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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q4 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

4. [Maximum mark: 7]
Consider the functions f(x) = —(x — k)’ + 2k and g(x) = e+ k where &, k € R.
(a) Find f'(x). [1]
The graphs of f and g have a common tangent at x = 3.

e+6

e2
(c) Hence, show that k=¢ o (3]

|H ||||||| || ||||||||||||| ||| Tiirn nver

Apollo | Original source crop | 2



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q8 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 5]

Use I'Hopital’s rule to find lim M .
x>0\ tan3x

|H |||||||||||||||||”| ||||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q12 | 20 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 20]

Let f(x)=+1+x for x>—1.

1

4J1+x)?

. . . (n) 1 ! 1(217—3)! L
(b) Use mathematical induction to prove that /" (x) = 3 W(l-l—x)z
n-2)!

forneZ,n>2. [9]

(@) Show that f"(x)=— (3]

Let g(x)=¢e", meQ.

Consider the function % defined by 4 (x) =f(x) x g(x) for x > —1.
It is given that the x* term in the Maclaurin series for /(x) has a coefficient of %

(c) Find the possible values of m. [8]

References:
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q4 | 9 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

4. [Maximum mark: 9]

Consider the function f defined by f(x) =In (x’ - 16) for x > 4.

The following diagram shows part of the graph of f* which crosses the x-axis at point A, with
coordinates (a, 0). The line L is the tangent to the graph of f at the point B.

(a) Find the exact value of a. [3]

1
(b) Given that the gradient of L is 3’ find the x-coordinate of B. [6]

Apollo | Original source crop | 5



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q9 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 7]

By using the substitution « = sinx, find Jde .

sin® x—sinx—2

|H ||||||||||||||||||H||||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q11 | 20 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 20]

The acceleration, ams™, of a particle moving in a horizontal line at time ¢ seconds, ¢> 0, is
given by a = —(1+v) where vms ' is the particle’s velocity and v > —1.

At t =0, the particle is at a fixed origin O and has initial velocity v,ms".

(a) By solving an appropriate differential equation, show that the particle’s velocity at time ¢
is given by v(#)=(1 +v)e’ - 1. [6]

(b) Initially at O, the particle moves in the positive direction until it reaches its maximum
displacement from O. The particle then returns to O.

Let s metres represent the particle’s displacement from O and s, its maximum
displacement from O.

(i)  Show that the time T taken for the particle to reach s, satisfies the
equation ¢’ =1 +v,.

(i) By solving an appropriate differential equation and using the result from part

(b) (i), find an expression for s_. in terms of v,. 71
Let v(T — k) represent the particle’s velocity k& seconds before it reaches s _, , where
v(T—k)=1+v)e" -1,
(c) By using the result to part (b) (i), show that v(T—k)=¢ - 1. [2]

Similarly, let v(T + k) represent the particle’s velocity k& seconds after it reaches s___ .
(d) Deduce a similar expression for v(7 + k) in terms of k. [2]

(e) Hence, show that v(T—k) +v(T+k)>0. [3]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q4 | 6 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 6]

A particle moves in a straight line. The velocity, vms™, of the particle at time ¢ seconds is
given by v(¢) =tsint—3,for 0<¢<10.

The following diagram shows the graph of v.

v
6
4_
2
o 2 4 6] s |0
—2
—4-
—6-
—8 1
(a) Find the smallest value of ¢ for which the particle is at rest. [2]
(b) Find the total distance travelled by the particle. [2]
(c) Find the acceleration of the particle when 1= 7. [2]

Apollo | Original source crop | 10



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q9 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
9. [Maximum mark: 7]
Two boats A and B travel due north.
Initially, boat B is positioned 50 metres due east of boat A.
The distances travelled by boat A and boat B, after ¢ seconds, are x metres and y metres
respectively. The angle 0 is the radian measure of the bearing of boat B from boat A.

This information is shown on the following diagram.

diagram not to scale

N

N boat B

0
boat A ym
xm
3 )
50m
(a) Show that y =x+ 50cot0. [1

Attime T, the following conditions are true.
Boat B has travelled 10 metres further than boat A.
Boat B is travelling at double the speed of boat A.
The rate of change of the angle 0 is —0.1 radians per second.

(b) Find the speed of boat A at time T. [6]

|H ||||||||||||||||||H||||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q9 | 7 marks
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q10 | 15 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]
Consider the function f defined by f(x) =90e"™ for x € R*.
The graph of f and the line y = x intersect at point P.
(a) Find the x-coordinate of P.
The line L has a gradient of —1 and is a tangent to the graph of f at the point Q.
(b) Find the exact coordinates of Q.
(c) Show that the equation of L is y=—x+2In45 +2.

The shaded region 4 is enclosed by the graph of f and the lines y=x and L.

N
7

<
I
=

> X

(d) (i) Find the x-coordinate of the point where L intersects the line y =x.
(i)  Hence, find the area of 4.

(This question continues on the following page)
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q10 | 15 marks
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Do not write solutions on this page.
(Question 10 continued)

The line L is tangent to the graphs of both f and the inverse function /.

<

> X

e N € sSnhaqaed area enciose ytegrap SO an ~an e line .
(e) Find the shaded losed by th hs of £ and £~ and the line L 2]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q12 | 20 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.
12. [Maximum mark: 20]

The function f* has a derivative given by f'(x)= L

,xeR,x#0, x#k where k is
a positive constant. x(k—x)

(a) The expression for f'(x) can be written in the form L , Where a, b € R.
Find a and b in terms of k. x k-x [3]

(b) Hence, find an expression for f(x). [3]

Consider P, the population of a colony of ants, which has an initial value of 1200.

. : . _dP_P(k-P)
The rate of change of the population can be modelled by the differential equation E :T

where ¢ is the time measured in days, >0, and £ is the upper bound for the population.

(c) By solving the differential equation, show that P = 120071§ . [8]
(k—1200)e 5 +1200

At £ =10 the population of the colony has doubled in size from its initial value.

(d) Find the value of k&, giving your answer correct to four significant figures. [3]

(e) Find the value of ¢ when the rate of change of the population is at its maximum. [3]

References:
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q9 | 8 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 8]

(@) Write down the first three terms of the binomial expansion of (1 +#)™" in ascending
powers of .

(1]
(b) By using the Maclaurin series for cosx and the result from part (a), show that the
Maclaurin series for secx up to and including the term in x* is 1+x—2+%. [4]
(c) By using the Maclaurin series for arctanx and the result from part (b), find
il et i
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q11 | 18 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 18]

X

2
Afunction f is defined by f'(x) =1k% where x e R, x>0 and k € R".
+e

The region enclosed by the graph of y = f(x), the x-axis, the y-axis and the line x =1In16 is
rotated 360° about the x-axis to form a solid of revolution.

2

(@) Show that the volume of the solid formed is " cubic units. [6]

Pedro wants to make a small bowl with a volume of 300 cm’ based on the result from part (a).
Pedro’s design is shown in the following diagrams.

y

y=/f(x
In16

The vertical height of the bowl, BO, is measured along the x-axis. The radius of the bowl’s
top is OA and the radius of the bowl’s base is BC. All lengths are measured in cm.

(b) Find the value of & that satisfies the requirements of Pedro’s design. [2]
(c) Find

(i) OA;

(i) BC. [4]

For design purposes, Pedro investigates how the cross-sectional radius of the bowl changes.

(d) (i) By sketching the graph of a suitable derivative of f, find where the
cross-sectional radius of the bowl is decreasing most rapidly.

(i)  State the cross-sectional radius of the bowl at this point. [6]
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ1 | Q1 | 27 marks

1. [Maximum mark: 27]

This question asks you to explore the behaviour and key features of cubic
polynomials of the form x’ — 3cx + d.

Consider the function f(x) =x’ — 3cx + 2 for x € R and where c is a parameter, ¢ € R.
The graphs of y =f(x) for c=—1 and ¢ =0 are shown in the following diagrams.
c=-1 c=0

y y

0,2) 0,2)

(@) On separate axes, sketch the graph of y = f(x) showing the value of the y-intercept
and the coordinates of any points with zero gradient, for

i) c=1; (3]
(i) c=2. (3]
(b)  Write down an expression for f'(x). [1

(This question continues on the following page)

Apollo | Original source crop | 22



Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ1 | Q1 | 27 marks

Y Y2y bl VIV

(Question 1 continued)

(c) Hence, or otherwise, find the set of values of ¢ such that the graph of y = f(x) has

(i)  apoint of inflexion with zero gradient; 1]
(i)  one local maximum point and one local minimum point; [2]
(i) no points where the gradient is equal to zero. [1]

(d) Given that the graph of y = f(x) has one local maximum point and one local minimum
point, show that

3
(i)  the y-coordinate of the local maximum pointis 2¢? +2; [3]

3
(i)  the y-coordinate of the local minimum pointis —2¢? +2. 1
y

(e) Hence, for ¢ > 0, find the set of values of ¢ such that the graph of y = f(x) has

(i) exactly one x-axis intercept; [2]
(i)  exactly two x-axis intercepts; [2]
(i) exactly three x-axis intercepts. [2]

Consider the function g(x) =x’ — 3cx + d for x € R and where ¢, d € R.

()  Find all conditions on ¢ and d such that the graph of y = g(x) has exactly one x-axis
intercept, explaining your reasoning. [6]

Turn aver
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q1 | 31 marks

1. [Maximum mark: 31]

This question asks you to explore the behaviour and some key features of the
function f (x) =x"(a —x)",where a e R" and n € Z".

In parts (a) and (b), only consider the case where a =2.
Consider f,(x) =x(2 —x).

(@) Sketch the graph of y =f, (x), stating the values of any axes intercepts and the
coordinates of any local maximum or minimum points. [3]

Consider f (x) =x"(2—x)",where n € Z", n> 1.
(b)  Use your graphic display calculator to explore the graph of y =, (x) for

. the odd values n=3 and n=35;

. theevenvalues n=2 and n=4.

Hence, copy and complete the following table. [6]
Number of local Number of local Number of points of
maximum points minimum points inflexion with zero gradient

n=3andn=>5
n=2and n=4

Now consider f (x) =x"(a —x)" where a e R"and n e Z', n> 1.
(c) Show that £/(x) = nx""(a — 2x)(a —x)"". [5]

(d) State the three solutions to the equation f,'(x) = 0. [2]

() Show that the point (ﬁ, f (ED on the graph of y = £ (x) is always above the
horizontal axis. 2 2

3]

(This question continues on the following page)
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q1 | 31 marks

Y a2y el B N RV

(Question 1 continued)

()  Hence, or otherwise, show that £’ (%) 0,forneZ". [2]

(9) By using the result from part (f) and considering the sign of f'(~1), show that the
point (0, 0) on the graph of y =1 (x) is

(i)  alocal minimum point for even values of n, where n>1 and a € R"; [3]
(i)  a point of inflexion with zero gradient for odd values of n, where n>1 and a € R". [2]
Consider the graph of y=x"(a —x)"—k,where n € Z', a € R" and k € R.

(h) State the conditions on n and k such that the equation x"(a — x)" = k has four solutions
for x. [3]

Turn aver
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q1 | 4 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]

. dy _ T 3n .
Given that E—COS X—Z and y =2 when x:T, find y in terms of x.

||| |||||||||||||||||||||| ||| Turn aver
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q5 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 7]

The function f is defined for all x € R. The line with equation y = 6x — 1 is the tangent to
the graph of f at x=4.

(a) Write down the value of f'(4). 1]
(b) Find /(4). [1]
The function g is defined for all x € R where g(x) =x> - 3x and A (x) =/ (g(x)).

(c) Find h(4). 2]

(d) Hence find the equation of the tangent to the graph of 4 at x =4. [3]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q8 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 7]

Solve the differential equation % = In fx _Z_y’ x>0, giventhat y=4 at x =% .
b X

Give your answer in the form y = f(x).

|H ||||||||||||||||||H||||| Tiirn aver
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q10 | 16 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

A particle P moves along the x-axis. The velocity of P is vms ™' at time ¢ seconds,
where v(f) =4 +4¢t -3¢ for 0<¢<3.When t=0, P is at the origin O.

(@) (i) Find the value of t when P reaches its maximum velocity.

88
(i)  Show that the distance of P from O at this time is bY] metres. [7
(b) Sketch a graph of v against ¢, clearly showing any points of intersection
with the axes. [4]
(c) Find the total distance travelled by P. [5]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q11 | 14 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 14]

L . d” .
(a) Prove by mathematical induction that @(xzex) = [xz +2nx+n(n—1)]e" forneZ". 7]
(b) Hence or otherwise, determine the Maclaurin series of f(x) =x’¢" in ascending powers
of x, up to and including the term in x*. [3]
x’e’ —x* )3
(c) Hence or otherwise, determine the value of lin% — | [4]

||| |||||||||||||||||"| ||||| Turn aver
1°T

vyuc 1T v

Do not write solutions on this page.
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q8 | 8 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 8]

Consider the curve C given by y =x — xy In(xy) where x>0, y>0.

dy [ dy j
a) Showthat —+| x—+y |(1+In(xy))=1. 3
(a) 1 ( Lt (1+1n(xy)) (3]
(b) Hence find the equation of the tangent to C at the point where x=1. [5]

|H ||||||||||||||||||H||||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q2 | 30 marks

2. [Maximum mark: 30]

In this question you will be exploring the strategies required to solve a system of
linear differential equations.

Consider the system of linear differential equations of the form:
dx dy
—=x—-yand —=ax+y,
a0V Y

where x,y,t € R" and a is a parameter.

First consider the case where a =0.

dy

(@) (i) By solving the differential equation — = y, show that y = 4e’ where 4 is
a constant. d [3]
(i)  Show that g—x:—Aet. 1
dt
(iii)  Solve the differential equation in part (a)(ii) to find x as a function of ¢. [4]
Now consider the case where a =—1.
. . L. dy . d’y dy
(b) (i) By differentiating —=—x+ y with respect to ¢, show that —-=2—~=. [3]
dt dt dr
(i) By substituting Y =% , show that Y= Be” where B is a constant. [3]
(i) Hence find y as a function of . [2]
. B 2t .
(iv) Hence show that x = —Ee +C, where C is a constant. [3]
Now consider the case where a = —4.
2
© () Showthat X oY 35, ¢ 3]

de* e
From previous cases, we might conjecture that a solution to this differential equation
is y=Fe”, A R and F is a constant.

2

(i)  Find the two values for A that satisfy d—y—Zi—y—3y =0. [4]
t

dr’
Let the two values found in part (c)(ii) be A, and A,.

(i)  Verify that y = Fe"'' + Ge™' is a solution to the differential equation in (c)(i),
where G is a constant. [4]

References:
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q3 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

3. [Maximum mark: 5]

. Given that f(0)=35, find f(x).

8x
Let f'(x) = ——
\/2x2 +1
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q10 | 16 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.

[Maximum mark: 16]

Let f(x) :% where x>0, ke R".

—In5x

oo ]
(@) Show that f'(x) = e (3]

The graph of f has exactly one maximum point P.
(b) Find the x-coordinate of P. [3]

21 -
The second derivative of f is given by f"(x) = % . The graph of f has exactly one

point of inflexion Q.

1 32
(c) Show that the x-coordinate of Q is gez . [3]

The region R is enclosed by the graph of f', the x-axis, and the vertical lines through the
maximum point P and the point of inflexion Q.

y

N

N4

(d) Given that the area of R is 3, find the value of k. [7]
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q12 | 21 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]

The function £ is defined by f(x) = e™.

(@)

Find the first two derivatives of f(x) and hence find the Maclaurin series for f(x) up to
and including the x* term.

Show that the coefficient of x° in the Maclaurin series for f(x) is zero.

Using the Maclaurin series for arctanx and e*— 1, find the Maclaurin series
for arctan (e~ 1) up to and including the x* term.

) -1
Hence, or otherwise, find th )
x>0 arctan(e T - 1)

(8]

[4]

[6]

3]
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q5 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 7]

The displacement, in centimetres, of a particle from an origin, O, at time ¢ seconds, is given
by s(f) =t’cost+ 2tsint, 0<¢<5.

(a) Find the maximum distance of the particle from O. [3]

(b) Find the acceleration of the particle at the instant it first changes direction. [4]
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q11 | 21 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1.

[Maximum mark: 21]

A large tank initially contains pure water. Water containing salt begins to flow into the tank
The solution is kept uniform by stirring and leaves the tank through an outlet at its base.
Let x grams represent the amount of salt in the tank and let ¢ minutes represent the time
since the salt water began flowing into the tank.

dx
The rate of change of the amount of salt in the tank, E is described by the differential
X

t
equation % =10e 4+ — ——
dr t+1

(a) Show that 7+ 1 is an integrating factor for this differential equation.

200 — 40e (¢ + 5)
t+1 '

(b) Hence, by solving this differential equation, show that x(z) =

(c) Sketch the graph of x versus ¢ for 0 << 60 and hence find the maximum amount of
salt in the tank and the value of ¢ at which this occurs.

(d) Find the value of ¢ at which the amount of salt in the tank is decreasing most rapidly.

X
The rate of change of the amount of salt leaving the tank is equal to m .

(e) Find the amount of salt that left the tank during the first 60 minutes.
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q1 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

Jx =5

Find the value of _[19 3— dx.

Jx
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 5]

Consider the curve with equation y = (2x — 1)¢*, where x e R and k € Q.

The tangent to the curve at the point where x =1 is parallel to the line y = Sefx.

Find the value of %.

|H ||||||| || ||||||||||||| ||| Tiirn nver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]
The function £ is defined by f(x) = e'sinx, where x € R.

(a) Find the Maclaurin series for f(x) up to and including the x* term.

(b) Hence, find an approximate value for J.;e"2 sin(x*)dx .

The function g is defined by g(x) =¢*cosx, where x € R.

(c) (i) Show that g(x) satisfies the equation g"(x) =2(g'(x) — g(x)).
(i) Hence, deduce that g¥)(x) = 2(g"(x) - g"(x)) -

(d)  Using the result from part (c), find the Maclaurin series for g(x) up to and including
the x* term.

e'cosx—1-x

(e) Hence, or otherwise, determine the value of lim 3

x—0 X

[4]

[4]

[5]

[5]

[3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 8]

Afunction f is defined by f(x)=xv1-x* where -1 <x<1.

The graph of y =f(x) is shown below.

Y
X
(a) Show that 1 is an odd function. [2]
Therange of fis a<y<b,where a,b € R.
(b) Find the value of a and the value of b. [6]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 6]

By using the substitution u = secx or otherwise, find an expression for |sec” xtanx dx in

terms of n, where n is a non-zero real number.

O 0 | A

|H |||||||||||||||||”|I|||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 7]

A particle moves along a straight line so that its velocity, vm s™', after ¢ seconds is given
by v(f) =™ +4sint for 0 <7<6.

(a) Find the value of ¢ when the particle is at rest. [2]
(b)  Find the acceleration of the particle when it changes direction. [3]
(c) Find the total distance travelled by the particle. [2]

|H ||||||| || |||||||||‘ ||| ||| Tiirn nver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 20]

Consider the function f(x)=+/x>—1, where 1 <x<2.

(a) Sketch the curve y =f(x), clearly indicating the coordinates of the endpoints. [2]

(b) (i)  Show that the inverse function of f is given by /™' (x)=+/x"+1.
(i)  State the domain and range of . (5]

The curve y =f(x) is rotated 21t about the y-axis to form a solid of revolution that is used to
model a water container.

(c) (i) Show that the volume, ¥’m’, of water in the container when it is filled to a height

of 4 metres is given by V = n(%# + h) .
(i)  Hence, determine the maximum volume of the container. [5]

At =0, the container is empty. Water is then added to the container at a constant rate
of 0.4m’s™".

(d) Find the time it takes to fill the container to its maximum volume. [2]

(e) Find the rate of change of the height of the water when the container is filled to half its
maximum volume. [6]

||| |||||||||||||||||||| ||||| Tuirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 19]

Consider the differential equation xz% =y>—2x* for x>0 and y > 2x. Itis given that y =3

when x=1.

(a) Use Euler’s method, with a step length of 0.1, to find an approximate value of y
when x=1.5. [4]

(b)  Use the substitution y = vx to show that x% =y —v-2. [3]

8x+x*

3 -
—X

(c) (i) By solving the differential equation, show that y =

(i)  Find the actual value of y when x=1.5.

4
(iii)  Using the graph of y = 8:;)2 suggest a reason why the approximation given
—X

by Euler’s method in part (a) is not a good estimate to the actual value of y
atx=1.5. [12]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
2. [Maximum mark: 5]

The derivative of a function g is given by g'(x) = 3x* + 5S¢, where x € R. The graph of g
passes through the point (0, 4). Find g(x).
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 7]
A particle moves in a straight line such that its velocity, vms™', at time ¢ seconds is given by

v=m, 0<r<3.

4
(a) Determine when the particle changes its direction of motion. [2]
(b)  Find the times when the particle’s acceleration is —1.9ms™. [3]
(c) Find the particle’s acceleration when its speed is at its greatest. [2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 5]

2 _4 2
The following diagram shows the curve ;—64- =4

=1,where h<y<4.

16

diagram not to scale

The curve from point Q to point B is rotated 360° about the y-axis to form the interior
surface of a bowl. The rectangle OPQR, of height / cm, is rotated 360° about the y-axis to
form a solid base.

The bowl is assumed to have negligible thickness.

Given that the interior volume of the bowl is to be 285 cm’, determine the height of the base.

|H |||||||||||||||||”|I|||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 8]

arctan(cosx)—k
Consider lin(} - ( > x) ,Where k € R.
x> X
(a) Show that a finite limit only exists for k = % [2]
1
(b)  Using I'Hopital’s rule, show algebraically that the value of the limit is R [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]
A scientist conducted a nine-week experiment on two plants, 4 and B, of the same species.
He wanted to determine the effect of using a new plant fertilizer. Plant 4 was given fertilizer
regularly, while Plant B was not.

The scientist found that the height of Plant 4, 4,cm, at time ¢ weeks can be modelled by the
function £ ,(t) =sin(2t+ 6) + 9t + 27, where 0 <¢<9.

The scientist found that the height of Plant B, /,cm, at time ¢ weeks can be modelled by the
function £,(t) = 8¢+ 32, where 0 <¢<9.

(@) Use the scientist’s models to find the initial height of

(i) Plant B;

(i)  Plant 4 correct to three significant figures. [3]
(b) Find the values of # when &, (¢) = h,(t). [3]
(c) For t>6, prove that Plant 4 was always taller than Plant B. [3]

(d) For 0<t<9, find the total amount of time when the rate of growth of Plant B was
greater than the rate of growth of Plant 4. [6]

||| |||||||||||||||||||| ||||| Tuirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]

The population, P, of a particular species of marsupial on a small remote island can be
modelled by the logistic differential equation

L we1-2)
dr N

where ¢ is the time measured in years and &, N are positive constants.

The constant N represents the maximum population of this species of marsupial that the
island can sustain indefinitely.

(a) In the context of the population model, interpret the meaning of (21—1; [1]
2
(b)  Show that d—f=k2P(1—£j{1—2—P) [4]
dr N N
(c) Hence show that the population of marsupials will increase at its maximum rate
when P = % . Justify your answer. [5]
(d) Hence determine the maximum value of E in terms of £ and M. [2]

Let P, be the initial population of marsupials.

(e) By solving the logistic differential equation, show that its solution can be expressed in
the form

ktzlnﬁ[N_Poj. [7]
> N-P

After 10 years, the population of marsupials is 3P,. It is known that N =4P,.

(f)  Find the value of £ for this population model. [2]
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Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ1 | Q2 | 28 marks

2. [Maximum marks: 28]

This question asks you to explore cubic polynomials of the form

(x = r)(x* —2ax + a’ + b*) for x € R and corresponding cubic equations with one real

root and two complex roots of the form (z —r)(z" —2az +a’ + b’) =0 for z € C.

In parts (a), (b) and (c),let r=1, a=4 and b=1.

Consider the equation (z — 1)(z* — 8z +17)=0 for z € C.

(@) (i) Giventhat 1 and 4 +1 are roots of the equation, write down the third root. 1
(i)  Verify that the mean of the two complex roots is 4. [1]

Consider the function f(x) = (x — 1)(x* — 8x + 17) for x € R.

(b) Show that the line y =x — 1 is tangent to the curve y = f(x) at the point A(4, 3). [4]

(c) Sketch the curve y =f(x) and the tangent to the curve at point A, clearly showing
where the tangent crosses the x-axis. [2]

Consider the function g (x) = (x — r)(x* — 2ax + a" + b°) for x € R where r,a € R and
beR,b>0.

(d) () Showthat g'(x)=2(x—-r)(x—a)+x —2ax+a +b". 2]

(i)  Hence, or otherwise, prove that the tangent to the curve y = g(x) at the point
A(a, g(a)) intersects the x-axis at the point R(r, 0). [6]

The equation (z — r)(z° — 2az + a> + b*) = 0 for z € C has roots » and a + bi where r, a € R
and beR,b>0.

(e) Deduce from part (d)(i) that the complex roots of the equation
(z—-7) " —2az+da" +b°) =0 can be expressed as a*i\/g'(a). [1]

(This question continues on the following page)
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(Question 2 continued)
On the Cartesian plane, the points Cl(a,,/g’(a)) and Cz(a,— g'(a)) represent the real
and imaginary parts of the complex roots of the equation (z — 7)(z* — 2az + a* + b*) = 0.

The following diagram shows a particular curve of the form y = (x — r)(x* — 2ax + a* + 16)
and the tangent to the curve at the point A (a, 80). The curve and the tangent both intersect
the x-axis at the point R(=2, 0). The points C, and C, are also shown.

y

A(a, 80)

R(-2,0) 1 x

(f) (i) Use this diagram to determine the roots of the corresponding equation of the
form (z-r)(z" —2az+a*+16)=0 for z € C.

(i)  State the coordinates of C,.

Consider the curve y = (x — r)(x* — 2ax + a’ + b’) for a#r, b > 0. The points A(a, g(a)) and
R (7, 0) are as defined in part (d)(ii). The curve has a point of inflexion at point P.

1
(@) (i) Show that the x-coordinate of P is §(2a+r).
You are not required to demonstrate a change in concavity.

(i)  Hence describe numerically the horizontal position of point P relative to the
horizontal positions of the points R and A.

Consider the special case where a=r and b > 0.
(h) (i) Sketchthecurve y=(x—r)(x’-2ax+a’ +b’)fora=r=1and b=2.

(i) For a=rand b >0, state in terms of r, the coordinates of points P and A.

[4]
[1]

(2]

[1]

[2]
[1]
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1. [Maximum mark: 28]

This question asks you to explore properties of a family of curves of the
type y* = x’ + ax + b for various values of a and b, where a, b € N.

(@) On the same set of axes, sketch the following curves for -2<x<2 and -2<y <2,
clearly indicating any points of intersection with the coordinate axes.

(i) y=x,x20 (2]
i) yY=x+1,x>-1 (2]
(b) (i)  Write down the coordinates of the two points of inflexion on the curve y2 =x+1. [

(i) By considering each curve from part (a), identify two key features that would
distinguish one curve from the other. [1]

Now, consider curves of the form y* =x* + b, for x >—3/b , where b € Z'.
(c) By varying the value of b, suggest two key features common to these curves. [2]

Next, consider the curve 1° =x" +x, x > 0.

3x? +1

20X +x

(i)  Hence deduce that the curve y* =x’ + x has no local minimum or maximum points. [1]

(d) (i) Show that % =% ,forx>0. [3]

The curve y* =x’ + x has two points of inflexion. Due to the symmetry of the curve these
points have the same x-coordinate.

(e) Find the value of this x-coordinate, giving your answer in the form x =, /@ ,
r

where p, g, re Z. [7]

(This question continues on the following page)
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(Question 1 continued)
P(x, y) is defined to be a rational point on a curve if x and y are rational numbers.

The tangent to the curve y2 =X’ + ax + b at a rational point P intersects the curve at another
rational point Q.

Let C be the curve 17 =x* + 2, for x >—3/2 . The rational point P(~1, —1) lies on C.
(f) () Find the equation of the tangent to C at P. [2]

(i)  Hence, find the coordinates of the rational point Q where this tangent
intersects C, expressing each coordinate as a fraction. [2]

(9) The point S(—1, 1) also lies on C. The line [QS] intersects C at a further point.
Determine the coordinates of this point. [5]

Turn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]
The function g is defined by g(x) = ¢’ " where x € R.

Find g'(-1).
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

4. [Maximum mark: 5]

6x
x+1
The graph of y = f(x) passes through the point (1, 5). Find an expression for f(x).

The derivative of the function f is given by f'(x) =

|H ||||||| || ||||||||||||| ||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 7]

Consider the curve with equation (x* + %)y = 4x* where x >0 and -2 <y < 2.

Show that the curve has no local maximum or local minimum points for x > 0.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 10]

2 2
Consider the homogeneous differential equation d— = y -2 , Where x,y#0.
Xy

Itis given that y=2 when x=1.

(a) By using the substitution y = vx, solve the differential equation. Give your answer in the
form y* = f(x). [8]

The points of zero gradient on the curve y* = f(x) lie on two straight lines of the form y = mx
where m € R.

(b) Find the values of m. [2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
2. [Maximum mark: 6]

The function " is defined as f'(x) = In(xe* + 1) —x*, for 0 <x < 2. The graph of 1 is shown
in the following diagram.

—14 -

The graph of /" has a local maximum at point A. The graph intersects the x-axis at the origin
and at point B.

(a) Find the coordinates of A. [2]
(b) Find the x-coordinate of B. [1]
(c) Find the total area enclosed by the graph of f, the x-axis and the line x =2. [3]

|H |||||||||||||||”|‘|||||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
8. [Maximum mark: 6]

The following diagram shows liquid in a round-bottomed glass flask, which is made of a
sphere and a cylindrical neck.

Initially, the flask is empty. Liquid is poured into the flask at a rate of 2cm’s ™. You may
assume that the liquid does not reach the cylindrical neck.

The volume Vcm® and the height zcm of the liquid in the flask satisfy the equation

V =51h’ —%nh3.

Find the rate of change of the height of the liquid in the flask at the instant when the volume
of the liquid is 200cm’.

|H |||||||||||||||||”| ||||| Tiirn nver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 15]
The function f is defined by f(x) = ¢*(3x — 4), where x € R.
(@) Find f'(x).

(b) Hence or otherwise, find the coordinates of the point on the graph of y = f(x) where
the tangent is parallel to the line y =x.

The region enclosed by the curve y =f(x), the x-axis and the y-axis is rotated through
27 radians about the x-axis to form a solid of revolution.

(c) Find the volume of this solid.
Consider a function g such that g(0) =1 and g'(0) =2.
(d) Find the value of

i) (f °g)0);

(i) (f >g)'(0).
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1. [Maximum mark: 28]

In this question you will investigate series of the form

n
Ziq: 17+27+ 37+ ...+ n” where n,q € 7"
i=1

and use various methods to find polynomials, in terms of n, for such series.

When g =1, the above series is arithmetic.

(@) Show that Zn:i=%n(n+l). [1]

Consider the case when g =2.

(b)  The following table gives values of #* and » i* for n=1,2,3.

(iii)

i=1

n
2 i2
n n E 1
i=l

1 1 1
2 4 5
3 9 p
Write down the value of p. [1]

The sum of the first n square numbers can be expressed as a cubic polynomial
with three terms:

n

2 2 3 "
Zl =an+a,n” +an where a,,a,,a, € Q".
i=1

Hence, write down a system of three linear equations in a,, a, and aj,. [3]

Hence, find the values of a,, a, and aj;. [2]

(This question continues on the following page)
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(Question 1 continued)
You will now consider a method that can be generalized for all values of ¢.
Consider the function f(x)=1+x+x"+...+x", ne Z".
(c) Show that x f'(x) =x +2x" + 3x’ + ... + nx". [1]
Let f,(x) =xf'(x) and consider the following family of functions:
) =xf(x)
J3) =x 1, (x)
Jix) =x1y(x)

J &) =xf,,'(x)

(d) () Showthat f,(x)=>i*x". 2]
i= .

(i)  Prove by mathematical induction that f, (x)=>i'x', g € Z". [6]
i=l1

(iif)  Using sigma notation, write down an expression for f (1). [1]

(e) By considering f(x)=1+x+x"+ ... + X" as a geometric series, for x # 1,

n+l
show that f(x) =~ 1 2]

x—1

n+2 _ +1 n+l +
(f) Forx=#1,showthat f(x)= i (n )2x al . [3]
(x-1)

(@) (i) Show that linllfl(x) is in indeterminate form. [1
(i) Hence, by applying I'Hopital’s rule, show that lim f,(x) = %n(n+1). [5]

Turn aver
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2. [Maximum mark: 27]

In this question you will investigate curved surface areas and use calculus to derive
key formulae used in geometry.

Consider the straight line from the origin, y = mx, where 0 <x </ and m, h are positive
constants.

When this line is rotated through 360° about the x-axis, a cone is formed with a curved
surface area A given by:

h
A:2nIy\/1+m2dx.
0
(@) Giventhat m=2 and h =3, show that A=18/5n.

(b)  Now consider the general case where a cone is formed by rotating the line y = mx
where 0 <x </ through 360° about the x-axis.

(i) Deduce an expression for the radius of this cone r in terms of # and m.
(i)  Deduce an expression for the slant height / in terms of 4 and m.
(iii)  Hence, by using the above integral, show that 4 = nr/.

(This question continues on the following page)
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(Question 2 continued)

Consider the semi-circle, with radius r, defined by y = Jrt=x* where —r<x<r.

y

r—-Xx

y

X

(c) Find an expression for % [2]

A differentiable curve y =f(x) is defined for x, <x <x, and y > 0. When any such curve is
rotated through 360° about the x-axis, the surface formed has an area 4 given by:

X, 2
A=2ny 1+[%) dx .

(d) Asphere is formed by rotating the semi-circle y =+/r* —x* where —r<x<r
through 360° about the x-axis. Show by integration that the surface area of this
sphere is 4mr”. [4]

(This question continues on the following page)
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(Question 2 continued)

(e) Let f(x)lerz—x2 where -r<x <r.

The graph of y = f(x) is transformed to the graph of y = f'(kx), k> 0. This forms a
different curve, called a semi-ellipse.

(i)  Describe this geometric transformation.
(i)  Write down the x-intercepts of the graph y = f'(kx) in terms of » and k.
dy

(iii)  For y=f(kx), find an expression for ™ in terms of x, » and k.

(iv) The semi-ellipse y = f(kx) is rotated 360° about the x-axis to form a solid called
an ellipsoid.

Find an expression in terms of » and k for the surface area, 4, of the ellipsoid.

Give your answer in the form 2nI,/p(x) dx , where p(x) is a polynomial.

(v) Planet Earth can be modelled as an ellipsoid. In this model:

+ the ellipsoid has an axis of rotational symmetry running from the North Pole to
the South Pole.

+ the distance from the North Pole to the South Pole is 12 714km.
 the diameter of the equatoris 12 756km.
By choosing suitable values for » and £k, find the surface area of Earth

in km” correct to 4 significant figures. Give your answer in the form a x 10¢
where 1 <a<10 and g € Z".

[2]
[1]
(2]

[4]

[4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 5]
The side lengths, xcm, of an equilateral triangle are increasing at a rate of 4cms ™.

Find the rate at which the area of the triangle, 4 cm’, is increasing when the side lengths are

5\/5 cm.

Apollo | Original source crop | 78



Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ1 | Q9 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 7]

The function f is defined by f(y)=+/r’—y* for -r<y<r.

The region enclosed by the graph of x = f(y) and the y-axis is rotated by 360° about

the y-axis to form a solid sphere. The sphere is drilled through along the y-axis, creating a
cylindrical hole. The resulting spherical ring has height, 4.

This information is shown in the following diagrams.

diagram not to scale
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 19]
Consider the following diagram, which shows the plan of part of a house.

diagram not to scale

6m

Alw

A narrow passageway with width %m is perpendicular to a room of width 6m. There is

a corner at point C. Points A and B are variable points on the base of the walls such
that A, C and B lie on a straight line.

Let L denote the length AB in metres.

Let a be the angle that [AB] makes with the room wall, where 0 < a < g

(@) Show that L= %seca +6coseca . [2]
(b) (i) Find d—L
da
N dL
(i)  When ™ =0, show that o = arctan2. [5]
a

(This question continues on the following page)
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Do not write solutions on this page.

(Question 11 continued)

d’L

5 -

(c) () Find

da

2
(i) When a = arctan2, show that g L %Jg

2 =
(d) (i) Hence, justify that L is a minimum when o = arctan?2.

(i)  Determine this minimum value of L.

Two people need to carry a pole of length 11.25m from the passageway into the room.

It must be carried horizontally.

(e) Determine whether this is possible, giving a reason for your answer.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

4. [Maximum mark: 6]

for x>0.

The following diagram shows part of the graph of y =

X422

y

The shaded region R is bounded by the curve, the x-axis and the line x =c.
The area of R is In3.

Find the value of c.

|H ||||||| || |||||||||‘ ||| ||| Tiirn nver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 14]
A circle with equation x* +1* = 9 has centre (0, 0) and radius 3.
Atriangle, PQR, is inscribed in the circle with its vertices at P(-3, 0), Q(x, y) and R(x, —y),

where Q and R are variable points in the first and fourth quadrants respectively. This is
shown in the following diagram.

y
7Q(x,y)
P(=3, 0)| ¥
|
R(x ’ _J’)
(a) For point Q, show that y =v9-x" | 1]
(b) Hence, find an expression for 4, the area of triangle PQR, in terms of x. [3]
© Show that & 9=3x— 2 [4]
w — .
dx V9 —x?
(d) Hence or otherwise, find the y-coordinate of R such that 4 is a maximum. [6]

||| |||||||||||||||||||| ||||| Tuirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 17]

(a) By using an appropriate substitution, show that Icos\/; dx = 24/x sin+/x + 2cos/x + C.

The following diagram shows part of the curve y = COS\/; forx>0.

Y
A
R
X, 2 X, X
@] X X
Rl 2 3 R3
The curve intersects the x-axis at x,, x,, x5, x,, ....
, o (2n-1y' .

The nth x-intercept of the curve, x,, is given by x, =~—+——,where n € Z".
(b)  Write down a similar expression for x, .
The regions bounded by the curve and the x-axis are denoted by R, R,, R,, ..., as shown

on the above diagram.
(c) Calculate the area of region R, .
Give your answer in the form knm, where k € 7Z".

(d) Hence, show that the areas of the regions bounded by the curve and the x-axis,
R,, R,, R,, ..., form an arithmetic sequence.

[6]

[1]

[7]

[3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]

2 f—
Consider the differential equation % =2 2/ ly , Wwhere y>0 and y=3 when x=0.
X+
(a) Use Euler's method, with a step length of 0.03, to find an approximate value for y
when x = 0.15. Give your answer correct to six significant figures. [4]

(i)  Write down the value of % when x=0.

2

(i) Showthat $¥ =3 when x=0. [5]
dx2

3
(iy  Given that d—); =9 when x =0, find the first four terms of the Maclaurin series for y.

(i)  Use the Maclaurin series to find an approximate value for y when x = 0.15. Give

your answer correct to six significant figures. [3]
2
x -1 2
i It is given that =]- )
® g x*+1 x*+1
2 J—
Solve the differential equation Y = % , where y>0 and y=3 when x=0.
X"+

Give your answer in the form y = f'(x).

(i)  Hence, find the value of y when x =0.15. Give your answer correct to six
significant figures. [71

For 0 <x < 1, explain why the approximate value for y obtained using Euler’s method
will always be less than the actual value for y. 2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be

continued below the lines, if necessary.

5. [Maximum mark: 6]
A particle moves in a straight line such that its velocity, vms™', at time ¢ seconds is given

by v(t) =4e ? cos(é—%j , for 0 <¢<4mn. The graph of v is shown in the following diagram.

v ()

4n

Let 7, be the first time when the particle’s acceleration is zero.

(@) Find the value of t,.

Let 7, be the second time when the particle is instantaneously at rest.
(b)  Find the value of t,.

(c) Find the distance travelled by the particle between =1 and ¢=t,.

(2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 5]

Afunction f is defined as f(x) = arctan(x — 2), where 2<x<2+ J3.

The region bounded by the curve, the y-axis, the x-axis and the line y = T is rotated 360°
about the y-axis to form a solid of revolution. 3

Find the volume of the solid.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]

. _ , o dy xX*+3y°
Consider the differential equation a =———,where x>0,y>0.
Xy

Itis giventhat y=2 when x=1.

(a) Use Euler’s method with step length 0.1 to find an approximate value of y when x =1.1. [2]

9x* —1

(b) By solving the differential equation, show that y =x [8]

(c) Find the value of y when x=1.1. [1]

4

(d)  With reference to the concavity of the graph of y =x for 1 <x < 1.1, explain

why the value of y found in part (c) is greater than the approximate value of y found in
part (a). [2]

9x* -1 \/5

for 3 < x <1 has a point of inflexion at the point P.

The graph of y=x

2
(e) By sketching the graph of an appropriate derivative of y, determine
the x-coordinate of P. [2]
d’y —x*+x’y’+6y°
It can be shown that —)2}2 2y3 z ,where x>0,y>0.
dx X7y
d’y

(f)  Use this expression for to show that point P lies on the straight line y = mx

s

where the exact value of m is to be determined. [6]
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1. [Maximum mark: 25]
In this question, you will be investigating the family of functions of the form f(x) =x"¢e™.
Consider the family of functions f,(x) =x"e™, where x>0 and n € Z".

When n =1, the function f,(x) =xe™, where x> 0.

(@) Sketch the graph of y =f(x), stating the coordinates of the local maximum point. [4]
(b)  Show that the area of the region bounded by the graph y =f, (x), the x-axis and the
b
line x =5, where b > 0, is given by e—fl. [6]
e

You may assume that the total area, 4, , of the region between the graph y =f, (x) and the
o0 b
x-axis can be written as 4, = IO /. (x)dx and is given by limJ.0 f,(x)dx.

b

(c) (i) UseI'Hopital’s rule to find lime_—f_l. You may assume that the condition for

b—w e
applying I'Hopital’s rule has been met. [2]
(i)  Hence write down the value of 4,. [1]

You are given that 4, =2 and 4,=6.

(d)  Use your graphic display calculator, and an appropriate value for the upper limit,
to determine the value of

(i) A [2]
(i)  As. [1]
(e) Suggest an expression for A, in terms of n, where n € Z". [1]

(f)  Use mathematical induction to prove your conjecture from part (e). You may assume
that, for any value of m, lim x"e™ =0. [8]

X—>00
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2. [Maximum mark: 30]

In this question, you will investigate the maximum product of positive real numbers
with a given sum.

Consider the two numbers x,, x, € R", such that x, +x, =12.

(@) Find the product of x, and x, as a function, f', of x, only. [2]
(b) (i) Findthe value of x, for which the function is maximum. [1]
(i)  Hence show that the maximum product of x, and x, is 36. [1]

Consider M (S) to be the maximum product of n positive real numbers with a sum of §,
where n € Z" and S € R".

2
For n =2, the maximum product can be expressed as M, (S) = (%) :

2
(c) Verify that M,(S) :(gj is true for S=12. [1]

Consider n positive real numbers, x,, x,, ..., x

1
The geometric mean is defined as (x, xx, x...xx,)" . It is given that the geometric mean is

1
, , S _(gtx,+.tx
always less than or equal to the arithmetic mean, so (x, xx, x...xx, )" < (% +x, ) :

n
(d) (i) Show that the geometric mean and arithmetic mean are equal
when x, =x,=..=x,. (2]
(i)  Use this result to prove that M, (S) = (%jn . [4]
(e) Hence determine the value of
(i)  M,(12); [1]
(i)  M,(12); (1]
(i) M (12). [1]

For n € Z", let P(S) denote the maximum value of M (S) across all possible values of .
(f)  Write down the value of P(12) and the value of n at which it occurs. [2]
(g) Determine the value of P(20) and the value of n at which it occurs. [3]

(This question continues on the following page)
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(Question 2 continued)

Consider the function g, defined by ln(g(x)) = xln[ﬁj , where x € R".
X

A sketch of the graph of y = g(x) is shown in the following diagram. Point A is the maximum
point on this graph.

y
A
y=g(x)
X
0
(h) Find, in terms of S, the x-coordinate of point A. [6]
(i)  Verify that g(x) = M (S), when x € Z". [2]

(i)  Use your answer to part (h) to find the largest possible product of positive numbers
whose sum is 100. Give your answer in the form a x 10", where 1 <a <10 and k € Z". [3]
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1. [Maximum mark: 24]

This question asks you to examine the number and nature of intersection points of the
graph of y = log,x where a € R", a # | and the line y = x for particular sets of values of «.

|
In this question you may either use the change of logarithm base formula log, x = ax ora
graphic display calculator “logarithm to any base feature”. Ina

The function f is defined by
f(x)=log,x where x € R" and a e R, a # I.

(@) Considerthe cases a =2 and a = 10. On the same set of axes, sketch the following
three graphs:

y=log,x
y =log,,x
y=x.

Clearly label each graph with its equation and state the value of any non-zero
x-axis intercepts. [4]

(This question continues on the following page)
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(Question 1 continued)

In parts (b) and (c), consider the case where a = e. Note that Inx = log_x.

(b)

(c)
(d)

Use calculus to find the minimum value of the expression x — Inx, justifying that this
value is @ minimum. [5]

Hence deduce that x > Inx. [1

There exist values of a for which the graph of y = log x and the line y =x do have
intersection points. The following table gives three intervals for the value of a.

Interval Number of intersection points
O<ax<l p
l<a<l4 q
1.5<ax<?2 r

By investigating the graph of y = log x for different values of a, write down the values
of p, g and r. [4]

In parts (e) and (f), consider a € R", a # 1.

For 1.4 <a < 1.5, avalue of a exists such that the line y = x is a tangent to the graph
of y =log, x ata point P.

(e)
(f)

Find the exact coordinates of P and the exact value of a. [8]
Write down the exact set of values for a such that the graphs of y = log x and y =x have
(i)  two intersection points; [1]

(i)  no intersection points. [1]

Turn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 9]
() Find [x(Inx)dx. [6]

4
(b) Hence, show that Ix(lnx)zdx =32(In2)*~16In2 +%5 . [3]
1
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 8]

. 2 kx
Consider the function f'(x) :sm—g)’ where x#0 and k € R".
X
(a) Show that f is an even function. [2]
(b)  Given that 1in3 /(x)=16, find the value of . [6]

|H ||||||||||||||||||H||||| Tiirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1.

[Maximum mark: 21]

Consider the function f(x)=¢

, Where —ESxSS—n.
4 4

Find the coordinates of the points on the curve y = f(x) where the gradient is zero.

cos2x

Using the second derivative at each point found in part (a), show that the curve y = f(x)
has two local maximum points and one local minimum point.

Sketch the curve of y =f(x) for 0 <x < 7, taking into consideration the relative values
of the second derivative found in part (b).

(i)  Find the Maclaurin series for cos2x, up to and including the term in x*.

cos2x—

(i)  Hence, find the Maclaurin series for e“**', up to and including the term in x*.

(i)  Hence, write down the Maclaurin series for f(x), up to and including the term in x*.

Use the first two non-zero terms in the Maclaurin series for f(x) to show that
jl/loeCOSZxdx ~ 1496

0 1500
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 9]
() Find [x(Inx)dx. [6]

4
(b) Hence, show that Ix(lnx)zdx =32(In2)*~16In2 +%5 . [3]
1
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 8]

. 2 kx
Consider the function f'(x) :sm—g)’ where x#0 and k € R".
X
(a) Show that f is an even function. [2]
(b)  Given that 1in3 /(x)=16, find the value of . [6]

|H ||||||||||||||||||H||||| Tiirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1.

[Maximum mark: 21]

Consider the function f(x)=¢

, Where —ESxSS—n.
4 4

Find the coordinates of the points on the curve y = f(x) where the gradient is zero.

cos2x

Using the second derivative at each point found in part (a), show that the curve y = f(x)
has two local maximum points and one local minimum point.

Sketch the curve of y =f(x) for 0 <x < 7, taking into consideration the relative values
of the second derivative found in part (b).

(i)  Find the Maclaurin series for cos2x, up to and including the term in x*.

cos2x—

(i)  Hence, find the Maclaurin series for e“**', up to and including the term in x*.

(i)  Hence, write down the Maclaurin series for f(x), up to and including the term in x*.

Use the first two non-zero terms in the Maclaurin series for f(x) to show that
jl/loeCOSZxdx ~ 1496

0 1500
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 5]

A particle moves along a straight line. Its displacement, s metres, from a fixed point O after
time ¢ seconds is given by s(¢) =4.3 sin(\/3t+5), where 0 << 10.

The particle first comes to rest after ¢ seconds.
(a) Find the value of ¢g. [2]

(b) Find the total distance that the particle travels in the first ¢ seconds. [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 9]

Consider the differential equation % = 41—_0y where y =2 when x=0.

(a) Use Euler's method with a step size of 0.1 to find an approximation for y

when x = 0.5. Give your answer correct to four significant figures. [3]
(b) By solving the differential equation, show that y =4 — 2e 10, [5]
(c) Find the absolute value of the error in your approximation in part (a). [1]

|H ||||||||| ||||||”||‘ || ||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 5]

A particle moves along a straight line. Its displacement, s metres, from a fixed point O after
time ¢ seconds is given by s(¢) =4.3 sin(\/3t+5), where 0 << 10.

The particle first comes to rest after ¢ seconds.
(a) Find the value of ¢g. [2]

(b) Find the total distance that the particle travels in the first ¢ seconds. [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 9]

Consider the differential equation % = 41—_0y where y =2 when x=0.

(a) Use Euler's method with a step size of 0.1 to find an approximation for y

when x = 0.5. Give your answer correct to four significant figures. [3]
(b) By solving the differential equation, show that y =4 — 2e 10, [5]
(c) Find the absolute value of the error in your approximation in part (a). [1]

|H ||||||||| ||||||”||‘ || ||| Tiirn aver
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2. [Maximum mark: 31]
This question begins by asking you to examine families of curves that intersect every
member of another family of curves at right-angles. You will then examine a family of
curves that intersects every member of another family of curves at an acute angle, .

(@) Consider a family of straight lines, L, with equation y = mx, where m is a parameter.
Each member of L intersects every member of a family of curves, C, at right-angles.

Note: In parts (i), (ii) and (iii), you are not required to consider the case where x =0.

(i)  Write down an expression for the gradient of L in terms of x and y. [1]

, : . dy _ x

(i)  Hence show that the gradient of C is given by & =—. [1]
y

d X
(iii) By solving the differential equation ay =——, show that the family of curves, C,
y

has equation x° + y° = k where k is a parameter. [2]
A family of curves has equation y* = 4a” — 4ax where a is a positive real parameter.
A second family of curves has equation y* = 4b° + 4bx where b is a positive real parameter.

(b) Consider the case where a =2 and b = 1. On the same set of axes, sketch the curves
> =16 — 8x and y* = 4 + 4x. On your sketch, clearly label each curve and any x-intercepts.

Note: You are not required to find the coordinates of any points of intersection of the
two curves. [3]

(c) By solving y* =44’ — 4ax and y* = 4b” + 4bx simultaneously, show that these curves
intersect at the points M(a—b, 2\/ab) and N(a—b, —2\/ab). [6]

(d) Atpoint M, show that the curves y* = 4a° — 4ax and y* = 4b” + 4bx intersect at
right-angles. (5]

(This question continues on the following page)
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(Question 2 continued)
Consider two families of curves, F and G.
The gradient of F' is denoted by f(x, y).
The gradient of G is denoted by g(x, ).
Each member of F intersects every member of G at an acute angle, «.

It can be shown that

f(x,y)+tana
I-f(x, y)tana

g(x,y)=

In part (e), consider the specific case where f(x, y)= —f, forx#0, y#0 and a :g .
Y

e) () Showthat g(x, y)=2—>. 2]
y+x
N . . . . dy y-x _
(i)  Hence, by solving the homogeneous differential equation — = , find a
y+Xx
general equation that represents this family of curves, G. Give your answer in
the form A (x, y) =d where d is a parameter. [9]
() By considering limtana , show that, for all finite f'(x, y),
a»E
limg(x, y)=- 1 2]
ast S, y)

2
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 7]

Consider the functions f(x) = cosx and g(x) = sin2x, where 0 <x < 7.

The graph of f intersects the graph of g at the point A, the point B (“,oj and the point C
as shown on the following diagram. 2

y
14 A
g
A
B X
0 T
-1 C
(a) Find the x-coordinate of point A and the x-coordinate of point C. [3]

The shaded region R is enclosed by the graph of " and the graph of g between the
points B and C.

(b)  Find the area of R. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 6]

The function f is defined as f(x) = Jxsin(x?) , where 0<x<+/r .

Consider the shaded region R enclosed by the graph of f, the x-axis and the line x = —n,
as shown in the following diagram. 2

Y

y=fx

0 Jr Jr
2

The shaded region R is rotated by 2 radians about the x-axis to form a solid.

(2-v2)
4

Show that the volume of the solid is T
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 7]
(a) Find the first two non-zero terms in the Maclaurin series of
(i) sin (xz);
(i) sin’*(x%). (5]

(b) Hence, or otherwise, find the first two non-zero terms in the Maclaurin series of
4xsin(x*) cos (x%). [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 17]
Consider the polynomial P (x) =3x’ + 5x* +x — 1.
(a) Show that (x + 1) is a factor of P(x). [2]
(b) Hence, express P(x) as a product of three linear factors. [3]

Now consider the polynomial Q(x) = (x + 1)(2x + 1).

in the form i+

c Express
(©) P Q(x) x+1 2x+1

,Where 4,B e Z. [3]

_ 4 21 2
(x+1)0(x) 2x+1  x+1 (x+1)2'

(d) Hence, or otherwise, show that

1

H find | ————— 4
(e) Hence, fin I(x+1) (2er) [4]

. . . P(x) 1
Consider the function defined by f(x)=—————,where x # -1, x#——.

(x+DQO(x) 2

(f) Find

() lim /(x);

(i) lim f(x). [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 6]

4 2
i A 1 ) . sec’x—cos’x
Use I'Hopital’s rule to find lim —————
x—0 X —X
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 20]

1
(@) Let f(x)=(1-ax) 2, where ax<1,a#0.

The n" derivative of f(x) is denoted by f"(x),n € Z".

2n+1

a” (2n - 1)!(1 - ax)fT
2" (n-1)!

Prove by induction that f(")(x) = nelZ. [8]

(b) By using part (a) or otherwise, show that the Maclaurin series for f(x)=(1-ax) 2

up to and including the x* term is 1+%ax+%a2x2. [2]

L 24+6x+19x°

1
(c) Hence, show that (1-2x) 2(1—-4x) 2 5 [4]
1

(d) Given that the series expansion for (1 —ax)fE is convergent for |ax| < 1,

state the restriction which must be placed on x for the approximation

1 1 2

(1-2x) 2 (1-4x) 2 = Wto be valid. [1]
(e) Use x= % to determine an approximate value for NER

Give your answer in the form 2 where ¢, d € 7. [5]

Apollo | Original source crop | 124



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q4 | 6 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 6]

A particle moves in a straight line such that it passes through a fixed point O at time =0,

where ¢ represents time measured in seconds after passing O. For 0 <7< 10 its velocity,

v metres per second, is given by v =2sin(0.5¢) + 0.3 - 2.

The graph of v is shown in the following diagram.

v
24
/_\I | t
0 5 10
2
(a) Find the smallest value of ¢ when the particle changes direction. [2]

The displacement of the particle is measured in metres from O.
(b) Find the range of values of ¢ for which the displacement of the particle is increasing. [2]

(c) Find the displacement of the particle relative to O when = 10. [2]

|H ||||||||| |||||||||| ‘" ||| Tiirn aver

Apollo | Original source crop | 125



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q7 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 7]
Solve the differential equation % =x+y,giventhat y=2 when x=0.

Give your answer in the form y =f(x).
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Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 19]

Section B

Consider the curve C defined by the equation ¢** = x* + j*, shown on the following diagram.
The curve has a line of symmetry y =x.

There are two points on the curve C where the tangent is horizontal. These points are

labelled P and Q.

-3
S y=x
d 2 _ X+y
(a) Show that & =2X"¢
dx e -2y

(b) ()

Show that the x-coordinates of points P and Q satisfy the

equation 2x° + (In(2x))’ - 2xIn(2x) — 2x = 0.

(i)  Hence, find the coordinates of P and the coordinates of Q.

where the tangent is vertical.

Apollo | Original source crop | 127

Using the line of symmetry, write down the coordinates of the points on the curve C

Find the coordinates of the point on the curve C where the tangent has a gradient of —1.

[5]

[9]

[1]

[4]



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q11 | 19 marks

v LT 1ve

Do not write solutions on this page.

Apollo | Original source crop | 128



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q1 | 6 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 6]
The functions f and g are both defined for —1 <x <0 by
f@)=1-x
g(x)=¢e™.
The graphs of f and g intersectat x=a and x=5b, where a<b.
(a) Find the value of a and the value of 5.

(b) Find the area of the region enclosed by the graphs of f and g.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 6]

A particle moves in a straight line such that its velocity, vm s”', attime ¢ seconds is given
by v(it)=1+e'—e™™ for 0<r<2.

(a) Find the velocity of the particle at t=2. [1]
(b)  Find the maximum velocity of the particle. [2]
(c) Find the acceleration of the particle at the instant it changes direction. [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
6. [Maximum mark: 6]

The volume of a spherical bubble increases at a constant rate of Scm’s™.

The initial volume of the bubble can be assumed to be zero.

Find the rate, in cms™, at which the radius of the bubble is increasing when the volume of
the bubble is 20cm’.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 5]

The curve y=41In(x — 2) for 0 <y <4 is rotated 360° about the y-axis to form a solid
of revolution.

Find the volume of the solid formed.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 8]

x—4
ax* +bx+c
The curve has a local minimum point at (2, 1) and a vertical asymptote with equation x =1.

Consider the curve y = , where a, b and ¢ are non-zero constants.

Find the values of a, b and c.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]

Consider the differential equation %—ycosech =+/tanx , where 0<x <g and y zg at x= % .
(@) Use Euler’'s method with step length % to find an approximate value of y when x = f—;
Give your answer correct to three significant figures. [3]

d(1

(b) Show that — —ln(cotx) =—cosec2x. [4]
dx\ 2

(c) Show that v/cotx is an integrating factor for this differential equation. [4]

(d) Hence, by solving the differential equation, show that y = x+/tanx . [5]

Consider the curve y =x+/tanx for 0 <x < T and the Euler’'s method approximation
calculated in part (a). 2

(i)  Find the y-coordinate at x = f—; . Give your answer correct to three significant figures.

(i) By considering the gradient of the curve, suggest a reason why Euler’s method

does not give a good approximation for the y-coordinate at x = f—; .

5
(i)  State why this approximation is less than the y-coordinate at x = % . [3]

By considering %—ycosech =+/tanx , deduce that the curve y = x+/tanx has a

positive gradient for 0 < x < g ) [2]
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2. [Maximum mark: 28]

This question investigates a ratio of lengths found from the line passing through the
points of inflexion of a quartic curve of the form y = x* — mx’ + nx.

The curve y =x* — 3x” + 3x has points of inflexion at B and C. The line passing through B
and C intersects the curve again at points A and D. This is shown in the following graph.

y
A
B
X
C
D
2

(a) Find jx—f. [3]
(b) Find the coordinates of B and C. [4]
(c) Show that the equation of the line through B and C is y = —0.375x. [2]
(d) Find, correct to three decimal places, the x-coordinate of D. [2]

Now consider the general curve y =x*—mx’+nx,where m, n € R and m > 0.

(e) Find the x-coordinates of the two points of inflexion in terms of m. [3]
Let these points of inflexion be B and C. The line passing through B and C intersects

the curve again at points A and D. Let x, be the x-coordinate of point A, and similarly

for x,, x. and x,,. Itis given that x, <x, <x.<x,.

(f) ()  Write down the coordinates of B. [1]

(i)  Find, in terms of m and n, the coordinates of C. [2]

(This question continues on the following page)
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(Question 2 continued)

3
(g) Show that the equation of the line through B and C is y:(—%ﬂq}c.

m m
h Show that x, =———
(h) ey

Xp —Xy

()  Hence, find the exact value of
Xc —Xp

Y sl VIV

[2]

[7]

[2]
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1. [Maximum mark: 24]

If two functions f(x) and g(x) are differentiable, then their product is differentiable
and the two functions satisfy the product rule: ( /(x)g(x))' =/ (x)g'(x) + g(x) f'(x).

In this question, you will meet examples of pairs of differentiable functions, 1 (x)
and g(x), that also satisfy (f(x)g(x)) =/"(x)g'(x).

In part (a), consider f(x)= where x e R, x#2, and g(x) =x*, where x € R.

2-x)*"
(@) (i) Find an expression for f'(x). [2]
N , vy 4x
(i)  Show that f'(x)g'(x)= oy [2]
(i) Show that /(x)g'(x)+ g(x) " (x) = — - [4]
(2-x)

In parts (b) and (c), consider two non-constant functions, f(x) and g(x), where f(x)>0
and g(x) = g'(x).

(b) By rearranging the equation f(x)g'(x) +g(x)f'(x) =f"(x)g'(x), show that
S go
S(x) glx)-gx)

(2]

(This question continues on the following page)
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(Question 1 continued)

(c) Hence, by integrating both sides of S ) =— £ , show that
[ £() J S g(x)-gx)
f(x)=4e €0 ) where 4 is an arbitrary positive constant. [2]

The result from part (c) can be used to find pairs of functions, f(x) and g(x), which satisfy
both of the following:

(fegm) =f(x)g'(x)+gx)f'(x) and (f(x)gx)) =f"(x)g'(x).
In parts (d) and (e), use the result in part (c) with 4 = 1.
(d) Consider g(x) = xe".
Find f(x) such that f(x) and g(x) satisfy the above two equations. [5]
(e) Consider g(x) = sinx + cosx.

Find f(x) such that f(x) and g(x) satisfy the above two equations over the
domain 0 <x < m.

Give your answer in the form f(x) =4/e"h(x) , where A (x) is a function to be determined. [7]

Turn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 7]

Consider the function f'(x)= sec(x—%} Jfor 0<x< g .
(a) Determine the range of f. [3]

The region bounded by the graph of y = f(x), the x-axis and the lines x=0 and x= kid
is rotated 2rradians about the x-axis. 2

(b) Find the volume of revolution generated. [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 17]

Consider a cylinder of radius 4r and height /. A smaller cylinder of radius r is removed from
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

- -

The total surface area of the hollow cylinder, in cm’, is given by S.
The volume of the hollow cylinder, in cm’, is given by V.
(@) Show that S =30m/ + 10mrh. [3]

(b)  The total surface area of the hollow cylinder is 240mcm”.

Show that ¥ = 360mr — 457 [6]
(c) Find an expression for (31—1; . [2]

The hollow cylinder has its maximum volume when r = p\E, where p € Z".
(d) Find the value of p. [3]

(e) Hence, find this maximum volume, giving your answer in the form qn\/g , Where g € Z". [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1.

[Maximum mark: 17]

2x _
A curve is given by the equation y = eh—i, x eR.
e +
. (e -1
(a) By applying I'Hopital’s rule or otherwise, show that lim| —- " =1. [2]
X—0 e +
2x
) () Showthat = e
(ezx + 1)
(i)  Hence, show that 1—y* = Y [6]
dx
dzy 3
(c) (i) By using implicit differentiation and the result in part (b)(ii), show that ol =2y -2y.
d’y
(i)  Hence, find an expression for @ in terms of y. [5]
2x _
(d) By using your results from parts (b) and (c), find the Maclaurin series for ezx ! up to
and including the term in x°. e +1 [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]

The following table shows the population of Canada ¢ years after the year 2000.

t (years after 2000) 0 5 10 15 20

p (population in

o 30.7 32.2 34.0 35.7 37.9
millions)

A student uses linear regression to model the population of Canada using these data.
The student model is p =at+ b.

(@) (i)  Write down the value of @ and the value of 5.
(i)  Interpret, in context, the value of a. [3]

The student uses this model to predict the population of Canada in the year 2030,
where ¢ =30, and calculates a population of approximately 41.3 million people.

(b) Comment on the reliability of the student’s prediction. 1

A data scientist, Benoit, uses additional information to develop an exponential model for
Canada’s future population.

In this model, B(¢) = 33.5(1.005)' represents the millions of people in Canada ¢ years after
the year 2000, where 25 <t <100.

(c) (i) Use Benoit's model to predict the population of Canada in the year 2100.
(ii)  Interpret, in context, the value 1.005 in Benoit's model. [3]

(This question continues on the following page)
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Do not write solutions on this page.

(Question 10 continued)

Another data scientist, Cecilia, develops a third model for the Canadian population.

In this model, C(7) = 1

—— ;- represents the millions of people in Canada ¢ years after
+e

the year 2000, where 25 <¢<100.
(d) Use Cecilia’s model to predict the population of Canada in the year 2100. 1

(e) Determine the year in which the difference between the predictions from Benoit's model
and Cecilia’s model is greatest. [3]

()  Find the value of

(i)  B'(75);
i)y C'(75). [2]
(g9) Compare and interpret, in context, the values of B'(75) and C'(75). [2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

3
Consider the function f(x) =4%—l6x , Where x € R.

The graph of y = f(x) has a local minimum point at (p, ¢g) where p >0.

Find the value of p and the value of g.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

3. [Maximum mark: 4]

Find the area completely enclosed by the curves y =¢", y =—¢*, and the lines x=-1 and x=1.

Apollo | Original source crop | 150



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ1 | Q9 | 8 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 8]

. . . . d -
Consider the homogeneous differential equation Y_x7) , where x>0 and y # —x.

X+y

Itis given that y=0 when x=2.

By using the substitution y = vx, show that the solution of the differential equation
isx’—2xy -1y =4.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 19]
Consider the family of functions f (x) = cos"x, where x e R and n € N.

(@) By writing cos"x as cos” ' x cosx, show that
Icos”xdx =cos" 'x sinx + (n — I)J.cos"’zxdx —(n— l)jcos”xdx forn>1. [4]
| n—1
(b) Hence, show that Ifn(x)dx =—cos xs1nx+—_|‘fH(x)dx forn>1. [2]
n n

(c) Hence, find an expression for Icos“xdx, giving your answer in

the form pcos’xsinx + gcosxsinx + rx + ¢ where p, ¢, r € Q". [4]

The region R is enclosed by the graph of y = cos’x and the x-axis where I <x< E, as
shown in the following diagram. 2 2

i
2 2
The region R is rotated by 2n radians around the x-axis to form a solid of revolution.

(d)  Find the volume of the solid. [4]

(e) (i) Find the Maclaurin series of f,(x) up to the term in X

(i) Hence or otherwise, find linolfn(x—z)_l
X—> X

in terms of n. [5]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 7]

Consider the function f(x)=+vx’Inx+4-x",where x e R, x> 0.

(a) Show that the distance, /, between the origin and any point on the graph of f is given

by /=vx’Inx+4 . [1]

(b) Hence, find the x-coordinate of the point on the graph of f* which is closest to the origin.  [6]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be

continued below the lines, if necessary.

7. [Maximum mark: 6]

The curve x* + y* = #*, where 0 <x </?, is shown in the following diagram.
y

y

The region enclosed by the curve and the y-axis is rotated through 2n radians about
the y-axis to form a solid of revolution.

Find an expression for the volume of the solid in the form ¥ = anr’, where a, b € Q.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 6]

Determine the value of hm(xsmx)
=0\ 1—cosx
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
3. [Maximum mark: 6]

A population, P, has a rate of change modelled by 4P _ —104000e*"'*" | where ¢ is the time
measured in years since the start of 2022.

At the start of 2022, the population was 6.78 x 10°.

Based on this model, find the predicted population at the start of 2026.

|H ||||||||| |||||||||| ‘" ||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 6]
Consider the function % (x) = 15008(%) +15, where 0 <x<50.

The tangent, 7}, to the curve y = A (x) at the point (k, % (k)) is shown on the following diagram.

(a) Find the gradient of 7 in terms of k. [3]
Consider the case where the angle between 7, and the x-axis is g radians.

(b) Find the possible values of k. [3]

|H ||||||| || |||||||||‘ ||| ||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 6]

2
Consider the differential equation d_y: > *
X +y

The solution curve passes through the point (1, 0).
(a) Use Euler’s method with a step value of 0.25 to estimate the value of y when x =2. [3]

Part of the solution curve is shown in the following diagram.

y

(b) (i) Determine whether your answer to part (a) is an overestimate or an
underestimate, justifying your answer.

(i)  Justify why the use of Euler’'s method starting at (1, 0) does not lead to an
estimate of the negative value of y when x =2. [3]

|H ||||||||||||||||||H||||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
3. [Maximum mark: 6]

The derivative of a function f is given by f'(x) =4 + 2x — 3¢", where x € R.

(a) Find the values of x for which f is decreasing. [3]

(b) Find the values of x for which the graph of 1 is concave-up. [3]

Apollo | Original source crop | 164



Mathematics: analysis and approaches HL | Paper 2 | May 2025 TZ2 | Q5 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 7]

A particle P moves in a straight line. The velocity vms ' of P, at time ¢ seconds is given
by v(t)=e"'cos(2t),for 0<¢<5 .

(a) Find the maximum speed of P. [2]
(b) Find the total distance travelled by P. [2]
(c) Find the acceleration when P changes direction for the second time. [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 14]
A mathematics class of 15 students plays a game which requires three equal size teams.
(a) Find the total number of ways that the three teams can be chosen. [3]

The game involves the spinning of a top.

The time, T', in minutes that the spinning top is in motion can be modelled by the probability
density function f where

kte™, >0
0, otherwise

f<r>={
and ke Z".

(b) Show that Jaf(t)dt=§[l—(3a+l)e3”] , where a € R". [4]

(c) () Usel'Hopital's rule to find lim(3x+1)e™".

X—>0

a

(i)  Hence, by considering lim | /(¢)d¢, find the value of £. [5]
a—»x0 0
(d) Find the median length of time that a spinning top is in motion. [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 22]
The curve C has equation 4x* +)” —24x + 4y +20=0.

The following diagram shows C with a maximum point at A.

Y

A

[N\

NI - dy  4(3-x)
(a) Use implicit differentiation to show that — = 5
v+

(b) Hence, determine the domain of C. Give your answer in the form 3-Ja<x<3++a,
where a € Z".

(c) Find (x,,y,), the coordinates of A.
Aline y =mx is atangentto C, where m € 7Z.
(d) Find the possible values of m.

The line y = —4x touches C at point B.

(e) Find y,, the y-coordinate of B.

The region bounded by the curve C, the y-axis and the lines y =y, and y =y,, is
rotated 360° about the y-axis to form a solid of revolution.

(f)  Find the volume of the solid formed.

[4]

[4]

[3]

[4]

[3]

[4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 7]

2 3
Consider the function f(x) :M, where x #—5 and a € R".
(x+5)
(a) Find an expression for f'(x), in terms of a. [3]

When x =1, the tangent to the graph of / makes an angle of 70° to the horizontal.

(b) Find the two possible values of a. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
9. [Maximum mark: 9]

An airplane, P, is flying over horizontal ground at a constant height of 6km and travelling at
a constant speed. It is approaching a runway, [AB], which is 2km in length.

Let G be the point on the ground directly below the airplane. When GA = xkm, the pilot’s
viewing angle of the runway, APB, is 0.

This is shown in the following diagram.

diagram not to scale

(a) Show that 0 = arctan( s

2 X
_ i 2
j arctan(6j [2]

When the viewing angle is 0.178 radians, the rate at which the viewing angle is changing
is 12.5 radians per hour.

(b) Find the speed of the airplane. [7]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 14]

Two athletes, Fiona and Lucy, compete in a 200 metres race along a straight track.

Fiona’s velocity, in ms ', during the race can be modelled by v(7) = & where ¢t > 0.
Time, t, is measured in seconds from when the race starts. NI +0.2
(@) (i)  Write down the value of v(1).
(i)  Find the time when Fiona’s velocity is 5Sms™". [3]
(b)  Find the time when Fiona’s acceleration is 4ms ™. [2]

(¢) (i) Write down the limit of v(¢) as ¢ approaches infinity.

(i)  State a reason why the value in part (c)(i) is not valid in the context of this question. [3]

81
Lucy’s velocity, in ms™', during the race can be modelled by w(7) = ———, where 1> 0.
NEE+0.3

Fiona completes the race and crosses the finishing line in front of Lucy.

(d) Find the distance Lucy is from the finishing line when Fiona completes the 200 metres.  [6]

||| ||||||||||||||||||||||||| Tuirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]

(@) Find [(¥ = 5)e"dx.

Consider the differential equation % =x"—y-5.

(b) By solving the differential equation, show that its solution can be expressed in the
form y=x>—2x -3+ Ce™ , where C is a constant.

(c) Sketch the curve of the particular solution which passes through the point (-3, 2),
for -4 <x <4, clearly labelling the coordinates of any local maximum and minimum
points.

Consider the family of curves that are solutions of the differential equation.

The tangent at x = -3 is drawn for each of these curves.

(d) By considering the curve which passes through the point (-3, p) and the curve which

passes through the point (-3, ¢g), where p, g € R, p # g, show that all these tangents
intersect at a common point, and state its coordinates.

[6]

[4]

[5]

[6]
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2. [Maximum mark: 32]
Informally, the curvature of a curve can be thought of as the amount by which the
curve deviates from being a straight line. In this question, you will investigate the
curvature of a variety of functions.

Consider any function f that can be differentiated twice.
|f”(x)|
7
(1+(r ()]

Consider the family of linear functions g(x) = mx + ¢, where x € R and m, ¢ € R.

The curvature, k, of any function f is defined by & (x)=

(@) Show that k(x) =0 for this family of linear functions. [2]

Consider the family of quadratic functions % (x) = ax’ + bx + c forx € R, where a e R, a # 0
and b, c € R.

For this family of quadratic functions, it is given that

k(x)= 2a] T and

(1+(2ax+b)")?

~ 12a|a| (2ax+b)

k’(x) = 5
(l + (2ax + b)2)2
The maximum value of k(x) is denoted by £

max "

(b) (i) Bysolving k'(x) =0, find the value of x where k_,_occurs.

You are not required to justify that this value of x leads to a maximum. [1]
(i)  Determine an expression for k_, , in terms of a only. [2]
(iii)  State the value of limk(x) and explain briefly the significance of this result. [2]

X—>0

(iv) Consider the quadratic functions
p(x)=—2x"+2x - 10 where x € R and
q(x) = 2x* + 5x + 25 where x € R.

State which one of the following statements is true and justify your answer.
A Lk, ofp>k,  ofg
B. &k, ofp<k, ofgq
C. k, ofp=k ofg [2]

max max

(This question continues on the following page)
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(Question 2 continued)
Consider the function v(x) =Inx, where x € R, x> 0.

For v, itis given that

k(x)= * _ and
(1+x2)E

k'(x :ix:.
(1+x2)E

(c) (i) Determine the exact value of x where k___ occurs.

You are not required to justify that this value of x leads to a maximum. [2]

(i) Showthat k= %. [4]

Consider the function w(x) =¢", where x € R.

For w, itis given that

k(x)= - and
(1+ezx )5
e*(1-2e*
-2
(1 + e“)2
(d) (i) Showthat k = % [5]
(i)  Suggest a reason why v and w have the same k___. [1

Consider a family of curves y =/ —x* , where —r <x <r, y>0 and r is a positive constant.

, d’ g
) () Show that K{ S [6]
(i)  Hence, show that the curvature, £, is constant for this family of curves. [5]
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1. [Maximum mark: 28]

The following question explores features of a family of curves. The family is then
linked to a homogeneous differential equation.

x(x2 —16)
Consider the curve given by y=——5——-+
x +16
(@) (i) Sketch the curve of y for —10 <x < 10. [1
(i)  State the coordinates of the points where the curve crosses the x-axis. 1

(iii)  State the coordinates of the local maximum point and the coordinates of the local

minimum point. [2]
x(x2 —16)
(b) State whether the function f(x)=— T is odd, even or neither. Justify your answer. [2]
X"+
x(x2 —A)
Now consider the general curve given by y =—- , Wwhere A is a positive constant
and x € R. X+
x|x —A4
(c) Given f(x)= (Z—A) prove that f’(x/Z) is independent of 4. [4]
X"+

@) () Show that x——2 x(x*-4)
| ow a - =
X2+ 4 X2+ A4

(2]

(i)  Hence, determine the equation of the oblique asymptote to the curve. 1

(iii)  Write down the coordinates of a point on the curve where the oblique asymptote
is parallel to the tangent to the curve at that point. [1]

(This question continues on the following page)
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(Question 1 continued)

d
Now consider the differential equation x° ay =x(x+y)—y*, where x 20, y #+x.

Using the substitution y = vx, the differential equation can be written as xav =1-v".

A(1+v)
1

1

—7 , where A is a positive
-V

dv:lln

(e) Using partial fractions, show that J.
constant.

[3]

(f)  Hence, show that a solution to the original differential equation may be expressed in

, |4 (x + J’) . .
the form x~ =|———=|, where A4 is a positive constant. [5]
X=y
_ A(x+y)
Now consider only the case where ——————=>0.
xX=y
)c()c2 - A)
(g) Show that a solution to the original differential equation is y = i a [4]
X+

Turn aver
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2. [Maximum mark: 28]
This question asks you to consider open-topped boxes formed by cutting square
corners from an a x b sheet of cardboard and folding the sides. In particular, you are
asked to investigate conditions for which the maximum volume of a box is an integer.

A rectangular sheet of cardboard measures acm by bcm where a < b.

A square of side length xcm is cut from each corner and the resulting sheet of cardboard is
then folded to form an open-topped box with a rectangular base.

This is shown in the following diagrams.

acm

__________

bcm

N
. j xcm
C L >

The volume, Vecm’, of a box is given by ¥ =x(a — 2x)(b — 2x) where 0< x < % .
(@) Write down the value of ¥ when

(i) x=0; (1]

. _a
(i) x—2. [1]

(b) Show that V' =4x’ —2(a + b)x* + abx. 2]

_(a+b)ir\/a2—ab+b2

6

(c) Show that the only solutions of % =0 are x

[6]

(This question continues on the following page)
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(Question 2 continued)

In parts (d) and (e), the following three results are given.

(a+b)+Na*—ab+b’

X = 5 lies outside the interval 0 < x < % )

x_(a+b)—\/a2—ab+b2
6

lies inside the interval 0 < x < g

Ja’*—ab+b* >0.
(a+b)—~a*—ab+b’
< :

Let x, =

2

(d) Use v

2

to show that there is a local maximum of V at x =x,,.

(e) Use your answers to parts (a) and (d) to explain why x, will give the maximum volume,
V ., of the box.

m?’

In parts (f) to (h), consider a method for generating sets of positive integer values for x, and
hence V.

Consider the case where a=2st—s*, b=F—s*,and s, t € Z".

(f)  Giventhat a < b, show that ¢ > 2s.
It is given that va> —ab+b* =s*> —st + 1. You are not required to show this result.

(g) By substituting for each of a, b and va’> —ab+b> interms of s and ¢, show that
s(t—s)
X, =—->=.
2
(h) () Giventhata,beZ ,use V, =x,(a—2x,)(b—2x,) to explain why s being even
implies that I/ is an integer.

(i)  State another condition on s and a corresponding condition on ¢, that implies that
both x, and ¥V are integers.

(iif) Hence, or otherwise, find an integer value of x, and the corresponding integer
value of V.

[5]

[1]

[2]

[3]

[2]

[1]

[4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

3. [Maximum mark: 7]
Aline with equation y = -3x + 9 intersects the axes at the points P (0, 9) and Q(3, 0).
A parabola of the form y = ax’ + ¢, where a, ¢ € Z, also passes through the points P and Q.

This is shown in the following diagram.

P(0,9)

/ Q6. 0\ !

(@) (i) Write down the value of c.
(i)  Find the value of a. (3]

The region enclosed by the line and the parabola is shaded in the following diagram.

y
P(0,9)

/ QG, 0)\

(b) Find the area of the shaded region. [4]

(This question continues on the following page)
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(Question 3 continued)

||| ||||||||| |||||||||| ||| ||| Tirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 7]
The first four terms of the Maclaurin series expansion of (1 —x)™ are
l+ax+bx*+20x°, a,b e Z".
(@) (i) Showthata=4.
(i)  Find the value of b. (9]

A car was purchased four years ago. The car depreciated in value by 10% each year. The
value of the car today is $1000.

(b) Using the results of part (a), estimate the value of the car four years ago. [2]

|H ||||||| || |||||||||‘ ||| ||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 8]

Consider the differential equation

dy 2 2
—=vy"cos"x,yv#0
dx Y Y

The solutions to this differential equation can be expressed in the form

a
y_2x+sin2x+b,

where a and b are constants such that a € Z and b € R.

(a) By solving the differential equation, find the value of a. [6]
(b) Giventhat y=1 when x= g , find the value of 5. [2]

|H |||||||||||||||||”|I|||| Tiirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9. [Maximum mark: 14]
The function f has a derivative given by f'(x) =3x" + 12x — 15.
The graph of y = f(x) has horizontal tangents at the points where x=a and x=5b, a<b.
(@) Find the value of a and the value of 5. [3]

The following diagram shows three intervals along the x-axis defined by a and 5. The sign
of the first derivative of f is shown in each interval.

+ - +

Py
@

S0

a

(b) State, with a reason, whether there is a local maximum point or a local minimum point
on the graph of y =f(x) at x =a. [2]

The second derivative f"(x) is zero at x =c.
(c) Find the value of c. [3]

The following diagram shows two intervals along the x-axis defined by c. The sign of the
second derivative is shown in each interval.

[ ]
=

(d) State, with a reason, whether there is a point of inflexion on the graph of y = f(x)
atx=c. [2]

(e) Giventhat f(-2) =36, find f(x). [4]

||| ||||||||||||||||||||||||| Tiirn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 18]

Consider the expression 1 L here ‘x‘ <1.
+

2
X

(@) (i) Show that the first four terms in the binomial expansion of 5
are 1 —x" +x*—x°. X [3]

(i) Hence, find an approximation for j > dx up to and including the term in X [2]

1+x

Now consider the expression , where ‘x’ <1.

1
VI-x?

up to and including the term in x*.

(b) (i) Expand

1
V=2

1
(i)  Hence, find a polynomial expression for _[ - dx up to and including the
termin x°. 1-x [5]

The expression ‘2‘—§+L where k € Z", can be used to approximate arcsin%.

280
(c) Use the result from part (b)(ii) to find the value of . [4]
(d) Hence, find an approximation for « in the form ﬁ where p € Z". [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 7]

In this question you may assume the result J.xcoseczxdx = In|sinx| —xcotx + c.

2
Consider the differential equation x% +3y= COSCE X tor 0 <x <.
X

8 .
Given that y =— when x = g , find the particular solution for this differential equation.

Express your answer in the form y = f(x).
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
8. [Maximum mark: 9]

Astrid and Bronwyn are on vacation at Blackpool beach.

Astrid is standing on the beach at point R and sees Bronwyn standing on the promenade at

point Q. PR =400m, PQ = 1000m, PRX = 6 where 0 < tan0 s%.

Astrid walks in a straight line from R with speed 0.8ms™" until reaching point X on the
promenade. She then jogs along the promenade with speed 1.2ms".

This is shown in the following diagram.

1000 m

promenade X 1.2ms™

. " sandy beach

sea DUV

It is given that RX =400sec8 and XQ = 1000 — 400tan6.

The time, in seconds, for Astrid to reach Bronwyn is given by T.

2500-1000tan@

(@) Show that 7'=500sec6 + 3 [2]
dr

b) Find —. 3

(b) 10 (3]

Astrid chooses the angle 6 of her walk across the beach to point X, in order to reach

Bronwyn in the shortest time possible. You may assume that 7" has exactly one minimum value.

(c) Show that in this case PX = 160v/5m. [4]

(This question continues on the following page)
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(Question 8 continued)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9. [Maximum mark: 15]
Consider the function defined by f'(x)= %xz +kx+13,where xe R and ke Z".

(@) Given that the equation f(x) = 0 has no real roots, show that the greatest possible
value of k is 5.

For the remainder of this question, consider the case £ =5.
(b) (i)  Write down the equation of the axis of symmetry of the graph of 1.

(i)  Hence, or otherwise, determine the coordinates of the minimum point on the
graph of f.

The following diagram shows the graph of f and a line L which is normal to the curve
at x =—-3. The shaded area shown is bounded by the curve, the line L and the y-axis.

y
20 4

-10 0 10

(c) Show that the equation of L is given by y = —%x +1.

(d) Hence, find the shaded area.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 6]

The following diagram shows the graphs of two functions, f and g, where

F(x)=+/x*—16 for 4<x <5, and
2

X
x)=2+— for 0 <x<5.
g(x) s

Y

(5,3)
g(x)

S

X

The graphs of /" and g intersect at the point (5, 3).

The region bounded by the graphs of /', g and both axes is rotated 360° about the y-axis to
form a solid of revolution.

Find the volume of the solid formed.

(This question continues on the following page)
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(Question 8 continued)
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
9. [Maximum mark: 7]

Consider triangle ABC with AB =15cm, BC=20cm, AC =xcm and ABC = 0 where

O<9<E.
2

diagram not to scale

Angle 6 is decreasing at the constant rate of 6_72) radians per minute.

Determine how fast the length of AC is changing when the area of the triangle is 140cm’.

Apollo | Original source crop | 203



Mathematics: analysis and approaches HL | Paper 2 | Nov 2025 TZ1 | Q9 | 7 marks

I RV B [CIOVRV L BN VY]

Do not write solutions on this page.

Apollo | Original source crop | 204



Mathematics: analysis and approaches HL | Paper 2 | Nov 2025 TZ1 | Q10 | 17 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 17]

An airplane lands on a runway 100 metres in front of a stationary car. At the instant the
airplane lands, the car begins to travel in the same direction towards the airplane.

diagram not to scale

= %W\?—

100m

A
A 4

Let ¢ represent the number of seconds after the airplane lands. For ¢ > 0, the velocities of
the airplane and the car in ms™', can be modelled by the following equations:

v, =60e""
V., =t
(@) When the airplane lands, write down the speed of
(i) theairplane;
(i) the car. (2]
(b) Find
(i)  the value of # when the airplane and the car have the same speed;
(i)  the speed at this time. [3]

Let d(¢) represent the distance, in metres, between the car and the back of the airplane
after ¢ seconds.

(c) 1f d(0)=100, find d(¢). [7
(d) Hence, find how long it takes for the car to reach the back of the airplane. [2]
(e) Find the distance travelled by the car when it reaches the back of the airplane. [3]

||| ||||||||||||||||||||||||| Tuirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 5]
3x
Consider the function f(x)=e¢*, where x>0.

The region enclosed by the curve y =f(x), the line y = 8 and the y-axis is rotated by
27 radians about the y-axis to form a solid. This is shown in the following diagrams.

|H ||||||| || |||||||||‘ ||| ||| Tiirn nver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 17]

A particle P moves in a straight line so that its displacement, scm, from a fixed point O at

1

time ¢ seconds is given by s(¢) = 2[ S)Sin(%j , where 1>0.

The following diagram shows part of the graph of y =s(¢).

s(t)

SN,
\/\/

(@) Find
(i)  the maximum displacement of P from O;
(i)  the maximum velocity of P.
(b) Find
(i)  the minimum value of the displacement function s(7);
(i)  the displacement of P from O when ¢=3.5.
(c) Hence, determine the total distance travelled by P in the first 3.5 seconds.
The first time that P returns and passes through O is when ¢=T.
(d)  Write down the value of T.

(This question continues on the following page)
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Do not write solutions on this page.
(Question 10 continued)
The particle passes through O every T seconds.

Asequence u,, u,, u,... is formed where u,, u,, u,... are the largest distances from O in
each of the intervals 0 <t < T, T<t<2T, 2T <t < 3T... respectively.

Itis known that u,, u,, u,... form a geometric sequence.
(e) (i) Determine the value of the common ratio » of this geometric sequence.

(i)  Calculate the total distance travelled by the particle if it were to continue to
move in this way indefinitely. [5]

||| ||||||||| |||||||||||||||| Turn aver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 22]

Consider the following homogenous differential equation
(x2 +xy)d—y=x2 +xy—3y”> where x>0 and y >2
dx 2

It is given that y =% when x=1.

(@) (i) Find the value of % when x=1.

(i)  Use Euler’'s method with two equal steps to estimate the value of y when x=1.4.

(i) Hence, state the concavity of the solution curve for 1 <x < 1.4. You may assume
that the concavity does not change in this interval. Give a reason for your answer.  [6]

(b) (i) Show that

d’y dyY dy
(x2 +xy)§=2x+y—x(aj —(x+7y)a.

2
(i)  Find the value of d_y when x=1. [6]
dx2

1+v A B

(c) Determine constants 4, B € R such that 5= + . [2]
1-4v° 1-2v 1+42v
(d) By solving the differential equation (x2 + xy)% =x"+xy—3y” where x>0, y >§
and y =% when x = 1, show that x*(2y — x)’ = 2(x + 2y). [8]
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1. [Maximum mark: 26]

2
This question asks you to investigate lines normal to curves of the form y=—.
X

The curve H has equation y = l where x e R, x#0.
X

(@) Aline Nisnormalto H at x=+¢.
(i)  Show that the gradient of N is 7. [2]

(i) Hence, show that the equation of N is y = t2x+;—t3 . [1]
(b) The equation for N given in part (a)(ii) is of the form y = mx + c.

(i)  Show that either ¢ = L(1 —mz) or c= ﬁ(m2 —~ 1). [4]

Jm

(i) Determine the set of values of m for which there exists at least one line normal
to H. [1]

(c) Hence, or otherwise, determine the set of values of m for which there exists exactly
(i) oneline normal to H; [1]
(i) two lines normal to H. [2]
(d) On the same set of axes, sketch
(i) thecurve H,; (1]

(i)  for an appropriate value of m, two lines that satisfy the result found in part (c)(ii).
Clearly indicate the point at which each line is normal to H. [2]

You are not required to state the equations of these lines nor determine where
they intersect H or the coordinate axes.

(This question continues on the following page)

Turn aver

Apollo | Original source crop | 213



Mathematics: analysis and approaches HL | Paper 3 | Nov 2025 TZ1 | Q1 | 26 marks

e [CIOTRV L BN RVIV)

(Question 1 continued)

2
The curve F has equation y=— where x e R, x#0 and ke R, k#0.
X

The point A(kt, Kj where t € R, t#=*1, lieson F.
t

The line normal to F' at A intersects I again at point B.
The line segment [AB] is shown in the following diagram.

diagram not to scale

(e) The equation of the line normal to F at A is given by y =t*x —kt’ +§.
()  Show that the x-coordinates of A and B satisfy the quadratic equation
2
xz—k(z—ljx—k—=o. [3]

(i)  Hence, by considering either the sum or product of the roots of this quadratic
equation, or otherwise, determine the coordinates of B. [3]

(This question continues on the following page)
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(Question 1 continued)
From A, the line passing through the origin O intersects F' again at point C.
Points A, B and C form triangle ABC as shown in the following diagram.

diagram not to scale

(f)  Prove that BCA is a right angle. [6]

Tirn aver
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2. [Maximum mark: 29]

In this question researchers are trying to find the most accurate model to use when
modelling a population of wolves.

Historically, a population of wolves in an area had a stable size of 200. After some years
of disruption, the population was reduced to 40 wolves. At this point, the area became a
protected space and the population began to grow again.

Researchers in the area wish to model the size of the wolf population, x, as a function of ¢,
where ¢ is the time, in years, since the area became protected.

(a) Initially, the researchers consider using the logistic model

x=————,where L,C, ke R".
1+Ce

The researchers decide to let L =200.
(iy  State the assumption being made in assuming L =200.
At =0, the population of wolves is 40.
(i)  Find the value of C.
At £ =5, the population of wolves is found to have increased to 70.
(i)  Find the value of k.

(iv) Use your model to predict the size of the wolf population in the area 10 years
after it became protected. Give your answer correct to the nearest whole number.

(b) An alternative model for population growth is called the Gompertz model. When applied
by the researchers to the wolf population, this model satisfies the differential equation

dx = axln(@), acR".
dr X

(i)  Write down the value of % when x =200.
(ii)  Interpret your answer to part (b)(i) in context.

(This question continues on the following page)
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(Question 2 continued)
Consider the function f(x) = In(In200 — In x), where 0 <x < 200.
_
(200) '
xIln| —
X

(iv) Hence, use separation of variables to show that the general solution of

(i) Show that f'(x)=

% = axln(&j, where 0 <x <200,
dt X

can be written as
Inx=1n200 — Ae™“,
where A is an arbitrary positive constant.

(v) Use the size of the wolf population at =0 to find the value of 4.
Give your answer in the form 4 =1In p, where p € Z".

(vi) Use the size of the wolf population at =5, given in part (a), to show
that a = 0.0855, correct to three significant figures.

(vii) Use the Gompertz model to predict the size of the wolf population at = 10.
Give your answer correct to the nearest whole number.

After 10 years, the wolf population is measured and is found to be 85.
(c) Comment on the predictions made by the two models.

By tracking individual wolves, the researchers find that about 3 % of the wolf population
emigrate from the protected area each year.

They decide to adapt the Gompertz model to allow for this. The new model will satisfy the
differential equation

% =0.0855xIn (@j —0.03x.

X

(d) (i) Use Euler’'s method, with a step size of 0.5 years and an initial value of x, =70
when ¢ =5, to find an estimate for the size of the wolf population when ¢ =10.
Give your answer correct to the nearest whole number.

(i) Comment on your answer.

[CIOTRV Ll BN RVIV)

[2]

[3]

[2]

[2]

3]

[1]

[4]
(1]
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1. [Maximum mark: 26]

The following question explores features of composed trigonometric functions, such
as sin(sinx), sin(sin(sinx)).

Suppose S, (x) denotes the function sinx composed within itself n — 1 times, defined for
n>1,neZ", where 0 <x<2m.

For example, S, (x) =sinx and S, (x) = sin(sinx) where 0 <x < 27w.

(@) On the same axes, sketch and label the graphs of y =S, (x) and y =S, (x). On your
sketch, show the values of the intercepts with the axes. [4]

(b) Determine the maximum value of

@ Sx); [1]
(i) S,(x); [1]
(i)  S,(x). 1]
(c) Find the least value of n for which the maximum value of S, (x) is less than 0.6. 3]

Consider the graph of y = §, (x).

(d) By considering the equation d_y =0, show that there are exactly two points of zero

gradient, one at x = ks andone at x = % [6]

(This question continues on the following page)
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(Question 1 continued)

The derivative S (x)= i(Sn (x)) can be expressed as a product of cosine functions, as follows:

S (x) = cos(S,_,(x)) cos (S, ,(x)) ... cos(S,(x))cosx.
(e) Hence, show that S(x) = cos(sin(sinx))cos (sinx)cosx. 1]

(f)  Use mathematical induction to prove that for all n € Z*

S’ (x) = cos(S,_,(x)) cos (S, ,(x)) ... cos(S,(x))cosx. [6]
i .S, (x) .
(g) Use I'Hopital’s rule to show that 11n(}— =1,forneZ". [3]
xX—> X

Tirn aver
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2. [Maximum mark: 29]

The following question uses Maclaurin series to investigate approximations of
mathematical constants and the accuracies of such approximations.

(a) Given |x| < 1, find the sum to infinity of the geometric series 1 — x> +x* —x° + ... . 2]

(b) Hence, use integration to show that the Maclaurin series of arctanx may be expressed

3 5 7
X X

as arctanx=x——+———+.... [3]
3 5 7
(c) Using x :% and the first three (non-zero) terms of the Maclaurin series of arctanx,
find an approximation for © to three decimal places. [3]

The Maclaurin series of arctanx is an example of an alternating series, ie a series where
consecutive terms are positive and negative. Consider the following theorem.

Theorem: For alternating series with terms of decreasing
magnitude, the error obtained in using a finite
number of terms is less than or equal to the
absolute value of the next term in the sequence.

Using the theorem, the maximum error in using the first three (non-zero) terms as an

7 3 5
al . In other words, |arctan x — x—x—+x— <
7 3 5

approximation to arctanx is given by

|
=

(d) Determine how many (non-zero) terms of the series would need to be used, such that

the error in approximating arctan(%) is less than 0.0001. [3]

1

T 1. 4

3
(e) By using integration by parts, show that Iarctanx dx = ——In—. [4]
0

3 3 5 7
(f)  Determine the value of J(x Y + x? - %j dx , giving your answer to six decimal places. [2]
0

(g) Use the results in parts (e) and (f) to find an approximation for . Give your answer to
four decimal places. [2]

(This question continues on the following page)
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(Question 2 continued)

1
3 3 5 7
( 373577 j dx may be considered as the sum of alternating terms.

0 0
1
3

% O R % 3 3 % ¥ % 5

Hence,j X——+—— dx = jxdx+_[ -— dx+j dx+j ——|dx+....
0 3 5 0 0 5 7

_[arctanx dx is approximated using the sum of the first four definite integrals

0

(h)  Verify that the theorem used in part (d) holds in this case [5]

Suppose that the maximum error in approximating

O"—:ﬁw‘_‘

arctanx dx is required to be at most 1 x 10°°.

(i)  Determine the smallest number of (non-zero) terms of the Maclaurin series for arctanx
that should be used.

[3]
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