ θ= −   (M1) 

( ) ( )22 3 2 5sin5 5 1 sin sin 10sin 1 sin sinθ θ θ θ θ θ= − − − +  A1 

( ) ( )2 4 3 2 5sin5 5 1 2sin sin sin 10sin 1 sin sinθ θ θ θ θ θ θ= − + − − +  A1 

5 316sin 20sin 5sinθ θ θ= − +  AG 

Note:  Some of this working may be seen in part (a). Allow for awarding marks in 
part (b). 

[6 marks] 

continued… 
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8. (a) METHOD 1
attempt to integrate by parts (M1) 

( )2ln=u x  , d d=v x x (M1) 

( ) ( )22
2 ln

ln  d ln  d
2

= −∫ ∫
x x

x x x x x x A1 

attempt to integrate lnx x  by parts, with ln=u x (M1) 
2 lnln  d  d
2 2

 
= − 
 

∫ ∫
x x xx x x x A1 

( )2ln  d∫ x x x ( )22 2ln ln  d
2 2 2

 
= − − 

 
∫

x x x x x x

( ) ( )
22 2 2ln ln

2 2 4
= − + +

x x x x x c A1 

[6 marks] 

METHOD 2 ( knowing ln  d ln= −∫ x x x x x )

attempt to integrate by parts (M1) 

ln=u x x  , d ln d=v x x (M1) 

( ) ( ) ( )( )ln ln  d ln ln ln 1 ln d= − − + −∫ ∫x x x x x x x x x x x x x x A1 

( ) ( )2ln ln ln d d= − − +∫ ∫x x x x x x x x x x A1 

( )
2

2 ln ln
2

= − + +
xI x x x x x c M1 

( ) ( )
22 2 2ln ln

2 2 4
= − + +

x x x x xI c A1 

[6 marks] 

continued… 

8823 – 7111M 
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Question 8 continued 

METHOD 3 ( knowing ln  d∫ x x x )

ln  d =∫ x x x ( )2 2ln
2 4

−
x x x

attempt to integrate by parts (M1) 

ln=u x  , d ln d=v x x x (M1) 

( ) ( ) ( )2 22 2ln ln1ln ln  d ln d
2 4 2 4

   
= − − −   

   
∫ ∫

x x x xx xx x x x x x
x

 A1 

( ) ( )2 2ln ln
ln d

2 4 2 4
   

= − − −   
  
∫

x x x xx xx x  A1 

( )2 2 2 2 2ln lnln
2 4 4 8 8

 
= − − + + 

 

x x x x x x xx A1 

( ) ( )
22 2 2ln ln

2 2 4
= − + +

x x x x x c A1 

[6 marks] 

(b) attempt to substitute limits into their integrated expression (M1) 

( ) ( )( )
422 2 2

2

1

ln ln 18 ln 4 8ln 4 4
2 2 4 4

   − + = − + −   
   

x x x x x

attempt to replace any ln 4  term with 2ln 2 (M1) 

( ) ( )2 18 2ln 2 8 2ln 2 4
4

= − + − A1 

( ) 2 1532 ln 2 16ln 2
4

= − + AG 

[3 marks] 
Total [9 marks] 
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9. (a) ( ) ( )
( )

2

2

sin −
− =

−

kx
f x

x
M1 

( )( )
( )

2

2

sin−
=

−

kx

x
A1 

( ) ( )( )
2

2

sin
= =

kx
f x

x

hence ( )f x   is even AG 

[2 marks] 

continued… 
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9. (a) ( ) ( )
( )

2

2

sin −
− =

−

kx
f x

x
M1 

( )( )
( )

2

2

sin−
=

−

kx

x
A1 

( ) ( )( )
2

2

sin
= =

kx
f x

x

hence ( )f x   is even AG 

[2 marks] 

continued… 
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Question 9 continued 

(b) METHOD 1

Noting that ( )( )
0

0lim
0→

=
x

f x (M1) 

attempt to differentiate numerator and denominator: M1 

( )( )
0 0

2 sin coslim lim
2→ →

 =  
 x x

k kx kxf x
x 0

sin 2lim
2→

  =     x

k kx
x

A1 

(evaluates to 0
0

) and attempts to differentiate a second time: M1 

( )2 2 2

0

2 cos sin
lim

2→

 −
 =
 
 

x

k kx kx 2

0

2 cos2lim
2→

  
=  

  x

k kx 2= k  A1 

( )2 16 4= ⇒ =k k A1 

Note: Award relevant marks, even if ‘
0

lim
x→

’ is not explicitly seen. 

METHOD 2  

attempt to express ( )sin kx  as a Maclaurin series M1 

( ) ( )sin ...= +kx kx

( ) ( )2 2 2sin ...= +kx k x A1 

( ) ( )2 2 2

2 20 0

sin ...
lim lim
→ →

   +
=   

   x x

kx k x
x x

M1 

( )2

0
lim termsin
→

= +
x

k x R1 

Note: This R1 is awarded independently of any other marks. 

 2= k   A1 

( )2 16 4= ⇒ =k k A1 

Note: Award relevant marks, even if ‘
0

lim
x→

’ is not explicitly seen. 

continued… 
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Question 9 continued 

METHOD 3 

splitting function into 
sin sin  

  
  

kx kx
x x

and using limit of product = product of 

limits (M1) 

( )2

20 0 0

sin sin sinlim lim lim
→ → →

     = ×     
    x x x

kx kx kx
x x x

 A1 

EITHER  
using L’ Hôpitals rule (M1) 

0 0

sin coslim lim
1→ →

   = =   
   x x

kx k kx k
x

(A1) 

OR 

using Maclaurin expansion for sin kx (M1) 

( ) ( )sin ...= +kx kx

( )
0 0 0

sin ...lim lim lim terms in
→ → →

+   = = + =   
   x x x

kx kx k x k
x x

(A1) 

THEN 

hence ( )2

20

sin
lim
→

 
 
 x

kx
x

2= × =k k k A1 

( )2 16 4 0= ⇒ = >k k k A1 

Note: Award relevant marks, even if ‘
0

lim
x→

’ is not explicitly seen. 

[6 marks] 
Total [8 marks] 
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Section B 

10. (a)  0=x A1 

[1 mark] 

(b) (i) setting ln(2 9) 2ln ln− = −x x d M1 

attempt to use power rule  (M1) 
22ln ln=x x ( seen anywhere ) 

attempt to use product/quotient rule for logs (M1) 
2

ln(2 9) ln− =
xx
d

 OR 
2

ln ln
2 9

=
−

x d
x

 OR 2ln(2 9) ln− =x d x

2

2 9= −
x x
d

 OR 
2

2 9
=

−
x d
x

 OR 2(2 9)− =x d x A1 

2 2 9 0− + =dx dx AG 

(ii) discriminant = 2 1 9( 2 ) 4d d− − × × (A1) 

recognizing discriminant > 0 (M1) 
2( 2 ) 4 1 9 0dd × ×− >−  OR 2(2 ) 4 9 0dd − × >   OR  2 04 36− >d d A1 

2 9 0>−d d AG 

(iii) setting ( 9 0) >−d d OR ( 9) 0d d − =  OR sketch graph

OR sign test OR 2 9>d d (M1) 

0d <  or 9d > , but d +∈

9>d  (or ] [9,∞ ) A1 

[9 marks] 

continued… 
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11. (a) attempt to use chain rule to find ( )′f x (M1) 

( ) ( ) ( )cos22sin 2 e 0′ = − =xf x x A1 

sin 2 0⇒ =x (M1) 

2 0,π,2π, ...=x

π0, ,π,...
2

=x A1 

Coordinates are ( ) ( )π 10,e , , , π,e
2 e

 
 
 

A1 

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1. 

For extra coordinate pairs award (M1)A1(M1)A1A0. 

[5 marks] 

(b) attempt to differentiate ( )′f x  using product rule (M1) 

( ) ( )( ) ( )cos2 cos22sin 2 2sin 2 e 4cos2 e′′ = − − −x xf x x x x A1 

at 0=x , ( ) 4e 0′′ = − <f x  so maximum AND

at π=x , ( ) 4e 0′′ = − <f x  so maximum R1 

at π
2

=x , ( ) 4 0
e

′′ = >f x  so minimum R1 

Note: The values for the second derivative must be correct in order to award the R 
marks. 

[4 marks] 

continued… 

8823 – 7111M 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ2 | Q11 | 21 marks

Apollo | Original source crop | 217

– 22 –

Question 11 continued 

(c) 

A1A1A1 

Note:  Award A1 for general shape, A1 for correct maxima ( ) ( )0,e , π,e and minimum

point 
π 1,
2 e

 
 
 

 and A1 for showing a higher rate of change of gradient at 

maxima and a lower rate of change of gradient at the minimum point. 

[3 marks] 

continued… 
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Question 11 continued 

(d) (i) 
( ) ( )2 42 2

cos2 1
2! 4!

= − + +
x x

x   (M1) 

4
2 2cos2 1 2

3
= − +

xx x   A1 

(ii) METHOD 1
2 3 4

e 1 ...
2 6 24

= + + + + +x x x xx  

attempt to substitute series for cos2 1−x  into series for ex (M1) 

Note:  Award (M0) for substituting the Maclaurin series for cos2x into the Maclaurin 
series for ex . 

24
2

4
cos2 1 2

22
32e 1 2 ...

3 2
−

 
− +    = + − + + + 

 
x

xx
xx  A1 

4
2 421 2 2

3
 
= − + + + 
 

xx x 

4
2 81 2

3
= − + +

xx  A1 

METHOD 2 
4 4

2
2

2 22cos2 1 23 3e e e e
− +− −= =

x xxx x

attempt to find the Maclaurin series for 
22e− x  OR 

42
3e
x

(M1) 

22 2 4e 1 2 2 ...− = − + +x x x ; 
42

43 2e 1 ...
3

= + +
x

x  

( )
4

2
2

2 2 4 43 2e e 1 2 2 ... 1 ...
3

−  = − + + + + 
 

xx x x x  A1 

4
2 81 2

3
= − + +

xx  A1 

continued… 
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Question 11 continued 

(iii) ( )( )
4

2 8e 1 2
3

 
≈ − + + 

 

xf x x 

4
2 8e=e 2e

3
 

− + + 
 

xx  A1 

[6 marks] 

(e) ( )
1 1

10 10cos2 2

0 0
e d e 1 2 dx x x x≈ −∫ ∫ (M1) 

1/103

0

2e
3

 
= − 

 

xx A1 

1 2e
10 3000
 = − 
 

A1 

298e
3000

=

149e
1500

= AG 

Note:  If candidate follows through an incorrect expansion from part (d), award a 
maximum of M1A1FTA0 

[3 marks] 
Total [21 marks] 
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12. (a) attempt to expand using binomial theorem: (M1) 

Note:  Award (M1) for seeing at least one term with a product of a binomial 
coefficient, power of isinθ and a power of cosθ . 

( )5 5 5 4 5 2 3 2
1 2cos isin cos icos sin i cos sinθ θ θ θ θ θ θ+ = + +C C  

5 3 2 3 5 4 4 5 5
3 4i cos sin i cos sin i sinθ θ θ θ θ+ + +C C  A1 

( ) ( )5 3 2 4 4 2 3 5cos 10cos sin 5cos sin i 5cos sin 10cos sin sinθ θ θ θ θ θ θ θ θ θ= − + + − +  A1A1 

Note:  Award A1 for correct real part and A1 for correct imaginary part. 

[4 marks] 

(b) ( )5cos isin cos5 isin5θ θ θ θ+ = +  (A1) 

equate imaginary parts: (M1) 
4 2 3 5sin5 5cos sin 10cos sin sinθ θ θ θ θ θ= − +  A1 

substitute 2 2cos 1 sinθ θ= −   (M1) 

( ) ( )22 3 2 5sin5 5 1 sin sin 10sin 1 sin sinθ θ θ θ θ θ= − − − +  A1 

( ) ( )2 4 3 2 5sin5 5 1 2sin sin sin 10sin 1 sin sinθ θ θ θ θ θ θ= − + − − +  A1 

5 316sin 20sin 5sinθ θ θ= − +  AG 

Note:  Some of this working may be seen in part (a). Allow for awarding marks in 
part (b). 

[6 marks] 

continued… 
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4. (a) recognizing at rest when 
d

0
d

s

t
= OR s is a minimum (M1) 

5.73553...q =

5.74= A1 

Note: If no working shown, award (M1)A0 for  (2sf). 

 [2 marks] 

(b) METHOD 1

recognizing that integral of ( )v t  is required (M1) 

5.73...

0
( ) dv t t OR 

5.73...

0

d
( ) d

d
s t t

t OR 
5.73...

0
( )dv t t  OR 

5.73...

0
( )dv t t− (A1) 

Note: Condone absence of dt. 

Only accept 
0

( ) d
q

v t t  if their value of q does not result in the particle changing direction in 

the first q seconds. 

7.68302...=

7.68 (m)= A1 

Note:  Special Cases: 

 Award a maximum of (M1)(A1FT)A0FT if the candidate obtains 1.62320...q =  in part (a), and 

uses that value to find the total distance to be 3.38302...  (3.37644...  from 3sf). 

 Award (M1)(A0)A1 if the candidate writes 
5.73...

0
( )dv t t followed by the correct answer.

METHOD 2 

recognition that total distance travelled is the difference between the initial 

displacement and the displacement at minimum (M1) 

initial displacement is 3.38302...AND at minimum is 4.3−  (A1) 

total distance travelled = 3.38302... ( 4.3)− −  

7.68302...=

7.68 (m)= A1 

Note:  If no working shown, award (M1)(A0)A0 for 7.7 (2sf). 

 [3 marks] 

 Total [5 marks] 

q = 5.7
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5.
2 3E( ) 2.32 3 4k kX a k+ += =+  (A1) 

2 3 1a kk k + ++ = (A1) 

Note: The first two A marks are independent of each other. 

EITHER (finding intersections of functions) 

attempt to make a the subject in both of their equations (M1) 

( )332 21
2 41  and .3 2

3
a k k k a k kk= − − − = −− −

use of graph or table to attempt to find intersection (M1) 

OR (solving algebraically) 

attempt to solve their equations algebraically to find a cubic in k (M1) 

3 2 2 0.7 0k k k− − + = OR ( )2 2 333 . 41 2 3 2k k k kk k− − − −− = −  (or equivalent) 

attempt to solve their cubic in k (M1) 

THEN 

0.552839...a = OR 0.315870...k =  (other solutions to cubic are 1.18538...,1.86951...k = − ) 

0.553a =  A1 

Note: If no working shown, award (A1)(A1)(M1)(M1)A0 for 2.44587...a =  OR 10.8987...a = −  and 

award (A0)(A0)(M1)(M1)A0 for 0.55a =  (2sf) . 

 Total [5 marks] 
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9. (a) attempt to use recursive formula 1
1

4
0.1

10

n
n n

y
y y −

−

− 
= +  

 
(M1) 

n nx ny

0 0 2 

1 0.1 2.02 

2 0.2 2.0398 

3 0.3 2.05940… 

4 0.4 2.07880… 

5 0.5 2.09801… 

1 2.02y = (A1) 

5 2.098y = A1 

Note:  Accept any answer which rounds to the correct 4sf value. 

 Award no marks for a final answer of 2.1 or 2.10 with no working. 

[3 marks] 

continued… 
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Question 9 continued 

(b) METHOD 1

Note:  Condone absence of absolute value signs throughout 

d d

4 10

y x

y
=

−  M1 

( )ln 4
10

x
y c− − = + A1 

EITHER 

substituting initial conditions 0, 2x y= = to find the value of c M1 

( )ln 2 0 ln 2c c− = +  = − A1 

4
ln 4 ln 2 ln

10 2 10

yx x
y

−
− − = −  = −

104 2e
x

y
−

− = A1 

OR 

104 e
x

c

y
− −

− =   (so 104 e e
x

cy
−

−− =  ) 

104 e
x

y A
−

− = A1 

substituting initial conditions 0x = , 2y = to find the value of A  M1 

02 e 2A A=  = A1 

THEN 

104 2e
x

y
−

= − AG 

Note:  Candidates may use 
d d

4 10

y x

y
− =

−  and correctly obtain 104 2e
x

y
−

− =  leading to 104 2e
x

y
−

− =

 after consideration of the boundary conditions.  In this case, the absence of absolute value signs 

 should not be condoned until the sign has been resolved. 

continued… 
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Question 9 continued 

METHOD 2 

attempt to rearrange and find an integrating factor M1 

d 1 4

d 10 10

y
y

x
+ = so IF 

1 1
d

10 10e e
x x
=

1 1 1

10 10 10
d 1 4

e e e
d 10 10

x x xy
y

x
+ =

( )
1 1

10 10e 4e
x x

y c= + A1A1 

Note:  Award A1 for LHS and A1 for RHS. 

substituting initial conditions 0, 2x y= = to find the value of c M1 

( )0 02e 4e 2c c= +  = − A1 

1 1

10 10e 4e 2
x x

y = −

104 2e
x

y
−

= − AG 

[5 marks] 

(c) absolute error ( )0.052.0980199... 4 2 0.000478749...e−= − − =

( )40.000479 4.79 10−= =  A1 

Note:  Accept ( )40.000459 4.59 10−=  from use of 4sf value. 

[1 mark] 

Total [9 marks] 
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Section B 

10. (a) recognizing probabilities sum to 1 (M1) 

0.288 P(94.6 98.1) 0.434 1X+   + =  

P(94.6 98.1) 0.278X  =     A1 

Note:  If no working shown, award (M1)A0 for P(94.6 98.1) 0.28X  =  (2sf). 

 [2 marks] 

(b) METHOD 1

recognizing the need to use inverse normal with 0.288 , (1 0.434)−  or 0.434 (M1) 

Note:  Accept use of calculator notation eg invNorm 0.288( ) = -0.559236...( ).

invNorm(0.288) 94.6, invNorm(1 0.434) 98.1   + = + − = (or equivalent) (A1)(A1) 

attempt to solve their equations in two variables using the GDC (that involve 

either z-values or ‘invNorm’ rather than probabilities)  (M1) 

97.2981..., 4.82468... = =

97.3, 4.82 = =  A1 

Note:  Condone use of different variables throughout, but do not award the final A1 if they do 

not clearly identify which variable is their mean and standard deviation. 

METHOD 2 

use of inverse normal to find at least one z-score for 8P 0 28( ) .Z z =  or 

1 0.434P( )Z z = −  (M1) 

1 0.559236...z = − OR 2 0.166199...=z

94.6
0.559236...





−
= − , 

98.1
0.166199...



−
=  (or equivalent) (A1)(A1) 

attempt to solve their equations (that involve z-values rather than probabilities)  (M1) 

97.2981..., 4.82468... = =   

97.3, 4.82 = =  A1 

Note:   Award marks as appropriate for work seen in part (a). 

Note:  If no working shown, award (M1)(A0)(A0)(M1)A0 for 97, 4.8 = =  (2sf). 

 [5 marks] 
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4. (a) recognizing at rest when 
d

0
d

s

t
= OR s is a minimum (M1) 

5.73553...q =

5.74= A1 

Note: If no working shown, award (M1)A0 for  (2sf). 

 [2 marks] 

(b) METHOD 1

recognizing that integral of ( )v t  is required (M1) 

5.73...

0
( ) dv t t OR 

5.73...

0

d
( ) d

d
s t t

t OR 
5.73...

0
( )dv t t  OR 

5.73...

0
( )dv t t− (A1) 

Note: Condone absence of dt. 

Only accept 
0

( ) d
q

v t t  if their value of q does not result in the particle changing direction in 

the first q seconds. 

7.68302...=

7.68 (m)= A1 

Note:  Special Cases: 

 Award a maximum of (M1)(A1FT)A0FT if the candidate obtains 1.62320...q =  in part (a), and 

uses that value to find the total distance to be 3.38302...  (3.37644...  from 3sf). 

 Award (M1)(A0)A1 if the candidate writes 
5.73...

0
( )dv t t followed by the correct answer.

METHOD 2 

recognition that total distance travelled is the difference between the initial 

displacement and the displacement at minimum (M1) 

initial displacement is 3.38302...AND at minimum is 4.3−  (A1) 

total distance travelled = 3.38302... ( 4.3)− −  

7.68302...=

7.68 (m)= A1 

Note:  If no working shown, award (M1)(A0)A0 for 7.7 (2sf). 

 [3 marks] 

 Total [5 marks] 

q = 5.7
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5.
2 3E( ) 2.32 3 4k kX a k+ += =+  (A1) 

2 3 1a kk k + ++ = (A1) 

Note: The first two A marks are independent of each other. 

EITHER (finding intersections of functions) 

attempt to make a the subject in both of their equations (M1) 

( )332 21
2 41  and .3 2

3
a k k k a k kk= − − − = −− −

use of graph or table to attempt to find intersection (M1) 

OR (solving algebraically) 

attempt to solve their equations algebraically to find a cubic in k (M1) 

3 2 2 0.7 0k k k− − + = OR ( )2 2 333 . 41 2 3 2k k k kk k− − − −− = −  (or equivalent) 

attempt to solve their cubic in k (M1) 

THEN 

0.552839...a = OR 0.315870...k =  (other solutions to cubic are 1.18538...,1.86951...k = − ) 

0.553a =  A1 

Note: If no working shown, award (A1)(A1)(M1)(M1)A0 for 2.44587...a =  OR 10.8987...a = −  and 

award (A0)(A0)(M1)(M1)A0 for 0.55a =  (2sf) . 

 Total [5 marks] 
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9. (a) attempt to use recursive formula 1
1

4
0.1

10

n
n n

y
y y −

−

− 
= +  

 
(M1) 

n nx ny

0 0 2 

1 0.1 2.02 

2 0.2 2.0398 

3 0.3 2.05940… 

4 0.4 2.07880… 

5 0.5 2.09801… 

1 2.02y = (A1) 

5 2.098y = A1 

Note:  Accept any answer which rounds to the correct 4sf value. 

 Award no marks for a final answer of 2.1 or 2.10 with no working. 

[3 marks] 

continued… 

8823 – 7112M 
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Question 9 continued 

(b) METHOD 1

Note:  Condone absence of absolute value signs throughout 

d d

4 10

y x

y
=

−  M1 

( )ln 4
10

x
y c− − = + A1 

EITHER 

substituting initial conditions 0, 2x y= = to find the value of c M1 

( )ln 2 0 ln 2c c− = +  = − A1 

4
ln 4 ln 2 ln

10 2 10

yx x
y

−
− − = −  = −

104 2e
x

y
−

− = A1 

OR 

104 e
x

c

y
− −

− =   (so 104 e e
x

cy
−

−− =  ) 

104 e
x

y A
−

− = A1 

substituting initial conditions 0x = , 2y = to find the value of A  M1 

02 e 2A A=  = A1 

THEN 

104 2e
x

y
−

= − AG 

Note:  Candidates may use 
d d

4 10

y x

y
− =

−  and correctly obtain 104 2e
x

y
−

− =  leading to 104 2e
x

y
−

− =

 after consideration of the boundary conditions.  In this case, the absence of absolute value signs 

 should not be condoned until the sign has been resolved. 

continued… 

8823 – 7112M 
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Question 9 continued 

METHOD 2 

attempt to rearrange and find an integrating factor M1 

d 1 4

d 10 10

y
y

x
+ = so IF 

1 1
d

10 10e e
x x
=

1 1 1

10 10 10
d 1 4

e e e
d 10 10

x x xy
y

x
+ =

( )
1 1

10 10e 4e
x x

y c= + A1A1 

Note:  Award A1 for LHS and A1 for RHS. 

substituting initial conditions 0, 2x y= = to find the value of c M1 

( )0 02e 4e 2c c= +  = − A1 

1 1

10 10e 4e 2
x x

y = −

104 2e
x

y
−

= − AG 

[5 marks] 

(c) absolute error ( )0.052.0980199... 4 2 0.000478749...e−= − − =

( )40.000479 4.79 10−= =  A1 

Note:  Accept ( )40.000459 4.59 10−=  from use of 4sf value. 

[1 mark] 

Total [9 marks] 
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Section B 

10. (a) recognizing probabilities sum to 1 (M1) 

0.288 P(94.6 98.1) 0.434 1X+   + =  

P(94.6 98.1) 0.278X  =     A1 

Note:  If no working shown, award (M1)A0 for P(94.6 98.1) 0.28X  =  (2sf). 

 [2 marks] 

(b) METHOD 1

recognizing the need to use inverse normal with 0.288 , (1 0.434)−  or 0.434 (M1) 

Note:  Accept use of calculator notation eg invNorm 0.288( ) = -0.559236...( ).

invNorm(0.288) 94.6, invNorm(1 0.434) 98.1   + = + − = (or equivalent) (A1)(A1) 

attempt to solve their equations in two variables using the GDC (that involve 

either z-values or ‘invNorm’ rather than probabilities)  (M1) 

97.2981..., 4.82468... = =

97.3, 4.82 = =  A1 

Note:  Condone use of different variables throughout, but do not award the final A1 if they do 

not clearly identify which variable is their mean and standard deviation. 

METHOD 2 

use of inverse normal to find at least one z-score for 8P 0 28( ) .Z z =  or 

1 0.434P( )Z z = −  (M1) 

1 0.559236...z = − OR 2 0.166199...=z

94.6
0.559236...





−
= − , 

98.1
0.166199...



−
=  (or equivalent) (A1)(A1) 

attempt to solve their equations (that involve z-values rather than probabilities)  (M1) 

97.2981..., 4.82468... = =   

97.3, 4.82 = =  A1 

Note:   Award marks as appropriate for work seen in part (a). 

Note:  If no working shown, award (M1)(A0)(A0)(M1)A0 for 97, 4.8 = =  (2sf). 

 [5 marks] 

8823 – 7112M 
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2. (a) (i) y
x

A1 

[1 mark] 

(ii) 
d 1 1 
d
y

yx m
x

 = − = −    
 
 

A1 

Note:  Award A1 for responses such as ‘the gradient is the negative (opposite) 

reciprocal of y
x

 or 1y m
x
× = −  (or equivalent).

Award A1 for 1y x
x y

 
× − = − 
 

.

Do not award FT from part (a) (i). 

so 
d
d

= −
y x
x y

AG 

[1 mark] 
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Question 2 continued 

(iii) attempts to separate variables x  and y (M1) 

 d  d= −∫ ∫y y x x

Note:  Award (M1) for  d   dy y x x= − . 

2 2

2 2
y x c= − +  A1 

Note:  Award A1 for 
2 2

1 22 2
y xc c+ = − + .

Award A0 for 
2 2

2 2
y x

= − .

2 2

2 2
x y c+ =

2 2x y k⇒ + =   (where 2k c= ) AG 

[2 marks] 

continued… 
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Question 2 continued 

(b) 

two parabolic shaped curves with approximately correct shape/position 
(e.g. two intersection points, in first and fourth quadrant) A1A1 

x-intercepts 1−  and 2 A1 

[3 marks] 

continued… 
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Question 2 continued 

(c) at intersection, 2 24 4 4 4a ax b bx− = +

2 24 4 4 4a b ax bx− = +  ( 2 2 2 2,  4 4 4 4 0a b ax bx a b ax bx− = + − − − = ) A1 

attempts to factorize either the LHS or the RHS of the first two equations above
(or equivalent) OR attempts to partially factorize the LHS side of

2 2 0a b ax bx− − − =  (or equivalent) (M1) 

( )( ) ( )a b a b a b x+ − = +

Note:  Accept alternative forms such as ( )( ) ( )4 4+ − = +a b a b a b x  or

( ) ( )( ) 0a b a b x+ − − = .

recognition that 0a b+ >  (or equivalent, eg. 0, 0a b> > ) (allows division by 

a b+ ) R1 

Note:  Subsequent marks are not dependent on this R1. 

= −x a b  A1 

Note:  As x a b= −  is an AG, only award the above A1 if ( )( )2 2a b a b a b− = + − has

been used. 

substitutes = −x a b  into either 2 24 4y a ax= −  or 2 24 4= +y b bx  and attempts to 
simplify (M1) 

( )2 24 4y a a a b= − −  OR ( )2 24 4y b b a b= + −

2 2 24 4 4 2y a a ab y ab= − + ⇒ = ±  A1 

so ( )M , 2a b ab−  and ( )N , 2a b ab− − AG 

[6 marks] 

continued… 
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Question 2 continued 

(d) METHOD 1

attempts implicit differentiation on either curve (M1) 

d 4
d 2

= −
y a
x y

 (or equivalent) and
d 4
d 2

=
y b
x y

 (or equivalent) A1 

substitutes 2=y ab  into either 
d 4
d 2

= −
y a
x y

 or
d 4
d 2

=
y b
x y

(M1) 

d
d

= −
y a
x b

 (= −
a
ab

) and
d
d

=
y b
x a

(=
b
ab

) (or equivalent) A1 

EITHER 

1a b
b a

− × = −  OR 1a b
ab ab

− × = −  (or equivalent) A1 

OR 

eg. the negative (opposite) reciprocal of 
a
b

−  is 
b
a

 (or equivalent) A1 

OR 

the product of the two gradients is 1− A1 

THEN 

so at point M , the curves intersect at right angles AG 

continued… 



Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q2 | 31 marks

Apollo | Original source crop | 238

– 20 – 8823 – 7103M 

Question 2 continued 

METHOD 2 

attempts chain rule differentiation on either 24 4= −y a ax  or 24 4= +y b bx (M1) 

2

d 2
d 4 4

= −
−

y a
x a ax

 (or equivalent) and
2

d 2
d 4 4

=
+

y b
x b bx

 (or equivalent) A1 

substitutes = −x a b  into either 
2

d 2
d 4 4

= −
−

y a
x a ax

 or
2

d 2
d 4 4

=
+

y b
x b bx

(M1) 

d
d

= −
y a
x b

 (= −
a
ab

) and
d
d

=
y b
x a

(=
b
ab

) (or equivalent) A1 

EITHER 

1a b
b a

− × = −  OR 1a b
ab ab

− × = −  (or equivalent) A1 

OR 

eg. the negative reciprocal of 
a
b

−  is 
b
a

 (or equivalent) A1 

OR 

the product of the two gradients is 1− A1 

THEN 

so at point M , the curves intersect at right angles AG 

[5 marks] 

continued… 
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Question 2 continued 

(e) (i)

πtan
4( , )
π1 tan
4

x
yg x y

x
y

− +
=

 
− − 
 

(A1) 

1
( , )  

1

x x y
y yg x y x y x

y y

− + − +  
 = =

+ +  
 

 A1 

so ( , ) y xg x y
y x
−

=
+

AG 

[2 marks] 

continued… 
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Question 2 continued 

(ii) let y vx= (M1) 

d d
d d

= +
y vv x
x x

(A1) 

d 1 
d 1
v vx x vv x
x vx x v

− −   + = =   + +   
(A1) 

attempts to express d
d

vx
x

 as a single fraction in v (M1) 

2d 1
d 1

+
= −

+
v vx
x v

 (or equivalent) (A1) 

attempts to separate variables x  and v (M1) 

2
1 1 d  d
1

+
= −

+∫ ∫
v v x
v x

 (or equivalent) 

( ) ( )21 ln 1 arctan ln
2

v v x d+ + = − +  (or equivalent) A1A1 

2

2

1 ln 1 arctan ln
2

y y x d
x x

 
+ + + = 

 
 (or equivalent) A1 

[9 marks] 

continued… 
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Question 2 continued 

(f) METHOD 1

( )

( )

1 , 1
tan( , ) 1 ,
tan

f x y
g x y

f x y
α

α

+
=

−
M1 

EITHER 

as π
2

α → , 1 0
tanα

→ , (hence 
1( , )

( , )
g x y

f x y
→− ) R1 

OR 

as π
2

α → , tanα →∞  and so ( )
( )

0 , 1
( , )

0 ,
f x y

g x y
f x y

× +
→

−
R1 

THEN 

π
2

1lim ( , )
( , )

g x y
f x yα→

= − AG 

Note: The R1 is dependent on the M1. 

METHOD 2 

uses either sintan
cos

αα
α

=  or 1 cos
tan sin

α
α α
=  to form ( )

( )
cos , sin

( , )
cos sin ,

f x y
g x y

f x y
α α
α α

+
=

−
M1 

as π
2

α → , cos 0α →  and sin 1α →  and so 
( )
( )

0 , 1
( , )

0 ,
f x y

g x y
f x y

× +
→

−
R1 

π
2

1lim ( , )
( , )

g x y
f x yα→

= − AG 

Note: The R1 is dependent on the M1. 

[2 marks] 

Total [31 marks] 
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4. (a) recognising cos 2sin cosx x x=  (M1) 

  ( )cos 0x ≠  so 
1sin
2

x =   OR  one correct value (accept degrees) (A1) 

  x - coordinates 
π
6  and 

5π
6  A1 

Note: Award (M1)(A1)A0 for solutions of 30  and 150 .  

    [3 marks] 

 

 

 (b) METHOD 1 

  attempt to integrate ( )cos sin 2x x± −   (M1) 

  ( )π
2

5π
6 cos sin 2 dx x x−∫   OR  ( )6

5π

π
2

cos 2sin cos dx x x x−∫  

  
π

6

2

5π
1  sin cos2
2

x x = +  
  OR  6

5π
2

π
2

  sin sinx x = −   A1 

Note:  Award A1 for ±correct integration. Condone incorrect or absent limits up to this point. 

 

  attempt to substitute their limits into their integral and subtract M1 

( )5π 1 5π π 1sin cos sin cos π
6 2 3 22

        = + − +        
        

 OR 

2 25π 5π π πsin sin sin sin
6 6 2 2

          − − −          
          

 

  
1 1 11
2 24

   = + − −   
   

  OR  ( )1 1 1 1
2 4

 = − − − 
 

 

  area 
1
4

=  A1 

 Note:  Award all corresponding marks as appropriate for finding the area between A and B.  

  Accept work done in degrees.  

 

    continued… 
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Question 4 continued 

  

  METHOD 2  

  [ ] 6
5π 5π

π π
6

2 2

cos d sinx x x=∫     and    
6

5π
5π

π
6

2
π
2

1sin 2 d cos 2
2

x x x = −  ∫  A1 

  Note:  Award A1 for correct integration. Condone incorrect or absent limits up to this point.  

 

  attempt to substitute their limits into their integral and subtract (for both integrals) M1 

  
5π πsin sin
6 2

   −   
   

    and    ( )1 5π 1cos cos π
2 3 2

 − + 
 

 

  attempt to subtract the two integrals in either order (seen anywhere) (M1) 

  ( )5π π 1 5π 1sin sin cos cos π
6 2 3 22

        − − − +        
        

 OR  
5π 5π

π π
6 6

2 2

cos d sin 2 dx x x x−∫ ∫  

  
1 1 1 11
2 2 44

     = − − − = −     
     

 

  area 
1
4

=  A1 

Note:  Award all corresponding marks as appropriate for finding the area between A and B.  

  Accept work done in degrees.  

    [4 marks] 

    Total [7 marks] 
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5. (a) 
10 1

9

n

nS −
=       A1 

  ( )10 , 9a b= =  

    [1 mark] 

 

 (b) METHOD 1 

  1 2 3 nS S S S+ + +…+  

  
210 1 10 1 10 1...

9 9 9

n− − −
= + + +  (A1) 

  
2 310 1 10 1 10 1 10 1

9

n− + − + − +…+ −
=   OR  

( )2 3

1
9 10 1 10 1 10

8
1 10 1n− + − + − +…+ −

 

  attempt to use geometric series formula on powers of 10, and collect -1’s together M1 

  
( )2 3

10 10 1
10 10 10 10

10 1

n
n

−
+ + …+ =+

−
 and 1 1 1... n− − − = −  A1 

  

( )10 10 1
10 1

9

n

n
−

−
−=  OR 

( )

1

10 10 1
9 9

10

8

1

n

n
 −
  −
 −   A1 

Note: Award A1 for any correct intermediate expression. 

   

  
( )10 10 1 9

81

n n− −
=  AG 

    continued… 
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6. METHOD 1 

 attempt to find an integral involving π  and the square of ( )f x  M1 

Note:  Condone incorrect or absent limits for this M1. 

 ( )( )
π

22
0

π df x x∫  

 ( )
π

22
0

π sin dx x x∫  A1 

 
 EITHER 
 attempt to use integration by substitution M1 

 ( )
π
4
0

π sin d
2

u u∫  

Note:  Award M1 for  2 d 2
d
uu x x
x

= ⇒ =  

 ( )
0

4
π

π cos
2

u = −  
  A1 

 
 OR 
 attempt to integrate by inspection (M1) 

 ( )
π

22
0

π 2 sin d
2

x x x∫   OR  ( ) ( )
π

2 22
0

π sin d
2

x x∫  

 ( )
π

22

0

π cos
2

x = −  
 A1 

Note:  Condone incorrect or absent limits for M1.   
 The correct limits may be seen or implied by later work for the A1. 

 THEN 

 ( )π π πcos cos 0
2 24

    = − − −        
 (or equivalent) (A1) 

 
π π

22 2
= − +  OR 

π 2 π
4 2

− +  OR 
π 1 1
2 2
 − + 
 

 OR π 2 1
2 2
 
− + 
 

 A1 

 
( )

4

π 2 2−
=   AG 

    continued… 
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Question 6 continued 
  
 METHOD 2 

 attempt to find an integral involving π  and the square of ( )f x  M1 

Note:  Condone incorrect or absent limits for this M1. 

 ( )( )
π

22
0

π df x x∫  

 ( )
π

22
0

π sin dx x x∫  A1 

 attempt to use integration by substitution M1 

 ( ) ( )2 2dcos 2 sin
d
uu x x x
x

= ⇒ = −  

Note:  Award M1 for  ( )2cosu x=  

 
1

1
2

π d
2

u
−

−
= − ∫   

 
1

2
1

π
2

u
−

−

 = −  
(or equivalent) A1A1 

Note:  Condone incorrect or absent limits for M1.   

   A1 for 
π
2

u−   and A1 for both correct limits. 

 
2

π
2 2

π
= −  OR 

π
2 4

π 2
−  OR π 1

2 2
1 − 

 
 OR π 1

2 2
2 

−  
 

 A1 

 
( )

4

π 2 2−
=  AG 

    Total [6 marks] 
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7. Base case 1n = : LHS 1
1 1C= =  and RHS 2

2 1C= = , so true for 1n =  R1 

Note:  Award R0 if the value of 1
1C  and 2

2C  are not evaluated.  

  Subsequent marks can still be awarded. 

 assume true for n k=  ie 1
1 2

1

k
r k

r

C C+

=

=∑  for some k +∈  M1 

Note:  The assumption of truth must be clear.  
 Award M0 for statements such as “let n k= ” or “ n k=  is true”.  

 Subsequent marks can still be awarded. 

 consider 1n k= +  

 LHS 
1

1
1

k
r

r

C
+

=

=∑   

 1
1 1

1

k
r k

r

C C+

=

= +∑    (M1) 

 1 1
2 1

k kC C+ += +  OR 
( )
( )

( )1 ! 1 !
2 1 ! !

k k
k k
+ +

+
−

 A1 

 EITHER 
 attempt to cancel factorials and use a common denominator M1 

 ( ) ( ) ( )( )1 2 1 2 1
2 2

k k k k k+ + + + + 
= = 

 
 

 OR 
 attempt to use a common denominator M1 

 
( ) ( ) ( )( )1 ! 2 1 ! 2 1 !
2 ! 2 ! 2 !

k k k k k
k k k
+ + + + 

= + = 
 

 

 THEN 

 
( )2 !

2! !
k

k
+

=   
( )
( )

2 !
2! 2 2 !

k
k

 +
=  + − 

   A1 

 2
2

k C+=    

 since true for 1n = , and true for n k= implies true for 1n k= + ,  

 therefore true for all n +∈  R1 

Note:  Only award the final R1 if 4 of the previous 6 marks have been awarded.   

    Total [7 marks] 
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Note:  Throughout this question, condone presence of any additional terms once the first two 
correct terms are seen. 

8. (a) (i) ( ) ( )32
2 2sin

3!
x

x x= − +…   

   ( )
6 6

2 2 2sin
3! 6
x xx x x

 
= − +… = − +… 

 
 A1A1 

Note:  Award A1 for each term.  

 
  (ii) METHOD 1 

   attempt to square their series for ( )2sin x  (M1) 

   ( )( )
2622 2sin  

3!
xx x

 
= − +… 
 

 

Note:  Award M0 for ( )
2622

3!
xx

 
− +… 
 

. 

   
8 8

4 42
3! 3
x xx x

 
= − +… = − +… 

 
 A1A1 

Note:  Award A1 for each term. 

  
   METHOD 2 

   attempt to use the identity ( ) ( )2
2 2

1 cos 2
sin

2
x

x
−

=  (M1) 

   ( ) ( ) ( )2 42 2
2 2

2 21sin 1 1
2 2! 4!

x x
x

  
  = − − +
  

  

 

   
8 8

4 48
4! 3
x xx x

 
= − +… = − +… 

 
 A1A1 

Note:  Award A1 for each term. 

    [5 marks] 
    
    continued… 
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Question 8 continued 

   
(b)  METHOD 1 

  recognition that ( ) ( )
( )( )( )22

2 2
d sin

4 sin cos
d

x
x x x

x
=  (M1) 

  
7

3 84
3
xx= − +… A1 

 
  METHOD 2 

  recognition that ( ) ( ) ( )2 2 24 sin cos 2 sin 2x x x x x=  (M1) 

  
( )32

2 2
2 2

3!
x

x x
 
 = − +…
 
 

 

  
7

3 84
3
xx= − +… A1 

     

  METHOD 3  

  ( ) ( )2 24 sin cosx x x  

  
6 4

24 1
3! 2!
x xx x

  
= − +… − +…  

  
 (A1) 

  
7

3 84
3
xx= − +… A1 

    continued… 
Question 8 continued 
  METHOD 4  

  recognition that ( ) ( )( )2
2

d sin
2 cos

d

x
x x

x
=  (M1) 

  ( ) ( )2 24 sin cosx x x  

  
6 5

2 62 2
3! 2!
x xx x

  
= − +… − +…  

  
  

  
7

3 84
3
xx= − +… A1 

    [2 marks] 
    Total [7 marks] 
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9. (a)   

 
  reflection of all negative sections in x-axis (M1) 

  approximately correct graph with sharp points (cusps) at x-intercepts A1 

Note:   Award A1 only if the heights of the maximum in the middle are lower than the heights of the 
maximum at the ends. 

    [2 marks] 
                       continued… 
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11. (a) attempt to substitute 1−  into ( )P x  OR use of synthetic division OR long division  M1 

  ( ) ( ) ( )3 23 1 5 1 1 1 0− + − + − − =  OR   

 
 

   OR  

2

3 2

3 2

2

2

3 2 1
1 3 5 1

3 3

2
2 2

1
1

0

x x
x x x x

x x

x x
x x

x
x

+ −
+ + + −

+

+

+

− −
− −

 A1 

    [2 marks] 
 

 (b) attempt to divide ( )P x  by ( )1x +  e.g. using long division or synthetic division (M1) 

  ( ) ( )( )21 3 2 1P x x x x= + + −  (A1) 

  ( )( )( ) ( ) ( )( )21 1 3 1 1 3 1x x x x x= + + − = + −  A1 

    [3 marks] 
 

 (c) 
( )( ) ( ) ( )11 1 2 1

1 2 1 1 2 1
A B A x B x

x x x x
≡ + ⇒ ≡ + + +

+ + + +
  

  attempt to equate both coefficients OR substitute two values eg 1−  and 
1
2

−   (M1) 

  2 0A B+ =  and 1A B+ =  OR 1 A= −  and 
11
2

B=  

  1A = −  and 2B =  A1A1 

Note:  Award A1 for each value. 

  
( )( ) 1

1
2

1
1 2 1 1

2
x x x x

= − +
+ + + +

 

    [3 marks] 
                       continued… 
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Question 11 continued 

  

(d) 
( )( )( )

1
1 1 2 1x x x+ + +

 

  
( ) 2

1 21
1 1 1x x x
 = − + + + + 

 (A1) 

  
( ) ( )( ) ( )2 2

1 2 1 2
2 1 1 1 2

1
11 1

2
x x x xx x

  = − + = − + − +   + + + + + + 
  A1 

  
( )2

4 2 1
2 1 1 1x x x

= − −
+ + +

 AG 

Note:  Award A1A0 for follow through from incorrect values in part (c).  

    [2 marks] 
  

 (e) attempt to integrate at least one term in 
( )2

4 2 1
2 1 1 1x x x

 
− −  + + + 

 (M1) 

  
( )2

4 2 1 d
2 1 1 1

x
x x x

 
− −  + + + 

∫  

  ( )12ln 2 1 2ln 1
1

x x c
x

= + − + + +
+

 A1A1A1 

Note:  Award A1 for each correct term. 
Award a maximum of M1A1A0A1 if modulus signs are omitted. 
Condone the absence of c+ . 

    [4 marks] 
 
 (f) (i) METHOD 1 
   attempt to cancel factors and substitute 1x = −    (M1) 

   
( ) ( )
( ) ( )

2

21 1 1

1 3 1 3 1 3( 1) 1lim ( ) lim lim
2 1 2( 1) 11 2 1x x x

x x xf x
xx x→− →− →−

 + − − − − = = =     + − + + + 
 

   4=  A1 
    
    continued… 
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Question 11 continued 

 
   METHOD 2 
   attempt to expand denominator, differentiate numerator and denominator 

twice and substitute 1x = −  (M1) 

   
3 2 2

3 21 1 21 1

3 5 1 9 10 1 18 10 18( 1) 10lim ( ) lim lim lim
2 5 4 1 6 10 4 12 10 12( 1) 10x x x x

x x x x x xf x
x x x x x x→− →− →− →−

   + + − + + + − + = = = =     + + + + + + − +    
 

   4=  A1 
 

  (ii) METHOD 1 

   attempt to consider coefficients of 3x or divide all terms by 3x  

   
3

3
3 ...lim ( ) lim
2 ...x x

xf x
x→∞ →∞

 +
=  + 

 or 
3 terms which tend to 0lim
2 terms which tend to 0x→∞

+ 
 + 

 

   
3
2

=  A1 

 
   
   METHOD 2 
   attempt to cancel factors and consider coefficients of x or divide all terms by x  

   
( ) ( )
( ) ( )

2

2

1 3 1 3 1lim ( ) lim lim
2 11 2 1x x x

x x xf x
xx x→∞ →∞ →∞

 + − − = =     + + + 
 or 

13
lim 12x

x

x
→∞

 − 
 
 +
 

 

   
3
2

=  A1 

     

 

   METHOD 3 
   attempt to expand denominator, differentiate numerator and denominator 

three times  

   
3 2 2

3 2 2
3 5 1 9 10 1 18 10 18lim ( ) lim lim lim lim

2 5 4 1 6 10 4 12 10 12x x x x x

x x x x x xf x
x x x x x x→∞ →∞ →∞ →∞ →∞

   + + − + + +   = = = =       + + + + + +      
 

   
3
2

=  A1 

Note:  If the M1 has not been awarded in part (i) it can be awarded in part (ii).  

    [3 marks] 
    Total [17 marks] 
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12. (a) attempt to expand the brackets or attempt to find modulus and argument of φ  (M1) 

  ( ) ( ) ( )3 2 33 2i 3 i 3 i ia b a a b a b b+ = + + +   OR  ( )3
2 2 cis 3arctan ba b

a
  +     

  

(i) real part is 3 23a ab−  OR ( )
3

2 2 2 cos 3arctan ba b
a

  +     
         A1 

(ii) imaginary part is 2 33a b b−  OR ( )
3

2 2 2 sin 3arctan ba b
a

  +     
       A1 

Note:  Award (M1)A1A0 for ( ) ( )3 2 2 33 3 ia ab a b b− + −  OR  

( ) ( )
3 3

2 2 2 22 2cos 3arctan isin 3arctanb ba b a b
a a

      + + +            
 

  For (ii) condone ( )2 33 ia b b−  OR ( )
3

2 2 2 i sin 3arctan ba b
a

  +     
 

    [3 marks] 
 
 

 (b) attempt to substitute 1a =  and 3b =  into their real or imaginary part found in (a) 
OR to expand the brackets OR to use polar form M1 

  ( ) ( )1 9 3 3 3 3 i− + −  OR ( )( )2 3i 2 1 3i 2 3i 2 6 2 3i− + = − − −  OR 
3iπ

iπ32e 8e
 

= 
 

  OR ( )( ) ( )3
2cis 60 8cis 180=   A1 

  8= −   AG 
    [2 marks] 
 
 

 (c) 2, 1 3iv w=− = −  A1A1 

Note:  Award A1A0 for 1 3i, 2v w= − =−  or if the labels v  and w  are not clearly specified or 
missing. Candidates may be awarded full FT marks for subsequent parts. 

    [2 marks] 
     

                                        continued… 



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q8 | 6 marks

Apollo | Original source crop | 255

– 18 – 2224 –7106M 

8. 

Note: To award full marks limit notation 
0

lim
x→

 must be seen at least once in their 

working. If no limit notation is seen but otherwise all correct, do not award 
the final A1.  

4

30

4sec tan 2sin coslim
4 2x

x x x x
x x→

+
−

A1A1 

Note: Award A1 for numerator and A1 for denominator. 

4 2 6 2 2

20

16sec tan 4 sec 2sin 2coslim
12 2x

x x x x
x

x
→

+ −
=

−
+ M1A1A1 

Note:  Award M1 for second use of l’Hôpital’s rule providing their expression is 
in indeterminate form as 0x →  and providing there is no third attempt at 
using l’Hôpital’s Rule. 

3= −  A1 

[6 marks] 
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9. (a) 3
nC A1 

[1 mark] 

(b) EITHER

finding the number of ways to assign the students with the two students apart

number of ways to assign two students 2
1C (seen anywhere) (A1) 

number of ways to assign others 2
2

n C−  to have one group of 3 (seen anywhere) (A1) 

number of ways =  2 2
1 2

nC C−×

attempt to set up an equation involving either half of their answer to part (a) and 
their number of ways or their answer to part (a) is twice their number of ways  M1 

2 2
3 1 2

1
2

n nC C C−= ×   OR 2 2
3 1 22 n nC C C−= × ×  

valid attempt to eliminate all factorials from their equation (M1) 

( )( ) ( )( )1 2 2 3
2  2

3 2 2
n n n n n− − − −

= × ×
×

 or equivalent with no factorials 

( ) ( )1 12 3n n n− = −

continued… 
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12. (a) 1:n = ( ) ( ) ( ) ( )
3 3

1 2 2
1 1 1
2 2

aLHS f x a ax ax− − = = − ×− − = − 
 

A1 

( ) ( )
( )

3
2

1

1 ! 1
 

2 0 !
a ax

RHS
−−

=   therefore true for 1n =  R1 

assume (that the result is) true for  n k= M1 

Note:  Do not award M1 for statements such as “let n k= ” or “assume that n k=
is true”. The assumption of truth must be clear. 

( ) ( ) ( ) ( )
( )

( )

2 1
2

2 1

2 1 ! 1
2 1 !

k
k

k
k

a k ax
f x

k

+
−

−

− −
=

−

attempt to differentiate the right-hand side with respect to x : M1 

( ) ( ) ( )( )1 ( )d
d

k kf x f x
x

+ =

( ) ( ) ( )
( )

( )

2 1
1

2

2 1

2 1 2 1 ! 1
2 2 1 !

k
k

k

k a a k ax
k

+
− −

−

− + ×− − −
= ×

−
  (or equivalent) A1 

attempt to multiply top and bottom by 2k M1 

( ) ( ) ( )
( )

 2 3
1 2

2 1

2 1 2 1 ! 1 2
2 2 1 ! 2

k
k

k

k a k ax k
k k

+
−+

−

+ − −
= × ×

−

( ) ( )
( )

 2 3
1 2

2 1

2 1 ! 1
2 !

k
k

k

a k ax
k

+
−+

+

+ −
= A1 

hence if the result is true for n k=  then it is true for 1n k= +  and as it is true for 1n =  it 
is true for all  n +∈ R1 

Note:  To obtain the final R1, at least five of the previous marks must have been 
awarded. 

[8 marks] 

continued… 
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Question 12 continued. 

(b) ( ) ( ) ( ) ( )
2

0 0 0  
2
xf x f xf f′= + + ′ +…′

( ) ( ) ( )
( )

5
2 2

3

3 ! 1
2 1 !

a ax
f x

−−
′′ =  OR 

5
2 23 (1 )

4
a ax

−
−   OR ( ) ( )2

3

3 !
    0

2
a

f =′′  A1 

( )0 1 f = , ( )  0
2
af ′ = , ( )

26   0
8
af =′′ A1 

( ) 2 21 31
2 8

f x ax a x= + +  + …. AG 

[2 marks] 

continued… 
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Question 12 continued. 

(c) attempt to use 2a =  or 4a =  in the expansion M1 

( )
21

22
2 3 4 31 2 1 1
2 8 2
x xx x x− ×  − = + + = + + +… 

 
 

( ) ( )
21

22
4 3 161 4 1 1 2 6
2 8
x xx x x− ×

− = + + = + + +… A1 

Note: Award A1 for at least one correct. 

attempt to multiply their two expansions together M1 

( )2 2 2 2 23 31 1 2 6 1 2 6 2 ...
2 2

x x x x x x x x x + + +… + + +… = + + + + + + 
 

 

2191 3
2

x x= + + +…  OR 
2 2 22 4 12

2
2 4 3 ...x x xx x+ + ++ + +

A1 

( ) ( )
21 1

2 2
2 6 191 2 1 4

2
x xx x− − + +

− − ≈ AG 

[4 marks] 

(d) 1
4

x < A1 

[1 mark] 

continued… 
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Question 12 continued. 

(e) 

22 6 19 2 0.6 0.19 279
2 2 200

x x + + + +  = =   
  

 (or equivalent) A1 

attempt to substitute 1
10

x = into ( ) ( )
1 1
2 21 2 1 4x x− −− − (M1) 

( ) ( )
1 1
2 2

101 2 1 4
48

x x− − 
 


− − =


 (or equivalent) A1 

279 
200

1
4 3 

0
≈  (or equivalent in terms of 3 ) A1 

1 279 
5003 

≈

5003
279

≈ A1 

[5 marks] 

Total [20 marks] 
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4. (a) recognition that velocity is zero (M1) 

  ( )2sin 0.5 0.3 2 0v t t= + − =   

  1.68694t = …  

  1.69t =  A1 

    [2 marks] 

 

 (b) recognition that 0v >   (M1) 

  1.68694... 6.11857...t< <  

  1.69 6.12t< <  A1 

    [2 marks] 

 

 

 (c) attempt to substitute into the total displacement formula (condone missing or incorrect 
limits, and absence of dt ) (M1) 

  ( )( )10

0
2sin 0.5 0.3 2 dt t t+ −∫   OR  

10

0
( )dv t t∫  

  2.13464... = −  

  2.13= − (m) A1 

Note:  Award (M1)A0 if 2.13 −  is followed by 2.13 . 

    [2 marks] 

    Total [6 marks] 
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5. (a) 0.901017r = … 

  0.901r =  A2 

    [2 marks] 

 

 (b) Student 11 Test B:  should not extrapolate R1 

    [1 mark] 

 

 (c) (i) Student 12 Test A:  should not use line of y  on x  to predict x  from y  (or 
equivalent) R1 

 
  (ii) attempt to find the equation of the regression line of x  on y  (M1) 

   ( ) ( )0.987124 3.21970 ( ) 0.987 3.22x y x y= … − … = −  A1 

   ( ) ( ) ( )0.987124 90 3.21970 85.6214...x = … − … =  A1 

   86=  to nearest integer. AG 

Note:  Condone notation for x  and y  switched if values are correct.  

    [4 marks] 

    Total [7 marks] 
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7. d
d
y y x
x
− =  

 recognition that an integrating factor is required (M1) 

 ( ) ( )1e eP x dx dx∫ ∫ −=   

 e x−=    (A1) 

 de e e
d

x x xy y x
x

− − −− =  

 ( )e e dx xy x x− −= ∫  A1 

 attempt to integrate right hand side using integration by parts (M1) 

 ( )e e e dx x xy x x− − −= − + ∫  

  e ex xx c− −= − − +  A1 

 1 exy x c= − − +  

 substitute initial values 2y =  and 0x = into an integrated expression involving c  (M1) 

  2 1 3c c= − + ⇒ =  

 3e 1xy x= − −  A1 

    [7 marks] 
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8. (a) ( )2 2

0
d 2 d 1

k k

k
kx x kx x x+ − =∫ ∫  A1 

  
22 3

2

0

1
2 3

k k

k

kx xkx
   

+ − =   
   

  

  
3 3 3

3 384 1
2 3 3
k k kk k

   
+ − − − =   
   

 A1 

  37 6k =  AG 

    [2 marks] 

 

 

 (b) recognition that the median m  is the value such that ( )
0

d 0.5
m

f x x =∫  or 

( )
2

d 0.5
k

m
f x x =∫   (M1) 

  ( 3
60.949914
7

k
 

= … =  
 

 so) 
0

3d 0.428571
7

k
kx x  = … = 

 ∫  seen anywhere (A1) 

Note: This A1 is independent of M1. 
 

  EITHER 

( m k>  so) ( )2

0
d 2 d 0.5

k

k

m
kx x kx x x+ − =∫ ∫  OR  ( )2 12 d 0.0714285

14
m

k
kx x x  − = … = 

 ∫     (A1) 

  
3

2 0.0714285
3

m

k

xkx
 

− = … 
 

 

  1.02925m = … 

    continued… 
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11. (a) attempt to use implicit differentiation M1 

  d d1 e 2 2
d d

x yy yx y
x x

+ + = + 
 

 A1A1 

Note:  Award A1 for LHS and A1 for RHS.  

  attempt to expand brackets and collect d
d
y
x

terms on the same side M1 

  d de 2 2 e
d d

x y x yy yy x
x x

+ +− = −  OR d de 2 e 2
d d

x y x yy yy x
x x

+ +− + =  OR ( ) de 2 2 e
d

x y x yyy x
x

+ +− = −  A1 

  d 2 e
d e 2

x y

x y
y x
x y

+

+

−
=

−
 AG 

    [5 marks] 

 

 

 (b) (i) recognition that 2 e 0x yx +− =  at P and Q (M1) 

   ( )ln 2x y x⇒ + =  A1 

   recognition that 2 2ex y x y+ = +  at P and Q  (M1) 

   ( )( )222 ln 2x x x x⇒ = + −  or equivalent A1 

   ( )( ) ( )222 ln 2 2 ln 2 2 0x x x x x+ − − =  AG 

    continued… 
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Question 11 continued 

  (ii) 0.331077x = …  or 1.84273…   

   0.331x =  or 1.84    A1A1 

   attempt to use ( )ln 2x y x+ =  OR 2 2ex y x y+ = +  to find y -coordinates (M1) 

   0.743332y = − …, 0.538335...y = −    

   coordinates ( )0.331,  0.743−  and (1.84,  0.538− )  A1A1 

Note: If no working shown, award A1A1(M1)A0A0 for ( )0.33,  0.74−  and ( )1.8,  0.54−  (2 sf) 

    [9 marks] 

 (c) coordinates ( )0.743, 0.331−  and ( 0.538,1  .84− ) A1 

Note: Do not award FT from (b) if only one coordinate pair is given. 

    [1 mark] 

 

 (d) setting 2 e 1
e 2

x y

x y
x

y

+

+

−
= −

−
 OR recognition that the point lies on line of symmetry (M1) 

  2 e 2 ex y x yx y+ +− = −  

  y x=  (A1) 

  attempt to substitute y x=  into 2 2ex y x y+ = +  (M1) 

  2 2e 2x x=  OR 2 2e 2y y=  

  0.451x = − , 0.451y = −    A1 

  coordinates ( )0.451,  0.451− −  

Note: If no working shown, award M1A1(M1)A0 for 0.45x = − , 0.45y = −   (2 sf) 

 

    [4 marks] 

    Total [19 marks] 
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12. (a) Let θ  be the angle between u  and v .  

  ( )2 2⋅ + ×u v u v  

  ( ) ( )2 2
cos sinθ θ= +u v u v  OR 

2 2 2 22 2cos sinθ θ+ vu v u  (A1) 

  ( )2 2 2 2cos sinθ θ= +u v  A1 

  
2 2= u v  AG 

    [2 marks] 

 

 (b) (i) ( )2 6 4.89897... 4.90× = = =u v  A1 

 

  (ii) 
3
1
1

 
 =  
 − 

v  (A1) 

   ( )22 23 1 1= + + −v ( )11 3.31662  = = …  (A1) 

   substitution of values , ⋅ ×u v u v  and v  into ( )2 2 2 2 ⋅ + × =u v u v u v  M1 

   ( )2 223 2 6  + = u  
2

11   

   ( )3 1.73205... 1.73= = =u  A1 

    continued… 
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SECTION A 

1. (a) attempts to find an intersection point (M1) 

0.916562...a = −  or 0b =  

0.917a = − , 0b =  A1A1 

[3 marks] 

(b) let A  be the area of the region

EITHER

attempts to form the required  integral involving subtraction (in any order). Accept
absence of limits or incorrect limits. Accept absence of dx. (M1) 

OR

shows a graph with the required area shaded (M1) 

THEN

( ) ( )
0

2 2

0.916562...

( ) ( ) d 1 e d
b

x

a

A f x g x x x x
−

 
= − = − − 
 
∫ ∫  (or equivalent) (A1) 

0.239855...A =  

0.240A =  A1 

[3 marks] 

Total [6 marks] 

– 8 – 2224 –7107M 

2. (a) EITHER

2.1875 7 0.6875y = × + A1 

OR 

15.3125 0.6875y = +  A1 

THEN 

16y = AG 

[1 mark] 

(b) attempts to use 16
y

n
= ∑  to form a linear equation in p  and q (M1) 

( )9 13 2116  80 43 37
5
p q p q p q+ + + +

= = + + ⇒ + = (A1) 

attempts to solve two linear equations simultaneously for p  and q  (one of which is 
3q p= + )   (M1) 

9 13 3 2116  
5

p p+ + + + +
= ( )80 2 46p= +

17p =  and 20q =  A1 

[4 marks] 

Total [5 marks] 
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4. (a) 0.996114...v = −

0.996v = −  (ms-1) A1 

[1 mark] 

(b) 

considers ( ) 0v t′ = (M1) 

0.405833...t =  

max 1.18230...v =  

max 1.18v =  (ms-1) A1 

[2 marks] 

(c) recognizes that the particle changes direction when 0v = (M1) 

Note:  Award (M1) for 1.65840...t =  seen. 

finds acceleration for their value of t for which ( ) 0v t = (M1) 

( )' 1.65840...v

2.53487...a = −  

2.53a = −  (ms-2) A1 

[3 marks] 

Total [6 marks] 
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5. 

METHOD 1 

correct inequality or equation involving ( )P 0X = (A1) 

( )1 P 0 0.99X− = >  OR ( )P 0 0.01X = <  OR ( )1 P 0 0.99X− = = OR ( )P 0 0.01X = =

attempts to solve their inequality (equality) involving 0.75n  for n  (M1) 

1 0.75 0.99n− > OR 0.75 0.01n <  OR 0.75 0.01n =  OR 1 0.75 0.99n− =

Note:  Valid solving attempts include graphical, use of logarithms, tabular or trial 
and error. 

EITHER 

16.0078...n >   OR 16.0078...n =  (A2) 

the least value of n  is 17  A1 

OR 

( ) ( )P 0 0.010022... 0.01X = = >  (corresponding to 16n = ) (A1) 

( ) ( )P 0 0.0075169... 0.01X = = < (A1) 

corresponding to 17n =  (which is the least value of n ) A1 

continued… 
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6. attempts to solve ( ) 34 π 20
3

V r= =  for r (M1) 

1
3151.68389...

π
r

 
  = =    

 
 (seen anywhere) A1 

attempts to use the chain rule (M1) 

d d d
d d d
V V r
t r t
= ×  OR d d d

d d d
r r V
t V t
= × (or equivalent) 

EITHER 

( )
2
322d d d 15 d4π  4π 1.68389...  4π

d d d π d
V r r rr
t t t t

 
    = = =       

 
A1 

OR 

( )2 22
3

d 1 d 1 d 1 d=
d 4π d d d4π 1.68389... 154π

π

r V V V
t r t t t

 
 

  = =   
   

    

 A1 

THEN 

attempts to find d
d
r
t

 when d 5
d
V
t
= (M1) 

d 0.140324...
d
r
t
=

2
3d 5 π0.140

d 4π 15
r
t

 
  = =    

 
 (cm s-1) (accept 0.14) A1 

[6 marks] 
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7. attempts to express x  (or 2x ) in terms of y (M1) 

Note:  Only award (M1) if base e  is applied to both sides. 

2
24 4 2 4e 2 e 2 e 4e 4

y y y y

x x
  
 = + = + = + +    

(A1) 

let V  be the volume of the solid formed 

forms a definite integral of the form 2π d
d

c

x y∫  with their expression for 2x  in terms of y (M1) 

24 4
4 2 4

0 0

π e 2 d  π e 4e 4 d
y y y

V y y
    

= + = + +         
∫ ∫ (A1) 

176.779...=  

( )( )2177 2π e 8e 1= = + −  (cubic units) A1 

[5 marks] 
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7. attempts to express x  (or 2x ) in terms of y (M1) 

Note:  Only award (M1) if base e  is applied to both sides. 

2
24 4 2 4e 2 e 2 e 4e 4

y y y y

x x
  
 = + = + = + +    

(A1) 

let V  be the volume of the solid formed 

forms a definite integral of the form 2π d
d

c

x y∫  with their expression for 2x  in terms of y (M1) 

24 4
4 2 4

0 0

π e 2 d  π e 4e 4 d
y y y

V y y
    

= + = + +         
∫ ∫ (A1) 

176.779...=  

( )( )2177 2π e 8e 1= = + −  (cubic units) A1 

[5 marks] 
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8. (a)    METHOD 1

(i) ( )sin 2 sin 2arg arctan  tan arg
1 cos2 1 cos2

z zθ θ
θ θ

   = =   + +   
 A1 

uses 2sin cosθ θ  in the numerator and any double angle identity for cos2θ  in 
the denominator M1 

( )2 2
2sin cos 2sin cosarg arctan  tan arg

2cos 2cos
z zθ θ θ θ

θ θ
   = =   
   

 

( ) π πarg arctan tan  
2 2

z θ θ ⇒ = − < < 
 

 A1 

θ=  AG 

[3 marks] 

(ii) attempts to express z  in the form ( ) ( )2 2Re Imz z+ (M1) 

( )2 21 cos2 sin 2z θ θ= + +  

attempts to expand ( )21 cos2θ+  and then uses 

2 2cos 2 sin 2 1θ θ+ =  in an attempt to simplify (M1) 

2 2cos2z θ= +  A1 

( )24cos  2 cosz θ θ= =  A1 

π π2cos  
2 2

θ θ = − < < 
 

 AG 

[4 marks] 

METHOD 2 (i) and (ii) 

21 2cos 1 2sin cos iz θ θ θ= + − +    M1A1A1 
     22cos 2sin cos iz θ θ θ= +   A1 

attempt to form z r cisθ=   M1 
2cos (cos i sin )z θ θ θ= +   A1A1 

2cos and arg .z zθ θ∴ = =      AG 

 continued… 
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9. recognizes that 21 0x ax bx c= ⇒ + + = (M1) 

0a b c+ + =  (seen anywhere) A1 

passes through ( )2,1  so:

( )2 41  4 2 2
4 2

a b c
a b c

−
= + + = −

+ +
 (seen anywhere) A1 

local minimum point at ( )2,1  so:

attempts to find d
d
y
x

 using quotient or product rule M1 

( ) ( )( )
( )

2

22

4 2d
d

ax bx c x ax by
x ax bx c

+ + − − +
=

+ +

substitutes 2x =  into the numerator of their ( )d 0
d
y
x
= (M1) 

( ) ( )( ) ( ) ( )( )
( )2

4 2 2 4 4
4 2 2 4 4 0 0

4 2
a b c a b

a b c a b
a b c

 + + − − +
+ + − − + = =  + + 

A1 

( )12 4 0a b c+ + =

Note:  An incorrect numerator may lead to a correct equation. 
In this instance, award A0 here and do not award the final A mark. 

attempts to solve their 3 linear equations in ,a b  and c (M1) 

3, 11a b= = −  and 8c =  A1 

Note:  Three linear equations and a value for each of ,a b  and c  need to be 
seen to gain the last M mark. 

Note: The last M mark is dependent on an equation formed from the numerator of d
d
y
x

. 

[8 marks] 
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SECTION B 

10. (a) recognizes that the mode is a value of x  at which f  has a maximum value (M1) 

a clearly labelled graph of f  OR states ( ) 0f x′ =  OR considers the axis of
symmetry 

mode is 1.5  (kg) A1 

Note:  Award M1A0 for ( )1.5,0.441  or 0.441  stated as the final answer.

[2 marks] 

(b) attempts to find ( )
2

1

df x x∫ (M1) 

0.435294...=  

370.435 
85

 = = 
 

A1 

[2 marks] 

continued… 
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12. (a) attempts to use Euler’s method (M1) 

1
π

12n nx x+ = + ; 1
π d

12 dn n
yy y
x+ = + ×  where d cosec2 tan

d
y y x x
x
= +

1
π π π1.25281... 1
4 12 4

y   = = + +    
 (A1) 

2 1.97608...y =

1.98y =  A1 

 [3 marks] 

(b) attempts chain rule differentiation with multiplication of two derivatives (M1) 

2dcot cosec
d
uu x x
x

= ⇒ = −  and 1 d 1ln
2 d 2

yy u
u u

= ⇒ =  OR 

2
cos d 1
sin d sin

x uu
x x x

= ⇒ = −  and 1 d 1ln
2 d 2

yy u
u u

= ⇒ =  OR 

21 1cot ( ) cosec  and 
2 cot ( ) cot ( )

du dyu x x
dx dux x

= ⇒ = ×− = OR 

( ) ( )
( )

d 1 ln
d 2 2

f x
f x

x f x
′  = 

 

THEN 

2cosec
2cot

x
x

= −  OR 2
1 sin

sin 2cos
x

x x
− × A1 

1
2sin cosx x

= − (A1) 

1
sin 2x

= − A1 

cosec2x= − AG 

[4 marks] 

continued… 
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Question 12 continued. 

(c) METHOD 1

attempts to use ( ) ( )de P x xI x ∫= (M1) 

cosec2 de x x−∫ A1 

( )1 ln cot
2e

x
= (A1) 

( )ln cote x
= A1 

cot x= AG 

METHOD 2 

attempts product rule differentiation on ( )d cot
d

y x
x

M1 

2d coseccot
d 2 cot
y y xx
x x

= − A1 

2d coseccot
d 2cot
y xx y
x x

 
= − 

 
 A1 

dcot cosec2
d
yx y x
x

 = − 
 

A1 

so cot x  is an integrating factor AG 

[4 marks] 

continued… 
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Question 12 continued. 

(d) dcot cosec2 cot tan cot
d
yx y x x x x
x
− =  (or equivalent) (M1) 

( )d cot 1
d

y x
x

= (A1) 

cot 1dy x x= ∫ A1 

( )coty x x C= + or equivalent A1 

substitutes π π, 0
4 4

x y C= = ⇒ =  M1 

Note:  Award M1 for attempting to find their value of C . 

tany x x= AG 

[5 marks] 

(e) (i) 2.52878...y =  

2.53y =  A1 

(ii) the gradient changes substantially (in the neighbourhood of 5π
12

x = ) R1 

  Note: Award R0 for saying the gradient is very large at 5π
12

x =

(iii) EITHER

the curve is concave up (over the interval) A1 

OR

2

2
d 0
d

y
x

> (over the interval) A1 

[3 marks] 

continued… 
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Question 12 continued. 

(f) ( )d cosec2 tan  tan cosec2 tan
d
y y x x x x x x
x
= + = +

cosec 2 , tan 0x x >  (for π0
2

x< < ) R1 

d 0
d
y
x

⇒ > A1 

so the curve has a positive gradient for π0
2

x< < AG 

Note:  Do not award R0A1. 

[2 marks] 

Total [21 marks] 
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2. (a) 3 2d
4 9 3

d

y
x x

x
= − +  (M1)(A1) 

Note:  Award M1 for at least two correct terms. 

  
2

2

2

d
12 18

d

y
x x

x
= −  A1 

    [3 marks] 

 

 

 (b) valid attempt to find x-coordinates (e.g. solving 212 18 0x x− =  or graphing 3 2d
4 9 3

d

y
x x

x
= − +

  (M1) 

  
3

0, 1.5
2

x
 

=  
 

 (A1) 

  point B is (0, 0)  A1 

  point C is (1.5, 0.5625)−   
3 9

(1.5, 0.563), ,
2 16

  
− −  

  
 A1 

Note: Award M0A0A1A0 for an unsupported answer of point B is (0, 0). 

  

    [4 marks] 

 

 

 (c) y -intercept = 0  (as line passes through (0, 0)) R1  

Note:  Award R1 for correctly substituting point B or point C to show that 0y = .  

 Award R1 for 0.375 0y x= − + . 

   gradient 

9

0.5625 16
31.5

2

 
− −

= = 
 
 

  A1 

Note: Award A0FT if their answer to (b) doesn’t lead to the given answer, but condone 
0.563

1.5

−
. 

  0.375= −   

  so equation is 0.375y x= −   AG 

Note:  Award at most A1R0 for working backwards to verify points B and C lie on the given line.  

    [2 marks] 

     

    continued… 
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Question 2 continued 

 

 (d) 4 3 03 3753 .x xx x = −− +  (M1) 

  2.427  A1 

Note:  Correct answer must be given to three decimal places for the A1 to be awarded.  

  Award (M1)A1 for ( )2.427, 0.910− . 

Award (M1)A0 for an unsupported answer of 2.43. 

 

    [2 marks] 

 
 

 (e) 3 2d
4 3

d

y
x mx n

x
= − +  (A1) 

  
2

2

2

d
12 6

d

y
x mx

x
= −  (A1) 

 

  ( )6 2 0x x m− =  

  0,
2

m
x =  A1 

Note:  Accept 0m  in place of 0 . 

  

    [3 marks] 

 

 

 (f) (i) point B is ( )0, 0  A1 

    [1 mark] 

  (ii) 

4 3 4 4

2 2 2 16 8 2
c

m m m m m nm
y m n

      
= − + = − +      
       

 (A1) 

   
4

16 2

m nm
= − +   OR  

48

16

nm m−
  OR  

3

2 8

m m
n
 

− 
 

   OR   equivalent simplification A1 

   Point C is 
4

,
2 16 2

m m nm 
− + 

 
 

Note:  Award the second A1 if the simplified y-coordinate is seen here or in part (g). 

    [2 marks] 

    continued… 
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Question 2 continued 

 (g) attempt to divide their Cy  by their Cx   OR   substitute into 2 1

2 1

y y

x x

−

−
  (M1) 

  e.g. 
4

16 2 2

m nm m 
− +  
 

 

  
4 2

16 2

m nm

m

 
− +  
 

  OR equivalent manipulation leading to given answer A1 

Note:  Award A0 FT if their answer does not lead to the AG. 

  = 
3

8

m
n− +  and y -intercept = 0,  

  so equation is 

3

8

m
y n x

 
= − + 
 

  AG 

 

Note:  Award at most M1A0 for working backwards to verify points B and C lie on the given line.  

 

    [2 marks] 

   

 

 (h) METHOD 1 

  4 3
3

8
xx

m
x nmx nx− = − ++  

  attempt to rearrange this equation to equal zero (M1) 

  
3

4 3 0
8

x x
m

m x− + =  

  recognizing their ( )Cx x−  is a factor of this expression (M1) 

  

2
2 )

2 2
( 0

4
x

mm m
x x x

 

 

− − = 


−
  

   OR equivalent A1M1A1 

Note:  Award A1 for 
2

m
x x
 

− 
 

 , M1A1 for 

2
2

42

m
x x

m 
− − 

 
. 

If a candidate divides by x  without justification, do not award the first A1, but all subsequent 

marks can still be awarded. 

    

    continued… 
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Question 2 continued 

 

 use of quadratic formula to find roots, Ax  (and Dx ), of the quadratic M1 

  

2
2

2

42
A

m
m

m

x

− +

=    OR equivalent A1 

 Note:  Condone a   in place of the minus sign, provided given answer is restated. 

  5
4 4

A

m m
x = −  AG 

 

Note: Award (M1)(M0)A0M0A0M0A0 for attempting to verify the given answer satisfies 

4 3
3

8
xx

m
x nmx nx− = − ++ . 

 

  

  METHOD 2 

  4 3
3

8
xx

m
x nmx nx− = − ++  

  attempt to rearrange this equation to equal zero (M1) 

  
3

4 3 0
8

x x
m

m x− + =  

  
3

3 2 0
8

m
x x mx
 

− + = 
 

 

  Recognise that their Cx  is a root of this equation (M1) 

  Attempt to find sum and product of roots (M1) 

  
2

A D

m
x x m+ + =    AND   

3

2 8
A D

m m
x x  = −    A1 

  
3

2 2 8
A A

m m m
x x

 
 −  = − 
 

 

  
2

2 0
2 4

A A

m m
x x− − =  A1 

  use of quadratic formula to find roots, Ax  (and Dx ), of the quadratic M1 

   

    continued… 
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Question 2 continued 

 

  

2
2

2

42
A

m
m

m

x

− +

=     OR equivalent A1 

Note:  Condone a   in place of the minus sign, provided given answer is restated. 

  5
4 4

A

m m
x = −  AG 

    [7 marks] 

 

 (i) 

0 5
4 4

0
2

m m

m

 
− − 
 

−

 (A1) 

  
5 1

2

−
=   A1 

Note:  Answer must be exact. 

 

    [2 marks] 

    Total [28 marks] 
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1. (a) (i) attempts chain rule differentiation to find ( )f x′ (M1) 

( )
( )

( )( )( )( )3
3

2  1 2 2
2

f x x
x

−′ = = − − −
−

A1 

Note:  Award (M1) for attempting chain rule differentiation on ( ) 124 4x x
−

− + or

attempting quotient rule differentiation on 
( ) ( )22

1 1 
4 4 2x x x

 
= 
 − + − 

. 

Award A1 for ( )
( )

( )( )( )( )3
3

2  1 2 2
2

f x x
x

−′ = = − − −
−

.

[2 marks] 

(ii) ( ) 2g x x′ = (A1) 

( ) ( ) ( )( ) ( )3
3

2 2
2(2 ) 2

(2 )
x

f x g x x x
x

−  
′ ′ = − = − 

 (or equivalent) A1 

3
4

(2 )
x
x

=
−

AG 

[2 marks] 
continued… 
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Question 1 continued. 

(iii) 

Note:  Award a maximum of (M1)A1(M1)A0FT from parts (a) (i) and (ii). 

substitutes ( ) ( ),f x g x  and their ( ) ( ),g x f x′ ′  into the given expression (M1) 

EITHER 

( ) ( ) ( ) ( ) 2 2 32 (2 ) 2 (2 )f x g x g x f x x x x x− −′ ′+ = − + − A1 

Note:  Award A1 if ( ) ( ) 22 (2 )f x g x x x −′ = −  and ( ) ( ) 2 32 (2 )g x f x x x −′ = −  are
stated separately. 

attempts to factorise their expression (M1) 

( )32 (2 ) (2 )x x x x−= − − + A1 

OR 

( ) ( ) ( ) ( )
2

2 3

2 2
(2 ) (2 )

x xf x g x g x f x
x x

′ ′+ = +
− −

A1 

Note:  Award A1 if ( ) ( ) 2

2
(2 )

xf x g x
x

′ =
−

 and ( ) ( )
2

3

2
(2 )

xg x f x
x

′ =
−

 are stated 

separately. 

attempts to form an expression with a common denominator (M1) 

Note:  Award (M1) for ( ) ( )2 32 2x x− −  as a common denominator. 

2 2 2

3 3 3

2 (2 ) 2 4 2 2
(2 ) (2 ) (2 )
x x x x x x

x x x
 − − +

= + = − − − 
A1 

THEN 

3
4

(2 )
x
x

=
−

AG 

Note:  Award marks as appropriate for attempting to find the derivative of 

( ) ( )
( )

2

22
xf x g x

x
=

−
 (or equivalent). 

[4 marks] 
continued… 
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Question 1 continued. 

(b) METHOD 1

( ) ( ) ( ) ( ) ( ) ( )f x g x g x f x f x g x′ ′ ′ ′− =  (A1) 

( ) ( ) ( ) ( ) ( ) ( )( )0f x g x g x f x f x g x′ ′ ′ ′− − =

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) f x g x g x f x g x f x g x g x f x g x′ ′ ′ ′ ′ ′− = − = − A1 

( )
( )

( )
( ) ( )

f x g x
f x g x g x
′ ′

=
′ −

AG 

Note:  Award (A0)A0 for use of ( )f x  and ( )g x  from part (a).

METHOD 2 

( ) ( ) ( )
( )

( ) ( )
( )

f x g x g x f x
g x

f x f x
′ ′ ′

′ = −

(A1) 

( ) ( )
( ) ( ) ( )( )f x

g x g x g x
f x
′

′ ′= −

A1 
( )
( )

( )
( ) ( )

f x g x
f x g x g x
′ ′

=
′ −

AG 

Note:  Candidates may not show the steps exactly as shown above. 
Award (A0)A0 for use of ( )f x  and ( )g x  from part (a).

continued… 
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Question 1 continued. 

METHOD 3 

( ) ( ) ( )
( ) ( )f x g x

g x g x
f x

′
′ = +

′
(A1) 

( )
( )

( ) ( )
( )

f x g x g x
f x g x

′ −
=

′ ′
A1 

( )
( )

( )
( ) ( )

f x g x
f x g x g x
′ ′

=
′ −

AG 

Note:  Candidates may not show the steps exactly as shown above. 
Award (A0)A0 for use of ( )f x  and ( )g x  from part (a).

METHOD 4 
( )
( )

( )
( )

1
f x g x
f x g x

+ =
′ ′

 (A1) 

( )
( )

( ) ( )
( )

f x g x g x
f x g x

′ −
=

′ ′
A1 

( )
( )

( )
( ) ( )

f x g x
f x g x g x
′ ′

=
′ −

AG 

Note:  Candidates may not show the steps exactly as shown above. 
Award (A0)A0 for use of ( )f x  and ( )g x  from part (a).

[2 marks] 

continued… 
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Question 1 continued. 

(c) METHOD 1

Note:  Condone the absence of 'd 'x  and the modulus sign throughout. 
Only award the second A mark if the constant of integration has been 
dealt with correctly. 

EITHER 

( ) ( )
( ) ( )

ln d ( )
g x

f x x C
g x g x

′
= +

′ −∫  A1 

Note:  Condone the absence of ' 'C+  when awarding the first A mark. 

( )
( )

( ) ( ) ( )
( )

( ) ( )
d d

e e  e
g x g x

x x C
g x g x g x g xCf x f x

′ ′   
+      ′ ′− −   

 ∫ ∫ = =
 
 

 A1 

Note:  Award A1 for ( )
( )

( ) ( )
d

e
g x

x
g x g xf x A

′ 
  ′ − 
∫

= , where eCA = . 

OR 

( ) ( )
( ) ( )

ln ( ) d
g x

f x C x
g x g x

′
+ =

′ −∫ A1 

Note:  Condone the absence of ' 'C+  when awarding the first A mark. 

( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( )
d d d

e e  e e , e
g x g x g x

x x x C
g x g x g x g x g x g xC Cf x f x f x

′ ′ ′     
−          ′ ′ ′− − −−     

 ∫ ∫ ∫ = = =
 
 

A1 

Note:  Award A1 for ( )
( )

( ) ( )
d

e
g x

x
g x g xf x A

′ 
  ′ − 
∫

= , where e CA −= . 

THEN 

( )
( )

( ) ( )
d

e
g x

x
g x g xf x A

′ 
  ′ − 
∫

= AG 

continued… 
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Question 1 continued. 

METHOD 2 

Note:  Condone the absence of 'd 'x  throughout. 

( ) ( )
( ) ( ) ( ) 0

g x
f x f x

g x g x
′

′ − =
′ −

Integrating factor: 
( )

( ) ( )
d

e
g x

x
g x g x

′ 
−  ′ − 
∫

A1 

Note:  Award A1 for ( )
( )

( ) ( )
d

e
g x

x
g x g xf x C

′ 
−  ′ − 
∫

= . 

( )
( )

( ) ( ) ( )
( )

( ) ( )
d d

e 0 e
g x g x

x x
g x g x g x g xd f x f x A

dx

′ ′   
− −      ′ ′− −   

 ∫ ∫  = ⇒ =
 
 

 A1 

Note:  Award A1 for ( )
( )

( ) ( )
d

e
g x

x
g x g xf x C

′ 
−  ′ − 
∫

= . 

( )
( )

( ) ( )
d

e
g x

x
g x g xf x A

′ 
  ′ − 
∫

= AG 

[2 marks] 
continued… 



Mathematics: analysis and approaches HL | Paper 3 | May 2024 TZ2 | Q1 | 24 marks

Apollo | Original source crop | 292

– 13 – 2224 –7108M 

Question 1 continued. 

(d) ( ) e ex xg x x′ = +  (seen anywhere) (A1) 

attempts to find an expression for
( )

( ) ( )
g x

g x g x
′

′ −
(M1) 

e e e ( 1)
e e

x x x

x x
x x + +

= = 
 

 

1x= +  (as e 0x ≠ ) (A1) 

attempts to integrate their 
( )

( ) ( )
g x

g x g x
′

′ −
(M1) 

( ) ( )211 d
2

x x x x C+ = + +∫
21

2( ) e
x x

f x
 + 
 = A1 

Note:  Award A0 for 
21

2( ) e
x x C

f x
 + + 
 =  (or equivalent expressed with an arbitrary

constant). 

[5 marks] 
continued… 
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Question 1 continued. 

(e) ( ) cos sing x x x′ = −  (seen anywhere) (A1) 

attempts to find an expression for
( )

( ) ( )
g x

g x g x
′

′ −
(M1) 

cos sin sin cos
cos sin sin cos 2sin

x x x x
x x x x x

− − = = − − −  
 

1 1 cot
2 2

x= −  (as sin 0x ≠ )  OR  1 1 cos
2 2 sin

x
x

= −  (as sin 0x ≠ ) A1 

1 1 cot d
2 2( ) e

x x
f x

 − 
 ∫=

attempts to find the indefinite integral of ( )cotk x±   OR  ( ) cos
sin

xk
x

± (M1) 

Note:  As sin sinx x=  for 0 πx< < , condone the presence or omission of the 
modulus sign throughout a candidate’s solution. 
Condone the presence of an arbitrary constant except when awarding the 
final A mark. 

( ) ( )( )1 1 1 1cot d ln sin  ln sin
2 2 2 2 2

xx x x C x x C   − = − + = − +∫    
   

A1 

( )
1 ln sin

2 2( ) e e e
x x Cf x

−
=

( ) ( ) ( ) ( )
1 11 lnln ln sin2 sinsin2 2e e e  e e e , e e

x x
x xC C Cxx

 
  − 

 
= = =  

 
A1 

2 1e
sin

x

x
=

ee cosec   
sin

x
x x

x

 
= =  

 
(where ( ) 1

sin
h x

x
= ) A1 

[7 marks] 
Total [24 marks] 
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2. (a) 36    OR   6 6 6× × A1 

Note:  Accept a labelled diagram that clearly illustrates correct application of the 
multiplication principle leading to 216 . 

216=  AG 

[1 mark] 

(b) EITHER

attempts to find ∆ (M1) 

( )( )( )( )24 4 1 4 0∆ = − = A1 

OR 

attempts to solve 2 4 4 0x x+ + = (M1) 

( )2( 2) 0 2x x+ = ⇒ = − A1 

OR 

attempts to express ( )2 4 4 0x x+ + =  as a perfect square (M1) 

( )2( 2) 0x + =  is a perfect square A1 

OR 

a graph of 2 4 4y x x= + +  with the vertex touching the -x axis at 2x = −  A2 

THEN 
graph of f  has only one x-intercept AG 

[2 marks] 
continued… 
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7. (a) attempt to find ( ) π0 2,  1
4

f f  = = 
 

  or 
π 2
2

f   = 
 

 or sketch of graph (M1) 

  ( )1 2f x≤ ≤   A1A1 

Note: Award A1A0 for strong inequality seen. Allow equivalent, and/or interval notation. 

    [3 marks] 
 

 (b) consider 

π
2

2

0

ππ sec  d
4

x x − 
 ∫   M1 

Note: For the M1, condone incorrect or missing limits and omission of π . 

 

  

π
2

0

ππ tan
4

x  = −    
  A1 

  
π ππ tan tan
4 4

  = − −    
 (A1) 

  ( )( )π 1 1= − −   

  2π=    A1 

     [4 marks] 
    Total [7 marks] 
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SECTION B 
 

10. (a) outer curved surface area is ( )2 4r hπ   AND inner curved surface area is 2 rhπ
    (A1)  

  area of each base (top and bottom) is ( )2 24r rπ π−                              (A1)

   ( ) ( )2 22 4 2 4 2S r r r h rhπ π π π = − + +        A1 

  230 10r rh= π + π   AG 

    [3 marks] 
 

 (b) 230 10 240r rhπ + π = π  

  attempt to solve their equation for  h  or rh  in terms of r  (must isolate h  or rh )
            (M1)  

  
2 2240 30 24 3

10
r rh

r r
 − −

= = 
 

OR ( )
2

2240 30 24 3
10

rrh r−
= = −   (or equivalent)

            A1 

 

  uses volume = large cylinder – small cylinder              (M1) 

  ( )2 24V r h r h= π − π   ( )2 2 216 15r h r h r hπ π π= − =     A1 

 

 attempt to substitute in for h  or rh                 (M1) 

 
2

2 24 315 rV r
r

 −
= π  

 
  OR  ( )( )

2
2240 3015 15 24 3

10
rV r r rπ π

 −
= = − 

 
 OR  

3 3384 48 24 3r r r rπ π π π− − +        A1 

  3360 45r r= π − π                    AG  

    [6 marks] 

 (c) 2d 360 135
d
V r
r
= π− π  A1A1 

    [2 marks] 
   
    continued… 
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Question 10 continued. 
   

 (d) METHOD 1 (working with r) 

  recognition that (for a maximum) d 0
d
V
r
=  M1 

  2360 135 0rπ π− =    

  2 360 8
135 3

r  = = 
 

  

  
360 8
135 3

r
 

= =  
 

 A1 

  2p =  OR 
22
3

r =  A1 

 
 

  METHOD 2 (working with 
2
3

p ) 

  recognition that (for a maximum) d 0
d
V
r
=  M1 

  

2
2360 135 0
3

pπ π
 

− =  
 

 

  2360 90 0p− =  

  2 4p =  A1 

  2p =  OR 
22
3

r =  A1 

    [3 marks] 
     

    continued… 
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Question 10 continued. 
 

 (e) attempt to substitute their value of r  into 3360 45V r r= π − π  M1 

  

3
2 2360π 2 45π 2
3 3

V
 

= × − ×  
 

  

  
2 2 2360π 2 45π 8
3 3 3

= × − × × ×   

  
2 2720π 240π
3 3

 
= −  
 

 (A1) 

  
2480π
3

=   A1 

     [3 marks] 
    Total [17 marks] 
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11. (a) EITHER  
  attempt to use l’Hôpital’s (M1) 

  
2 2

2 2

e 1 2elim lim
e 1 2e

x x

x xx x→∞ →∞

 −
= + 

 A1 

  OR 

  attempt to divide each term by 2e x  (M1) 

  
2 2

2 2

e 1 1 elim lim
e 1 1 e

x x

x xx x

−

−→∞ →∞

   − −
=   + +   

 A1 

  THEN 

  1=    AG 
    [2 marks] 
 
 (b) (i) attempt to use quotient rule or product rule M1 

   
( ) ( )

( )

2 2 2 2

22

e 1 2e e 1 2ed
d e 1

x x x x

x

y
x

+ − −
=

+
  A1A1 

Note: Award A1 for first term in numerator, A1 for second term in numerator. 
If denominator is incorrect award A1A0. 

   
( )

2

22

4e

e 1

x

x
=

+
 AG 

  (ii) attempt to substitute for y  and express as a single fraction M1 

   
( )
( )

22
2

22

e 1
1 1

e 1

x

x
y

−
− = −

+
   

   
( ) ( )

( )

2 22 2

22

e 1 e 1

e 1

x x

x

+ − −
=

+
or equivalent (A1) 

   
( )

( )

4 2 4 2

22

e 2e 1 e 2e 1

e 1

x x x x

x

+ + − − +
=

+
  OR   

( )
2

22

2e 2

e 1

x

x

×

+
 A1 

   
( )

2

22

4e

e 1

x

x
=

+
 AG 

    [6 marks] 
     

    continued… 
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Question 11 continued.  

 
 (c) (i) attempt to use implicit differentiation M1 

   
2

2

d d2
d d

y yy
x x

 
= − 

 
 A1 

   ( )22 1y y= − −   A1 

   32 2y y= −  AG 

 

  (ii) ( )
3

2
3

d d6 2
d d

y yy
x x

 
= − 

 
  A1 

   ( )( )( )2 2 2 46 2 1 8 6 2y y y y= − − = − −   A1 

    [5 marks] 
 

 (d) attempt to evaluate at least three of , , ,y y y y′ ′′ ′′′  at 0x =   (M1) 

  ( )0 0y =  , ( )0 1y′ = , ( )0 0y′′ = , ( )0 2y′′′ = −  A1 

attempt to use Maclaurin series ( ) ( ) ( ) ( )2 30 0
0 0

2! 3!
y y

y y y x x x
′′ ′′′

′≈ + + + +  

  M1 

  ( )2 32
0 1 0

3!
y x x x

−
≈ + + + +  

  
3

3
xy x≈ − +  A1 

    [4 marks] 
    Total [17 marks] 
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Section B 

10. (a) (i) 0.358a = (exact); 30.5b =  (exact answer is 30.52 ) A1A1 

Note: Award A1A0 if the values of a and b are interchanged or not labeled. 

(ii) a represents the (average) rate of increase (change) in population (0.358 millions
of people per year).  (or equivalent) R1 

[3 marks] 

(b) It is unreliable because 2030 is outside the range of data (extrapolation). A1 
[1 mark] 

(c) (i)  attempt to find (100)B (M1) 

55.1633… 
55.2 million OR 55,200,000  A1 

(ii) The annual growth rate of the population is 0.5%. A1 

Note: Description must include some reference to annual rate. 

[3 marks] 

(d) 54.6094…
54.6 million OR 54,600,000 A1 

[1 mark] 

(e) consideration of the difference function ( ) ( )C t tB−  or ( ) ( )B t tC−  or ( ) ( )C t tB− (M1) 

evidence of finding the maximum (or minimum) of this function. (M1) 
58.6283t = …

2058  (accept 2059 ) A1 

[3 marks] 
continued… 
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Question 10 continued. 

(f) (i) 0.242876…
(75) 0.243B′ =  A1 

(ii) 0.184941...

( ) 0.18575C′ = A1 

[2 marks] 

(g) (75) (75)B C′ ′>  (or equivalent in words) A1 

the population in Benoit’s model is increasing at a faster rate than in Cecilia’s model (in
2075)  (or equivalent) R1 

Note: Do not award A0R1. 

[2 marks] 
Total [15 marks] 



Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q10 | 15 marks

Apollo | Original source crop | 303

– 20 – 8824 – 9701M 

11. (a) attempt to set equal to a parameter or rearrange cartesian form (M1) 

1 2 2
2
x xλ λ− + = ⇒ = − , 4 4y yλ λ+ = ⇒ = − +  , 3

3
z zλ λ= ⇒ =  OR 

2 4 0
2 1 3

x y z− + −
= =

−

correct direction vector , ,x y z or equivalent seen in vector form (A1) 

2 2
4 1

0 3
λ

−   
   = − +   
   
   

r  A1 

Note: Award (M1)(A1)A0  if ‘’ =r ’’ is omitted. 

[3 marks] 

(b) METHOD 1
L  passes through )P 4(2 , ,2 3λ λ λ+− −  (A1) 

attempt to apply distance formula to find their OP
→

 or their 
2

OP
→

(M1) 

( ) ( ) ( )
2

2 2 2OP 2 2 4 3λ λ λ
→

= − + − + +  (A1) 

attempt to find their minimum value of OP
→

 or 
2

OP
→

 using GDC (M1) 

2

OP 15.4285.. 40.571428... . OP 15. 285 .OR ..λ
→ → 

  


= ⇒


= =

3.92792...

6 213.93
7

 
=  
 

 A1 

continued… 
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Section A 
 

1. 2'( ) 4 16f x x= −  A1 

 sets their derivative equal to zero  (M1) 

 24 16 0x − =  , ( 2x = ± ) 

 2p =  (accept  2x = ) A1 

 substitutes their positive p into ( )f x   (M1) 

 
( )34 2 32 6416(2) 32
3 3 3

y  = − = − = − 
 

 

 
64
3

q = −  (accept 
64
3

y −
= ) A1 

    Total [5 marks] 
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2. (a) 4 1 0.01
400 100

k  = = = 
 

 A1 

    [1 mark] 
 
 (b) attempt to find binomial coefficients or multiply out brackets  (M1) 

  e.g. Pascal’s triangle down to correct row OR ( )221 2x x+ + OR substitute into  

  binomial expansion 

  ( )41 x+  

  2 3 41 4 6 4x x x x= + + + +  A1 

    [2 marks] 
 (c) METHOD 1 
  recognition that the expansion can be used with x replaced with k   (M1) 

  
411

100
 + 
 

 

  ( )2
4 61 ... 1 0.04 0.0006 ...

100 100
= + + + = + + +  (A1) 

  multiplies by 1000 (seen anywhere) (M1) 

  
411000 1

100
 + 
 

 

  ( )1000 40 0.6 ... 1040.6...= + + + =   

  1041=  (dinar)  A1 

   
  METHOD 2 

  attempt to find the value of ( )41 k+  by hand (M1) 

  ( ) ( ) ( ) ( ) ( )4 21.01 1.0201 1.01 1.030301 1.01= =  

  1.0406...=  (A1) 

  multiplies by 1000 (seen anywhere) (M1) 

  ( )41000 1.01  

  1040.6...=   

  1041=  (dinar) A1 

     [4 marks] 
    Total [7 marks] 
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3. METHOD 1 

 attempt to set up integral ( )e e 2ex x x− − =  or ex and then double  (M1) 

 ( )( )e e dx x x− −∫  OR 2 e dx x∫  

 
1

1
2 e dx x

−
= ∫  

 
1

1
2 ex

−
 =     (A1) 

 attempt to substitute correct limits into their integrated function and subtract  (M1) 

 12 e
e

 = − 
 

 , 
22e
e

− , 12 2e e−−  A1 

  
 METHOD 2 

 
1 1

11
e dx xx e

−−
 =  ∫   and  

1 1

11
-e dx xx e

−−
 = − ∫  (A1) 

 attempt to substitute correct limits into both their integrated functions and subtract (M1) 

 1 1e e−−   and  1 1( )e e−− − −  

 subtracts their two integrals in correct order (M1) 

 ( )1 1 1 1e e e e− −− − − +  

 12 e
e

 = − 
 

 , 
22e
e

− , 12 2e e−−  A1 

    Total [4 marks] 
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4. (a) 
1P( )
4

A =  (A1) 

  attempt to use P( )P( )
P( )
B AB A

A
∩

=   (M1) 

  2 P( )
13
4

B A∩
=

 
 
 

 

  2 1P( )
3 4

A B  ∩ =  
 

 

  2 1
12 6

 = = 
 

 A1 

    [3 marks] 
 (b) attempt to use P( ) P( ) P( ) P( )A B A B A B∪ = + − ∩  OR a Venn diagram, with 

their values of P( )A  and P( )B A∩  M1 

  
3 1 1P( )
4 4 6

B= + −  

1 1P( ) +
2 6

B =  

  4 2
6 3
 = = 
 

 A1 

  P( ) P( )B A B=  OR 
1P( )P( )
6

A B = so P( ) P( )P( )A B A B∩ =  (hence A  and B are 

independent) R1 

Note:  The R1 is dependent on all previous marks 

    [3 marks] 
    Total [6 marks] 
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9. d d,  
d d
y vy vx x v
x x

= = +  

d 1
d 1

v x vx vx v
x x vx v

− − + = = + + 
  

d 1
d 1

v vx v
x v

−
+ =

+
 (A1) 

2d 1 1 2
d 1 1
v v v vx v
x v v

 − − −
= − = + + 

    

attempt to separate variables and form two integrals  (M1) 

2
1 1d d

1 2
v v x

v v x
+

=
− −∫ ∫  

1d lnx x c
x

= +∫  A1 

use of substitution or inspection to integrate
2

1
1 2

v
v v
+

− −
or equivalent  (M1) 

2 d1 2 2 2 2(1 )
d
uu v v v v
v

= − − ⇒ = − − = − +  

2
2

1 1d ln 1 2
1 2 2

v v v v
v v
+

= − − −
− −∫   OR  21 ln 2 1 ln

2
v v x c− + − = +  A1 

  

 
2

2
1 ln 1 2 ln
2

y y x c
x x

− − − − =   OR 
2

2

1 ln 2 1 ln
2

y y x c
x x

− + − − =  

EITHER 
attempt to substitute 2x =  and either 0y =  or 0v = to find a constant c   (M1) 

ln 2c = −  
2

2
1 ln 1 2 ln ln 2
2

y y x
x x

− − − − = −   OR  
2

2

1 ln 2 1 ln ln 2
2

y y x
x x

− + − − = −  A1 

OR 
2

2
21 2 y yx A

x x
− − =   OR  

2
2

2 2 1y yx A
x x

+ − =   A1 

attempt to substitute 2x =  either 0y = or 0v = to find a constant A  (M1) 

THEN 
2

2
21 2 4y yx

x x
− − =  OR  

2
2

21 2 4y yx
x x

 
− − = 

 
 A1 

checking boundary values confirms 2 22 4x xy y− − =  AG 

 
   continued… 
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Question 9 continued. 

 

Note: Condone absence of absolute value signs even if removed incorrectly until the 
final A1 mark where they must be seen or have been removed to form a correct 
equation. 

    Total [8 marks] 
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Section B 
 
10. (a) METHOD 1 
  5a =   (A1)
   
  attempt to use roots and symmetry to find h  (M1) 

  
( 1) ( 3)

2
h − + −
=  OR half the distance between the roots 

( 1) ( 3) 1
2

− − −
=  (may be 

seen on a diagram) 

  2h = − (accept 2x = − ) (A1) 

  ( ) ( )2 2( ) 5( 2 ) 5 5( 2) 5f x x x= − − − = + −  A1 

  ( 5,  2,  5a h k= = − = − )  

  METHOD 2 
  5a =   (A1) 
  attempt to expand   

  ( ) 21 ( 3) 4 3x x x x+ + = + +  OR ( ) 25 1 ( 3) 5 20 15x x x x+ + = + +  

  EITHER 
  uses their expansion to attempt to complete the square to the form (M1) 

   2( )p x q r+ + ,where q is half the coefficient of their x term  

  ( ) ( )( )2 222 2 3 2 1x x= + − + = + −  OR ( ) ( )2 225 2 2 3 ( 5 2 5)x x + − + = + −   (A1) 

  OR 
  uses their expansion to attempt to differentiate and sets equal to zero (M1) 

   
d 2 4 0
d
y x
x
= + =  OR  

d 10 20 0
d
y x
x
= + =  

  2h = − (accept 2x = − ) (A1) 

  OR 

  uses their expansion to attempt to find axis of symmetry using 
2

bh
a
−

=  (M1) 

  
4

2
h −
=  OR 

20
10

h −
=  

  2h = − (accept 2x = − ) (A1) 

  THEN 

  ( ) ( )2 2( ) 5( 2 ) 5 5( 2) 5f x x x= − − − = + −  A1 

  ( 5,  2,  5a h k= = − = − ) 

    [4 marks] 
    continued…  
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12. (a) attempt to use integration by parts on 1( ) cos cosn
nf x x x−=  M1 

 1 dcos ,  cos
d

n vu x x
x

−= =  

 2d ( 1)cos sin ,  sin
d

nu n x x v x
x

−= − − =  

 1 2 2( )d cos sin ( 1)cos sin dn n
nf x x x x n x x x− −= + −∫ ∫    A1A1 

Note: A1 for each term with correct signs 

 

 ( )1 2 2cos sin ( 1) cos 1 cos dn nx x n x x x− −= + − −∫  A1 

 1 2cos sin ( 1) cos d ( 1) cos dn n nx x n x x n x x− −= + − − −∫ ∫  AG 

    [4 marks] 
 

(b)  attempt to rearrange the equation given in part (a) to collect terms in ( )dnf x x∫  

or cos dn x x∫  M1 

1
2( )d ( 1) ( )d cos sin ( 1) ( )dn

n n nf x x n f x x x x n f x x−
−+ − = + −∫ ∫ ∫  OR 

1 2cos d ( 1) cos d cos sin ( 1) cos dn n n nx x n x x x x n x x− −+ − = + −∫ ∫ ∫  

1
2( )d cos sin ( 1) ( )dn

n nn f x x x x n f x x−
−= + −∫ ∫   OR 

1 2cos d cos sin ( 1) cos dn n nn x x x x n x x− −= + −∫ ∫  A1 

 1
2

1 1( )d cos sin ( )dn
n n

nf x x x x f x x
n n

−
−

−
= +∫ ∫  AG 

    [2 marks] 
 
   continued…  
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Question 12 continued. 

 

(c)  attempt to use equation from part (a) to reduce the power of cos x  (M1) 

 4 3 21 3cos d cos sin cos d
4 4

x x x x x x= +∫ ∫  

 EITHER 
 attempt to use equation from part (a) again to reduce the power of cos x  (M1) 

 4 31 3 1 1cos d cos sin cos sin 1d
4 4 2 2

x x x x x x x = + + 
 ∫ ∫    (A1) 

 OR 
 attempt to use double angle formula to rewrite 2cos x  in terms of cos 2x  (M1) 

 4 31 3 cos 2 1cos d cos sin d
4 4 2

xx x x x x+ = +  
 ∫ ∫  (A1) 

 THEN 

 31 3 3cos sin cos sin
4 8 8

x x x x x c= + + +  A1 

    [4 marks] 

 (d) attempt to use the formula for volume of revolution using π  and  ( )22cos x  (M1) 

   volume ( )22π cos dx x= ∫   

 volume ( )
π
2 22

π
2

π cos dx x
−

= ∫   OR  ( )
π
2 22

0

2 π cos dx x∫   (A1) 

Note: Condone omission dx  for the A1.  

 
 attempt to substitute correct limits into their (c) and subtract (M1) 

3 31 π π 3 π π 3 π 1 π π 3 π π 3 ππ cos sin cos sin π cos sin cos sin
4 2 2 8 2 2 8 2 4 2 2 8 2 2 8 2

              + + − − − + − − + −                            
 

 
23π

8
=  A1 

Note:  FT marks may be awarded for a final answer of 2πr  based on non-zero values 
of ,p q and r .   

    [4 marks] 
 
   continued…  
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Question 12 continued. 

 

(e) (i) METHOD 1 
  attempt to raise Maclaurin expansion for cos x  to the power of n  (M1) 

  ( )
2

( ) cos 1 ...
2

n
n

n
xf x x

 
= = − + 

 
 

  
2

1 ...
2

nx
= − +  A2 

  METHOD 2 

  attempt to differentiate ( )nf x  twice (M1) 

  1 2 2'( ) cos sin ,   ''( ) cos ( 1)cos sinn n n
n nf x n x x f x n x n n x x− −= − = − + −  A1 

   (0) 1,   '(0) 0,   ''(0)n n nf f f n= = = −  

  
2

( ) 1 ...
2n

nxf x = − +  A1  

 
 (ii) METHOD 1 

  attempt to use Maclaurin expansion for ( )nf x  (M1) 

  

2

2 20 0 0

...( ) 1 2lim lim lim  powers of 
2

n

x x x

nx
f x n x

x x→ → →

− +−   = = − +    
 

  
2
n

= −  A1 

  METHOD 2 

  attempt to use l’Hôpital’s rule twice on 2

cos ( ) 1n x
x

−  (M1) 

  
1 2 2

20 0 0

cos ( ) 1 cos sin ( 1)cos sin coslim lim lim
2 2

n n n n

x x x

x n x x n n x x n x
x x

− −

→ → →

− − − −
= =  

  
2
n

= −  A1 

Note: Do not award FT marks for an expression that does not involve n .  

    [5 marks] 
     Total [19 marks] 
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6. 
(a) correct substitution into distance formula A1 

2 2 2 2ln 4l x x x x= + − +   OR  ( ) ( )22 2 20 ln 4 0x x x x− + + − −  OR 

2 2 2ln 4x x x x+ + −

2 ln 4l x x= + AG 

[1 mark] 

(b) recognising
d 0
d

l
x
=   (seen anywhere) (M1) 

EITHER 

attempt to use chain rule with l (M1) 

( ) ( )
1

2 221 dln 4 ln 4
2 d

x x x x
x

−
+ × +

attempt to use product rule with ( )2d ln 4
d

x x
x

+ (M1) 

( )
1

2 221 1ln 4 ln 2
2

x x x x x
x

−  + × × + ×  
A1 

OR 

recognising to minimise 2 ln 4x x +   (M1) 

attempt to use product rule (M1) 

2 1 ln 2x x x
x

× + × A1 

THEN 

2 ln 0x x x+ =   (or equivalent) A1 

1ln
2

x⇒ = −

1
2 1e      

e
x

−  
= = 

 
 A1 

Note:  Award A0 for including 0x =  in the final answer. 

[6 marks] 
Total [7 marks] 
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7. METHOD 1 (product of quadratic factors)
attempt to write as product of two quadratic factors (M1) 

( )( )4 3 2 2 22 3 2 1x px x qx x x ax bx c+ − + − = + + + +

( )( )2 22 1 3x x x bx= + + + −  OR ( )( )2 22 1 3x x x+ + − A1 

attempt to compare their coefficients (M1) 

2p b= +   OR  6q b= −  OR 2 2 1 3b− = + −

0b = (A1) 

2p = , 6q = − A1 

METHOD 2 (double root) 

let 4 3 2( ) 2 3f x x px x qx= + − + −  

recognition that ( )1 0f − =  (M1) 

4p q+ = −   A1 

recognition that ( ) 0f x′ =  at 1x = −  since it has a double root (M1) 
3 2( ) 4 3 4f x x px x q′ = + − +

3 0p q+ =   A1 

2p = , 6q = − A1 

METHOD 3 (division by ( )1x +  twice) 

attempt to use division with ( )1x +  to find remainder (M1) 

4p q+ = −   A1 

attempt to use division once again with ( )1x +  to find remainder (M1) 

3 0q p+ =   A1 

2p = , 6q = − A1 

METHOD 4 (division by 2 2 1x x+ + ) 
attempt to use division to find remainder (M1) 

( ) ( )3 2 4 0q p x p+ + − =   (or equivalent) (A1) 

equating the coefficients of their remainder to 0  (M1) 

3 0q p+ =  and 2 4 0p − =  OR ( )2 2 1 2q p p− + = −  and 3 1 2 p− = −  (or equivalent) A1 

2p = , 6q = − A1 

continued… 
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7. 2 4 4x r y= −  (seen anywhere) (A1) 

 substituting their expression for 2x  into 2π d
b

a

x y∫  (M1) 

 ( )4 4π r d
r

r

y y
−

−∫    OR   ( )4

0

42π r d
r

y y−∫  (A1) 

 
5

4π
5

r

r

yyr
−

 
 
 

−=  OR 
5

4

0

2π
5

r
yyr

 
− 

 
 A1 

Note: Award A1 for 
5

4

5
r y y

− seen. 

 
5 5

5 5π
5 5
r rr r

    
= − − −    

    
+  OR 

5
52π

5
rr

 
− 

 
 (A1) 

 58 πr
5

=   A1 

    Total [6 marks] 
8. (a) attempt to find modulus OR argument of 1z  (M1) 

  ( )12 2 3r = =  or π
3

θ = −  A1 

  
π πi i
3 3

1 12e 2 3ez
−−  

= = 
 

 A1 

    [3 marks] 

 (b) 
i 7π 5πi i

2 6 6

5π
6

π
3

i1

2 3e e e
2 3e

z
z

−

−

 
  = = =     

 

 (A1) 

  recognizing three equivalent arguments (M1) 

  eg 
5πi 2π
62

1

e
kz

z

 − + 
 =  OR 

5π 17π 7πi i i
2 6 6 6

1

e e e, ,z
z

− −
=   

  attempt to find a root using de Moivre’s theorem  (M1) 

  
)12 125π 2π ( -5 π ( 7)πi i i

18 3 18 18e e e
k k k+     − +     

     
 
= =  
 

 (A1) 

  
π 5π 7πi i i

18 18 18
17

e , e,e
− −

 A1 

    [5 marks] 
    Total [8 marks] 
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9. METHOD 1 

 
0

sin 0lim
1 cos 0x

x x
x→
=

−
 indeterminate form, attempt to apply l’Hôpital’s rule R1 

Note: Subsequent marks are independent of this R mark. 

 
0 0

sin cos coslim lim 1
sin sinx x

x x x x x
x x→ →

 +  = = +  
  

 A1 

 
EITHER 

Applying  l’Hôpital’s rule  again (since 
0

sin cos 0lim
sin 0x

x x x
x→

+
= ) (M1) 

Note: Award (M0) if their limit is not the indeterminate form 0
0

. 

 

0

cos cos sinlim
cosx

x x x x
x→

+ −  A1 

OR 

0

coslim 1
sinx

x
x

x
→

 
 
 = +

  
    

 A1 

recognizing fundamental trig limit 
0

sinlim 1
x

x
x→

=  R1 

 THEN 

 substituting 0x =    (M1) 

 
0

sinlim 2
1 cosx

x x
x→

  = − 
 A1 

    continued… 
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Question 9 continued 

  

 METHOD 2 

 multiplying numerator and denominator by 1 cos x+  M1 

 
0

sin 1 coslim
1 cos 1 cosx

x x x
x x→

+ 
 −

×
+ 

  

 
( )

0 2

sin 1 cos
lim

1 cosx

x x x
x→

 +
 − 

  

 
( )

0

1 cos
lim

sinx

x x
x→

 +
 
 

 A1 

0

1 coslim
sinx

x
x

x
→

 
 + =
  
    

 (A1) 

recognizing fundamental trig limit 
0

sinlim 1
x

x
x→

=  OR  (R1) 

 substituting 0x =  (M1) 

 
0

sinlim 2
1 cosx

x x
x→

  = − 
 A1 

    continued… 
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Question 9 continued  

 
 METHOD 3 

 expressing either sinx x  or 1 cos x−  as a Maclaurin series with at least two terms (M1) 

 

3 5

42 60

...
3! 5!

lim
...

2! 4! 6!
x

x xx x

x x x→

   
− +   

   
   − + +    

 A1 

 recognizing numerator and denominator are multiples of 2x  (M1) 

 

2 4

20 4

1 ...
3! 5!

lim
1 ...
2! 4! 6!

x

x x

x x→

  
− + −  

  
  

− + +     

 A1 

 substituting 0x =  (M1) 

 
0

sinlim 2
1 cosx

x x
x→

  = − 
 A1 

  METHOD 4 
  Expressing in terms of half angles M1 

  2 2
20

2

2 sin coslim
2sin

x x

xx

x
→

 A1A1 

  2
0

2

coslim
sin

x

xx

x
→

=  

  2 2
0

2

cos2lim
sin

x x

xx→
=  (M1) 

  Using 
0

lim 1
tanx

x
x→
=  M1 

  =2    A1 
    [6 marks] 
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Section B 
 
10. (a) (i) METHOD 1 
   attempt to equate differences of consecutive terms (M1) 

   (3 2 ) ( 5) (5 3) (3 2 )k k k k− − − = + − −  OR ( 5) (3 2 ) (3 2 ) (5 3)k k k k− − − = − − +  A1 

   8 3 7k k− =  

   4( )
5

k =  A1 

   METHOD 2 (system of equations) 
   TWO correct equations involving k  and d   A1 

   5 3 2k d k− + = −   OR  3 2 5 3k d k− + = +  OR  5 2 5 3k d k− + = +   

   OR   ( )( )3 2 5 2 5 3 2 5 3
2

k d k k k− + = − + − + +   (or equivalent) 

   valid attempt to solve their system of equations using substitution or elimination  (M1) 

   ( )5.6d =  

   4( )
5

k =  A1 

   METHOD 3 (in terms of k) 

   ( )3 5 5 3 5 3 2 5 3
2

k k k k k− + + = − + − + +  (or equivalent) A1 

   combining like terms  (M1) 
   9 3 4 1k k− = +   OR  5 4k =   (or equivalent)  

   4( )
5

k =  A1 

   METHOD 4 (arithmetic mean) 

   attempt to find mean of 1u  and 3u  (M1) 

   ( 5) (5 3) 3 2
2

k k k− + +
= −  A1 

   3 1 3 2k k− = −  

   4( )
5

k =  A1 

  (ii) substituting their value of k  into expression for 3u  (A1) 

   ( )3
45 3
5

u ×= +  

   7=  A1 

    [5 marks] 
    continued…
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3. METHOD 1 
 attempt to find change in population using a definite integral  (M1) 

 4t =  at the start of 2026 (seen anywhere)   (A1) 

 
4 0.0145

0
104000e dt t−−∫   (A1) 

 404165.8...= −   (A1) 

 attempt to add initial population to their change in population from a definite integral  (M1) 

 population at the start of 2026 66.78 10 404165.8...= × −  

 6375834.1...=  

 ( )66380000 6.38 10= = ×   A1 

 
 METHOD 2 
 attempt to find population using an indefinite integral  (M1) 

 0.0145104000e dtP t−= −∫  

 ( )
0.0145

0.0145104000e 7172413.7...e
0.0145

t
tc c

−
−−

+ = +
−

  (A1) 

 attempt to substitute 60, 6.78 10t P= = × into equation with c.  (M1) 

 66.78 10 7172413.7... 392413.7...c c× = + ⇒ = −  

 0.01457172413.7...e 392413.7...tP −= −   (A1) 

 4t =  at the start of 2026 (seen anywhere)  (A1) 

 population at the start of 2026 0.0145(4)7172413.7...e 392413.7...− −  

 6375834.1...=  

 ( )66380000 6.38 10= = ×   A1 

     Total [6 marks] 
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4. (a) attempt to substitute 19.8F =  into the regression line for A  on F   (M1) 

  ( )2.89 19.8 99.3A = +  

  156.522=  (cm) 

  arm span = 157 (cm) A1 

Note:  Award M0A0 for choosing the wrong regression line to get 156.417...A = so 
156A = . 

    [2 marks] 
 
 (b)  recognition that the lines intersect at the mean point (may be seen on a sketch)  (M1) 

  32.62.89 99.3
0.335

FF +
+ =  OR 99.30.335 32.6

2.89
AA −

− =  

  159.686...  or  20.8948...  

 the mean arm span 160=  (cm) , the mean foot length 20.9=  (cm) A1A1 

    [3 marks] 
 
 (c) METHOD 1 
  recognition of symmetry of interval around mean (may be seen on a sketch) (M1) 
  ( 153) 0.06P H < =  OR ( 173) 0.94P H < =  OR equivalent 

  
153 163 1.55477...

σ
−

= −  OR 
173 163 1.55477...

σ
−

=   (A1) 

  6.43181...σ =  

  6.43σ = (cm) A1 
 
  METHOD 2 

attempt to find σ  by equating an appropriate correct normal CDF function to 0.88 (or e.g. 
0.06 or 0.94)   (M1) 

  6.43181...σ =  

  6.43σ = (cm) A2 

Note:  Accept use of calculator notation eg (153,173,163, ) 0.88normcdf σ =  

    [3 marks] 
     Total [8 marks] 
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5. (a) recognition of the need to differentiate         (M1) 

  
π π 15π π 3π π'( ) 15sin sin sin
50 50 50 50 10 50

x x xh x        = − = − = −              
  A1A1 

  
15π π 3π π'( ) sin sin
50 50 10 50

k kh k     = − = −        
  

Note:  Award A1 for π15sin
50

k −  
 

 and A1 for factor of 
π
50

. 

  Award A1A0 for a correct expression with additional terms or additional 
factors.   

    [3 marks] 

 (b) recognition that gradient of tangent = πtan
8

 −  
 

 OR 7πtan
8

 
 
 

  (M1) 

Note: Accept πtan
8

 
 
 

 OR 7πtan
8

 −  
 

 for the (M1) 

  setting their '( )h k  equal to πtan
8

 −  
 

 OR ( )7πtan 0.414213...
8

  = − 
 

  (A1) 

  15π π πsin tan
50 50 8

k   − = −   
   

 OR 15π π 7πsin tan
50 50 8

k   − =   
   

 

  7.24211...k =  , 42.7578...k =  

  7.24k = , 42.8k =  A1 

    [3 marks] 
    Total [6 marks] 
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6. (a) (i) ( ) 4cos( ) sin
sin

xf x x
x

= +  A1 

 
  (ii)  

 
 
   correct domain and curvature A1 

Note: The correct domain may be implied by a single branch of the function.  
Condone the absence of π  on the x -axis.  

  Award A0 if the graph is not a function. 

   correct x -intercept at 1.80911... 1.81x = =  A1 

Note: Accept coordinates (1.81,0) .  This mark is independent of the first A1. 

    [3 marks] 
 

 (b) 1(2) 1.31837...f − =   

  1.32=  A1 
 
    [1 mark] 
 
    continued…  
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9. (a) attempt to use Euler’s method with a step of 0.25              (M1) 

  ( )1 1 2
20.25 , 0.25 n

n n n n
n n

xx x y y
x y+ +

 
= + = +  + 

 

  

( )0

1

2

3

0
0.5
0.803030...
1.04868...

y
y
y
y

=

=
=
=

 (A1) 

Note:  Award (A1) for at least two correct intermediate values given to 3sf. 

  If 2, 1.26152...x y= =  

  1.26y =  A1 

    [3 marks] 
 (b) (i) The estimate will be an overestimate  A1 
   because the tangents to the curve lie above the curve (the curve is concave 

down).  R1 
 
  (ii) The gradient of the curve (at (1,0) ) is positive (so the method works in the 

direction of the upper part of the curve). R1 
    [3 marks] 
    Total [6 marks] 
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Section B 
10. (a) 15   A1 

    [1 mark] 
 
 (b) attempt to add 11 cards onto a stack with 3 rows OR attempt to consider all 4 rows (M1) 

  valid diagram with 4 rows OR 4 15 11t = +  OR 4 2 5 8 11t = + + +  

  26=   A1 
    [2 marks] 
  
 (c) METHOD 1 

  recognition that nt is a sum of an arithmetic sequence  (M1) 

  2 5 8 11 ...nt = + + + +  

  attempt to use formula for the sum of n  terms of an arithmetic sequence M1 

  ( )( )2 2 3( 1)
2n
nt n= + −  A1 

  ( )3 1
2n
nt n= +  AG 

 
  METHOD 2 

  attempt to split nt into the total number of stacked and horizontal cards  (M1) 

  stacked ( ) ( )2 4 6 ... 4 2( 1) 2 2
2 2
n nn n + + + = + − = + 

 
 A1 

  horizontal ( ) ( )0 1 2 ... 0 1( 1) 1
2 2
n nn n + + + = + − = − 

 
 A1 

  ( ) ( ) ( ) ( )4 2( 1) 0 1( 1) 2 2 1
2 2 2 2n
n n n nt n n n n = + − + + − = + + − 

 
 

  ( )3 1
2n
nt n= +  AG 

    continued… 
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3. 
(a) one critical value (seen anywhere) (A1) 

recognizing that for f  to be decreasing 0f ′ < (M1) 

1.73554...x = −  or 0.517999...x =  

1.74x ≤ −  and 0.518x ≥  OR 1.74x < −  and 0.518x > A1 

[3 marks] 

(b) correct critical value 0.405465...x = − 2ln
3

 = 
 

( seen anywhere) (A1) 

attempt to find maximum of f ′  OR recognising that ( ) 0f x′′ >  OR sketching graph of 

f ′′  OR ( ) 2 3exf x′′ = − (M1) 

concave-up for 
2ln
3

x <  OR 0.405x < −  A1 

[3 marks] 
  Total [6 marks] 
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4. (a) METHOD 1
101530000 1

100
 − 
 

OR ( )1030000 0.85 (M1) 

5906.232130...  

€5906.23  A1 

Note: Award (M1) for the correct list of values 

METHOD 2 
PV 30000
FV 5906.23213...
I% 15%
P / Y 1
C / Y 1
N 10

= ±
=
= −
=
=

=



(M1) 

€5906.23  A1 

[2 marks] 
(b) METHOD 1

( )1.5 0.8r c i= − = −

( )0.7 %r = (A1) 

attempt to substitute their values into inequality (M1) 

0.750000 1 55000
100

n
 + > 
 

 (accept equality)

correct critical value OR at least one correct crossover value (A1) 

13.6633n = …OR 13,n = €54746.09  OR 14,n = €55129.31 

14  (months) A1 
[4 marks] 

Note: Award (A1)(M1)(A0)A0 for 164 (months) 

continued… 
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5. 

(a) recognition that maximum speed occurs when v  is greatest (M1) 

one correct coordinate for minimum ( )4.71238..., 2.71828...−

( )2.72 e=   ( )1ms− A1 

Note: Award (M1)A0 for the answer 1, from working with degrees. 

[2 marks] 

(b) substitution of limits into correct formula (M1) 
5

0
dv t∫

3.84591...  

3.85  ( )metres A1 

[2 marks] 

(c) 0v =  (seen anywhere) (M1) 

3π2.35619...
4

t  = = 
 

 (A1) 

0.986137...a =  
1
20.986 2ea

− 
= =  

 
 ( )2ms− A1 

[3 marks] 
  Total [7 marks] 
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6. 
METHOD 1 

recognising segment

triangle

a
5

rea
area

3
=  (or equivalent) (seen anywhere) (M1) 

triangle 21.3333...area = OR sec tor .a 1rea 34. 333..=  A1 

correct equation in r and θ  (A1) 

21 34.1333...
2

r θ = OR 21 sin 21.3333...
2

r θ = OR ( )21 sin 12.8
2

r θ θ− = (seen anywhere) 

correct equation in one variable A1 

2
2 2

1 68.2666... 68.2666...sin 12.8
2

r
r r

  − =    
OR 1 68.2666... sin 21.3333...

2
θ

θ
  = 
 

OR 

( )1 68.2666... sin 12.8
2

θ θ
θ

  − = 
 

attempt to solve their equation or use of graph (M1) 

1.59934...θ =  

6.53330...  

6.53r =  A1 

METHOD 2 

recognising segment

triangle

a
5

rea
area

3
=  (or equivalent)  (seen anywhere) (M1) 

areasegment ( )21 sin
2

r θ θ= −   (seen anywhere) (A1) 

( )2

2

1 sin 32
1 5sin
2

r

r

θ θ

θ

−
=

correct equation without r A1 

( )sin 3
sin 5

θ θ
θ

−
=

1.59934...θ =  (A1) 

continued… 
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11. (a) METHOD 1
15 10 5

5 5 5

3!
C C C× × 3003 252 1 756756

6 6
× × = = 

 
 OR 

15!
5! 5! 5! 3!× × ×

(A1)(A1) 

Note: Award A1 for ( )15 10
5 5 756756C C× =  OR 

15!
5! 5! 5!× ×

 and A1 for dividing by 

( )3! 6= . 

126126= A1 

METHOD 2 
14 9 4

4 4 4C C C× × (A1)(A1) 

Note: Award A1 for 14
4C  and A1 for 14 9

4 4C C× . 

If a random student comes out and picks a team of 4 on their turn. 

126126= A1 
[3 marks] 

(b) attempt to use integration by parts (M1) 

u t=  and 3d e
d

tv
t

−=

3 31e e
3

t tdt− −∫ = −  (seen anywhere) A1 

3 3

0 0
0

1 1( )d e e
3 3

a
a at tf t t k t dt− −

    = − − −       
∫ ∫  

3 3

00

1 1e e
3 3 3

1
a a

t tk t − −
      = − + −           

 A1 

Note: Condone the absence of k  and limits up to this stage. 

continued… 
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Question 11 continued. 

3 31 1 1 1e 0 e
3 3 3 3

a ak a − −    = − − + − +    
    

 

3 31 1 1e e
3 9 9

a ak a − − = − − + 
 

 A1 

( ) 31 3 1  e
9

ak a − = − +  AG 

[4 marks] 

(c) (i) 3 3 3
3 1 3lim lim lim

e 3e e
1

x x xx x x

x
→∞ →∞ →∞

+  = = 
 

 A1 

Note: This first A1 must be seen. 

0= A1 

(ii) ( ) 3lim 1 3 1  e
9

a

a

k a −

→∞
 − +  3

3 11 lim
9 e aa

k a
→∞

+ = − 
 

( )1 0
9
k

= − (A1) 

recognising area of probability density function 1=  (seen anywhere) (M1) 

1
9
k
=  

9k = A1 

[5 marks] 

(d) recognition that the integral or their expression equals 0.5  for a m= (M1) 

( )
0

0.5 
m

f t dt =∫   OR  ( ) 31 3 1  e 0.5mm −− + =

0.559448…  OR  33.566939…

median = 0.559 (min) OR 33.6 (sec) A1 

Note: FT can only be awarded for a positive value of k . 

Award (M1)(A1) for a final answer of 0.56  with no working shown. 

[2 marks] 
Total [14 marks] 
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12. (a) METHOD 1
attempt to differentiate implicitly (M1) 

( )d d8 2 24 4 0
d d
y yx y
x x

+ − + = A1A1 

Note:  Award A1 for 8 24x −  and A1 for 
d d2 4
d d
y yy
x x
+ .

Award A1A0 for 
d d8 2 24 4 20
d d
y yx y
x x

+ − + = −  (or equivalent). 

The implicit differentiation must be seen to award the above A marks. 

d 24 8 12 4    
d 2 4 2
y x x
x y y

 − −
= = + + 

A1 

( )4 3d
d 2

xy
x y

−
=

+
AG 

METHOD 2 

( )2 24 24 4 20 8 24d x y x y x
dx

+ − + + = − A1 

( )2 24 24 4 20 2 4d x y x y y
dy

+ − + + = +  A1 

dC
dy dx

dCdx
dy

= − (M1) 

d 24 8 12 4    
d 2 4 2
y x x
x y y

 − −
= = + + 

A1 

( )4 3d
d 2

xy
x y

−
=

+
AG 

[4 marks] 

continued… 
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12. (a) METHOD 1
attempt to differentiate implicitly (M1) 

( )d d8 2 24 4 0
d d
y yx y
x x

+ − + = A1A1 

Note:  Award A1 for 8 24x −  and A1 for 
d d2 4
d d
y yy
x x
+ .

Award A1A0 for 
d d8 2 24 4 20
d d
y yx y
x x

+ − + = −  (or equivalent). 

The implicit differentiation must be seen to award the above A marks. 

d 24 8 12 4    
d 2 4 2
y x x
x y y

 − −
= = + + 

A1 

( )4 3d
d 2

xy
x y

−
=

+
AG 

METHOD 2 

( )2 24 24 4 20 8 24d x y x y x
dx

+ − + + = − A1 

( )2 24 24 4 20 2 4d x y x y y
dy

+ − + + = +  A1 

dC
dy dx

dCdx
dy

= − (M1) 

d 24 8 12 4    
d 2 4 2
y x x
x y y

 − −
= = + + 

A1 

( )4 3d
d 2

xy
x y

−
=

+
AG 

[4 marks] 

continued… 
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Question 12 continued. 

(b) recognising boundaries of domain when 
d
d
y
x

 undefined (M1) 

2 0y + =  

2y = −  (A1) 

substituting their y  value into curve equation and attempt to solve for x (M1) 

( ) ( )224 2 24 4 2 20 0x x+ − − + − + =  ( )2 6 4 0x x− + =

6 20
2

x ±
=  OR ( )23 5 0x − − =

3 5 3 5x− ≤ ≤ +  (accept 5a = ) A1 

Note: Award a maximum of M1A1M1A0 for a final answer of 0.764 5.24x≤ ≤ . 

[4 marks] 

(c) A 3x =  A1 

substituting their x  value into curve equation (M1) 

( ) ( )2 24 3 24 3 4 20 0y y+ − + + =

2.472135…OR 2 2 5− +

A 2.47y =  OR A 2 2 5y = − + A1 

( )3, 2.47A OR ( )53,  2 2A − +

Note: Award A1(M1)A1 for a final answer of (3,2.5)A  with no working shown. 

[3 marks] 

(d) ( ) ( )224 24 4 20 0x mx x mx+ − + + =    ( ) ( )( )2 24 4 24 20 0m x m x+ + − + = (A1) 

( ) ( )( )2 24 24 4 4 20m m− − + A1 

recognising discriminant = 0 (seen anywhere) M1 

both 4m = −  and 1m =  A1 

[4 marks] 

continued… 
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Question 12 continued. 

(e) METHOD 1

attempt to form an equation in y  by substituting 1
4

x y= − (M1) 

2
21 14 24 4 20 0

4 4
y y y y   − + − − + + =   

   
 (A1) 

B 4y = − A1 

Note: Award (M1)A1A0 if an extra value is given for .By  

METHOD 2 
attempt to form an equation in x  by substituting 4y x= − (M1) 

( ) ( ) ( )224 4 24 4 4 20 0x x x x+ − − + − + =

1x =   (A1) 

B 4y = −  A1 

Note: Award (M1)A1A0 if an extra value is given for .By  

[3 marks] 

(f) attempt to solve for x  by quadratic formula or completing the square (M1) 

( ) ( ) ( )( )2 224 24 4 4 4 20

2 4

y y
x

− − ± − − + +
=

×
OR ( )2 24 3 36 4 20x y y− − = − − −

224 256 64 16
8

y yx − − −
=

216 43
4
y yx

 − −
= −  

 
A1 

Note: Condone ±  at this stage. 

2 2
2 22 2 5 2.47

4 4

24 256 64 16 16 4π d π 3 d
8 4

y y y yV y y
− + …

− −

    − − − − −  = = −         
∫ ∫   A1 

29.708027… 
volume = 29.7 A1 

Note: Award (M1)A1A1 for a final answer of 30  with no working shown. 

[4 marks] 
Total [22 marks] 
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5. (a) use of quotient rule or product rule (M1) 
 
  EITHER 
 

  
( )

2 3

2

2

2

3 (2 ) ( 5) 2(2 ) ( 5)2( )
( 5)

x a x x a xf x
x

+ + − + +

+

× ×′ =  (A1) 

 

  
2 3 2

3

2

4

6(2 ) ( 5) 2(2 ) ( 5) 2( 15)(2 )( )
( 5) ( 5)

x a x x a x x a x af x
x x

 + + − + + − + +′ = = + + 
 A1 

 
  OR 
 
  2 2 3 32 ( 5( ) 3 (2 ) 2(2 ) ( 5))f x x a x x a x− −′ − ++= + +× ×  (A1) 
 
  ( )2 2 3 3 2 3( ) 6(2 ) 2(2 ) ( (( 5 5) 2 15)(2 ) 5)) (f x x a x a x x a x ax x− − −′ += + − + + = − + + +  A1 

    [3 marks] 
 

 (b) recognizing (1)f ′  is equal to tan 70 (=2.74747) (M1) 
2 32

4

6(2 ) 6 2(2 ) tan 706
6

a a
=

×+ − +
  OR 2 2 3 36(2 ) 6 2(2 n6) ta 70a a− −+ − + =×   (A1) 

   
  2.72844…, 14.96968…  
  2.73,15.0a =  A1A1 
 
     [4 marks] 
     Total [7 marks] 
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6. (a) substituting into scalar product formula (M1) 

  (i) ( ) 5 42p= − −a c  A1 

  (ii) ( ) 8 54p= − −b c  A1 

    [3 marks] 
 

 (b) substituting into the angle between two vectors formula to find either a c  or b c  (M1) 

  
2

5 42cos
74 36

p
p

θ − −
=

+
,

2

8 54cos
145 36

p
p

θ − −
=

+
 (A1)(A1) 

  equating their two expressions for cosθ  (M1) 

  
5 42 8 54

74 145
p p− − − −

=  

  4.78727...p =  

  ( ) 4.79p =  A1 

    [5 marks] 
    Total [8 marks] 
 
 

7. 

1
1 2 2
2

2

1 1 xq
qq x

−
−  

= − 
−  

 OR ( )
1

2 2
2

1 q x
q x

−
= −

−
 (A1) 

 substituting into extension of binomial theorem formula to find term in 6x   (M1) 

 
3 3221 1 1 1 51 2

2 2 2 3! 16
x x
q q

   
× − × − × × − × −  

−  
 

         − − = −               
 OR ( )3 3

1
22

1
2 q x

r

− −
×

 −




× −




 (A1) 

 
31 7

2 25 5
16 1

1
6

q q
q

− − 
= 

  × − × −  
   

 OR 6
7
25

16
q x
−

 (A1) 

 equating their coefficient to 5120 or their term in 6x  to 65120x  (M1) 

 
7
25 5120

16
q
−
=  OR 6 6

7
25 5120

16
q x x
−

=  

 10.0625
16

q  = = 
 

 A1 

    [6 marks] 
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9. (a) Let ˆAPG α=  

  ˆ ˆBPG APGθ = −  (may be seen in diagram) (M1) 

   2 2tan ( ) arctan
6 6

x xθ θα α+  +  = ⇒ =    
+


+  AND tan arctan

6 6
x xα α  = ⇒ =     

 A1 

  

2arctan arctan
6 6

x xθ +   = −   
     AG 

    [2 marks] 
 
 (b) METHOD 1 

  setting 0.178θ =   (M1) 

  
2arctan arctan 0.178

6 6
x x+   − =   

   
 

  4.63047...x =  (A1) 

Note: The following three marks are independent of the first two marks. 

 
  EITHER 

  2 6
d 2 6arctan
d 6 3( 2)

x
x x
 +   =  +  +


 OR 2 6

d
3

6arctan
d 6

x
x x
   =  
  + 

 (seen anywhere) (A1) 

  attempt to use the chain rule to differentiate 
2arctan arctan

6 6
x x+   −   

   
 with respect to t (M1) 

  2 23
d 6 d 6 d
d ( 2) d 6 d6 3

x x
t x t tx
θ

× = − ×
+ +

 +  OR d d0.0294199...
d d

x
t t
θ ×= − 

 
  (or equivalent) (A1) 

  substituting their x and 
d 12.5
dt
θ
=  (M1) 

  12.5 0.0294 d199.
d

.. x
t

×= −  

    continued… 
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 Question 9 continued  

  
  OR 

  
( )22 2

d 12 12(2 2)
2 36 2 36d xx

x
x x x

  =
+

−
+


 +

+
+

 (seen anywhere) (A1) 

  attempt to use the chain rule to differentiate 2

12tan
2 36x x

θ =
+ +

 with respect to t (M1) 

  
( )

2
22

12(2 2) d
d2

dse
36

c
d

x x
tt x x

θθ +
= −

+ +
 OR 2 dsec 0.030372 . d. .

d d
1 x

tt
θθ ×= −  (or equivalent) (A1) 

  substituting 0.178θ = , their x and 
d 12.5
dt
θ
=  (M1) 

  2 d12.5s 0. .7 0) 30 0c 37e ( 1 21...
d

8 x
t

×=× −  

  THEN 

  
d 424.881...
d
x
t
= −   

  1(speed ) 425 (km hr )−=  A1 

 

 

    continued… 
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Question 9 continued  

  METHOD 2 

  setting 0.178θ =   (M1) 

  
2arctan arctan 0.178

6 6
x x+   − =   

   
 

  4.63047...x =  (A1) 

  substitutes their value of x to find 
d
dx
θ

 when 0.178θ =  (M1) 

  
d 0.0294199...
dx
θ
= −  

  recognition that chain rule required (seen anywhere) (M1) 

  
d d d
d d d
x x
t t

θ
θ

= ×  (or equivalent, must include ,  and x t θ ) 

  substituting their value for ( )d 0.0294199...
dx
θ

= −  and 
d 12.5
dt
θ = 

 
 (M1) 

  
d 1 12.5
d 0.0294199...
x
t

 = ×  − 
 

  424.881...= −    

  1(speed ) 425 (km hr )−=  A2 

    [7 marks] 
    Total [9 marks] 
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Section B 
 

10. (a) (i) 7.43076… 

   1(1) 7.43 (ms )v −=   A1 

 

  (ii) equating ( )v t  and 5 (M1) 

   0.348114… 

   0.348 (seconds) A1 

    [3 marks] 
 
 (b) recognizing ( )a v t′=  (M1) 

  0.590930...  

0.591  (seconds) A1 

    [2 marks] 
 
 (c) (i) considering large values of t (M1) 

 ( )( ) 1lim ( ) 8.14 (ms )
t

v t
→∞

−=  A1 

 
(ii) EITHER 
 the race lasts a finite time (e.g. it ends after (Fiona) crosses the line)  R1 
 OR  
 the graph approaches the limiting value but Fiona will never attain that speed  R1 
 OR 
 Fiona cannot maintain that speed for a long period of time R1  
  

Note: Award R1 for a valid reason that does not contradict their answer to part (c)(i). 

     [3 marks] 
 
    continued… 
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Section B 
 

10. (a) (i) 7.43076… 

   1(1) 7.43 (ms )v −=   A1 

 

  (ii) equating ( )v t  and 5 (M1) 

   0.348114… 

   0.348 (seconds) A1 

    [3 marks] 
 
 (b) recognizing ( )a v t′=  (M1) 

  0.590930...  

0.591  (seconds) A1 

    [2 marks] 
 
 (c) (i) considering large values of t (M1) 

 ( )( ) 1lim ( ) 8.14 (ms )
t

v t
→∞

−=  A1 

 
(ii) EITHER 
 the race lasts a finite time (e.g. it ends after (Fiona) crosses the line)  R1 
 OR  
 the graph approaches the limiting value but Fiona will never attain that speed  R1 
 OR 
 Fiona cannot maintain that speed for a long period of time R1  
  

Note: Award R1 for a valid reason that does not contradict their answer to part (c)(i). 

     [3 marks] 
 
    continued… 
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Question 10 continued 

 
 (d) Fiona takes ft  seconds to travel 200 m 

  EITHER 
  recognizing distance travelled by either athlete in the first t seconds is  

  
0

( ) d
t

v t t∫  OR 
0

( ) d
t

w t t∫  (seen anywhere) (M1) 

  equating distance travelled by Fiona to 200 (m) (M1)  

  
0

( ) d 200
ft

v t t =∫  

  OR 

attempt to integrate ( )v t   (M1) 

2( ) 8.14 0.2 3.64031...s t t= + −  

  equating 200 to their ( )s t  (must include a constant of integration)   (M1) 

  28.14 0.2 3.64031... 200t + − =  

  THEN 
  25.0132...ft =  (accept 25) (A1) 

  recognition that a definite integral of ( )w t with 0 and their ft is required (M1) 

  (Lucy’s distance =)
25.0132...

0

( ) dw t t∫  ( 195.772...= )  

  distance from finishing line = 200 – their Lucy’s distance (M1) 

  4.22788… 
  4.23 (m) A1 
 
    [6 marks] 
    Total [14 marks] 
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11. (a) (i) recognizing binomial distribution  (M1) 

   B(50, 0.08)E  , where E is the number of inaccurate surveys 

   P ( 6) 0.898128...E ≤ =  

   ( )P ( 6) 0.898E ≤ =  (accept 89.8% ) A1 

 
  (ii) recognition of conditional probability (M1) 

Note: Recognition must be shown in context either in words or symbols, not just P ( | )A B . 

   
P ( 4)P ( 4 | 6)
P ( 6)

EE E
E
=

= ≤ =
≤

 

   
0.203654...
0.898128...

=  (A1) 

   0.227=  (accept 22.7% ) A1 

    [5 marks] 
 
 (b) use of tables (M1) 

Note: Award (M1) for at least one correct value of P ( 6)E ≤  for a value of n, where 50n ≠ . 

  ( 94 ) P ( 6) 0.366746...n E= ⇒ ≤ =    

  94n =  A2 
    [3 marks] 
 

 (c) (i) P( ) P( ) P( ) P( )I I A I B I C= ∩ + ∩ + ∩  (M1) 

   0.55 0.08 0.25 0.06 0.2 0.11= × + × + ×  (A1) 

   0.081=  (accept 8.1% ) A1 

 

  (ii) 
P( )P( | )

P( )
A IA I

I
∩

=  (or use of Bayes’ formula) (M1) 

   
0.55 0.08P( | )

0.081
A I ×

=   (A1) 

   0.543209...   

   0.543=  (accept 54.3% ) A1 

    [6 marks] 
     

    continued… 
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12. (a) attempt to use integration by parts (M1) 

  ( )2 2 e5 e dxx x xx −− ∫  OR 2e 2 e d5ex x xx x x−− + ∫  A1 

  attempt to use integration by parts a second time (M1) 

  ( ) ( )2 e d5 e 2 e xx xx xx −−− ∫  OR ( )2e 2 e e d5e xx x xx x x− −− + ∫  A1 

  ( ) ( )2 2 e5 e e xx xx x−− −  (A1) 

  ( )2 2 3 ex cx x− +−  OR ( ) ( )2 e e5 e 2x x xx cx −−− +    (or equivalent) A1 

    [6 marks] 
 

 (b) rearranging to 2 5d
d
y y x
x
+ = −  AND attempt to find integrating factor (M1) 

  de ex x∫ =  (seen anywhere) A1 

  ( )2de e e
d

5x x xy y x
x
+ = −  

  ( ) ( )2d e e
d

5x xy x
x

−=  OR ( )2e 5 e dx xy x x−= ∫  M1 

  ( )2 2e 3 ex xx xy C− −= +   OR  2 2e e e 3ex x x xy Cx x− −= +  A1 

  2 2 e3 xy x Cx −−= +−  AG 

    [4 marks] 
    continued… 
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Question 12 continued 

  

 (c) substituting 3, 2x y= − =  into 2 2 e3 xy x Cx −−= +−  (M1) 

  32 9 6 3 eC= + − +  

   ( )30.497870... 10eC −⇒ = − = −  A1 

  2 2 3 0.498e xy x x −− −= −  (accept 2 32 3 10e xy x x − −−= − − )  

 

 
    A1A1A1 

Note:  Award marks as follows: 

  A1 for approximately correct shape AND x-intercepts in approximately correct place 
(exactly two negative and one positive x-intercepts) 

  A1 for maximum in approximately correct position and labelled ( 2.70, 2.28)−  AND 
minimum in approximately correct position and labelled (0.899, 4.19)−   

  A1 for domain. 

    [5 marks] 
    continued… 
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Question 12 continued  

 

 (d) substituting 3−  and p OR 3−  and q into 
d
d
y
x

 (M1) 

  gradient of tangent at ( 3, )p−  is 4 p−  and at ( 3, )q−  is 4 q−   

  finding equation of tangents  (M1) 

  (4 )( 3)y p p x− = − +  AND (4 )( 3)y q q x− = − +  A1 

  solving their equations simultaneously (M1) 

  ( ) ( )( 3) 4 (4 ) ( 3)( )q p x p q x q p− = + − − − = + −  

  3 1x + =  (since p q≠ ) 

  2x = −  A1 

4y p p− = −  OR 4y q q− = −  

  4y =  A1 

  hence all tangents intersect at ( 2, 4)−  AG 

    [6 marks] 
    Total [21 marks] 
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2. (a) ( )g x m′ =  OR ( ) 0g x′′ =  (seen anywhere) (A1) 

Note:  Award A0 for ( ) 0g x′′ =  obtained from an incorrect ( )g x′ , for example, 

( ) 1g x′ =  OR ( ) 0g x′ = . 

 EITHER 

 
( )

3
2 2

0
( )

1
k x

m
=

+
 OR 

( )
3

2 2

0( )
1

k x
m

=
+

 OR 
2 4 6

0( )
1 3 3

k x
m m m

=
+ + +

 A1 

 OR 

 the numerator of ( )k x  is zero and the denominator is non-zero A1 

 THEN 

 ( ) 0k x⇒ =  AG 

   [2 marks] 
 

(b) (i) 
2
bx
a

= −  A1 

Note:  Do not award A1 if 0a =  is included as a solution. 

   [1 mark] 
 

 (ii) substitutes their value of x into ( )k x  (M1) 

  

( )( )
3 3

2 22 2

2 2
2

1
1 2

2

a abk
a

b bba b
a

 
  − = =  

      + − +    + − +       

 

  2 a=  A1 

Note:  Award (M1)A0 if the modulus sign is not considered. 

   [2 marks] 
   continued…  
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Question 2 continued.  

 
 (iii) EITHER 

  ( )lim 0
x

k x
→∞

=  A1 

  OR 
  the curvature (of a quadratic) approaches zero as x →∞  A1 
  THEN 
  for large positive values of x, quadratic functions are close to being straight R1 

Note:  Award R1 for similar statements such as ‘for large positive values of x, a 
quadratic function behaves like a linear function. 

   [2 marks] 
 

 (iv) C ( maxk of p maxk=  of q) A1 

  maxk of p is ( )2 2 4× − =  and maxk  of q is ( )2 2 4× =  R1 

Note:  Accept arguments such as ‘ max 2k a=  and both quadratics have 2a = . 

Do not award A1R0. 
If modulus signs were omitted in part (b)(ii), award FT in part (b)(iv) for an 
answer of B with appropriate values shown. 

   [2 marks] 
 

(c) (i) sets ( ) 0k x′ =  and attempts to solve for x (M1) 

  2 1
2

x =  

  1
2

x =  A1 

Note:  Award A0 for ( )1 0.707
2

x = ± = ± . Award A0 for 0.707x = . 

   [2 marks] 
   continued… 
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Question 2 continued.  

 

 (ii) substitutes their value of x into ( )k x  (M1) 

Note:  Award a maximum of (M1)(A0)A0A0 if their value of x is a decimal. 
Award (M1)(A0)A0A0 for ( )0.707,0.385 . 

  3
2 2

1
1 2
2

11
2

k   = 
    +     

 

Note:  Award the following two marks for evaluating the above denominator. 

  

3 32 2 21 31
22

    + =         
 (A1) 

  
3 3
2 2

=  (or equivalent unsimplified fractional surd e.g. 27
8

) A1 

  max

1
1 2 22  

3 3 2 3 3
2 2

k
 

= = ×  
 

 

  
2

3 3
=  (or equivalent surd e.g. 

12
9

) A1 

  max
2 3

9
k =  AG 

   [4 marks] 
   continued… 
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Question 2 continued.  

 
(d) (i) EITHER 

  sets ( ) 0k x′ =  and attempts to solve for 2e x  (M1) 

  2 1e
2

x =  A1 

  1e
2

x =  

  substitutes their values for 2e x  and ex  into ( )k x  (M1) 

  OR 

  attempts to solve ( ) 0k x′ =  for x (M1) 

  1 1 1 1ln  ln ln 2
2 2 22

x  = = = − 
 

 A1 

Note:  Award a maximum of (M1)(A0)(M0)A0A0 if their value of x is a decimal. 
Award (M1)(A0)(M0)A0A0 for ( )0.347,0.385− . 

  substitutes their value of x into ( )k x  (M1) 

  THEN 

  for example, 3 3
2 2 2

1 1
1 2 2ln
2 311 22

k

 
 

     = =              +           

 A1 

  max

1
1 2 22  

3 3 2 3 3
2 2

k
 

= = ×  
 

 A1 

  2
3 3

=  

  max
2 3

9
k =  AG 

Note:  After obtaining the penultimate A1 above, candidates may state max
2 3

9
k =  

as per correct work seen in part (c) (ii). In such cases, award the final A1. 

   [5 marks] 
   continued…  
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Question 2 continued.  

 
 (ii) EITHER 
  w and v are inverse functions of each other (and as such are equally 

‘curved’) (or equivalent) R1 
  OR 
  the graphs of w and v are reflections of each other in the line y x=  R1 

  OR 
  w and v have the same shape (or equivalent) R1 
   [1 mark] 
 
(e) (i) METHOD 1 

  attempts to use the chain rule to find d
d
y
x

 (M1) 

  ( )( )
1

2 2 2
2 2

d 1 2  ,
d 2
y x xx r x
x yr x

−  
= − − = − = − 

− 
 A1 

  attempts to use the quotient or product rule to find 
2

2

d
d

y
x

 (M1) 

  
2

2 2 2

d
d d 1d  
d d

yy xy x yx
x y y x y

− +  
= = − 

 
 A1 

  correct substitution of d
d
y x
x y
= −  to form 2 2

1 

xy x
y x x

y y y y

 
− + −     = = − −  

  
 A1 

  
2 2 2 2

3 3 y x y x
y y

 − − +
= = − 

 
 A1 

  
2 2

2 3

d
d

y r
x y

= −  AG 

   continued… 
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Question 2 continued.  

 
  METHOD 2 

  attempts to use the chain rule to find d
d
y
x

 (M1) 

  ( )( )
1

2 2 2
2 2

d 1 2  
d 2
y xx r x
x r x

−  
= − − = − 

− 
 A1 

  attempts to use the quotient or product rule to find 
2

2

d
d

y
x

 (M1) 

  
( ) ( ) ( ) ( )

1 1
2 2 2 2 22 2 3 1

2 2 2 2 22 2
2 2  

r x x r x
x r x r x

r x

−
− −− − − −  

= = − − − − −  
 A1 

  
( )

( )
( ) ( )

2 2 22 2

3 3 3
2 2 2 2 22 2 2

,
r x xr r

r x r x y

 
− − − = − = = − 

 − − 

 A1A1 

Note:  Award A1 for a correct numerator and A1 for a correct denominator. 

Candidates may express their 
2

2

d
d

y
x

 in terms of r and y instead of  r and x. 

  
2 2

2 3

d
d

y r
x y

= −  AG 

   continued… 
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Question 2 continued.  

 
  METHOD 3 

  attempts to use implicit differentiation on 2 2 2y r x= −  (M1) 

  
d d2 2
d d
y yy x y x
x x

 = − = − 
 

 A1 

  attempts to use the product rule and implicit differentiation (M1) 

  
2 2

2

d d 1
d d
y yy
x x

  + = − 
 

 (or equivalent) A1 

  correct substitution of d
d
y x
x y
= −  to form 

2 2

2

d 1
d

x yy
y x

 
− + = − 
 

 A1 

  
2 2

2 2

d 1 1
d

y x
x y y

 
= − − 

 
 

  
2 2 2 2

3 3 y x y x
y y

 − − +
= = − 

 
 A1 

  
2 2

2 3

d
d

y r
x y

= −  AG 

   [6 marks] 
   continued… 
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Question 2 continued.  

 
 (ii) METHOD 1 

  substitutes their d
d
y
x

 and the given 
2

2

d
d

y
x

 into ( )k x  (M1) 

  

2

3

3
2 2

1

r
y

x
y

−
=
  
 + −     

 

Note: Award the following three marks for evaluating the above numerator and 
denominator as appropriate. 

  numerator: recognizes that 
2 2

3 3

r r
y y

− =  (seen anywhere) A1 

  denominator: attempts to express 
2

1 x
y

  
 + −    

 as 
2 2

2

y x
y
+  M1 

  denominator is 

3
2 32

2 3

r r
y y

   
=   

   
 A1 

Note: Award the following A mark for showing that 1k
r

= . 

  

2

2 33

3 3 3

3

1 

r
r yyk k k

r y r r
y

 
= = × ⇒ = 

 
 A1 

  which is a constant AG 

Note: Award a maximum of (M1)A0M1A1A1 if 
2 2

3 3

r r
y y

− =  is not considered. 

   continued… 

  



Mathematics: analysis and approaches HL | Paper 3 | May 2025 TZ1 | Q2 | 32 marks

Apollo | Original source crop | 356

 – 21 – 2225 – 7108M 

 

Question 2 continued.  

 
  METHOD 2 

  substitutes their d
d
y
x

 and the given 
2

2

d
d

y
x

 into ( )k x  (M1) 

  
( )

2

3
2 2 2

3
2 2

2 2
1

r

r x

x
r x

−
−

=
  
 + −  −  

 

Note: Award the following three marks for evaluating the above numerator and 
denominator as appropriate. 

  numerator: recognizes that 
( ) ( )

2 2

3 3
2 2 2 22 2

r r

r x r x
− =

− −
 (seen anywhere) A1 

 denominator: attempts to express 
2

2 2
1 x

r x

  
 + −  −  

 as 
2

2 2

r
r x−

 M1 

  denominator is 

3
2 2

2 2

r
r x

 
 − 

 A1 

Note: Award the following A mark for showing that 1k
r

= . 

  
( )

( )
( )

( )

2

3 3
2 2 2 22 22

3 3 3
2 2 2

3
2 2 2

1 

r

r x r xrk k k
r r rr x

r x

 
− − = = × ⇒ = 

 − 
−

 A1 

  which is a constant AG 

Note:  Award a maximum of (M1)A0M1A1A1 if 
( ) ( )

2 2

3 3
2 2 2 22 2

r r

r x r x
− =

− −
 is not 

considered. 

   continued…  
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Question 2 continued.  

 
  METHOD 3 

  substitutes their d
d
y
x

 and the given 
2

2

d
d

y
x

 into ( )k x  (M1) 

  

2 2

3

3
2 2

1

x y
y

x
y

+
−

=
  
 + −     

 

Note:  Award the following two marks for evaluating the above numerator and 
denominator as appropriate. 

  numerator: recognizes that 
2 2 2 2

3 3

x y x y
y y
+ +

− =  (seen anywhere) A1 

  denominator: attempts to express 

3
2 2

1 x
y

  
 + −    

 as 

3
2 2 2

2

y x
y

 +
 
 

 M1 

Note:  Award the following A1A1 for showing that 1k
r

= . 

  
( )

2 2 2 2

3 3

3 3
2 2 2 22 2

2 3

x y x y
y yk

x y x y
y y

 
+ + 

 
 = =
  + +       

 

  
( )

1
2 2 2

1

x y
=

+
 A1 

  
( )

1
2 2

1 1k k
rr

= ⇒ =  A1 

  which is a constant AG 

Note:  Award a maximum of (M1)A0M1A1A1 if 
2 2 2 2

3 3

x y x y
y y
+ +

− =  is not 

considered. 

   [5 marks] 
   Total [32 marks] 
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1. (a) (i)

general shape of curve passing through ( )0,0 A1 

[1 mark] 

(ii) ( ) ( ) ( )4,0 , 0,0 , 4,0− A1 

Note:  Award A0 if additional points are given. 

[1 mark] 

(iii) Max ( )( )1.94,1.20 1.94347...,1.20113...− − A1 

Min ( )1.94, 1.20−  ( )1.94347..., 1.20113...− A1 

[2 marks] 

continued 
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Question 1 continued. 

(b) EITHER
odd A1 

since ( )
( ) ( )( )

( )
( ) ( )

2 2

2 2

16 16
1616

x x x x
f x f x

xx

− − − − −
− = = = −

+− +
 (or equivalent) R1 

OR
odd A1 

since graph of f  has rotational symmetry order 2 (of 180 degrees) about ( )0,0 R1 

OR 
odd A1 
since graph has reflection symmetry over the x-axis followed by reflection 
symmetry over the y-axis (or vice versa) R1 

Note: Do not award A1R0. 

[2 marks] 

(c) attempt to use quotient rule or product rule (M1) 

( )( ) ( )
( )

2 2 3

22

3 2
( )

x A x A x x Ax
f x

x A

+ − − −
′ =

+
 

( ) ( )
( )

2 2 2 2

22 2

2 2
( )

x x A x x A
f x

x A x A

 + − − ′ = −
 + + 

(or equivalent) A1A1 

Note: Award A1 for numerator, A1 for denominator. 
Note: If product rule used, award A1 for each correct term. 

Note: Award (M1) for an attempt to use quotient rule or product rule with 16A =  or 
any other constant.    Award no further marks. 

( ) ( ) ( )
( )2

2 2 0
1

2
A A

f A
A

 −
′ = =  

 
 A1 

hence independent of A AG 
[4 marks] 

continued 
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Question 1 continued. 

(d) (i) METHOD 1

( )2

2 2

22 x x A AxAxx
x A x A

+ −
− ≡

+ +

3

2

2x Ax Ax
x A

 + −
≡ + 

 M1 

3

2

x Ax
x A
−

≡
+

( )2

2

2x x A A
x A

 + −
 ≡
 + 

 A1 

( )2

2 2

2 x x AAxx
x A x A

−
− ≡

+ +
AG 

Note:  Award no marks for numerical approaches. 

METHOD 2 
EITHER 

attempt to do long division on 
( )2

2

x x A
x A

−

+
or 

3

2

x Ax
x A
−
+

M1 

quotient of x  and remainder of 2Ax−  A1 

( )2

2 2

2 x x AAxx
x A x A

−
− ≡

+ +
AG 

OR 
3 3

2 2 2 2

x Ax x Ax Ax Ax
x A x A x A x A

+ +
− ≡ −

+ + + +
M1 

( )
( ) ( )

2

2 2

2x x A Ax
x A x A

+
≡ −

+ +
A1 

( )2

2 2

2 x x AAxx
x A x A

−
≡ − ≡

+ +
AG 

Note:  Award no marks for numerical approaches. 

[2 marks] 
continued 
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Question 1 continued. 

(ii) hence oblique asymptote is y x= (since 2

2 0Ax
x A

→
+

 as x →±∞ ) A1 

Note:  Award A0 if not given as an equation. 

[1 mark] 

(iii) ( ),0A  OR ( ),0A− A1 

[1 mark] 

continued 
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Question 1 continued. 

(e) 

Note:  Award no marks for attempts at integration that do not involve partial fractions. 

attempt to write 2

1
1 v−

 in the form 
1 1

B C
v v
+

+ −
(M1) 

1
2

B =  and 1
2

C = A1 

2

1 1
1 2 2 d  d

1 1 1
v v

v v v
= +

− + −∫ ∫  

attempt to integrate their partial fractions (M1) 

EITHER 

1 1 1ln 1 ln 1 ln
2 2 2

v v A+ − − + A1A1 

Note:  Award A1 for first two terms.  The moduli must be present for this mark.  Award A1 for 
1 ln
2

A . 

OR 

( )1 1ln 1 ln 1
2 2

v v c+ − − + A1 

( )2e 11 ln
2 1

c v
v
+

=
−

 where 2e c A=  A1 

Note:  The moduli must be present for each of these marks. 

THEN 

( )11 ln
2 1

A v
v
+

=
−

AG 

[5 marks] 

continued 
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Question 1 continued. 

(f) attempt to separate variables and integrate (M1) 

2

d d
1

x v
x v
=

−∫ ∫

( )11ln ln
2 1

A v
x

v
+

=
−

A1 

attempt to use power rule of logs (M1) 

( )
1
21

ln ln
1

A v
x

v
+

=
−

  OR  
( )2 1

ln ln
1

A v
x

v
+

=
−

( )
1
21

1
A v

x
v
+

=
−

  OR  
( )2 1
1

A v
x

v
+

=
−

A1 

2
1

1

yA
xx y

x

 + 
 =
−

A1 

( )2 A x y
x

x y
+

=
−

AG 

Note: Award at most (M1)A1(M1)A1A0 for incorrect use or omission of moduli. 

Note:  The substitution of y
x

may be seen earlier. 

[5 marks] 

continued 
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Question 1 continued. 

(g) 
( )2 A x y

x
x y
+

=
−

(A1) 

attempt to clear denominator M1 

( ) ( )2x x y A x y− = +

3 2x x y Ax Ay− = +   

attempt to isolate y M1 
3 2x Ax x y Ay− = +  

( ) ( )2 2x x A y x A− = +  ( )( )3 2x Ax y x A− = + A1 

( )2

2

x x A
y

x A
−

=
+

AG 

Note:  The y  must be factored out for the final A1. 

[4 marks] 
Total [ 28 marks] 
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2. 
(a) (i) attempt to use Pythagoras’ theorem (M1) 

2 212500 6000+  

13900=  (km)  ( )13865.4... A1 

[2 marks] 
(ii) attempt to use an appropriate inverse trig ratio (M1) 

e.g.
12500arctan
6000

 
 
 

or 
6000arctan

12500
 
 
 

identifying the correct angle (M1) 

( )0 64.4°=    OR   064 (64.3589...)° A1 

Note: The two method marks can be awarded independently. 
The first (M1) can come from any geometry leading to an inverse trigonometric 
ratio.   
The second (M1) requires recognition of which angle is the bearing, possibly on a 
diagram.  64.4 appearing in intermediate working is not sufficient. 

[3 marks] 

(b) (i) 0=p.n M1 

so the angle is 90°    OR π  rads
2

A1 

Note: Award M0A0 for an answer of 90 degrees without any mention that the scalar 
product is zero. 

[2 marks] 

(ii) attempt to use arc length formula θ=s r    OR 90
360

°

of circumference (M1) 

π6000
2

 =  
 

   OR   1 2π 6000
4
× × A1 

3π= thousand km   OR   3000π  km AG 

[2 marks] 

continued 



Mathematics: analysis and approaches HL | Paper 3 | May 2025 TZ3 | Q2 | 28 marks

Apollo | Original source crop | 366

 – 12 – 2225 – 7118M 

 

2. (a) (i) 0  A1 

     [1 mark] 
 

  (ii)  0  A1 

     [1 mark] 
 
 (b) attempts to expand a product of two of the side lengths (M1) 
  EITHER 

  ( ) ( )( )2 24 2( )  4 2 2V x x a b x ab V x x ax bx ab= − + + = − − +  A1 

   
  OR 

  2( 2 )( 2 )V ax x b x= − −  

  3 2 24 2 2x ax bx abx= − − +  A1 

   
  OR 

  2( 2 )( 2 )V a x bx x= − −  

  3 2 24 2 2x ax bx abx= − − +  A1 

   
  THEN 

  3 24 2( )V x a b x abx= − + +  AG 

     [2 marks] 
 
    continued… 
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Question 2 continued 

 (c) attempts to find 
d
d
V
x

 (M1) 

  2d 12 4( )
d
V x a b x ab
x
= − + +  A1 

Note: Award (M1) for obtaining the equivalent of two correct terms. 

  
  EITHER 

  attempts to solve 
d 0
d
V
x
=  for x  using the quadratic formula (M1) 

  
( ) ( )24( ) 4( ) 4(12)( )

24
a b a b ab

x
− − + ± − + −

=  (A1) 

Note: Award A0 for incorrect expressions, for example:  

  
( ) 24( ) 4( ) 4(12)( )

24
a b a b ab

x
− − + ± − + −

=  

  attempts to expand brackets within the square root sign and/or to  

 take a common factor of 4 (M1) 
  

   
( ) 2 24 ( ) 16 16 32 48

24
a b a b ab ab

x
− − + ± + + −

=    A1 

  or   
2 24( ) 4 2 3
24

a b a ab b abx + ± + + −
=    

  OR 

  attempt to substitute either of the given x values into their 
d
d
V
x

 M1 

  correct manipulation with each solution to reduce each expression to zero A1A1 

  d 0
d
V
x
=  is a quadratic equation and hence these are the only two solutions R1 

   
  THEN 

  
2 2( )

6
a b a ab bx + ± − +

=  AG 

    [6 marks] 
 
 continued… 
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Question 2 continued 

 

 (d) attempts to find their 
2

2

d
d

V
x

 (M1) 

  
2

2

d 24 4( )
d

V x a b
x

= − +  A1 

   
2

2

d 0
d

V
x

<  R1 

Note: Award R1 for equivalent statement in words. 

  

  substitutes 
2 2( )

6
a b a ab bx + − − +

=  into their 
2

2

d
d

V
x

 (M1) 

Note: Award (M1) for substituting 
2 2( )

6
a b a ab bx + ± − +

=  

  
2 2 2

2

d ( )24 4( )
d 6

V a b a ab b a b
x

 + − − +
= − +  

 
 

  ( )2 24 0a ab b= − − + <  A1 

  so 
2 2( )

6m
a b a ab bx + − − +

=  gives a local maximum of V  AG 

    [5 marks] 
 
 (e) the maximum volume will occur at either the endpoints or at the local maximum. R1 

 

Note: Award R1 for an answer which refers to the volume being 0 at both 

endpoints ( 0x =  and 
2
ax = ) and the volume of the box at mx > 0  

hence the maximum volume of the box occurs at mx  / the local maximum is  

  a global maximum.  AG 
     [1 mark] 
 
    continued… 
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Question 2 continued 

 (f) 2 2 22st s t s− < −  A1 

  2 2t st>  and since t +∈  (dividing both sides by t ) R1 

Note: Award R1 for equivalent reasoning, 0t >  or t is positive 

  2t s⇒ >  AG 

     [2 marks]  
 

 (g) attempts to substitute for each of ,a b  and 2 2a ab b− +  in terms of s  and t  (M1) 

  
( ) ( ) ( )2 2 2 2 22

( )
6m

st s t s s st t
x

− + − − − +
=  A1 

  
23 3
6

s st− +
=  A1 

  
( )

2m
s t sx −

=  AG 

     [3 marks] 
 (h) (i) METHOD 1 

   when s is even, mx  is an integer R1 

   hence mV  is a product of integers ( ,a b +∈ ) R1 

   hence mV  is an integer AG 

   METHOD 2 

   2 2 2( ) ( ) ( )2 2 2
2 2 2m

s t s s t s s t sV st s t s−  −  −    = − − − −          
 (or equivalent) A1 

Note:  Award A1 for 
( ) ( ) ( )2 2

2 2 2m
s t s s t s s t sV a b−  −  −    = − −          

  

   when s is even, 
( )

2
s t s−

 is an integer AND  

   hence mV  is a product of integers  ( ,a b +∈ ) R1 

   hence mV  is an integer AG 

     [2 marks] 
     
    continued… 
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Question 2 continued 
 

(ii) when s is odd AND t is odd ( ( )s t s−  is even) A1 

   mx  and mV  are both integers AG 

     [1 mark] 

  (iii) the following table shows some possible sets of values for , , , , ms t a b x  and mV  

s  t  a  b  mx  mV  

1 3 5 8 1 18 

1 5 9 24 2 200 

2 5 16 21 3 450 

2 6 20 32 4 1152 

2 7 24 45 5 2450 

2 8 28 60 6 4608 

3 7 33 40 6 3528 

4 10 64 84 12 28800 

… … … … … … 

   

   attempts to use values of s and t to find 

   EITHER mx  OR a  and b  OR mV  (M1) 

   a corresponding correct mx  value A1 

   corresponding correct a and b values (A1) 

   a corresponding correct mV  value A1 

 

Note: Award at most (M1)A0A0A0 if the values of s and t do not satisfy the 
conditions: ,s t +∈ , 2t s> , and s is even / s and t are odd. 

  The three A marks can be awarded in any order. 

  The A1 for mx  and the A1 for a and b can be awarded independently. 

  Some candidates may determine in part (h) that 
2 2 2( )

2m
s t t sV −

= . 

     [4 marks] 
    Total [28 marks] 
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3. (a) (i) 9 c =  A1 

  (ii) attempt to substitute (3,0) into 2y ax c= +  with their c (M1) 

   9 9 0a + =  

   1a = −  A1 

    [3 marks] 
 
 (b) METHOD 1 (single integral) 
  attempt to subtract areas (seen anywhere)  (M1) 

  ( ) ( )
3

2

0

9 9 3  dx x x− − −∫
3

2

0

 3  dx x x
 
= − 
 
∫   OR  ( )

3
2

0

9 d triangle areax x− −∫  

  correct integration 
3

2 3

0

3 1
2 3

x x −  
 OR  

3
3

0

19
3

x x −  
 (A1) 

 
attempt to substitute their limits into their integrated expression (condone 
absence of the 0 substitution)  (M1) 

  ( ) ( ) ( ) ( )2 3 2 33 1 3 13 3 0 0
2 3 2 3

 − − − 
 

  OR  ( ) ( )319 3 3
3

−  

  
27 9
2
−   OR  

2718
2

−  

  Area =
9
2

 (square units)  A1 

 
    continued… 
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Question 3 continued. 

 
  METHOD 2 (evaluating two integrals separately) 

  ( )
33

2 3

00

19  d 9
3

x x x x − = −  ∫   OR  ( )
33

2

00

39 3  d 9
2

x x x x − = −  ∫  (A1) 

Note: Award A1 for correct integration. Ignore absence of limits. 
 
attempt to substitute their limits into both of their integrated expressions (condone 
absence of the 0 substitution)  (M1) 

  ( ) ( ) ( ) ( )3 31 19 3 3 9 0 0
3 3

 − − − 
 

  and  ( ) ( )239 3 3
2

−  

  attempt to subtract the two integrals in any order (seen anywhere)  (M1) 

  ( ) ( ) ( ) ( )3 21 39 3 3 9 3 3
3 2

 − − − 
 

  OR  ( ) ( )29 d 9 3 dx x x x− − −∫ ∫  

  
2718
2

−  

  Area =
9
2

 (square units)  A1 

     [4 marks] 
    Total [7 marks] 
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4. (a) METHOD 1 

  x-coordinate of the vertex at A  is 2 (A1) 

  attempt to substitute their x-coordinate into equation of line (M1) 

  ( ) ( )2 2 1 3− =  

  ( ) ( )23 2 4 2 p= − + +  A1 

  1p = −  AG 

        
  METHOD 2 

  x-coordinate of the vertex at A  is 2 (A1) 

  attempt to substitute their x-coordinate into ( )f x  (M1) 

  ( )2 4f p= +  

  ( )4 2 2 1p + = −  A1 

  1p = −  AG 

     
  METHOD 3 

  attempt to complete the square on ( )f x  (M1) 

  ( )22 4x p− − + +  

  A 2x =   OR  A 4y p= +  (A1) 

  ( )4 2 2 1p + = −  A1 

  1p = −  AG 

Note: Award no marks if 0x =  is substituted into 2 4 2 1x x p x− + + = −  to show 1p = − . 

    [3 marks] 
 
    continued… 
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5. (a) (i) METHOD 1 

   5( ) 4(1 )f x x −′ = −   A1 

   substitution of x=0 into derivative M1 

   54(1 0)−−   OR  (0) 4f ′ =  

   4a =   AG 

Note: Do not award M1 for 1 4x+  seen without clear evidence of a substitution. 

 
   METHOD 2 
   attempt to create binomial expansion to at least two terms  M1 

   ( )24 4
1 ...

1 2
x x

−  −    
+ + +    
    

 

   correct expansion  

   2( 4)( 5)1 ( 4)( ) ( ) ...
2

x x− − + − − + − + 
 

   A1 

   4a =  AG 

Note: Do not award A1 for 1 4x+  seen without clear evidence of correct working. 

 
  (ii) METHOD 1 

   ( ) ( ) ( )6 6( ) ( 5) (4) 1 1 ,   20 1f x x x −′′ = − × − × − −  (A1) 

   ( )(0) 20f ′′ =  (A1) 

   
20
2!

 

   10b =   A1 

 
   METHOD 2 

   2( 4)( 5) ( )
2!

x− −
−  (may be seen in their expansion in (i)   (A1) 

   20
2

 (A1) 

   10b =  A1 

    [5 marks] 
 
    continued… 
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Question 5 continued. 

 

 (b) attempt to substitute 0.1 into the expansion (M1) 

  1.52 
  1520 (dollars) A1 
    [2 marks] 
    Total [7 marks] 
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6. METHOD 1 Row Reduction 
 attempt to reduce a matrix or eliminate one variable  (M1) 
 two correct rows or equivalent equations A1A1 

 
1 0 1 4 1 0 1 4
2 2 1 14 0 2 3 6
1 2 0 2 1 - 4α β α β

− −   
   ⇒   
   +   

 

 correct third row or equivalent equation A1 
 

 
1 0 1 4
0 2 3 6
0 0 2 10α β

− 
 
 
 − − 

 

 equating the third row coefficients to zero  (M1) 

 2α =  and 10β =   A1 

  
 METHOD 2 Writing an equation in one variable 
 
 attempt to eliminate either x  or z  using the first two equations (seen anywhere) (M1) 

 ( )2 4 2 14z y z+ + + =   OR  2 2 ( 4) 14x y x+ + − =  

 one correct equation A1 

 2 3 6y z+ =   OR  3 2 18x y+ =  

 correct substitution into the third equation to create an equation in either x  or z  A2 

 18 3 ( 4)x x xα β+ − + − =   OR  4 6 3z z zα β+ + − + =   

 OR  ( )2 4 18xα β α− = + −   OR  ( 2) 10z α β− = −   

 attempt to set coefficients equal to zero for infinite solutions (M1) 

 2α =  and 10β =   A1 

     
    continued… 
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7.  (a) attempt to separate variables (M1) 

  2
2

d cos  dy x x
y

=∫ ∫  

  attempt to use an identity for 2cos x , may be seen above (M1) 

  ( )1 1 cos 2
2

x+  

  1 1 1 sin 2
2 2

y x x C−  − = + + 
 

 A1A1 

Note: Award A1 for LHS and award A1 for RHS. 
Award A1A0 for at least one correct side and missing constant of integration. 

  1
1

2 sin 2
4

x xy C− +
− = +   OR  

2  

4
2 sin 2

y
x x C

−
=

+ +
 (A1) 

Note: Condone solutions that do not deal correctly with the constant(s) of integration. 

  4a = −   A1 

    [6 marks] 
 

 (b) attempt to substitute initial conditions with their a. (M1) 

  
41

π 0 b
−

=
+ +

 

  4 πb = − −   A1 

    [2 marks] 
    Total [8 marks] 
  



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q7 | 8 marks

Apollo | Original source crop | 378

 – 20 – 8825 – 7106M 

 

8. (a) METHOD 1 Using the angle sum formula 
  
  attempt to use angle sum formula  M1 

  sin 2 cos cos 2 sinθ θ θ θ+  A1 

  attempt to use a double angle identity or the Pythagorean identity M1 

  ( )2 22sin cos 1 2sin sinθ θ θ θ+ −   OR  ( )22sin 1 sin cos 2 sinθ θ θ θ− +  

  ( ) ( )2 22sin 1 sin 1 2sin sinθ θ θ θ− + −  (or equivalent) A1 

  33sin 4sinθ θ−   AG 

 
  METHOD 2 Using de Moivre’s Theorem and comparing coefficients 
 

  3(cos i sin ) cos3 isin 3θ θ θ θ+ = +  A1 

  attempt to expand LHS M1 

  ( )3 2 2 3cos 3cos sin i 3cos sin sinθ θ θ θ θ θ− + −   

  comparing imaginary parts M1 

  2 3sin 3 3cos sin sinθ θ θ θ= −  A1 

  ( ) 3sin 3 3sin 4sinθ θ θ= −   AG 

    [4 marks] 
 
 (b) attempt to rewrite expression using result of part (a)  (M1) 

  π π2sin 3 ,   2sin 3
6 2

y yθ θ   = + = +   
   

 

  vertical stretch factor 2  (seen anywhere) A1 

  horizontal stretch factor 
1
3

 followed by horizontal translation 
π
6

 to the left  A2 

  OR 

  horizontal translation 
π
2

 to the left followed by horizontal stretch factor 
1
3

  A2 

Note: Award A1A0  for correct horizontal transformations specified in the wrong order. 

    [4 marks] 
    Total [8 marks] 
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Section B 
 

9. (a) recognition that ( ) 0f x′ =  (seen anywhere) (M1) 

  attempt to solve quadratic equation (condone not seeing =0) (M1) 

  5, 1a b= − =   A1 

    [3 marks] 
 
 (b) (local) maximum A1 

  ( ( )f x′ /gradient) changes from positive to negative (at x a= )  

  OR ( )f x  changes from increasing to decreasing (at x a= )  

  OR ( ) 18f a′′ = −  (accept ( ) 0f a′′ < ) R1 

Note: Do not award A0R1. 
    [2 marks] 
 

 (c) ( ) 6 12f x x′′ = +  (A1) 

  6 12 0c + =  (A1) 

  2c = −   A1 

    [3 marks] 
 

 (d) yes (there is a point of inflexion at x c= ) A1  

  ( ( )f x′′ /second derivative) changes sign at x c=  

  OR concavity (of f ) changes at x c=  

  OR ( )f x′ /gradient decreasing to the left of c, and increasing to the right of c  R1 

    [2 marks]  

Note: Award R0 if their only reason is that ( ) 0f c′′ = . Do not award A0R1. 

 

    continued… 
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Question 9 continued. 

 

 (e) recognize to find ( )df x x′∫  (M1)  

  ( )3 26 15x x x C+ − +  (A1) 

  substitution of ( )2,36−  into their integrated expression (must contain C+ ) (M1) 

  ( ) ( ) ( )3 236 2 6 2 15 2 C= − + − − − +  

  10C = −   A1 

  3 2( ) 6 15 10f x x x x= + − −   

    [4 marks] 
    Total [14 marks] 
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10. (a) (i) attempt to create binomial expansion to four terms with 1n = −  (M1) 

   ( ) ( )2 22 2 21 1 1
1 ...

1 2 3
x x x

− − −     
+ + + +     
     

 

 

   ( )( ) ( ) ( )( )( ) ( )2 32 2 21 2 1 2 3
1

2 6
x x x

− − − − −
− + +  A1A1 

Note: Award A1 for the third term and A1 for the fourth term. 

  

   2 4 61 x x x− + −   AG 
    [3 marks] 
 

  (ii) ( )3 5 71 1 1
3 5 7

x x x x C− + − +   A2 

    [2 marks] 
Note: Award A1A0  for any three correct terms. 

 

 (b) (i) attempt to create binomial expansion the term in 4x  with 
1
2

n = −  (M1) 

   ( )22 2
1 1

1 ...2 2
1 2

x x
   − −   + + +
   
   

 

   ( ) ( )22 2

1 3
1 2 21
2 2!

x x

  − −  
  − − + −  (A1)(A1)  

Note: Award (A1) for the first two terms and (A1) for the third term. 

 

   2 41 31
2 8

x x+ +  A1 

 

  (ii)  ( )3 51 3
6 40

x x x C+ + +   A1 

    [5 marks] 
 
    continued… 
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10. (a) (i) attempt to create binomial expansion to four terms with 1n = −  (M1) 

   ( ) ( )2 22 2 21 1 1
1 ...

1 2 3
x x x

− − −     
+ + + +     
     

 

 

   ( )( ) ( ) ( )( )( ) ( )2 32 2 21 2 1 2 3
1

2 6
x x x

− − − − −
− + +  A1A1 

Note: Award A1 for the third term and A1 for the fourth term. 

  

   2 4 61 x x x− + −   AG 
    [3 marks] 
 

  (ii) ( )3 5 71 1 1
3 5 7

x x x x C− + − +   A2 

    [2 marks] 
Note: Award A1A0  for any three correct terms. 

 

 (b) (i) attempt to create binomial expansion the term in 4x  with 
1
2

n = −  (M1) 

   ( )22 2
1 1

1 ...2 2
1 2

x x
   − −   + + +
   
   

 

   ( ) ( )22 2

1 3
1 2 21
2 2!

x x

  − −  
  − − + −  (A1)(A1)  

Note: Award (A1) for the first two terms and (A1) for the third term. 

 

   2 41 31
2 8

x x+ +  A1 

 

  (ii)  ( )3 51 3
6 40

x x x C+ + +   A1 

    [5 marks] 
 
    continued… 
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Question 10 continued. 

 

 (c) 
2

darcsin
1

xx
x

=
−

∫  (seen anywhere) (A1) 

  attempt to substitute 
1
2

x =  into their antiderivative (M1) 

  
3 51 1 1 1 3 1 1 1 3arcsin ,   

2 2 6 2 40 2 2 48 1280
     ≈ + + + +     
     

 A1 

  3k =  (accept 25 3
48 1280

+ ) A1 

    [4 marks] 
 

 (d) 1 πarcsin
2 6

  = 
 

 (seen anywhere) (A1) 

  equating their value of 1arcsin
2

 
 
 

 to their expression from (c)  (M1) 

  
π 25 3
6 48 1280
≈ + , 25 3π 6

48 1280
 ≈ × + 
 

 

  
25 18π
8 1280

≈ + , 
4000 18
1280 1280

+   (A1) 

  
2009π
640

≈  (accept 2009p = ) A1 

Note: Condone use of “= ” instead of “≈ ”. 
    [4 marks] 
    Total [18 marks] 
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11. (a) attempt to multiply by conjugate M1 

  
4i 1 i 3

1 i 3 1 i 3
−

×
+ −

 

4 3 4i
4
+  , ( )i 1 i 3−  A1 

  3 iw = +   AG 

    [2 marks] 
 

 (b) (i) attempt to find either w  or arg w  (could be seen in (ii)) (M1) 

   21 3w = + OR 
1arctan
3

 
 
 

  OR  labelled diagram 

   2w =   A1 

    [2 marks] 

  (ii) 
πarg
6

w =  (accept 30 ) A1 

    [1 mark] 
 

 (c) attempt to find a root using de Moivre’s theorem with 
1
2

n =  (M1) 

  
iπ
122e  A1 

  attempt to find second root by adding or subtracting π  from their argument  (M1) 

  
11πi
122e

−

  A1 

    [4 marks] 
 
    continued… 
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6.
2d cosec3

d
y xx y
x x
+ =

2

2
d 3 cosec
d
y xy
x x x
+ = (A1) 

IF ( )
3  d 3e

x
x x∫= = (A1) 

attempt to multiply through by their IF: (M1) 

3 2 2d 3 cosec
d
yx x y x x
x
+ =

Note: Award first 3 marks if candidates directly multiply through the DE by 2x . 

attempt to write LHS as an exact differential (M1) 

( )3 2d cosec
d

x y x x
x

=

3 cot ln sinx y x x x c= − + + A1 

3

cot ln sinx x x c
y

x
− + +

=

substituting π
2

x = , 2
8
π

y =  into their integrated expression (M1) 

πc⇒ =

3

π cot ln sinx x x
y

x
− +

=  A1 

Note: Do not penalise omission of absolute value signs as for 0 πx< <  , sin x is 
always positive. 

[7 marks] 
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7. (a) considers at least two of 0.6 2 0a− ≥ , 3 0a ≥  and 0.4 0a− ≥ (M1) 

0 0.3a⇒ ≤ ≤ A1 

[2 marks] 

(b) METHOD 1

recognition that ( ) ( )Var 2 VarX X− = ( may be seen anywhere ) R1 

( )0.2 E 2a X= ⇒ =  (by symmetry) A1 

attempt to use ( ) ( )2 2E PX x X x= =∑ (M1) 

( )2E 0.2 2.4 1.8X = + +

4.4= (A1) 

attempt to use ( ) ( ) ( )( )22Var E EX X X= −   OR  ( ) ( )2Var EX X µ = −  (M1) 

4.4 4−  OR ( ) ( )2 21 0.2 1 0.2− × + ×

( )Var 0.4X = A1 

METHOD 2 
attempt to find distribution for 2Y X= − M1 

( )0.2 E 0a Y= ⇒ = (by symmetry) A1 

attempt to use ( ) ( )2 2E PY y Y y= =∑ (M1) 

( )2E 0.2 0 0.2Y = + +

0.4=   (A1) 

attempt to use ( ) ( ) ( )( )22Var E EY Y Y= − OR ( ) ( )2Var EY Y µ = −  (M1) 

0.4 0−  OR ( ) ( )2 21 0.2 1 0.2× + − ×

( )Var 0.4Y = A1 

[6 marks] 
Total [8 marks] 
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8. (a) attempt to sum times for both sections using DT
S

= (M1) 

400sec 1000 400 tan
0.8 1.2

T θ θ−
= + A1 

2500 1000 tan500sec
3

T θθ −
= + AG 

[2 marks] 

(b) attempt to differentiate T  ( )2sec tan  or sec  seenθ θ θ M1 

2d 1000500sec tan sec
d 3
T θ θ θ
θ

 = − 
 

 A1A1 

[3 marks] 

(c) set their d 0
d
T
θ
=  and attempt to solve (M1) 

1000500sin 0
3

θ − =

2sin
3

θ = A1 

2tan
5

θ =   OR  3sec
5

θ =   or equivalent A1 

PX 400 tanθ=   ( seen anywhere ) OR  800PX
5

= A1 

160 5= AG 

[4 marks] 
Total [9 marks] 
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Section B 

9. (a)

Note:  In this question, the marks are independent and may be awarded in either order. 

finding correct discriminant 2 26k −    A1 
recognition that discriminant ( )2 4 0b ac− < M1 

2 4 0b ac− <   or  2 26 0k − <   or  2 26k <  

(since k +∈ ) 5k = AG 
[2 marks] 

(b) (i) 5x = −   (must be an equation) A1 

(ii) attempt to substitute their value of x  (from axis of symmetry) into 21 5 13
2

x x+ +  

OR attempt to use completing the square (M1) 

( ) ( ) ( )21 15 5 5 13
2 2

y  = − + − + = 
 

  OR   ( ) ( )21 15
2 2

y x= + +

15,
2

 − 
 

A1 

[3 marks] 

(c) at 3,x = − 5
2

y =   (seen anywhere) A1 

d 5
d
y x
x
= + A1 

at 3x = − ,  d 2
d
y
x
= A1 

normal gradient is negative reciprocal of their d
d
y
x

 at 3x = −  (M1) 

gradient of normal 1
2

= −

( )5 1 3
2 2

y x− = − +    OR ( )5 1 3 1
2 2

c c= − − + ⇒ =  A1 

1 1
2

y x= − +  AG 

[5 marks] 

continued… 
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Section B 

9. (a)

Note:  In this question, the marks are independent and may be awarded in either order. 

finding correct discriminant 2 26k −    A1 
recognition that discriminant ( )2 4 0b ac− < M1 

2 4 0b ac− <   or  2 26 0k − <   or  2 26k <  

(since k +∈ ) 5k = AG 
[2 marks] 

(b) (i) 5x = −   (must be an equation) A1 

(ii) attempt to substitute their value of x  (from axis of symmetry) into 21 5 13
2

x x+ +  

OR attempt to use completing the square (M1) 

( ) ( ) ( )21 15 5 5 13
2 2

y  = − + − + = 
 

  OR   ( ) ( )21 15
2 2

y x= + +

15,
2

 − 
 

A1 

[3 marks] 

(c) at 3,x = − 5
2

y =   (seen anywhere) A1 

d 5
d
y x
x
= + A1 

at 3x = − ,  d 2
d
y
x
= A1 

normal gradient is negative reciprocal of their d
d
y
x

 at 3x = −  (M1) 

gradient of normal 1
2

= −

( )5 1 3
2 2

y x− = − +    OR ( )5 1 3 1
2 2

c c= − − + ⇒ =  A1 

1 1
2

y x= − +  AG 

[5 marks] 

continued… 
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Question 9 continued 

(d) attempt to describe shaded area as the difference of two integrals or one integral and
the area of a trapezium (M1) 

( )
0 0

2

3 3

1 15 13  d 1  d
2 2

A x x x x x
− −

   = + + − − +   
   ∫ ∫   OR  

0
2

3

1 11 12  d
2 2

x x x
−

 + + 
 ∫

OR  
0

2

3

1 1 55 13  d 1 3
2 2 2

x x x
−

   + + − +   
   ∫    

 correct integration A2 

0 03 2 2

3 3

5 13
6 2 4
x x xx x

− −

   
+ + − − +   

   
  OR  

03 2

3

11 12
6 4
x x x

−

 
+ + 

 
 OR  

03 2

3

5 2113
6 2 4
x x x

−

 
+ + − 

 
 

Note:  If not completely correct, award A1 for at least two terms correctly integrated. 

substituting (0 and) 3−  into their integrated expression and subtracting (M1) 

( ) ( ) ( )
3 23 11 3

0 12 3
6 4

 − −
− + + − 
 
 

  OR  
( ) ( ) ( )

3 23 5 3 210 13 3
6 2 4

 − −
− + + − − 
 
 

 (or equivalent) 

63
4

= A1 

[5 marks] 
Total [15 marks] 



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q9 | 15 marks

Apollo | Original source crop | 391

– 19 – 8825 – 7116M 

10. (a) 1

1 7
: 1 1

13 2
L λ

−   
   = +   
   −   

r A1 

Note: The =r must be seen. 

[1 mark] 

(b) 2

2 5
: 4 2

2 1
L µ

   
   = − + −   
   −   

s  OR 
7 5
6 2

1 1
µ

   
   = − + −   
   −   

s  (or equivalent) A1A1 

Note: The =s must be seen, but do not penalise if same error seen in part (a). 
Allow =r instead of =s . 

[2 marks] 

(c) 
5 7
2 1
1 2

k
   
   − ≠   
   −   

 so 1 2,L L  are not parallel ( may be seen anywhere ) R1 

Note: Not parallel may be shown using cross product. 

equating any two components from each line M1 

( )1 7 2 5  7 5 3λ µ λ µ− + = + − =

( )1 4 2 2 5λ µ λ µ+ = − − + = −

( )13 2 2 2 15λ µ λ µ− + = − + =

solve simultaneously: (1st/2nd compts OR 1st/3rd compts OR 2nd /3rd compts) M1 

1, 2λ µ= − = −  OR 
78 99,
17 17

λ µ= =  OR 
35 25,
3 3

λ µ= = −  A1 

check for remaining component, e.g. 3rd component: ( ) ( ) ( )13 1 2 2 2 1− + − ≠ + − − R1 

( )15 4− ≠

hence lines are not parallel and do not intersect, so are skew. AG 

Note: Condone omission of AG line. 

[5 marks] 
continued… 
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8.  attempt to write at least one function in terms of y  (M1) 

  2 2 16x y= +   OR 2 25 50x y= −  (or equivalent) (A1)  

 one correct expression for volume   

 
3

2

0

π 16 dy y+∫    OR  
3

2

π 25 50 dy y−∫  (A1) 

 attempt to subtract two volumes with limits for y  (M1) 

 ( ) ( )
3 3

2

0 2

π 16 d π 25 50  dy y y y+ − −∫ ∫   (A1) 

Note: Award at most M1A1A1M0A0A0 for a candidate who writes ( ) ( )
3

2

0

π 16 25 50 dy y y+ − −∫ . 

 179 0707 39 269908. ... .−  

 139.8008… 

 140V =  (cubic units) 89 π
2

 = 
 

 A1 

Note: Ignore absence of π  throughout if their final answer is correct. Otherwise award at most 
M1A1A1M1A0A0. 

    Total [6 marks] 
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9.  attempt to find a relationship between x  and θ  using cosine rule (M1) 

 ( )( )2 2 215 20 2 15 20 cos ,   625 600cosx xθ θ= + − = −  

  
 attempt to relate the rates (seen anywhere) (M1) 

d d d
d d d
x x
t t

θ
θ

= ×  

 ( )
1
2

d 1 625 600cos 600sin
d 2

x θ θ
θ

−= − ×  (A1) 

 
 OR 
 Attempt to differentiate implicitly with respect to t  (M1) 

 d d2 600sin
d d
xx
t t

θθ= ⋅    OR   ( )
1
2

d 1 d625 600cos 600sin
dt 2 d
x

t
θθ θ−= − × ⋅  (A1) 

 
 OR 

 Using GDC to find 
d
d

x
θ

 (M1) 

 d 13 835110
d

x . ...
θ
=   (A1) 

  

 attempt to find cosθ  or sinθ or θ  when area is 140  (M1) 

 14sin
15

θ =    or 29cos
15

θ =  or 1.20358...θ =  (seen anywhere) (A1) 

 (accept 68.9605... ) 

 

1
21 29 280 π625 600 600

2 15 300 60

 − 
       − × × −              

   (A1) 

 0.724402...−  

 
d 0.724
d
x
t
= −  ( )1cm min−   A1 

Note: Award (M1)(M1)(A1)(M1)(A1)(A1)A0 for   d 0.724
d
x
t
= ( )1cm min− . 

    Total [7 marks] 
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9.  attempt to find a relationship between x  and θ  using cosine rule (M1) 

 ( )( )2 2 215 20 2 15 20 cos ,   625 600cosx xθ θ= + − = −  

  
 attempt to relate the rates (seen anywhere) (M1) 

d d d
d d d
x x
t t

θ
θ

= ×  

 ( )
1
2

d 1 625 600cos 600sin
d 2

x θ θ
θ

−= − ×  (A1) 

 
 OR 
 Attempt to differentiate implicitly with respect to t  (M1) 

 d d2 600sin
d d
xx
t t

θθ= ⋅    OR   ( )
1
2

d 1 d625 600cos 600sin
dt 2 d
x

t
θθ θ−= − × ⋅  (A1) 

 
 OR 

 Using GDC to find 
d
d

x
θ

 (M1) 

 d 13 835110
d

x . ...
θ
=   (A1) 

  

 attempt to find cosθ  or sinθ or θ  when area is 140  (M1) 

 14sin
15

θ =    or 29cos
15

θ =  or 1.20358...θ =  (seen anywhere) (A1) 

 (accept 68.9605... ) 

 

1
21 29 280 π625 600 600

2 15 300 60

 − 
       − × × −              

   (A1) 

 0.724402...−  

 
d 0.724
d
x
t
= −  ( )1cm min−   A1 

Note: Award (M1)(M1)(A1)(M1)(A1)(A1)A0 for   d 0.724
d
x
t
= ( )1cm min− . 

    Total [7 marks] 
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Section B 
 

10.  (a) (i) speed of airplane = 60  (ms−1) A1 
 

  (ii) speed of car = 0  (ms−1) A1 

    [2 marks] 
 

 (b) (i) recognizing air carv v=  when speeds are the same (M1) 

   6.35564...  
   6.36t =  (s) A1 

  

  (ii) 31.7782…  

   speed = 31.8  (ms−1)  A1 

    [3 marks] 

 (c) let air ( )s t  be the displacement of the airplane and car ( )s t  be the displacement of 
the car at time t  

  recognizing to integrate either velocity function (M1) 

  0.160e  d , 5  dt t t t−∫ ∫  

  correct integration (A1)(A1) 

  ( )0.1 25600e ,   
2

t t C−− +  (award A1 for each term)  

  recognize to subtract displacements (seen anywhere) (M1) 
 
  EITHER 
  substituting initial condition into their ( )d t  (M1) 

  ( 21 0) 5100 60 e 00
2

C−= ×− − +   OR  1(0) 25100 600e 0
2

C− + ×− = +  (or equivalent) 

 
  OR 

  substituting initial condition into their air ( )s t  (M1) 

  ( ) 1(0)
car (0) 0 100 600es C−−⇒= = +  

  
    continued… 
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Section B 
 

10.  (a) (i) speed of airplane = 60  (ms−1) A1 
 

  (ii) speed of car = 0  (ms−1) A1 

    [2 marks] 
 

 (b) (i) recognizing air carv v=  when speeds are the same (M1) 

   6.35564...  
   6.36t =  (s) A1 

  

  (ii) 31.7782…  

   speed = 31.8  (ms−1)  A1 

    [3 marks] 

 (c) let air ( )s t  be the displacement of the airplane and car ( )s t  be the displacement of 
the car at time t  

  recognizing to integrate either velocity function (M1) 

  0.160e  d , 5  dt t t t−∫ ∫  

  correct integration (A1)(A1) 

  ( )0.1 25600e ,   
2

t t C−− +  (award A1 for each term)  

  recognize to subtract displacements (seen anywhere) (M1) 
 
  EITHER 
  substituting initial condition into their ( )d t  (M1) 

  ( 21 0) 5100 60 e 00
2

C−= ×− − +   OR  1(0) 25100 600e 0
2

C− + ×− = +  (or equivalent) 

 
  OR 

  substituting initial condition into their air ( )s t  (M1) 

  ( ) 1(0)
car (0) 0 100 600es C−−⇒= = +  

  
    continued… 
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Question 10 continued. 

 
  THEN 

  700C =  (or 700− ) (A1) 

  0.1 25( ) 600e 700
2

td t t−= − − +  (accept 0.1 25( ) 600e 700
2

td t t−= + − ) A1 

    [7 marks] 
   

 (d) recognizing to solve their ( ) 0d t =  (M1) 

  15.0586...  
  15.1  (s) t =   A1 

    [2 marks] 
 
 (e) attempt to find the distance travelled by the car (M1) 

  
15.0586

0

5  dt t∫ , ( )25 15.0586
2

 (A1) 

  566.904…  

  567  (m)  (accept 570  (m) from 3 sf answer in (d))  A1 

Note: Award (M1)(A1FT)A0, where appropriate, if the candidate has an incorrect ( )d t  and/or 
incorrect value of t  which leads to their distance travelled by the car to be less than 
100 (m) . 

For example, where the candidate finds 0.1 25( ) 600e 500
2

td t t−= − −  in part (c), award 

(M1)(A1FT)A0 to 7.08 , or 7.06  from using 3 sf value. 

    [3 marks] 
    Total [17 marks] 
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11. (a) METHOD 1 
  attempt to use integration by parts   M1 

  
2

d d 1arccos , 1, ,
d d 1

v uu x v x
x x x

= = = − =
−

  

  
2

arccos  d
1

xx x x
x

+
−

∫   (A1) 

  attempt to integrate 
21

x
x−

 by substitution or inspection (M1) 

  
1

221 2 ,   1
2

u x− × − −  

  2arccos 1x x x C− − +   A1 

Note: Do not award the final A1 if +C  is missing. 
     
  METHOD 2 
  attempt to use substitution (M1) 

  

2

2

cos
arcos 

d 1 sin 1
d 1

x
x

, x
x x

θ
θ
θ θ

=
=

= − = −
−

 

  sin dθ θ θ−∫  (A1) 

  attempt to use integration by parts M1 

  
du d, 1, sin , cos
d d

vu vθ θ θ
θ θ

= = = = −  

  cos sinθ θ θ−  

  2arccos 1x x x C− − +  A1 

Note: Do not award the final A1 if +C  is missing. 
    [4 marks] 
 
    continued… 
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5. attempt to rearrange
3
4( ) e
x

f x = to get an expression for x  in terms of y  OR  find 1( )f x−  (M1) 

4 ln
3

x y=  OR  1 4( ) ln
3

f x x− = (A1) 

attempt to use 2π dyx∫  OR ( )21π ( ) dxf x−∫ for their rearrangement of 
3
4e
x

y = (M1) 

24π ln d
3

y y 
 
 ∫  OR 

24π ln dx
3

x 
 
 ∫

2
8

1

4π ln d
3

y y 
 
 ∫  OR 

2
8

1

4π ln d
3

x x 
 
 ∫ (A1) 

( )85.6 85.5716...= ( )( )216π 8 ln8 16ln8 14
9

 = − + 
 

 A1 

[5 marks] 

– 12 – 8825 – 7117M 

6. attempt to use remainder theorem ( )1 12P − =  or to divide ( )P x by ( )1x + (M1) 

2 12q r− + = A1 

( )10r q− =

EITHER 

2
qα β+ = − and

2
rαβ = (A1) 

attempt to use ( )2 2 2 2α β α β αβ+ ≡ + + with
2
qα β+ = − and

2
rαβ = (M1) 

2 37 2
2 4 2
q r   − = +   

   
(A1) 

237 4q r= −

attempt to solve two simultaneous equations in q and r  by rearranging/eliminating a
variable  (M1) 

10r q= +  and 
2 37

4
qr −

= OR 10q r= −  and 37 4q r= +  OR ( )237 4 10q q= − +  OR

237 ( 10) 4r r= − −

OR 

recognition that α and β  are both roots of ( )P x and adding the two equations (M1) 

( ) ( )2 2 2 22 0 and 2 0 then 2 2 0q r q r q rα α β β α β α β+ + = + + = + + + + =

2
qα β+ = − (A1) 

use of 
2
qα β+ = − and 2 2 37

4
α β+ = to form equation in q (M1) 

2 237 1 1 772 20 2 0 2 0
4 2 2 2

q q q q× − + + = ⇒ − + + =  (A1) 

continued… 
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Section B 

10. (a) (i) attempt to find a maximum point (M1) 

( )0.718442...x = or ( )1.80645y = …or ( )3.71844...x = or ( )1.19181y = … etc

1.80645…  

(maximum displacement)  1.81= (cm) A1 

(ii) recognition that d
d
sv
t

= (M1) 

recognition that the gradient at   0t =  represents the maximum velocity (M1) 

d
d
sv
t

= at   0t =  

4π4.18879025...  
3

v  =  
 

4π4.19  
3

v  =  
 

(cms-1) A1 

[5 marks] 
(b) (i) attempt to find a minimum point (M1) 

( )2.21844...x = or ( ) 1.46729...y = − OR ( )5.21844...x = OR ( ) 0.968053y = − …

1.46729...−

1.47− A1 

(ii) ( )3.5 1.06620...t s= =

1.07s = A1 

[3 marks] 

continued… 
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Question 10 continued 

(c) METHOD 1
attempt to sum distances from O involving maximum, minimum and distance at

3.5t =  (M1) 

1.80645   2 1  .46729... 2  1.06620...…× + × + (A1) 

7.61369...=

7.61 (cm) A1 

METHOD 2 

attempt to integrate the absolute value of d
d
s
t

(M1) 

3.5

0

1  5 d2π2 sin
3

td t
dt

t−  
  

  
∫ (A1) 

7.61369...=  

7.61 (cm) A1 

[3 marks] 

(d) ( )1.5T = A1 

[1 mark] 

continued… 
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Question 10 continued 

(e) 

(i) attempt to divide two of 1 2 3, , ...u u u (M1) 

2

1

1.46729...
1.80645...

u
u
 = 
 

or 3

2

1.19181...
1.46729...

u
u
 = 
 

or  2 3

1

1.19181...
1.80645...

ur
u
 = = 
 

0.812252...  

( )0.812r = A1 

(ii) attempt to use the sum to infinity of the GP (M1) 

( )1.80645... 9.62167...
1 0.812252...

S∞ = =
−

recognition that the total distance is double their S∞ (M1) 

1.80645...2 2
1 0.812252...

S∞× = ×
−

  OR  2 9.62167..×  

19.2433...  

( )19.2 cm A1 

Note: Award (M1)(M1)A0 for values of r that lead to an answer that is smaller than 
2 x first maximum displacement (3.6129). 

[5 marks] 
Total [17 marks] 
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11. (a) attempt to use ( )d 1f x x =∫ M1 

Note:  The 1= can be seen at any stage before AG last line. If the = 1 is not seen 
before AG last line award a maximum of M0M1A1A0 . 

recognition for the need to integrate 3 2( 3) ( 3)a x b x− + −  with limits of 3 and 9 M1 

9 3 2

3
( 3) ( 3) d ( 1)a x b x x− + − =∫

9
4 3

3

( 3) ( 3) ( 1)
4 3
a bx x − + − =  

OR
94 2 3

3 2

3

273 27 3 9 ( 1)
4 2 3
x x xa x x b x x

    
− + − + − + =    

    
 (A1) 

( )4 36 6 1
4 3
a b
× + × = OR 

1215 8181 9 ( 1)
4 4

a ab b−   + − + =   
   

A1 

324 72 1a b+ =  AG 

[4 marks] 

(b) (i)  attempt to substitute 9x = into 3 2( 3) ( 3)a x b x− + − (M1) 
3 2(9 3) (9 3) ( 0)a b− + − =  

3 2(9 3) (9 3) 0a b− + − =  OR 3 26 6 0a b× + × =  OR 216 36 0a b+ =  A1 

6 0a b+ =  AG 

(ii) attempt to solve two linear equations in a and b   (M1) 

1 1,
108 18

a b= − =  OR 

( )0.00926 0.00925925...a = − − , ( )0.0556 0.0555555...b = A1 

[4 marks] 

continued… 
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12. (a)  (i) d 1.7
d
y
x
= −  A1 

(ii) attempt to use Euler’s formula with step length 0.2 (M1) 

step x y

0 1 1.5 

1 1.2 1.16 

2 1.4 1.07491524 

1.5 0.2 1.7+ ×− or 1.16  (A1) 

1.07  A1 

Note: Accept 1.075. 

(iii) change (decrease) in the y values is decreasing. OR the gradient is increasing
as the gradient at 1.2  is  0.425423− … R1 

concave up A1 

Note: Do not award R0A1. 
Do not award FT from either part (i) or part (ii). 

[6 marks] 

continued… 
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Question 12 continued 

(b) (i) METHOD 1

( )d d
d d

yxy x y
x x

 = + 
 

  (seen anywhere) A1 

attempt to differentiate either the LHS or the RHS implicitly using the product rule  M1 

( )
2

2
2

d d d d d(2 ) 2 6
d d d d d

y y y y yx xy x x y x x y y
x x x x x

+ + + + = + + − A1A1 

Note: Award A1 for LHS and A1 for RHS. 

( )
22

2
2

d d d2 ( 7 )
d d d

y y yx xy x y x x y
x x x

 + = + − − + 
 

AG 

METHOD 2 

( )d d
d d

yxy x y
x x

 = + 
 

(seen anywhere) A1 

attempt to rearrange into the form 
2 2

2

dy 3
dx

x xy y
x xy
+ −

=
+

and attempt to differentiate 

the RHS implicitly using quotient rule M1 

( ) ( )
( )

2 2 2
2

22 2

d d d2 6 3 2
d d d d
d

y y yx xy x x y y x xy y x x y
y x x x

x x xy

   + + + − − + − + +        = 
  +

A1 

( ) ( )
( )

2 2
2

22 2

d d d d2 6 2
d d d d d
d

y y y yx xy x x y y x xy x x y
y x x x x

x x xy

    + + + − − + + +          = 
  +

A1 

( )
22

2
2

d d d2 ( 7 )
d d d

y y yx xy x y x x y
x x x

 + = + − − + 
 

AG 

continued… 
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Question 12 continued 

(ii) attempt to substitute their d
d
y
x

and 
31,
2

x y= = (M1) 

( ) ( )
2

2
2

5 d 7 231.7 1.7
2 d 2 2

y
x

= − − − −

8.064 1008
125

 
 
 

  OR  8.06  A1 

Note: Award (M1)A0 for 8.1 seen with no working. 

[6 marks] 

(c) attempt to make the numerators of common denominator equivalent (M1) 

1 (1 2 ) (1 2 )v A v B v+ = + + −  

3 1(0.75), (0.25)
4 4

A B= = A1 

[2 marks] 

continued… 
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Question 12 continued 

(d) attempt to replace y and d
d
y
x

by  substitution of y vx= and d d
d d
y vv x
x x
= + (M1)  

( )2 2 2 2 2 2d 3
d

vx x v v x x vx x v
x

 + + = + − 
 

( ) 2d1 1 3
d
vv v x v v
x

 + + = + − 
 

or 
2d 31

d 1
v vv x
x v

+ = −
+

A1 

( ) 2d1 (1 ) 1 3
d
vv v v x v v
x

+ + + = + −

2 2d(1 ) 1 3
d
vv x v v v v
x

+ = + − − −

2d(1 ) 1 4
d

vv x v
x

+ = −

2
1 1d = d

1 4
v v x
v x

+
−∫ ∫ A1 

hence ( )3 1ln ln 1 2 ln 1 2
8 8

x v v c= − − + + +  ( ) ( )( )3 1ln 2 1 ln 2 1
8 8

v v c = − − + + + 
 

A1A1 

substitution of 1, 1.5x v= =   OR 1, 1.5x y= =  to find a value of c  (M1) 

1 ln 2
8

c = ( )0.086643…

2 28ln 3ln 1 ln 1 ln 2y yx
x x

   + − = + +   
   

 or equivalent A1 

3
8 2 21 2 1y yx

x x
   − = +   
   

A1 

( ) ( )36 2 2 2x y x x y− = + AG 

[8 marks] 
Total [22 marks] 
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1. (a) (i) METHOD 1 

   attempts to find 
d
d
y
x

 (M1) 

   2

d 1
d
y
x x
= −  

 

   2

d 1
d
y
x t
= −  AND 

2

1
1Nm

t

−
=
−

 (or equivalent) A1 

Note:  Accept 1 2 1m m = −  (or equivalent) seen anywhere.  

  Award A1 for 2
Nm x=  and as x t= , then 2

Nm t= . 

 

   so gradient of N is 2t  AG 

 
   METHOD 2 

   uses 

d
d d

dd
d

y
y t

xx
t

=  (or equivalent) (M1) 

   
2
1

d
d 1
y t
x

−
=  

   2

d 1
d
y
x t
= −  AND 

2

1
1Nm

t

−
=
−

 (or equivalent) A1 

Note:  Accept 1 2 1m m = −  (or equivalent) seen anywhere.  

  Award A1 for 2
Nm x=  and as x t= , then 2

Nm t= . 

   so gradient of N is 2t  AG 

    [2 marks] 
     
    continued… 
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Question 1 continued. 

  
  (ii) EITHER 

   ( )21y t x t
t

− = −  OR ( )2 1y t x t
t

= − +  A1 

   OR 

   ( )2 31 1t t c c t
t t
= + ⇒ = −  A1 

   OR 

   ( )2 2 1 0t x y t t
t

 − − − = 
 

 OR ( )2 2 1t x y t t
t

− = −  A1 

   THEN 

   leading to 2 31y t x t
t

= + −  AG 

    [1 mark] 
 

 (b) (i) ( )2 2 4m t m t= =  OR  31c t
t

= −  OR  ( )41 1c t
t

= −  (A1) 

   t m= ±  (seen anywhere) A1 

   substitutes one of their t m=  OR t m= −  into 31c t
t

= −  OR ( )41 1c t
t

= −  M1 

   ( )21 1c m
m

= ± −  A1 

   so either ( )21 1c m
m

= −  OR ( )21 1c m
m

= −  AG 

    [4 marks] 
 

  (ii) m +∈  (or equivalent) A1 

    [1 mark] 
     
    continued… 
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Question 1 continued. 

 

 (c) (i) 1m =  A1 
    [1 mark] 
 

  (ii) , 1m m+∈ ≠  (or equivalent) A1A1 

Note:  Award A1 for 0 1m< <  and A1 for 1m > . 

    [2 marks] 
 

 (d) (i) a correct sketch of 
1y
x

=  A1 

    [1 mark] 
 

  (ii) a line normal to H such that 0c ≠  A1 

   a second parallel line which is normal to H such that 0c ≠  A1 

Note:  For normal lines that cross the -y axis, award A1A0 if the -y axis intercepts are not 
approximately equidistant from O. 

 
  eg. 

 

Note:  Accept correct sketches that show the point(s) where the line(s) is/are normal.  
Candidates are not required to show dashed lines as shown above. 

Award a maximum A1A0 for a normal line sketched for 0 1m< <  and a normal line 
sketched for 1m > . 

    [2 marks] 
    
    continued… 
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Question 1 continued. 

 

 (e) (i) 
2

2 3k kt x kt
x t
= − +  (A1) 

   attempts to form a quadratic equation in 2x  M1 

   eg. 2 2 3 2kt x kt x x k
t

− + =   OR  
2

2
3 2 0k kx ktx x

t t
− + − =  A1 

   OR  
2

2
2 3

k kx kt x
t t

 = − − 
 

  OR  2 2 3 21 0t x k t x k
t

 − − − = 
 

 

   
2

2
3 2

1 0kx k t x
t t

 − − − = 
 

 AG 

Note:  Award (A0)M1A0 for attempting to verify that kt is a root of the AG (or its equivalent 
quadratic equation). 
Award (A0)M0A0 for showing that A lies on F. 

    [3 marks] 
 

    continued… 
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Question 1 continued. 

 

  (ii) METHOD 1 
   let α  be the -x coordinate of A and let β  be the -x coordinate of B 

   EITHER 

   recognizes that the sum of roots is 3

1k t
t

 − 
 

 (M1) 

Note:  Award (M1) for 3

1k t
t

 − − 
 

. 

   3

1kt k t
t

β  + = − 
 

 

 
   OR 

   recognizes that the product of roots is 
2

2

k
t

−  (M1) 

Note:  Award (M1) for 
2

2

k
t

. 

   
2

2

kkt
t

β = −  

   THEN 

   ( ) 3

k
t

β = −  is the other root A1 

   3y kt= −  A1 

   coordinates of B are 3
3 ,k kt

t
 − − 
 

 

 
    continued… 
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Question 1 continued. 

 

   METHOD 2 

   recognizes that ( )x kt−  is a factor of ( )
2

2
3 2

1 0kx k t x
t t

 − − − = 
 

 (M1) 

   ( ) ( )3 0kx kt x
t

 − + = 
 

 

   3, kx kt
t

⇒ = −  

   3

k
t

−  is the other root A1 

   3y kt= −  A1 

   coordinates of B are 3
3 ,k kt

t
 − − 
 

 

 
   METHOD 3 
   attempts to use the quadratic formula (M1) 

   

2 2

3 3 2
1 1 4

2

kk t k t
t t t

x

     − ± − +            =  

   3, kx kt
t

⇒ = −  

   3

k
t

−  is the other root A1 

   3y kt= −  A1 

   coordinates of B are 3
3 ,k kt

t
 − − 
 

 

    [3 marks] 
 

    continued… 
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Question 1 continued. 

 (f) METHOD 1 

  A , kkt
t

 
 
 

 and 3
3B ,k kt

t
 − − 
 

 

  C , kkt
t

 − − 
 

 (A1) 

  attempts to find their ACm  or BCm  (M1) 

  AC 2

1m
t

=  AND 
( )

( )
3 3

2 2
BC

33

1

k kkt kt
t tm t t tkk ktkt

tt

 − − − − 
= = − = = − ≠ ± 

   −− − −    

 (or equivalent) A1 

  attempts to find their AC BCm m×  OR recognizes that AC
BC

1m
m

= −  (or equivalent) (M1) 

  ( )2
2

1 t
t

= × −   OR  eg. 
( )

4 3 3 4

2 4 3 4

1 kt k t t kt k
t t k kt t kt k

− −
× × = ×

− − −
  OR  2

2

1
1 t

t

− = −  (or equivalent) 

    A1 

  1= −  and so [ ] [ ]BC CA⊥  R1 

  hence ˆBCA  is a right angle AG 

 
  METHOD 2 

  A , kkt
t

 
 
 

 and 3
3B ,k kt

t
 − − 
 

 

  C , kkt
t

 − − 
 

 (A1) 

  AC 2

1m
t

=  A1 

  attempts to find their equation of the perpendicular to [ ]AC  at C (M1) 

  ( )( )2ky t x kt
t

 − − = − − − 
 

 

  substitutes 3

kx
t

= −  into their equation of the perpendicular to [ ]AC  at C (M1) 

  3y kt= −  A1 

  B lies on the perpendicular to [ ]AC  at C ( B C≠ ) and so [ ] [ ]BC CA⊥  R1 

  hence ˆBCA  is a right angle AG 
    continued… 
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Question 1 continued. 

 

  METHOD 3 

  A , kkt
t

 
 
 

 and 3
3B ,k kt

t
 − − 
 

 

  C , kkt
t

 − − 
 

 OR OC
kt
k
t

→
− 
 =
 − 
 

 (A1) 

  attempts to find their CA
→

 OR their CB
→

 (M1) 

  
2

CA 2
kt
k
t

→  
 =
  
 

 AND 
3

3
CB

k kt
t

kkt
t

→

 − + 
=  
 − + 
 

 A1 

  attempts to find their CA CB
→ →

⋅  (M1) 

  3
3

2CA CB 2 k k kkt kt kt
t t t

→ →    ⋅ = − + + − +   
   

 

  
2 2

2 2 2 2
2 2

2 22 2k kk t k t
t t

= − + − +  A1 

  0=  (and since 1t ≠ ± , CB 0
→

≠ ) R1 

  then ˆBCA  is a right angle AG 

Note:  Award as above if OA
kt
k
t

→  
 =
  
 

 is used instead of 
2

CA 2
kt
k
t

→  
 =
  
 

. 

     
    continued  … 
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Question 1 continued. 

 

  METHOD 4 

  A , kkt
t

 
 
 

 and 3
3B ,k kt

t
 − − 
 

 

  C , kkt
t

 − − 
 

 (A1) 

  attempts to find one of their AB2, AC2 or BC2 (M1) 
 
  EITHER 

  ( )
2 2

2 3
3AB k kkt kt

t t
    = − − + − −        

 A1 

 
  OR 

  ( )( )
2

22AC k kkt kt
t t

  = − − + − −    
 A1 

 
  OR 

  ( )
2 2

2 3
3BC k kkt kt

t t
    = − − − + − − −        

 A1 

 
  THEN 

  attempts to show that their 2 2 2AB AC BC= +  (M1) 

  ( )
2 32 4
6AB 1k t

t
= +  (or equivalent) AND ( )

2 32 2 4
6AC BC 1k t

t
+ = +  (or equivalent) A1 

  
2 2

2 2 6 2 2
2 6

3AB 3 k kk t k t
t t

= + + +  AND 
2 2

2 2 2 6 2 2
2 6

3AC BC 3 k kk t k t
t t

+ = + + +  

  2 2 2AB AC BC= +  (and so, by the converse of Pythagoras’ theorem) R1 

  ˆBCA  is a right angle AG 

    [6 marks] 
    Total [26 marks] 
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2. (a)  (i) that the stable/long term population will be the same as before the reduction. A1 
 

Note: Condone ‘the maximum value / carrying capacity of the population will be 200’. 
 
     [1 mark] 
 
  (ii) attempt to substitute into logistic function (M1) 

   0

20040
1 eC

=
+

 

 
   40 40 200C+ =    
 
   4C =   A1 
     [2 marks] 
 
  (iii) correct substitution into their logistic function   (A1) 

   5

20070
1 4e k−=
+

 

 

   
1 1300.153 (0.153451..., ln )
5 280

k  = −  
 

 A1 

     [2 marks] 
 
  (iv) correct substitution into their logistic function   (A1) 
 

   ( )10 0.153451...

200 107.397....
1 4e

x − ×= =
+

 

 
   107x =  A1 
    [2 marks] 
 
 
     continued… 
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2. (a)  (i) that the stable/long term population will be the same as before the reduction. A1 
 

Note: Condone ‘the maximum value / carrying capacity of the population will be 200’. 
 
     [1 mark] 
 
  (ii) attempt to substitute into logistic function (M1) 

   0

20040
1 eC

=
+

 

 
   40 40 200C+ =    
 
   4C =   A1 
     [2 marks] 
 
  (iii) correct substitution into their logistic function   (A1) 

   5

20070
1 4e k−=
+

 

 

   
1 1300.153 (0.153451..., ln )
5 280

k  = −  
 

 A1 

     [2 marks] 
 
  (iv) correct substitution into their logistic function   (A1) 
 

   ( )10 0.153451...

200 107.397....
1 4e

x − ×= =
+

 

 
   107x =  A1 
    [2 marks] 
 
 
     continued… 
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Question 2 continued 
 

 (b)  (i) 
d 0
d
x
t
=  A1 

     [1 mark] 
 
  (ii) the population is steady/stable (at 200) OR this (200) is the equilibrium population A1 
 

Note: Accept phrases such as ‘the rate of change of wolf population is zero’.  
Do not accept 200 is the maximum. Do not follow through from an incorrect (b)(i). 

     [1 mark] 
 
  (iii) EITHER 
  

   
1

ln 200 ln x
×

−
 an attempt to differentiate ln 200 ln x−  M1 

   ( ) 1 1
ln 200 ln

f x
x x

 ′ = × − −  
  A1 

 
    OR 
 

    2

1 200
200 200ln

x
x

x

× ×−
 
 
 

 M1A1

  
     

Note: Award M1 if there is a product of three expressions and two are correct. 
    

   =
1
200lnx

x

−
 
 
 

 AG 

     [2 marks] 
 
 
     continued… 
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Question 2 continued 
 
 
  (iv) attempt to separate variables M1 
 
 

   
1 d d
200ln

x a t
x

x

−
= −

 
 
 

∫ ∫   A1 

 
  

Note: Award A1 also for 
1 d d
200ln

x a t
x

x

=
  

    

∫ ∫ . 

 
   ( ) ( )ln ln 200 ln x at c− = − +   A1A1 
 

Note: Award A1 for LHS and A1 for RHS.  
 
   ln 200 ln e at cx − +− =  OR ln 200 ln e atx A −− = , ( e )cA =   A1 
   
   ln ln 200 e atx A −= −   AG 
     [5 marks] 
  
 
  (v) correct substitution  0ln 40 ln 200 eA −= −  (A1) 
 
   ( )ln 5A =   A1 

   ( )5p =  
 

Note: Award A1A0  for an unsupported 1.61 (1.60943…). 
     [2 marks] 
 
     continued… 
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Question 2 continued 
 
 
  (vi) correct substitution 5ln 70 ln 200 ln 5 e a−= − ×   A1 
 
   0.0854528...a =   A1 
 

Note: Award A1 if their unrounded answer has at least four significant figures and rounds to 

0.0855 OR  if an exact value equivalent to  ln 50.2 ln
200ln
70

 
 
 

  
    

 is seen. 

 
 
   0.0855a =  to 3 significant figures AG
    [2 marks] 
 
      
  (vii) correct substitution 10 0.0854528...ln ln 200 ln 5 ex − ×= − ×   (A1)
    
   100.839… (A1) 
 
 

Note: Accept 100.871… from use of 3sf 0.0855. 
 
 
   101 to the nearest whole number A1
    
     [3 marks] 
 
 
 (c) both are overestimates OR the Gompertz is closer to the true value A1 
 
     [1 mark] 
 

Note: Follow through on their answers for 2(a)(iv) and 2 (b)(vii) if both positive values and these 
values are compared with 85. 

 
     continued… 
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Question 2 continued 
 
 
 (d) (i) attempt to use Euler  (M1) 
 

Note: Condone maximum of one error from missing nx +at start, or incorrect/missing subscripts, 
absence of 0.5.  

 

   1
2000.5 0.0855 ln 0.03n n n n

n

x x x x
x+

  
= + −     

 (A1) 

 
   evidence of correct use of Euler’s method (A1) 

 
Note: Award (A1) for any correct value of 1nx + for 2,3,...n =  seen (including this intermediate 

value presented as a final answer). 
 
   after 10 years the population will be 89 wolves (89.42803…) A1 
 
     [4 marks] 
 
  (ii)  correctly compare their result to the actual number of wolves or to the other models or 

both.  Allow even if this is implicit, for example,  it is more accurate / realistic than the 
other models A1 

     [1 mark] 
 
     Total [ 29 marks] 
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1. (a)

correct shape siny x=   A1 

correct domain A1 

intercepts on x-axis at  0, π, 2π A1 

correct shape ( )sin siny x= with a smaller maximum value and a larger minimum
value than siny x=  and the same 𝑥𝑥-intercepts as siny x=  A1 

Note: For candidates who do not label their graphs with sin x  and ( )sin sin x
award at most A1A1A1A0. 

 For candidates who sketch their graphs on separate axes award at most 
A1A1A1A0. 

 These marks are independent of each other.  

[4 marks] 
continued… 
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Question 1 continued 

(b) (i) 1 A1 
[1 mark] 

(ii) 0.841(0.841470…) A1 
[1 mark] 

(iii) 0.746(0.745624…) A1 
[1 mark] 

(c) use of GDC eg tables (to vary the value of n ) (M1)

4 5 6
π π π0.678430..., 0.627571..., 0.587180...
2 2 2

S S S      = = =            
 

6n = A2 
[3 marks] 

continued… 
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Question 1 continued 

(d) attempt to find
d
d
y
x

using chain rule   (M1) 

( )d cos sin cos
d
y x x
x

 = 
 

A1 

( )cos sin cos 0x x =

considers cos 0x =  M1 

π
2

x =  and 
3π
2

x = A1 

considers ( )cos sin 0x = M1 

πsin
2

x =  ⇒  no other solution for x R1 

Note:  The M1R1 above are independent of the previous M1A1. 

hence curve has exactly two points of zero gradient at 
π
2

x =  and 
3π
2

x = AG 

[6 marks] 

(e) ( ) ( )( ) ( )( )3 2 1cos cos cosS x S x S x x′ = A1 

( ) ( )( ) ( )3 cos sin sin cos sin cosS x x x x′ = AG 
[1 mark] 

continued… 
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Question 1 continued 

(f) consider case when 1n = ( )dLHS sin cos RHS
d

x x
x

= = =  A1 

Note:  Subsequent marks after this A1 are independent of this mark and can be awarded. 

assume true for some k , M1 

i.e. ( )( ) ( )( ) ( )( ) ( )( )1 2 1
d cos cos cos cos
d k k kS x S x S x S x x

x − −= 

Note:  Award M0 for statements such as “let n k= ” or “assume that n k=  is true”.  The assumption of 
truth of the statement must be clear.  Subsequent marks after this M1 are independent of this mark and 
can be awarded. 

EITHER 

recognition that ( ) ( )( )1 sink kS x S x+ = M1 

( )( ) ( )( )1
d d sin
d dk kS x S x

x x+ =

( )( ) ( )( )dcos
dk kS x S x

x
= A1 

( )( ) ( )( ) ( )( )1 2cos cos cos cosk k kS x S x S x x− −=   (by assumption) A1 

OR 

recognition that ( ) ( )1 sink kS x S x+ = M1 

( )( ) ( )( )1
d d sin
d dk kS x S x
x x+ =

( )sin coskS x x′=  A1 

( )( ) ( )( ) ( )1 2cos sin cos sin cos sin cosk kS x S x x x x− −=    (by assumption) 

( )( ) ( )( ) ( )( )1 2cos cos cos cosk k kS x S x S x x− −=   A1 

THEN 
hence true for case 1n k= +  

true for the case 1n = , when case n k=  assumed true, case 1n k= +  proven to be 
true. Hence true for all positive integers n . R1 

Note: Only award R1 if at least 3 of the previous 5 marks have been awarded. 

[6 marks] 

continued… 
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Question 1 continued 

(g) attempt to differentiate numerator and denominator (M1) 

( ) ( )( ) ( )( ) ( )( )1 2 1

0 0

cos cos cos cos
lim lim

1
n nn

x x

S x S x S x xS x
x

− −

→ →
=



A1 

( ) ( ) ( ) ( )cos 0 cos 0 cos 0 cos 0
1

=


A1 

1=  AG 

Note:  For candidates who don’t include the limit award a maximum of (M1)A1A0 

[3 marks] 
Total [26 marks] 
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2. (a) attempt to use 1

1
uS

r∞ = −
(M1) 

2
1

1 x
=

+ A1 

Note: Allow working with 1 1u =   and 2r x= −  or 2
1 1u x= −  and 4r x=  .

[2 marks] 

(b) ( )2

1  d arctan  
1

x x c
x

= +
+∫ A1 

( ) ( )
3 5 7

2 4 6(1 ...)d ... arctan
3 5 7
x x xx x x x c x x− + − + = + − + − + =∫ A1 

Note: The A1 marks above are independent. 

when 0,arctan 0 0 0x c c= = + ⇒ =  R1 

3 5 7

arctan
3 5 7
x x xx x= − + − + AG 

[3 marks] 

(c)
1 πarctan

63
=

3 51 1 1 1 1
3 53 3 3

    ≈ − +         
A1 

attempt to evaluate 
3 51 1 1 1 1

3 53 3 3
   − +   
   

M1 

π 3.156≈   A1 

[3 marks] 

continued… 
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2. (a) attempt to use 1

1
uS

r∞ = −
(M1) 

2
1

1 x
=

+ A1 

Note: Allow working with 1 1u =   and 2r x= −  or 2
1 1u x= −  and 4r x=  .

[2 marks] 

(b) ( )2

1  d arctan  
1

x x c
x

= +
+∫ A1 

( ) ( )
3 5 7

2 4 6(1 ...)d ... arctan
3 5 7
x x xx x x x c x x− + − + = + − + − + =∫ A1 

Note: The A1 marks above are independent. 

when 0,arctan 0 0 0x c c= = + ⇒ =  R1 

3 5 7

arctan
3 5 7
x x xx x= − + − + AG 

[3 marks] 

(c)
1 πarctan

63
=

3 51 1 1 1 1
3 53 3 3

    ≈ − +         
A1 

attempt to evaluate 
3 51 1 1 1 1

3 53 3 3
   − +   
   

M1 

π 3.156≈   A1 

[3 marks] 

continued… 



Mathematics: analysis and approaches HL | Paper 3 | Nov 2025 TZ3 | Q2 | 29 marks

Apollo | Original source crop | 430

– 13 – 8825 – 7118M 

Question 2 continued 

(d) 
METHOD 1 

recognition that in the Maclaurin expansion of arctan x , the error term is 
2 1

2 1

mx
m

−

−
(M1) 

attempt to solve 
2 11 1 0.0001

2 1 3

m

m

−
 × < −  

 OR  ( )6.60583... 7m = = M1 

6 (non-zero) terms are needed A1 

Note:  Accept the error term in an absolute value. 
Give marks as above for candidates who use 2 1m +   instead of 2 1m − .  
This gives ( )5.60583... 6m = =  and leads to needing 6 terms.

Give marks as above for candidates who use  as the exponent and 
divisor.  This gives 12.211675...n = and leads to needing 6 terms. 

METHOD 2 

recognition that in the Maclaurin expansion of arctan x , the error term is 
2 1

2 1

mx
m

−

−
(M1) 

attempt to find the value of the error term for at least two consecutive values of m M1 

error terms are 
71

3 0.003054...
7

 
 
  = , 

91
3 0.0007919...
9

 
 
  = , 

111
3 0.0002159...

11

 
 
  = , 

131
3 0.00006092...

13

 
 
  =  

6 (non-zero) terms are needed A1 

Note: Accept the error term in an absolute value. 
Accept 2 1m +  or n  in place of 2 1m − . 

continued… 
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Question 2 continued 

METHOD 3 
attempt to find the actual error using arctan x −  (first m  non-zero terms)   (M1) 

attempt to find the error for at least two consecutive values of m M1 

( 4 0.000623,  5 0.000169,  6 0.0000473m m m= ⇒ = ⇒ = ⇒ ) 

6  (non-zero) terms are needed A1 

[3 marks] 

(e) arctanu x=  and
d 1
d
v
x
=  (or equivalent) (A1) 

[ ]
1 1
3 3

1
3

20
0 0

arctan  d arctan  d
1

xx x x x x
x

= −
+∫ ∫ A1A1 

Note: Award A1 for each term. 

[ ] ( )
11
33 2

0 0

1 1 1 1 4arctan ln 1 arctan ln
2 2 33 3

x x x   = − + = −    
A1 

π 1 4ln
2 36 3

= − AG 

[4 marks] 

(f) 

1
3 3 5 7

0

 d 0.158422
3 5 7
x x xx x

   − + − =    
∫  A2 

[2 marks] 

(g) attempt to solve (for π ) 
π 1 4ln 0.158422

2 36 3
− ≈ M1 

π 3.1412≈ A1 

[2 marks] 

continued… 
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Question 2 continued 

(h) theorem error is given by

1 1
3 9 10 3

0 0

d
9 90
x xx

 
  =     

 
∫ (M1) 

54.57 10−= ×   A1 

attempt to evaluate their error (M1) 

π 1 4ln 0.158422
2 36 3

 − − 
 

 OR  0.158458558 0.158422−  

53.69 10−= ×  A1 

Note: Accept 53.73 10−= × from using the unrounded answer from part (f).  
The (M1)A1 above are independent of the previous (M1)A1. 

5 53.69 10 4.57 10− −× < × R1 

hence theorem holds  AG 

[5 marks] 

continued… 
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Question 2 continued 

(i) METHOD 1

recognition error is of the form  

1
3

0

d
nx x

n
 
 
 
∫ (M1) 

Note: Condone absence of limits of integration for (M1) 

( )

1

6

1
3 1 10

1

n

n n

+

−

 
 
  < ×

+
A1 

attempt to solve using GDC (M1) 

14.3336n =   

15n⇒ = A1 

(hence 8th term is the error term so) we require 7  (non-zero) terms A1 

METHOD 2 

recognition error is of the form 

1
3 2 1

0 2 1

mx dx
m

−

−∫  OR 

1
3 2 1

0 2 1

mx dx
m

+

+∫ (M1) 

Note: Condone absence of limits of integration for (M1) 

( )

2

6

1
3 1 10

2 2 1

m

m m
−

 
 
  < ×

−
  OR  

( )( )

2 2

6

1
3 1 10

2 1 2 2

m

m m

+

−

 
 
  < ×
+ +

A1 

attempt to solve using GDC (M1) 

7.66681m⇒ = … OR 6.66681m⇒ = … A1 

(hence 8th term is the error term so) we require 7  (non-zero) terms A1 

continued… 
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Question 2 continued 

METHOD 3 

recognition error is of the form 

1
3

0

d
nx x

n
 
 
 
∫ (M1) 

Note: Condone absence of limits of integration for (M1) 

1
3 13

6

0

d 2.51234... 10
13
x x − 

= × 
 
∫  OR 

1
3 15

7

0

d 6.35065... 10
15
x x − 

= × 
 
∫ A1 

attempt to find the value of the integral for at least two consecutive odd values of 
n , 9n >   (M1) 
1
3 13

6

0

d 2.51234... 10
13
x x − 

= × 
 
∫ , 

1
3 15

7

0

d 6.35065... 10
15
x x − 

= × 
 
∫ A1 

Note: Award this A1 for the second correct value. 

(hence 8th term is the error term so) we require 7  (non-zero) terms A1 

METHOD 4 

attempt to find the actual error using  

1
3

0

arctan  x dx −∫  (first m  non-zero terms)   (M1) 

error with 6 terms is 62.00830 10−…×  OR error with 7 terms is 75.04041 10−…× A1 

attempt to find the error for at least two consecutive values of m (M1) 

error with 6 terms is 62.00830 10−…×  and error with 7 terms is 75.04041 10−…× A1 

Note: Award this A1 for the second correct value. 

we require 7 (non-zero) terms A1 

[5 marks] 
Total [29 marks] 


