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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.
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(a)	 Write down the value of

(i)	  f (2) ;

(ii)	 ( f  f )(2) .� [2]

(b)	 Let 
1( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g .� [3]
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4.	 [Maximum mark: 7]

Consider the functions  f (x) = -(x - h)2 + 2k  and  g (x) = ex-2 + k  where  h ,  k ∈  .

(a)	 Find  f ′(x) .� [1]

The graphs of  f  and  g  have a common tangent at  x = 3 .

(b)	 Show that 
e 6

2
h +
= .� [3]

(c)	 Hence, show that 
2ee

4
k = + .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.
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(a)	 Write down the value of

(i)	  f (2) ;

(ii)	 ( f  f )(2) .� [2]

(b)	 Let 
1( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g .� [3]
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8.	 [Maximum mark: 5]

Use l’Hôpital’s rule to find 
0

arctan 2lim
tan 3x

x
x→

 
 
 

.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A biased four-sided die, A, is rolled. Let  X  be the score obtained when die A is rolled. The 
probability distribution for  X  is given in the following table.

x 1 2 3 4

P (X = x) p p p
1
2

p

(a)	 Find the value of  p .� [2]

(b)	 Hence, find the value of  E (X ) .� [2]

A second biased four-sided die, B, is rolled. Let  Y  be the score obtained when die B is rolled. 
The probability distribution for  Y  is given in the following table.

y 1 2 3 4

P (Y = y) q q q r

(c)	 (i)	� State the range of possible values of  r .

(ii)	 Hence, find the range of possible values of  q .� [3]

(d)	 Hence, find the range of possible values for  E (Y ) .� [3]

Agnes and Barbara play a game using these dice. Agnes rolls die A once and Barbara rolls 

die B once. The probability that Agnes’ score is less than Barbara’s score is 
1
2

.

(e)	 Find the value of  E (Y ) .� [6]

12EP11

– 12 –

M21/5/MATHX/HP1/ENG/TZ1/XX

2221 – 7106

Do not write solutions on this page.

11.	 [Maximum mark: 19]

Consider the line  L1  defined by the Cartesian equation 
1 3

2
x y z+

= = − .

(a)	 (i)	� Show that the point  (-1, 0, 3)  lies on  L1 .

(ii)	 Find a vector equation of  L1 .� [4]

Consider a second line  L2  defined by the vector equation 
0
1 1
2 1

a
t

   
   = +   
   −   

r , 

where  t ∈  and  a ∈  .

(b)	 Find the possible values of  a  when the acute angle between  L1  and  L2  is 45°.� [8]

It is given that the lines  L1  and  L2  have a unique point of intersection, A, when  a ≠ k .

(c)	 Find the value of  k , and find the coordinates of the point  A  in terms of  a .� [7]

12.	 [Maximum mark: 20] 

Let ( ) 1f x x= +  for  x > -1 .

(a)	 Show that 
3

1( )
4 (1 )

f x
x

′′ = −
+

.� [3]

(b)	 Use mathematical induction to prove that f x
n
n

xn
n

n� �
�

�
� ��
�
�

�
�
�

�� �
�

�( )
!

( )!
( )

1

4

2 3

2
1

1 1

2

for  n ∈  ,  n ≥ 2 .� [9]

Let  g (x) = emx ,  m ∈  .

Consider the function  h  defined by  h (x) = f (x) × g (x)  for  x > -1 .

It is given that the  x2  term in the Maclaurin series for  h (x)  has a coefficient of 
7
4

.

(c)	 Find the possible values of  m .� [8]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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4.	 [Maximum mark: 9]

Consider the function  f  defined by  f (x) = ln (x2 - 16)  for  x > 4 .

The following diagram shows part of the graph of  f  which crosses the  x-axis at point  A, with 
coordinates ( a ,  0 ). The line  L  is the tangent to the graph of  f  at the point  B. 

B

x = 4

L

f

x

y

A(a, 0)

(a)	 Find the exact value of  a .� [3]

(b)	 Given that the gradient of  L  is 
1
3

, find the  x-coordinate of B.� [6]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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9.	 [Maximum mark: 7]

By using the substitution u = sin x , find 
2

sin cos d
sin sin 2− −∫

x x x
x x

.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 6 + 6 cos x , for  0 ≤ x ≤ 4π .

The following diagram shows the graph of  y =  f (x) .

A B
x

y

f

The graph of  f  touches the  x-axis at points A and B, as shown. The shaded region is 
enclosed by the graph of  y =  f (x)  and the  x-axis, between the points A and B.  

(a)	 Find the  x-coordinates of A and B.� [3] 

(b)	 Show that the area of the shaded region is 12π .� [5]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 6 + 6 cos x , for  0 ≤ x ≤ 4π .

The following diagram shows the graph of  y =  f (x) .

A B
x

y

f

The graph of  f  touches the  x-axis at points A and B, as shown. The shaded region is 
enclosed by the graph of  y =  f (x)  and the  x-axis, between the points A and B.  

(a)	 Find the  x-coordinates of A and B.� [3] 

(b)	 Show that the area of the shaded region is 12π .� [5]

(This question continues on the following page)
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11.	 [Maximum mark: 20]

The acceleration,  a ms-2 , of a particle moving in a horizontal line at time  t  seconds,  t ≥ 0 , is 
given by  a = - (1+v)  where  v ms-1  is the particle’s velocity and  v > -1.

At  t = 0 , the particle is at a fixed origin  O  and has initial velocity  v0 ms-1 .

(a)	 By solving an appropriate differential equation, show that the particle’s velocity at time  t  
is given by  v ( t ) = (1 + v0) e

-t - 1 .� [6]

(b)	 Initially at O, the particle moves in the positive direction until it reaches its maximum 
displacement from O. The particle then returns to O.

Let  s  metres represent the particle’s displacement from O and  smax  its maximum 
displacement from O.

(i)	 Show that the time  T  taken for the particle to reach  smax  satisfies the 
equation  eT = 1 + v0 .

(ii)	 By solving an appropriate differential equation and using the result from part 
(b) (i), find an expression for  smax  in terms of v0 .� [7]

Let  v (T - k)  represent the particle’s velocity  k  seconds before it reaches  smax , where 

v (T - k) = (1 + v0) e
-(T - k) - 1 .

(c)	 By using the result to part (b) (i), show that  v (T - k) = ek - 1 .� [2]

Similarly, let  v (T + k)  represent the particle’s velocity  k  seconds after it reaches  smax .

(d)	 Deduce a similar expression for  v (T + k)  in terms of  k .� [2]

(e)	 Hence, show that  v (T - k) + v (T + k) ≥ 0 .� [3]
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12.	 [Maximum mark: 19]

The following diagram shows the graph of y x� �� � �arctan 2 1
4

�
 for  x ∈  , with asymptotes 

at 
4
π

= −y  and 
3
4
π

=y .

y

x

π
4

y = −

3π
4

y =

(a)	 Describe a sequence of transformations that transforms the graph of  y = arctan x  to the 

graph of y x� �� � �arctan 2 1
4

�
 for  x ∈  .� [3]

(b)	 Show that arctan arctan arctan
1
 +

+ ≡  − 

p qp q
pq

 where  p ,  q > 0  and  pq < 1 .� [4]

(c)	 Verify that arctan arctan2 1
1 4

x x
x

�� � �
�

�
�
�

�
�
� �

�
 for  x ∈  ,  x > 0 .� [3]

(d)	 Using mathematical induction and the result from part (b), prove that 

2
1

1arctan arctan
2 1=

   =   +   
∑

n

r

n
r n

 for  n ∈ + .� [9]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

The following table shows the data collected from an experiment.

x 3.3 6.9 11.9 13.4 17.8 19.6 21.8 25.3

y 6.3 8.1 8.4 11.6 10.3 12.9 13.1 17.3

The data is also represented on the following scatter diagram.
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(This question continues on the following page)
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4.	 [Maximum mark: 6]

A particle moves in a straight line. The velocity,  v ms-1 , of the particle at time  t  seconds is 
given by  v (t ) = t sin t - 3 , for  0 ≤ t ≤ 10 .

The following diagram shows the graph of  v .

2

0 2 4 6 8 10

−2

−4

−6

−8

4

6

v

t

(a)	 Find the smallest value of  t  for which the particle is at rest.� [2]

(b)	 Find the total distance travelled by the particle.� [2]

(c)	 Find the acceleration of the particle when  t = 7 .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

The following table shows the data collected from an experiment.

x 3.3 6.9 11.9 13.4 17.8 19.6 21.8 25.3

y 6.3 8.1 8.4 11.6 10.3 12.9 13.1 17.3

The data is also represented on the following scatter diagram.
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9.	 [Maximum mark: 7]

Two boats  A  and  B  travel due north. 

Initially, boat  B  is positioned 50 metres due east of boat A. 

The distances travelled by boat A and boat B, after  t  seconds, are  x  metres and  y  metres 
respectively. The angle  θ  is the radian measure of the bearing of boat B from boat A. 
This information is shown on the following diagram.

diagram not to scale

θ

N

N

50m

y m

x m

boat A

boat B

(a)	 Show that  y = x + 50 cot θ .� [1]

At time  T , the following conditions are true.

Boat B has travelled 10 metres further than boat A.  
Boat B is travelling at double the speed of boat A.  
The rate of change of the angle  θ  is -0.1 radians per second.

(b)	 Find the speed of boat A at time  T .� [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 90 e-0.5x  for  x ∈ + .

The graph of  f  and the line  y = x  intersect at point P.

(a)	 Find the  x-coordinate of P.� [2]

The line  L  has a gradient of -1 and is a tangent to the graph of  f  at the point Q.

(b)	 Find the exact coordinates of Q.� [4]

(c)	 Show that the equation of  L  is  y = -x + 2 ln 45 + 2 .� [2]

The shaded region  A  is enclosed by the graph of  f  and the lines  y = x  and  L .

y

x

A

P

Q

L

f

y x=

(d)	 (i)	� Find the  x-coordinate of the point where  L  intersects the line  y = x .

(ii)	 Hence, find the area of  A .� [5]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 90 e-0.5x  for  x ∈ + .

The graph of  f  and the line  y = x  intersect at point P.

(a)	 Find the  x-coordinate of P.� [2]

The line  L  has a gradient of -1 and is a tangent to the graph of  f  at the point Q.

(b)	 Find the exact coordinates of Q.� [4]

(c)	 Show that the equation of  L  is  y = -x + 2 ln 45 + 2 .� [2]

The shaded region  A  is enclosed by the graph of  f  and the lines  y = x  and  L .

y

x

A

P

Q

L

f

y x=

(d)	 (i)	� Find the  x-coordinate of the point where  L  intersects the line  y = x .

(ii)	 Hence, find the area of  A .� [5]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 90 e-0.5x  for  x ∈ + .

The graph of  f  and the line  y = x  intersect at point P.

(a)	 Find the  x-coordinate of P.� [2]

The line  L  has a gradient of -1 and is a tangent to the graph of  f  at the point Q.

(b)	 Find the exact coordinates of Q.� [4]

(c)	 Show that the equation of  L  is  y = -x + 2 ln 45 + 2 .� [2]

The shaded region  A  is enclosed by the graph of  f  and the lines  y = x  and  L .

y

x

A

P

Q

L

f

y x=

(d)	 (i)	� Find the  x-coordinate of the point where  L  intersects the line  y = x .

(ii)	 Hence, find the area of  A .� [5]

(This question continues on the following page)
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(Question 10 continued)

The line  L  is tangent to the graphs of both  f  and the inverse function  f -1 .

y

x

L

f1f −

(e) Find the shaded area enclosed by the graphs of  f  and  f -1  and the line  L . [2]

11. [Maximum mark: 20]

The function  f  is defined by  f (x) =  2
3 2
4 1

x
x
+
−

, for  x ∈  ,  x ≠ p ,  x ≠ q .

(a) Find the value of  p  and the value of  q . [2]

(b) Find an expression for  f ′(x) . [3]

The graph of  y = f (x)  has exactly one point of inflexion.

(c) Find the  x-coordinate of the point of inflexion. [2]

(d) Sketch the graph of  y = f (x)  for  -3 ≤ x ≤ 3 , showing the values of any axes intercepts,
the coordinates of any local maxima and local minima, and giving the equations of
any asymptotes. [5]

The function  g  is defined by  g (x) = 
24 1

3 2
x
x
−
+

, for  x ∈  , 2
3

x ≠ − .

(e) Find the equations of all the asymptotes on the graph of  y = g (x) . [4]

(f) By considering the graph of  y = g (x) - f (x) , or otherwise, solve  f (x) < g (x)  for  x ∈  .� [4]

16EP13



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q12 | 20 marks

Apollo | Original source crop | 15

– 12 –

M21/5/MATHX/HP2/ENG/TZ1/XX

2221 – 7107

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 90 e-0.5x  for  x ∈ + .

The graph of  f  and the line  y = x  intersect at point P.

(a)	 Find the  x-coordinate of P.� [2]

The line  L  has a gradient of -1 and is a tangent to the graph of  f  at the point Q.

(b)	 Find the exact coordinates of Q.� [4]

(c)	 Show that the equation of  L  is  y = -x + 2 ln 45 + 2 .� [2]

The shaded region  A  is enclosed by the graph of  f  and the lines  y = x  and  L .

y

x

A

P

Q

L

f

y x=

(d)	 (i)	� Find the  x-coordinate of the point where  L  intersects the line  y = x .

(ii)	 Hence, find the area of  A .� [5]

(This question continues on the following page)
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12.	 [Maximum mark: 20]

The function  f  has a derivative given by �� � �
�� �

f x
x k x

1 ,  x ∈  ,  x ≠ 0 ,  x ≠ k  where  k  is 
a positive constant.

(a)	 The expression for  f ′(x)  can be written in the form 
a b
x k x
+

−
, where  a ,  b ∈  .  

Find  a  and  b  in terms of  k.� [3]

(b)	 Hence, find an expression for  f (x) .� [3]

Consider  P , the population of a colony of ants, which has an initial value of 1200.

The rate of change of the population can be modelled by the differential equation 
d

d

P
t

P k P
k

�
�� �
5

,

where  t  is the time measured in days,  t ≥ 0 , and  k  is the upper bound for the population.

(c)	 By solving the differential equation, show that P k

k
t�

�� � �
�

1200

1200 12005e

.� [8]

At  t = 10  the population of the colony has doubled in size from its initial value. 

(d)	 Find the value of  k , giving your answer correct to four significant figures.� [3]

(e)	 Find the value of  t  when the rate of change of the population is at its maximum.� [3]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a)	 (i)	� Find the value of  a  and the value of  b .

(ii)	 Write down the value of Pearson’s product-moment correlation coefficient,  r .� [3]

(b)	 Interpret, in context, the value of  a  found in part (a)(i).� [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c)	 Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee.� [2]
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9.	 [Maximum mark: 8]

(a)	 Write down the first three terms of the binomial expansion of  (1 + t)-1  in ascending 
powers of  t.� [1]

(b)	 By using the Maclaurin series for  cos x  and the result from part (a), show that the 

Maclaurin series for  sec x  up to and including the term in  x4  is 
2 451

2 24
+ +

x x
.� [4]

(c)	 By using the Maclaurin series for  arctan x  and the result from part (b), find 

0

arctan 2lim
sec 1→

 
 − x

x x
x

.� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

The flight times,  T  minutes, between two cities can be modelled by a normal distribution with 
a mean of 75 minutes and a standard deviation of  σ  minutes.

(a)	 Given that 2 % of the flight times are longer than 82 minutes, find the value of  σ .� [3]

(b)	 Find the probability that a randomly selected flight will have a flight time of more than 
80 minutes.� [2]

(c)	 Given that a flight between the two cities takes longer than 80 minutes, find the 
probability that it takes less than 82 minutes.� [4]

On a particular day, there are 64 flights scheduled between these two cities.

(d)	 Find the expected number of flights that will have a flight time of more than 80 minutes.� [3]

(e)	 Find the probability that more than 6 of the flights on this particular day will have a flight 
time of more than 80 minutes.� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

The flight times,  T  minutes, between two cities can be modelled by a normal distribution with 
a mean of 75 minutes and a standard deviation of  σ  minutes.

(a)	 Given that 2 % of the flight times are longer than 82 minutes, find the value of  σ .� [3]

(b)	 Find the probability that a randomly selected flight will have a flight time of more than 
80 minutes.� [2]

(c)	 Given that a flight between the two cities takes longer than 80 minutes, find the 
probability that it takes less than 82 minutes.� [4]

On a particular day, there are 64 flights scheduled between these two cities.

(d)	 Find the expected number of flights that will have a flight time of more than 80 minutes.� [3]

(e)	 Find the probability that more than 6 of the flights on this particular day will have a flight 
time of more than 80 minutes.� [3]
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11.	 [Maximum mark: 18]

A function  f  is defined by f x k
x

x� � �
�
e

e

2

1
 where  x ∈  ,  x ≥ 0  and  k ∈ + .

The region enclosed by the graph of  y = f (x) , the  x-axis, the  y-axis and the line  x = ln 16  is 
rotated 360° about the  x-axis to form a solid of revolution.

(a)	 Show that the volume of the solid formed is 
215

34
πk

 cubic units.� [6]

Pedro wants to make a small bowl with a volume of 300 cm3 based on the result from part (a). 
Pedro’s design is shown in the following diagrams.

y

x

A

A

B
B

C

C
O

O

ln16
( )y f x=

The vertical height of the bowl, BO, is measured along the  x-axis. The radius of the bowl’s 
top is OA and the radius of the bowl’s base is BC. All lengths are measured in cm.

(b)	 Find the value of  k  that satisfies the requirements of Pedro’s design.� [2]

(c)	 Find

(i)	 OA;

(ii)	 BC.� [4]

For design purposes, Pedro investigates how the cross-sectional radius of the bowl changes.

(d)	 (i)	� By sketching the graph of a suitable derivative of  f , find where the 
cross-sectional radius of the bowl is decreasing most rapidly.

(ii)	 State the cross-sectional radius of the bowl at this point.� [6]
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12.	 [Maximum mark: 21]

A function  f  is defined by f x x
x

� � � �
�

�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  .

(a)	 Show that  f  is an even function.� [1]

(b)	 By considering limits, show that the graph of  y = f (x)  has a horizontal asymptote and 
state its equation.� [2]

(c)	 (i)	� Show that �� � �
�� �

f x x
x x
2

1
2 2

 for  x ∈  ,  x ≠ 0 .

(ii)	 By using the expression for  f ′(x)  and the result 2 =x x=x, show that  f  is 
decreasing for  x < 0 .� [9]

A function  g  is defined by g x
x
x

� � � �
�

�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  ,  x ≥ 0 .

(d)	 Find an expression for  g-1(x) , justifying your answer.� [5]

(e)	 State the domain of  g-1 .� [1]

(f)	 Sketch the graph of  y = g-1(x) , clearly indicating any asymptotes with their equations 
and stating the values of any axes intercepts.� [3]

�
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 27]

This question asks you to explore the behaviour and key features of cubic 
polynomials of the form  x3 - 3cx + d .

Consider the function  f (x) = x3 - 3cx + 2  for  x ∈   and where  c  is a parameter,  c ∈  .

The graphs of  y = f (x)  for  c = -1  and  c = 0  are shown in the following diagrams.

y

x

(0, 2)

c = 0

y

x

(0, 2)

c = −1

(a)	 On separate axes, sketch the graph of  y = f (x)  showing the value of the  y-intercept 
and the coordinates of any points with zero gradient, for

(i)	 c = 1 ;� [3]

(ii)	 c = 2 .� [3]

(b)	 Write down an expression for  f ′(x) .� [1]

(This question continues on the following page)
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(Question 1 continued)

(c)	 Hence, or otherwise, find the set of values of  c  such that the graph of  y = f (x)  has

(i)	 a point of inflexion with zero gradient;� [1]

(ii)	 one local maximum point and one local minimum point;� [2]

(iii)	 no points where the gradient is equal to zero.� [1]

(d)	 Given that the graph of  y = f (x)  has one local maximum point and one local minimum 
point, show that

(i)	 the  y-coordinate of the local maximum point is 
3
22 2c + ;� [3]

(ii)	 the  y-coordinate of the local minimum point is 
3
22 2c− + .� [1]

(e)	 Hence, for  c > 0 , find the set of values of c such that the graph of  y = f (x)  has

(i)	 exactly one  x-axis intercept;� [2]

(ii)	 exactly two  x-axis intercepts;� [2]

(iii)	 exactly three  x-axis intercepts.� [2]

Consider the function  g (x) = x3 - 3cx + d   for  x ∈   and where  c ,  d ∈  .

(f)	 Find all conditions on  c  and  d  such that the graph of  y = g (x)  has exactly one  x-axis 
intercept, explaining your reasoning.� [6]
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 31]

This question asks you to explore the behaviour and some key features of the 
function  fn (x) = xn(a - x)n , where  a ∈ +

  and  n ∈ + .

In parts (a) and (b), only consider the case where  a = 2 .

Consider  f1 (x) = x (2 - x) .

(a)	 Sketch the graph of  y = f1 (x) , stating the values of any axes intercepts and the 
coordinates of any local maximum or minimum points.� [3]

Consider  fn (x) = xn(2 - x)n, where  n ∈ + ,  n > 1 .

(b)	 Use your graphic display calculator to explore the graph of  y = fn (x)  for

•	 the odd values  n = 3  and  n = 5 ;
•	 the even values  n = 2  and  n = 4 .

Hence, copy and complete the following table.� [6]

Number of local 
maximum points

Number of local 
minimum points

Number of points of 
inflexion with zero gradient

n = 3  and  n = 5

n = 2  and  n = 4 

Now consider  fn (x) = xn(a - x)n  where  a ∈ +
  and  n ∈ + ,  n > 1 .

(c)	 Show that  fn′(x) = nxn-1(a - 2x) (a - x)n-1 .� [5]

(d)	 State the three solutions to the equation  fn′(x) = 0 .� [2]

(e)	 Show that the point ,
2 2

  
    

n
a af  on the graph of  y = fn (x)  is always above the 

horizontal axis.� [3]

(This question continues on the following page)
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(Question 1 continued)

(f)	 Hence, or otherwise, show that 0
4

 ′ > 
 

n
af , for  n ∈ + .� [2]

(g)	 By using the result from part (f) and considering the sign of  fn′(-1) , show that the 
point (0, 0) on the graph of  y = fn (x)  is

(i)	 a local minimum point for even values of  n , where  n > 1  and  a ∈ + ;� [3]

(ii)	 a point of inflexion with zero gradient for odd values of n , where  n > 1  and  a ∈ + .� [2]

Consider the graph of  y = xn(a - x)n - k , where  n ∈ + ,  a ∈ +  and  k ∈  .

(h)	 State the conditions on  n  and  k  such that the equation  xn(a - x)n = k  has four solutions 
for  x .� [5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Given that 
d cos
d 4
y x
x

π = - 
 

 and  y = 2  when 
3
4

x π
= , find  y  in terms of  x .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Given that 
d cos
d 4
y x
x

π = - 
 

 and  y = 2  when 
3
4

x π
= , find  y  in terms of  x .

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������
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����������������������������������������������������������������������������������������������������������������������������������������������������
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Given that 
d cos
d 4
y x
x

π = - 
 

 and  y = 2  when 
3
4

x π
= , find  y  in terms of  x .

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������
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5.	 [Maximum mark: 7]

The function  f  is defined for all  x ∈  . The line with equation  y = 6x - 1  is the tangent to 
the graph of  f  at  x = 4 .

(a)	 Write down the value of  f ′(4) .� [1]

(b)	 Find  f (4) .� [1]

The function  g  is defined for all  x ∈   where  g (x) = x2 - 3x  and  h (x) = f (g (x)) .

(c)	 Find  h (4).� [2]

(d)	 Hence find the equation of the tangent to the graph of  h  at  x = 4 .� [3]

����������������������������������������������������������������������������������������������������������������������������������������������������
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����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Given that 
d cos
d 4
y x
x

π = - 
 

 and  y = 2  when 
3
4

x π
= , find  y  in terms of  x .

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������
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����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������
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����������������������������������������������������������������������������������������������������������������������������������������������������
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8.	 [Maximum mark: 7]

Solve the differential equation 2

d ln 2 2 ,  0
d
y x y x
x x x
= - > , given that  y = 4  at 

1
2

x = .

Give your answer in the form  y = f (x) .

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������
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����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a)	 (i)	� Find the value of  t  when  P  reaches its maximum velocity.

(ii)	 Show that the distance of  P  from  O  at this time is 
88
27

 metres.� [7]

(b)	 Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes.� [4]

(c)	 Find the total distance travelled by  P .� [5]

11.	 [Maximum mark: 14]

(a)	 Prove by mathematical induction that 
d
d

e e
n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   for  n ∈ + .� [7] 

(b)	 Hence or otherwise, determine the Maclaurin series of  f (x) = x2ex  in ascending powers 
of  x , up to and including the term in  x4 .� [3]

(c)	 Hence or otherwise, determine the value of 
x

xx x
x→

−( )











0

2 2 3

9lim
e

.� [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a)	 (i)	� Find the value of  t  when  P  reaches its maximum velocity.

(ii)	 Show that the distance of  P  from  O  at this time is 
88
27

 metres.� [7]

(b)	 Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes.� [4]

(c)	 Find the total distance travelled by  P .� [5]

11.	 [Maximum mark: 14]

(a)	 Prove by mathematical induction that 
d
d

e e
n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   for  n ∈ + .� [7] 

(b)	 Hence or otherwise, determine the Maclaurin series of  f (x) = x2ex  in ascending powers 
of  x , up to and including the term in  x4 .� [3]

(c)	 Hence or otherwise, determine the value of 
x

xx x
x→

−( )











0

2 2 3

9lim
e

.� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a)	 (i)	� Find the value of  t  when  P  reaches its maximum velocity.

(ii)	 Show that the distance of  P  from  O  at this time is 
88
27

 metres.� [7]

(b)	 Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes.� [4]

(c)	 Find the total distance travelled by  P .� [5]

11.	 [Maximum mark: 14]

(a)	 Prove by mathematical induction that 
d
d

e e
n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   for  n ∈ + .� [7] 

(b)	 Hence or otherwise, determine the Maclaurin series of  f (x) = x2ex  in ascending powers 
of  x , up to and including the term in  x4 .� [3]

(c)	 Hence or otherwise, determine the value of 
x

xx x
x→

−( )











0

2 2 3

9lim
e

.� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a)	 (i)	� Find the value of  t  when  P  reaches its maximum velocity.

(ii)	 Show that the distance of  P  from  O  at this time is 
88
27

 metres.� [7]

(b)	 Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes.� [4]

(c)	 Find the total distance travelled by  P .� [5]

11.	 [Maximum mark: 14]

(a)	 Prove by mathematical induction that 
d
d

e e
n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   for  n ∈ + .� [7] 

(b)	 Hence or otherwise, determine the Maclaurin series of  f (x) = x2ex  in ascending powers 
of  x , up to and including the term in  x4 .� [3]

(c)	 Hence or otherwise, determine the value of 
x

xx x
x→

−( )











0

2 2 3

9lim
e

.� [4]
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12. [Maximum mark: 22]

Consider the equation  (z - 1)3 = i ,  z ∈  . The roots of this equation are  w1 ,  w2  and  w3 ,
where  Im(w2) > 0  and  Im(w3) < 0 .

(a) (i)	� Verify that ω1 61= + e
iπ

 is a root of this equation.

(ii) Find  w2  and  w3 , expressing these in the form  a + eiθ , where  a ∈   and  θ > 0 .� [6]

The roots  w1 ,  w2  and  w3  are represented by the points A, B and C respectively on an 
Argand diagram.

(b) Plot the points A, B and C on an Argand diagram. [4]

(c) Find AC. [3]

Consider the equation  (z - 1)3 = iz3 ,  z ∈  .

(d) By using de Moivre’s theorem, show that α =
−

1

1 6e
iπ

 is a root of this equation.� [3]

(e) Determine the value of  Re(a) . [6]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

In Lucy’s music academy, eight students took their piano diploma examination and achieved 
scores out of 150. For her records, Lucy decided to record the average number of hours per 
week each student reported practising in the weeks prior to their examination. These results 
are summarized in the table below.

Average weekly practice 
time (h) 28 13 45 33 17 29 39 36

Diploma score (D) 115 82 120 116 79 101 110 121

(a)	 Find Pearson’s product-moment correlation coefficient,  r ,  for these data.� [2]

(b)	 The relationship between the variables can be modelled by the regression 
equation  D = ah + b . Write down the value of  a  and the value of  b .� [1]

(c)	 One of these eight students was disappointed with her result and wished she had 
practised more. Based on the given data, determine how her score could have been 
expected to alter had she practised an extra five hours per week.� [2]

(d)	 Lucy asserts that the number of hours a student practises has a direct effect on their 
final diploma result. Comment on the validity of Lucy’s assertion.� [1]

Lucy suspected that each student had not been practising as much as they reported. In order 
to compensate for this, Lucy deducted a fixed number of hours per week from each of the 
students’ recorded hours.

(e)	 State how, if at all, the value of  r  would be affected.� [1]

(This question continues on the following page)
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Turn over

8.	 [Maximum mark: 8] 

Consider the curve  C  given by  y = x - xy ln (xy)  where  x > 0 ,  y > 0 .

(a)	 Show that 
d
d

d
d

y
x

x y
x
y xy+ +






 + ( )( ) =1 1ln .� [3]

(b)	 Hence find the equation of the tangent to  C  at the point where  x = 1 .� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9.	 [Maximum mark: 15]

The height of water, in metres, in Dungeness harbour is modelled by the 
function  H (t) = a sin (b (t - c)) + d , where  t  is the number of hours after midnight, 
and  a , b , c  and  d  are constants, where  a > 0 ,  b > 0  and  c > 0 .

The following graph shows the height of the water for 13 hours, starting at midnight.

0

5

10

H (t)

t
5 10

The first high tide occurs at 04:30 and the next high tide occurs 12 hours later. Throughout 
the day, the height of the water fluctuates between 2.2 m and 6.8 m .

All heights are given correct to one decimal place.

(a)	 Show that b = π
6

.� [1]

(b)	 Find the value of  a .� [2]

(c)	 Find the value of  d .� [2]

(d)	 Find the smallest possible value of  c .� [3]

(e)	 Find the height of the water at 12:00.� [2]

(f)	 Determine the number of hours, over a 24-hour period, for which the tide is higher 
than 5 metres.� [3]

(This question continues on the following page)
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2. [Maximum mark: 30]

In this question you will be exploring the strategies required to solve a system of
linear differential equations.

Consider the system of linear differential equations of the form:

d
d
x x y
t
= -  and 

d
d
y ax y
t
= + , 

where  x , y , t ∈ +  and  a  is a parameter. 

First consider the case where  a = 0 .

(a) (i)	� By solving the differential equation
d
d
y y
t
= , show that  y = Aet   where  A  is 

a constant.� [3]

(ii) Show that
d e
d

tx x A
t
- = - . [1]

(iii) Solve the differential equation in part (a)(ii) to find  x  as a function of  t . [4]

Now consider the case where  a = -1 .

(b) (i)	� By differentiating 
d
d
y x y
t
= - +  with respect to  t , show that 

2

2

d d2
d d

y y
t t

= . [3]

(ii) By substituting
d
d
yY
t

= , show that  Y = Be2t  where  B  is a constant.� [3]

(iii) Hence find  y  as a function of  t . [2]

(iv)	 Hence show that 2e
2

tBx C= - + , where  C  is a constant. [3]

Now consider the case where  a = -4 . 

(c) (i)	� Show that 
2

2

d d2 3 0
d d

y y y
t t
- - = . [3]

From previous cases, we might conjecture that a solution to this differential equation 
is  y = Feλt,  λ ∈   and  F  is a constant.

(ii) Find the two values for  λ  that satisfy
2

2

d d2 3 0
d d

y y y
t t
- - = . [4]

Let the two values found in part (c)(ii) be  λ1  and  λ2 .

(iii) Verify that  y = Feλ1t + Geλ2t  is a solution to the differential equation in (c)(i),
where  G  is a constant. [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Let  A  and  B  be events such that  P (A) = 0.5 , P (B) = 0.4  and  P (A ∪ B) = 0.6 . 
Find  P (A | B) .

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

16EP02

SPEC/5/MATAA/HP1/ENG/TZ0/XX– 2 –

3.	 [Maximum mark: 5]

Let ′ =
+

f x x
x

( )
8

2 12
. Given that  f (0) = 5 , find  f (x) .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Let f x x
kx

( )
ln

=
5

 where  x > 0 , k ∈ + .

(a)	 Show that ′ =
−f x x
kx

( )
ln1 5
2

.� [3]

The graph of  f  has exactly one maximum point  P .

(b)	 Find the  x-coordinate of  P .� [3]

The second derivative of  f  is given by ′′ =
−f x x

kx
( )

ln2 5 3
3

. The graph of  f  has exactly one 

point of inflexion  Q .

(c)	 Show that the  x-coordinate of  Q  is 
1

5

3

2e .� [3]

The region  R  is enclosed by the graph of  f , the  x-axis, and the vertical lines through the 
maximum point  P  and the point of inflexion  Q .

y

x

R

P Q

(d)	 Given that the area of  R  is  3 , find the value of  k .� [7]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Let f x x
kx

( )
ln

=
5

 where  x > 0 , k ∈ + .

(a)	 Show that ′ =
−f x x
kx

( )
ln1 5
2

.� [3]

The graph of  f  has exactly one maximum point  P .

(b)	 Find the  x-coordinate of  P .� [3]

The second derivative of  f  is given by ′′ =
−f x x

kx
( )

ln2 5 3
3

. The graph of  f  has exactly one 

point of inflexion  Q .

(c)	 Show that the  x-coordinate of  Q  is 
1

5

3

2e .� [3]

The region  R  is enclosed by the graph of  f , the  x-axis, and the vertical lines through the 
maximum point  P  and the point of inflexion  Q .

y

x

R

P Q

(d)	 Given that the area of  R  is  3 , find the value of  k .� [7]
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11.	 [Maximum mark: 18]

(a)	 Express − +3 3i  in the form  reiθ , where  r > 0  and  -π < θ ≤ π .� [5]

Let the roots of the equation z3 3 3= − + i  be  u , v  and  w .

(b)	 Find  u , v  and  w  expressing your answers in the form  reiθ , where  r > 0  and  -π < θ ≤ π .� [5]

On an Argand diagram,  u , v  and  w  are represented by the points  U , V  and  W  respectively.

(c)	 Find the area of triangle  UVW .� [4]

(d)	 By considering the sum of the roots  u , v  and  w , show that  

cos cos cos5
18

7
18

17
18

0� � �
+ + = .� [4]

12.	 [Maximum mark: 21]

The function  f  is defined by  f (x) = esin x .

(a)	 Find the first two derivatives of  f (x)  and hence find the Maclaurin series for  f (x)  up to 
and including the  x2  term.� [8]

(b)	 Show that the coefficient of  x3  in the Maclaurin series for  f (x)  is zero.� [4]

(c)	 Using the Maclaurin series for  arctan x  and  e3x - 1 , find the Maclaurin series 
for  arctan (e3x - 1)  up to and including the  x3  term.� [6]

(d)	 Hence, or otherwise, find lim
( )

arctanx x

f x
→

−
−( )0 3

1

1e
.� [3]

�
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Let f x x
kx

( )
ln

=
5

 where  x > 0 , k ∈ + .

(a)	 Show that ′ =
−f x x
kx

( )
ln1 5
2

.� [3]

The graph of  f  has exactly one maximum point  P .

(b)	 Find the  x-coordinate of  P .� [3]

The second derivative of  f  is given by ′′ =
−f x x

kx
( )

ln2 5 3
3

. The graph of  f  has exactly one 

point of inflexion  Q .

(c)	 Show that the  x-coordinate of  Q  is 
1

5

3

2e .� [3]

The region  R  is enclosed by the graph of  f , the  x-axis, and the vertical lines through the 
maximum point  P  and the point of inflexion  Q .

y

x

R

P Q

(d)	 Given that the area of  R  is  3 , find the value of  k .� [7]
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11.	 [Maximum mark: 18]

(a)	 Express − +3 3i  in the form  reiθ , where  r > 0  and  -π < θ ≤ π .� [5]

Let the roots of the equation z3 3 3= − + i  be  u , v  and  w .

(b)	 Find  u , v  and  w  expressing your answers in the form  reiθ , where  r > 0  and  -π < θ ≤ π .� [5]

On an Argand diagram,  u , v  and  w  are represented by the points  U , V  and  W  respectively.

(c)	 Find the area of triangle  UVW .� [4]

(d)	 By considering the sum of the roots  u , v  and  w , show that  

cos cos cos5
18

7
18

17
18

0� � �
+ + = .� [4]

12.	 [Maximum mark: 21]

The function  f  is defined by  f (x) = esin x .

(a)	 Find the first two derivatives of  f (x)  and hence find the Maclaurin series for  f (x)  up to 
and including the  x2  term.� [8]

(b)	 Show that the coefficient of  x3  in the Maclaurin series for  f (x)  is zero.� [4]

(c)	 Using the Maclaurin series for  arctan x  and  e3x - 1 , find the Maclaurin series 
for  arctan (e3x - 1)  up to and including the  x3  term.� [6]

(d)	 Hence, or otherwise, find lim
( )

arctanx x

f x
→

−
−( )0 3

1

1e
.� [3]

�

16EP13

SPEC/5/MATAA/HP1/ENG/TZ0/XX– 13 –



Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q12 | 21 marks

Apollo | Original source crop | 38

Please do not write on this page.

Answers written on this page  
will not be marked. 

16EP14



Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q12 | 21 marks

Apollo | Original source crop | 39

Please do not write on this page.

Answers written on this page  
will not be marked. 

16EP15



Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q12 | 21 marks

Apollo | Original source crop | 40

Please do not write on this page.

Answers written on this page  
will not be marked. 

16EP16



Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q5 | 7 marks

Apollo | Original source crop | 41

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows part of a circle with centre  O  and radius 4 cm .

O

B
A

θ4 cm

5 cm

Chord  AB  has a length of  5 cm  and  AÔB = θ .

(a)	 Find the value of  θ , giving your answer in radians.� [3]

(b)	 Find the area of the shaded region.� [3]
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5.	 [Maximum mark: 7]

The displacement, in centimetres, of a particle from an origin, O, at time  t  seconds, is given 
by  s (t) = t 2 cos t + 2t sin t , 0 ≤ t ≤ 5 .

(a)	 Find the maximum distance of the particle from O.� [3]

(b)	 Find the acceleration of the particle at the instant it first changes direction.� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

The length,  X mm , of a certain species of seashell is normally distributed with mean 25 and 
variance,  σ2 .

The probability that  X  is less than 24.15 is 0.1446 .

(a)	 Find  P (24.15 < X < 25) .� [2]

(b)	 (i)	 Find  σ , the standard deviation of  X .

(ii)	 Hence, find the probability that a seashell selected at random has a length  
greater than 26 mm .� [5]

A random sample of 10 seashells is collected on a beach. Let  Y  represent the number of 
seashells with lengths greater than 26 mm .

(c)	 Find  E (Y ) .� [3]

(d)	 Find the probability that exactly three of these seashells have a length greater  
than 26 mm .� [2]

A seashell selected at random has a length less than 26 mm .

(e)	 Find the probability that its length is between 24.15 mm and 25 mm .� [3]

12EP11
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Do not write solutions on this page.

11.	 [Maximum mark: 21]

A large tank initially contains pure water. Water containing salt begins to flow into the tank 
The solution is kept uniform by stirring and leaves the tank through an outlet at its base. 
Let  x  grams represent the amount of salt in the tank and let  t  minutes represent the time 
since the salt water began flowing into the tank. 

The rate of change of the amount of salt in the tank, 
d
d
x
t

, is described by the differential 

equation 
d

d
e

x
t

x
t

t

= −
+

−
10

1
4 .

(a)	 Show that  t + 1  is an integrating factor for this differential equation.� [2]

(b)	 Hence, by solving this differential equation, show that x t t
t

t

( )
( )

=
− +

+

−
200 40 5

1

4e
.� [8]

(c)	 Sketch the graph of  x  versus  t  for  0 ≤ t ≤ 60  and hence find the maximum amount of 
salt in the tank and the value of  t  at which this occurs.� [5]

(d)	 Find the value of  t  at which the amount of salt in the tank is decreasing most rapidly.� [2]

The rate of change of the amount of salt leaving the tank is equal to 
x
t + 1

.

(e)	 Find the amount of salt that left the tank during the first 60 minutes.� [4]

12.	 [Maximum mark: 19]

(a)	 Show that cot
tan

tan
2

1

2

2

θ
θ

θ
=

−
.� [1]

(b)	 Verify that  x = tan θ  and  x = - cot θ  satisfy the equation  x2 + (2 cot 2θ) x - 1 = 0 .� [7]

(c)	 Hence, or otherwise, show that the exact value of tan �
12

2 3= − .� [5]

(d)	 Using the results from parts (b) and (c) find the exact value of tan cot� �
24 24

− .	

Give your answer in the form a b+ 3  where  a , b ∈  .� [6]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Find the value of 
3 5

1

9 x
x

x−







∫ d .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Find the value of 
3 5

1

9 x
x

x−







∫ d .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Find the value of 
3 5

1

9 x
x
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


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4.	 [Maximum mark: 5]

Consider the curve with equation  y = (2x - 1)ekx , where  x ∈   and  k ∈  . 

The tangent to the curve at the point where  x = 1  is parallel to the line  y = 5ekx .

Find the value of  k .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 18]

Consider the series ln ln ln ...x p x x+ + +
1
3

, where  x ∈  , x > 1  and  p ∈  , p ≠ 0 .

(a)	 Consider the case where the series is geometric.

(i)	 Show that p = ± 1
3

.

(ii)	 Hence or otherwise, show that the series is convergent.

(iii)	 Given that  p > 0  and S∞ = +3 3 , find the value of  x .� [6]

(b)	 Now consider the case where the series is arithmetic with common difference  d .

(i)	 Show that p = 2
3

.

(ii)	 Write down  d  in the form  k ln x , where  k ∈  .

(iii)	 The sum of the first  n  terms of the series is ln 1
3x







 .

Find the value of  n .� [12]

11.	 [Maximum mark: 15]

Consider the three planes 

∏1 : 2x - y + z = 4

∏2 : x - 2y + 3z = 5

∏3 : -9x + 3y - 2z = 32

(a)	 Show that the three planes do not intersect.� [4]

(b)	 (i)	� Verify that the point  P (1 , -2 , 0)  lies on both  ∏1  and  ∏2 .

(ii)	 Find a vector equation of  L , the line of intersection of  ∏1  and  ∏2 .� [5]

(c)	 Find the distance between  L  and  ∏3 .� [6]
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12. [Maximum mark: 21]

The function  f  is defined by  f (x) = ex sin x , where  x ∈  .

(a) Find the Maclaurin series for  f (x)  up to and including the  x3  term. [4]

(b) Hence, find an approximate value for
21 2

0
e sin( )dx x x∫ . [4]

The function  g  is defined by  g (x) = ex cos x , where  x ∈  .

(c) (i)	� Show that  g (x)  satisfies the equation  g ″(x) = 2(g ′(x) - g (x)) .

(ii) Hence, deduce that  g(4)(x) = 2(g ″′(x) - g ″(x)) . [5]

(d) Using the result from part (c), find the Maclaurin series for  g (x)  up to and including
the  x4  term. [5]

(e) Hence, or otherwise, determine the value of lim cos
x

x x x
x→

− −
0 3

1e
. [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a)	 State the value of the first term,  u1 .� [1]

(b)	 Given that the  nth  term of this sequence is  -33 , find the value of  n .� [2]

(c)	 Find the common difference,  d .� [2]
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6.	 [Maximum mark: 8]

A function  f  is defined by f x x x( ) = −1 2  where  -1 ≤ x ≤ 1 .

The graph of  y = f (x)  is shown below.

x

y

(a)	 Show that  f  is an odd function.� [2]

The range of  f  is  a ≤ y ≤ b , where  a , b ∈  .

(b)	 Find the value of  a  and the value of  b .� [6]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a)	 State the value of the first term,  u1 .� [1]

(b)	 Given that the  nth  term of this sequence is  -33 , find the value of  n .� [2]

(c)	 Find the common difference,  d .� [2]
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7.	 [Maximum mark: 6]

By using the substitution  u = sec x  or otherwise, find an expression for sec tann x x x d
0

3
π

∫  in 
terms of  n , where  n  is a non-zero real number.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The number of hours spent exercising each week by a group of students is shown in the 
following table.

Exercising time 
(in hours)

Number of 
students

2 5

3 1

4 4

5 3

6 x
  

The median is  4.5  hours.

(a)	 Find the value of  x .� [2]

(b)	 Find the standard deviation.� [2]
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4.	 [Maximum mark: 7]

A particle moves along a straight line so that its velocity,  v m s-1 , after  t  seconds is given 
by  v(t) = esin t + 4 sin t  for  0 ≤ t ≤ 6 .

(a)	 Find the value of  t  when the particle is at rest.� [2]

(b)	 Find the acceleration of the particle when it changes direction.� [3]

(c)	 Find the total distance travelled by the particle.� [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 20]

Consider the function f x x( ) = −2 1 , where  1 ≤ x ≤ 2 .

(a)	 Sketch the curve  y = f (x) , clearly indicating the coordinates of the endpoints. � [2]

(b)	 (i)	� Show that the inverse function of  f  is given by f x x− ( ) = +1 2 1 .

(ii)	 State the domain and range of  f -1 .� [5]

The curve  y = f (x)  is rotated  2π  about the  y-axis to form a solid of revolution that is used to 
model a water container.

(c)	 (i)	� Show that the volume,  V m3, of water in the container when it is filled to a height 

of  h  metres is given by V h h= +





π

1
3

3 .

(ii)	 Hence, determine the maximum volume of the container.� [5]

At  t = 0 , the container is empty. Water is then added to the container at a constant rate 
of  0.4 m3 s-1.

(d)	 Find the time it takes to fill the container to its maximum volume.� [2]

(e)	 Find the rate of change of the height of the water when the container is filled to half its 
maximum volume.� [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 20]

Consider the function f x x( ) = −2 1 , where  1 ≤ x ≤ 2 .

(a)	 Sketch the curve  y = f (x) , clearly indicating the coordinates of the endpoints. � [2]

(b)	 (i)	� Show that the inverse function of  f  is given by f x x− ( ) = +1 2 1 .

(ii)	 State the domain and range of  f -1 .� [5]

The curve  y = f (x)  is rotated  2π  about the  y-axis to form a solid of revolution that is used to 
model a water container.

(c)	 (i)	� Show that the volume,  V m3, of water in the container when it is filled to a height 

of  h  metres is given by V h h= +





π

1
3

3 .

(ii)	 Hence, determine the maximum volume of the container.� [5]

At  t = 0 , the container is empty. Water is then added to the container at a constant rate 
of  0.4 m3 s-1.

(d)	 Find the time it takes to fill the container to its maximum volume.� [2]

(e)	 Find the rate of change of the height of the water when the container is filled to half its 
maximum volume.� [6]
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11.	 [Maximum mark: 16] 

A bakery makes two types of muffins: chocolate muffins and banana muffins. 

The weights,  C  grams, of the chocolate muffins are normally distributed with a mean of  62 g  
and standard deviation of  2.9 g . 

(a)	 Find the probability that a randomly selected chocolate muffin weighs less than  61 g .� [2]

(b)	 In a random selection of 12 chocolate muffins, find the probability that exactly 5 weigh 
less than  61 g .� [2]

The weights,  B  grams, of the banana muffins are normally distributed with a mean of  68 g  
and standard deviation of  3.4 g .

Each day 60 % of the muffins made are chocolate.

On a particular day, a muffin is randomly selected from all those made at the bakery. 

(c)	 (i)	� Find the probability that the randomly selected muffin weighs less than  61 g .

(ii)	 Given that a randomly selected muffin weighs less than  61 g , find the probability 
that it is chocolate.� [7]

The machine that makes the chocolate muffins is adjusted so that the mean weight of the 
chocolate muffins remains the same but their standard deviation changes to  σ g . The 
machine that makes the banana muffins is not adjusted. The probability that the weight of a 
randomly selected muffin from these machines is less than  61 g  is now  0.157 .

(d)	 Find the value of  σ .� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 20]

Consider the function f x x( ) = −2 1 , where  1 ≤ x ≤ 2 .

(a)	 Sketch the curve  y = f (x) , clearly indicating the coordinates of the endpoints. � [2]

(b)	 (i)	� Show that the inverse function of  f  is given by f x x− ( ) = +1 2 1 .

(ii)	 State the domain and range of  f -1 .� [5]

The curve  y = f (x)  is rotated  2π  about the  y-axis to form a solid of revolution that is used to 
model a water container.

(c)	 (i)	� Show that the volume,  V m3, of water in the container when it is filled to a height 

of  h  metres is given by V h h= +





π

1
3

3 .

(ii)	 Hence, determine the maximum volume of the container.� [5]

At  t = 0 , the container is empty. Water is then added to the container at a constant rate 
of  0.4 m3 s-1.

(d)	 Find the time it takes to fill the container to its maximum volume.� [2]

(e)	 Find the rate of change of the height of the water when the container is filled to half its 
maximum volume.� [6]
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12.	 [Maximum mark: 19]

Consider the differential equation 2 2 2d 2
d
yx y x
x
= −  for  x > 0  and  y > 2x . It is given that  y = 3  

when  x = 1 .

(a)	 Use Euler’s method, with a step length of  0.1 , to find an approximate value of  y  
when  x = 1.5 .� [4]

(b)	 Use the substitution  y = vx  to show that 2d 2
d

vx v v
x
= − − .� [3]

(c)	 (i)	� By solving the differential equation, show that 
4

3

8
4
x xy

x
+

=
−

.

(ii)	 Find the actual value of  y  when  x = 1.5 . 

(iii)	 Using the graph of 
4

3

8
4
x xy

x
+

=
−

, suggest a reason why the approximation given 

by Euler’s method in part (a) is not a good estimate to the actual value of  y  
at  x = 1.5 .� [12]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  5  metres. 

Points  A  and  B  lie on the circle and ˆAOB 1.9=  radians.

diagram not to scale

A

B

O 1.9

(a)	 Find the length of the chord  [AB] .� [3]

(b)	 Find the area of the shaded sector.� [3]
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2.	 [Maximum mark: 5]

The derivative of a function  g  is given by  g ′(x) = 3x2 + 5ex , where  x ∈  . The graph of  g  
passes through the point  (0 , 4) . Find  g (x) .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  5  metres. 

Points  A  and  B  lie on the circle and ˆAOB 1.9=  radians.

diagram not to scale

A

B

O 1.9

(a)	 Find the length of the chord  [AB] .� [3]

(b)	 Find the area of the shaded sector.� [3]
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5.	 [Maximum mark: 7]

A particle moves in a straight line such that its velocity,  v m s-1 , at time  t  seconds is given by 

v
t t

=
+( )2 1
4
cos

,  0 ≤ t ≤ 3 .

(a)	 Determine when the particle changes its direction of motion.� [2]

(b)	 Find the times when the particle’s acceleration is -1.9 m s-2 .� [3]

(c)	 Find the particle’s acceleration when its speed is at its greatest.� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  5  metres. 

Points  A  and  B  lie on the circle and ˆAOB 1.9=  radians.

diagram not to scale

A

B

O 1.9

(a)	 Find the length of the chord  [AB] .� [3]

(b)	 Find the area of the shaded sector.� [3]
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6.	 [Maximum mark: 5]

The following diagram shows the curve 
x y2 2

36
4

16
1+

−
=

( )
, where  h ≤ y ≤ 4 .

diagram not to scale

y

x

B

P Q

RO

4

The curve from point  Q  to point  B  is rotated  360°  about the  y-axis to form the interior 
surface of a bowl. The rectangle  OPQR , of height  h  cm, is rotated  360°  about the  y-axis to 
form a solid base.

The bowl is assumed to have negligible thickness.

Given that the interior volume of the bowl is to be  285 cm3 , determine the height of the base.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  5  metres. 

Points  A  and  B  lie on the circle and ˆAOB 1.9=  radians.

diagram not to scale

A

B

O 1.9

(a)	 Find the length of the chord  [AB] .� [3]

(b)	 Find the area of the shaded sector.� [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 10 –

M22/5/MATHX/HP2/ENG/TZ2/XX

2222 – 7112

16EP10

7.	 [Maximum mark: 8]

Consider lim
arctan cos

x

x k
x→

( ) −
0 2 , where  k ∈  .

(a)	 Show that a finite limit only exists for k = π
4

.� [2]

(b)	 Using l’Hôpital’s rule, show algebraically that the value of the limit is -
1
4

.� [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

A scientist conducted a nine-week experiment on two plants,  A  and  B , of the same species. 
He wanted to determine the effect of using a new plant fertilizer. Plant  A  was given fertilizer 
regularly, while Plant  B  was not.

The scientist found that the height of Plant  A ,  hA cm , at time  t  weeks can be modelled by the 
function  hA (t ) = sin (2t + 6) + 9t + 27 , where  0 ≤ t ≤ 9 .

The scientist found that the height of Plant  B ,  hB cm , at time  t  weeks can be modelled by the 
function  hB (t ) = 8t + 32 , where  0 ≤ t ≤ 9 .

(a)	 Use the scientist’s models to find the initial height of

(i)	 Plant  B ;

(ii)	 Plant  A  correct to three significant figures.� [3]

(b)	 Find the values of  t  when  hA (t ) =  hB (t ) .� [3]

(c)	 For  t > 6 , prove that Plant  A  was always taller than Plant  B .� [3]

(d)	 For  0 ≤ t ≤ 9 , find the total amount of time when the rate of growth of Plant  B  was 
greater than the rate of growth of Plant  A .� [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

A scientist conducted a nine-week experiment on two plants,  A  and  B , of the same species. 
He wanted to determine the effect of using a new plant fertilizer. Plant  A  was given fertilizer 
regularly, while Plant  B  was not.

The scientist found that the height of Plant  A ,  hA cm , at time  t  weeks can be modelled by the 
function  hA (t ) = sin (2t + 6) + 9t + 27 , where  0 ≤ t ≤ 9 .

The scientist found that the height of Plant  B ,  hB cm , at time  t  weeks can be modelled by the 
function  hB (t ) = 8t + 32 , where  0 ≤ t ≤ 9 .

(a)	 Use the scientist’s models to find the initial height of

(i)	 Plant  B ;

(ii)	 Plant  A  correct to three significant figures.� [3]

(b)	 Find the values of  t  when  hA (t ) =  hB (t ) .� [3]

(c)	 For  t > 6 , prove that Plant  A  was always taller than Plant  B .� [3]

(d)	 For  0 ≤ t ≤ 9 , find the total amount of time when the rate of growth of Plant  B  was 
greater than the rate of growth of Plant  A .� [6]
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11.	 [Maximum mark: 20]

Two airplanes,  A  and  B , have position vectors with respect to an origin  O  given respectively by

rA = −















+

−















19
1
1

6
2
4

t

rB =















+

−

















1
0
12

4
2
2

t

where  t  represents the time in minutes and  0 ≤ t ≤ 2.5 .

Entries in each column vector give the displacement east of  O , the displacement north of  O  
and the distance above sea level, all measured in kilometres.

(a)	 Find the three-figure bearing on which airplane  B  is travelling.� [2]

(b)	 Show that airplane  A  travels at a greater speed than airplane  B .� [2]

(c)	 Find the acute angle between the two airplanes’ lines of flight. Give your answer in 
degrees.� [4]

The two airplanes’ lines of flight cross at point  P .

(d)	 (i)	� Find the coordinates of  P .

(ii)	 Determine the length of time between the first airplane arriving at  P  and the 
second airplane arriving at  P .� [7]

Let  D (t )  represent the distance between airplane  A  and airplane  B  for  0 ≤ t ≤ 2.5 .

(e)	 Find the minimum value of  D (t ) .� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

A scientist conducted a nine-week experiment on two plants,  A  and  B , of the same species. 
He wanted to determine the effect of using a new plant fertilizer. Plant  A  was given fertilizer 
regularly, while Plant  B  was not.

The scientist found that the height of Plant  A ,  hA cm , at time  t  weeks can be modelled by the 
function  hA (t ) = sin (2t + 6) + 9t + 27 , where  0 ≤ t ≤ 9 .

The scientist found that the height of Plant  B ,  hB cm , at time  t  weeks can be modelled by the 
function  hB (t ) = 8t + 32 , where  0 ≤ t ≤ 9 .

(a)	 Use the scientist’s models to find the initial height of

(i)	 Plant  B ;

(ii)	 Plant  A  correct to three significant figures.� [3]

(b)	 Find the values of  t  when  hA (t ) =  hB (t ) .� [3]

(c)	 For  t > 6 , prove that Plant  A  was always taller than Plant  B .� [3]

(d)	 For  0 ≤ t ≤ 9 , find the total amount of time when the rate of growth of Plant  B  was 
greater than the rate of growth of Plant  A .� [6]
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12.	 [Maximum mark: 21]

The population,  P , of a particular species of marsupial on a small remote island can be 
modelled by the logistic differential equation

d
d
P
t
kP P

N
= −






1

where  t  is the time measured in years and  k , N  are positive constants.

The constant  N  represents the maximum population of this species of marsupial that the 
island can sustain indefinitely.

(a)	 In the context of the population model, interpret the meaning of 
d
d
P
t

.� [1]

(b)	 Show that 
d
d

2

2
2 1 1 2P

t
k P P

N
P
N

= −





 −





 .� [4]

(c)	 Hence show that the population of marsupials will increase at its maximum rate  

when P N
=

2
. Justify your answer.� [5]

(d)	 Hence determine the maximum value of 
d
d
P
t

 in terms of  k  and  N .� [2]

Let  P0  be the initial population of marsupials.

(e)	 By solving the logistic differential equation, show that its solution can be expressed in 
the form

kt P
P

N P
N P

=
−
−







ln

0

0 .� [7]

After  10  years, the population of marsupials is  3P0 . It is known that  N = 4P0 .

(f)	 Find the value of  k  for this population model.� [2]

�
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2.	 [Maximum marks: 28]

This question asks you to explore cubic polynomials of the form  
(x - r)(x2 -2ax + a2 + b2)  for  x ∈   and corresponding cubic equations with one real 
root and two complex roots of the form  (z - r)(z2 - 2az + a2 + b2) = 0  for  z ∈  .

In parts (a), (b) and (c), let  r = 1 ,  a = 4  and  b = 1 .

Consider the equation  (z - 1)(z2 - 8z + 17) = 0  for  z ∈  .

(a)	 (i)	� Given that  1  and  4 + i   are roots of the equation, write down the third root.� [1]

(ii)	 Verify that the mean of the two complex roots is  4 .� [1]

Consider the function  f (x) = (x - 1)(x2 - 8x + 17)  for  x ∈  .

(b)	 Show that the line  y = x - 1  is tangent to the curve  y = f (x)  at the point  A (4 , 3) .� [4]

(c)	 Sketch the curve  y = f (x)  and the tangent to the curve at point  A , clearly showing 
where the tangent crosses the  x-axis.� [2]

Consider the function  g (x) = (x - r)(x2 - 2ax + a2 + b2)  for  x ∈   where  r , a ∈   and  
b ∈  , b > 0 .

(d)	 (i)	� Show that  g′(x) = 2(x - r)(x - a) + x2 - 2ax + a2 + b2 .� [2]

(ii)	 Hence, or otherwise, prove that the tangent to the curve  y = g (x)  at the point 
A (a , g(a))  intersects the x-axis at the point  R (r , 0) .� [6]

The equation  (z - r)(z2 - 2az + a2 + b2) = 0  for  z ∈   has roots  r  and  a ± bi  where  r , a ∈   
and  b ∈  , b > 0 .

(e)	 Deduce from part (d)(i) that the complex roots of the equation  
 (z - r)(z2 - 2az + a2 + b2) = 0  can be expressed as i ( )a g a′± .� [1]

(This question continues on the following page)
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(Question 2 continued)

On the Cartesian plane, the points C1 a g a, ′( )( )  and C2 a g a,− ′( )( )  represent the real 

and imaginary parts of the complex roots of the equation  (z - r)(z2 - 2az + a2 + b2) = 0 .

The following diagram shows a particular curve of the form  y = (x - r)(x2 - 2ax + a2 + 16)  
and the tangent to the curve at the point  A (a , 80). The curve and the tangent both intersect 
the x-axis at the point  R (-2 , 0). The points  C1  and  C2  are also shown.

A (a , 80)

R (−2 , 0) C1

C2

x

y

(f)	 (i)	� Use this diagram to determine the roots of the corresponding equation of the 
form  (z - r)(z2 - 2az + a2 + 16) = 0  for  z ∈  .� [4]

(ii)	 State the coordinates of  C2 .� [1]

Consider the curve  y = (x - r)(x2 - 2ax + a2 + b2)  for  a ≠ r , b > 0 . The points  A (a , g(a))  and 
R (r , 0)  are as defined in part (d)(ii). The curve has a point of inflexion at point  P .

(g)	 (i)	� Show that the  x-coordinate of  P  is 
1 (2 )
3

a r+ .

You are not required to demonstrate a change in concavity.� [2]

(ii)	 Hence describe numerically the horizontal position of point  P  relative to the 
horizontal positions of the points  R  and  A .� [1]

Consider the special case where  a = r  and  b > 0 .

(h)	 (i)	� Sketch the curve  y = (x - r)(x2 - 2ax + a2 + b2)  for  a = r = 1  and  b = 2 .� [2]

(ii)	 For  a = r  and  b > 0 , state in terms of  r , the coordinates of points  P  and  A .� [1]
�
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 28]

This question asks you to explore properties of a family of curves of the 
type  y2 = x3 + ax + b  for various values of  a  and  b , where  a , b ∈  .

(a)	 On the same set of axes, sketch the following curves for  -2 ≤ x ≤ 2  and  -2 ≤ y ≤ 2 , 
clearly indicating any points of intersection with the coordinate axes.

(i)	 y2 = x3 ,  x ≥ 0� [2]

(ii)	 y2 = x3 + 1,  x ≥ -1 � [2]

(b)	 (i)	� Write down the coordinates of the two points of inflexion on the curve  y2 = x3 + 1 .� [1]

(ii)	 By considering each curve from part (a), identify two key features that would 
distinguish one curve from the other.� [1]

Now, consider curves of the form  y2 = x3 + b , for 3x b≥ - , where  b ∈ + .

(c)	 By varying the value of  b , suggest two key features common to these curves.� [2]

Next, consider the curve  y2 = x3 + x ,  x ≥ 0 .

(d)	 (i)	� Show that 
2

3

d 3 1
d 2
y x
x x x

+
= ±

+
, for  x > 0 .� [3]

(ii)	 Hence deduce that the curve  y2 = x3 + x  has no local minimum or maximum points.� [1]

The curve  y2 = x3 + x  has two points of inflexion. Due to the symmetry of the curve these 
points have the same  x-coordinate.

(e)	 Find the value of this  x-coordinate, giving your answer in the form 
3p qx
r
+

= , 
where  p ,  q ,  r ∈  .� [7]

(This question continues on the following page)



Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ2 | Q1 | 28 marks

Apollo | Original source crop | 64

– 3 –

M22/5/MATHX/HP3/ENG/TZ2/XX

2222 – 7113

Turn over

(Question 1 continued)

P (x , y)  is defined to be a rational point on a curve if  x  and  y  are rational numbers. 

The tangent to the curve  y2 = x3 + ax + b  at a rational point  P  intersects the curve at another 
rational point  Q .

Let  C  be the curve  y2 = x3 + 2 , for 3 2x ≥ - . The rational point  P (-1 , -1)  lies on  C .

(f)	 (i)	� Find the equation of the tangent to  C  at  P .� [2]

(ii)	 Hence, find the coordinates of the rational point  Q  where this tangent 
intersects  C , expressing each coordinate as a fraction.� [2]

(g)	 The point  S (-1 , 1)  also lies on  C . The line  [QS]  intersects  C  at a further point. 
Determine the coordinates of this point.� [5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The function  g  is defined by  g (x) = ex2 + 1 , where  x ∈  .

Find  g ′(-1) .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The function  g  is defined by  g (x) = ex2 + 1 , where  x ∈  .

Find  g ′(-1) .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The function  g  is defined by  g (x) = ex2 + 1 , where  x ∈  .

Find  g ′(-1) .
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4.	 [Maximum mark: 5]

The derivative of the function  f  is given by  f ′(x) ′( ) =
+

f x x
x
6
12 .

The graph of  y = f (x)  passes through the point  (1 , 5) . Find an expression for  f (x) .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The function  g  is defined by  g (x) = ex2 + 1 , where  x ∈  .

Find  g ′(-1) .
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7.	 [Maximum mark: 7]

Consider the curve with equation  (x2 + y2) y2 = 4x2  where  x ≥ 0  and  -2 < y < 2 . 

Show that the curve has no local maximum or local minimum points for  x > 0 .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The function  g  is defined by  g (x) = ex2 + 1 , where  x ∈  .

Find  g ′(-1) .
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9.	 [Maximum mark: 10]

Consider the homogeneous differential equation 
d
d
y
x

y x
xy

=
−2 22

, where  x , y ≠ 0 .

It is given that  y = 2  when  x = 1 .

(a)	 By using the substitution  y = vx , solve the differential equation. Give your answer in the 
form  y2 = f (x) .� [8]

The points of zero gradient on the curve  y2 = f (x)  lie on two straight lines of the form  y = mx  
where  m ∈  .

(b)	 Find the values of  m .� [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 20]

The function  f  is defined by  f (x) = cos2x - 3 sin2x ,  0 ≤ x ≤ π .

(a)	 Find the roots of the equation  f (x) = 0 .� [5]

(b)	 (i)	� Find  f ′(x) .

(ii)	 Hence find the coordinates of the points on the graph of  y = f (x)  where  f ′(x) = 0 .� [7]

(c)	 Sketch the graph of  y = | f (x) | , clearly showing the coordinates of any points 
where  f ′(x) = 0  and any points where the graph meets the coordinate axes.� [4]

(d)	 Hence or otherwise, solve the inequality  | f (x) | > 1 .� [4]

11.	 [Maximum mark: 16]

Consider a three-digit code  abc , where each of  a , b  and  c  is assigned one of  
the values 1 , 2 , 3 , 4  or  5 .

(a)	 Find the total number of possible codes

(i)	 assuming that each value can be repeated (for example,  121  or  444);

(ii)	 assuming that no value is repeated.� [4]

Let  P (x) = x3 + ax2 + bx + c , where each of  a , b  and  c  is assigned one of  
the values 1 , 2 , 3 , 4  or  5 . Assume that no value is repeated. 

Consider the case where  P (x)  has a factor of  (x2 + 3x + 2) . 

(b)	 (i)	� Find an expression for  b  in terms of  a .

(ii)	 Hence show that the only way to assign the values is  a = 4 ,  b = 5  and  c = 2 .

(iii)	 Express  P (x)  as a product of linear factors. 

(iv)	 Hence or otherwise, sketch the graph of  y = P (x) , clearly showing the 
coordinates of any intercepts with the axes.� [12]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 5]

The following table shows the Mathematics test scores  (x)  and the Science test scores  (y)  
for a group of eight students. 

Mathematics 
scores  (x) 64 68 72 75 80 82 85 86

Science 
scores  (y) 67 72 77 76 84 83 89 91

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Write down the value of the Pearson’s product-moment correlation coefficient,  r .� [1]

(c)	 Use the equation of your regression line to predict the Science test score for a 
student who has a score of  78  on the Mathematics test. Express your answer to the 
nearest integer.� [2] 
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2.	 [Maximum mark: 6]

The function  f  is defined as  f (x) = ln (xex + 1) - x4 , for  0 ≤ x ≤ 2 . The graph of  f  is shown 
in the following diagram. 

x

y

−14

0
2

2

1

A
B

f

 

The graph of  f  has a local maximum at point  A . The graph intersects the  x-axis at the origin 
and at point  B .

(a)	 Find the coordinates of  A .� [2]

(b)	 Find the  x-coordinate of  B .� [1]

(c)	 Find the total area enclosed by the graph of  f  , the  x-axis and the line  x = 2 .� [3] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 5]

The following table shows the Mathematics test scores  (x)  and the Science test scores  (y)  
for a group of eight students. 

Mathematics 
scores  (x) 64 68 72 75 80 82 85 86

Science 
scores  (y) 67 72 77 76 84 83 89 91

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Write down the value of the Pearson’s product-moment correlation coefficient,  r .� [1]

(c)	 Use the equation of your regression line to predict the Science test score for a 
student who has a score of  78  on the Mathematics test. Express your answer to the 
nearest integer.� [2] 
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8.	 [Maximum mark: 6]

The following diagram shows liquid in a round-bottomed glass flask, which is made of a 
sphere and a cylindrical neck. 

Initially, the flask is empty. Liquid is poured into the flask at a rate of  2 cm3s-1 . You may 
assume that the liquid does not reach the cylindrical neck.

The volume  V cm3  and the height  h cm  of the liquid in the flask satisfy the equation 

V h h= −5 1
3

2 3π π .

Find the rate of change of the height of the liquid in the flask at the instant when the volume 
of the liquid is  200 cm3 .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

The time worked,  T , in hours per week by employees of a large company is normally 
distributed with a mean of  42  and standard deviation  10.7 .

(a)	 Find the probability that an employee selected at random works more than  40  hours 
per week. � [2]

(b)	 A group of four employees is selected at random. Each employee is asked in turn 
whether they work more than  40  hours per week. Find the probability that the fourth 
employee is the only one in the group who works more than  40  hours per week.� [3]

(c)	 A large group of employees work more than  40  hours per week.

(i)	 An employee is selected at random from this large group. 

Find the probability that this employee works less than  55  hours per week.

(ii)	 Ten employees are selected at random from this large group. 

Find the probability that exactly five of them work less than  55  hours per week.� [7]

It is known that  P (a ≤ T ≤ b) = 0.904  and that  P (T > b) = 2P (T < a) , where  a  and  b  are 
numbers of hours worked per week. An employee who works fewer than  a  hours per week is 
considered to be a part-time employee.

(d)	 Find the maximum time, in hours per week, that an employee can work and still be 
considered part-time.� [4]
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11.	 [Maximum mark: 15]

The function  f  is defined by  f (x) = e2x(3x - 4) , where  x ∈  .

(a)	 Find  f ′(x) .� [3]

(b)	 Hence or otherwise, find the coordinates of the point on the graph of  y = f (x)  where 
the tangent is parallel to the line  y = x .� [3]

The region enclosed by the curve  y = f (x) , the  x-axis and the  y-axis is rotated through 
2π radians about the  x-axis to form a solid of revolution. 

(c)	 Find the volume of this solid. � [4]

Consider a function  g  such that  g (0) = 1  and  g′(0) = 2 .

(d)	 Find the value of

(i)	 ( f   g )(0) ;

(ii)	 ( f   g )′(0) .� [5]

12.	 [Maximum mark: 22]

Consider the points  A (1 , 2 , 3) ,  B (k , -2 , 1)  and  C (5 , 0 , 2) , where  k ∈  .

(a)	 Write down AB
→

 and AC
→

.� [2]

(b)	 Given that the points  A ,  B  and  C  lie on a straight line, show that  k = 9 .� [1]

(c)	 For  k = 9 , let  L1  be the line passing through  A ,  B  and  C .

(i)	 Find a vector equation of the line  L1 .

(ii)	 Line  L2  has the equation 
x y z−

= = −
1
2 3

1 . Show that the lines  L1  and  L2   
are skew.� [10]

(d)	 For  k ≠ 9 , let  Π  be the plane containing  A ,  B  and  C .

(i)	 Find the Cartesian equation of the plane  Π .

(ii)	 Find the coordinates of the point on the plane  Π  which is closest to the origin 
(0 , 0 , 0).� [9]

�
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 28] 

In this question you will investigate series of the form

i nq

i

n
q q q q

=
∑ = + + + +

1
1 2 3† † † † †† †† ...= 1q + 2q + 3q + … + nq  where  n, q ∈ +

and use various methods to find polynomials, in terms of  n , for such series.

When  q = 1 , the above series is arithmetic.

(a)	 Show that i n n
i

n

=
∑ = +( )

1

1
2

1 .� [1]

Consider the case when  q = 2 .

(b)	 The following table gives values of  n2  and i
i

n
2

1=
∑  for  n = 1 , 2 , 3 .

n n2 i
i

n
2

1=
∑

1 1 1

2 4 5

3 9 p

(i)	 Write down the value of  p .� [1]

(ii)	 The sum of the first  n  square numbers can be expressed as a cubic polynomial 
with three terms:

i a n a n a n
i

n
2

1
1 2

2
3

3

=
∑ = + +  where  a1 , a2 , a3 ∈ + .

Hence, write down a system of three linear equations in  a1 ,  a2  and  a3 .� [3]

(iii)	 Hence, find the values of  a1 ,  a2  and  a3 .� [2]

(This question continues on the following page)
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(Question 1 continued)

You will now consider a method that can be generalized for all values of  q .

Consider the function  f (x) = 1 + x + x2 + … + xn ,  n ∈ + .

(c)	 Show that  x f ′(x) = x + 2x2 + 3x3 + … + nxn .� [1]

Let  f 1(x) = x f ′(x)  and consider the following family of functions:

f 2(x) = x f 1′(x)

f 3(x) = x f 2′(x)

f 4(x) = x f 3′(x)

…

f q(x) = x f q-1′(x)

(d)	 (i)	� Show that f x i xi
i

n

2
2

1
( ) =

=
∑ .� [2]

(ii)	 Prove by mathematical induction that f x i xq
q i

i

n

( ) =
=
∑

1
,  q ∈ + .� [6]

(iii)	 Using sigma notation, write down an expression for  f q(1) .� [1]

(e)	 By considering  f (x) = 1 + x + x2 + … + xn  as a geometric series, for  x ≠ 1 ,  

show that f x x
x

n

( ) = −
−

+1 1
1

.� [2]

(f)	 For  x ≠ 1 , show that f x
nx n x x

x

n n

1

2 1

2

1
1

( ) =
− +( ) +

−( )

+ +

.� [3]

(g)	 (i)	� Show that lim ( )
x
f x

→1 1  is in indeterminate form.� [1]

(ii)	 Hence, by applying l’Hôpital’s rule, show that lim ( )
x
f x n n

→
= +( )

1 1
1
2

1 .� [5]
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2.	 [Maximum mark: 27]

In this question you will investigate curved surface areas and use calculus to derive 
key formulae used in geometry. 

Consider the straight line from the origin,  y = mx , where  0 ≤ x ≤ h  and  m , h  are positive 
constants.

y

y = mx

x
h

When this line is rotated through  360°  about the  x-axis, a cone is formed with a curved 
surface area  A  given by:

A y m x
h

= +∫2 1 2

0

π d .

(a)	 Given that  m = 2  and  h = 3 , show that A =18 5 π .� [2]

(b)	 Now consider the general case where a cone is formed by rotating the line  y = mx  
where  0 ≤ x ≤ h  through  360°  about the  x-axis.

(i)	 Deduce an expression for the radius of this cone  r  in terms of  h  and  m .� [1]

(ii)	 Deduce an expression for the slant height  l  in terms of  h  and  m .� [2]

(iii)	 Hence, by using the above integral, show that  A = πrl .� [3]

(This question continues on the following page)
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(Question 2 continued)

Consider the semi-circle, with radius  r , defined by y r x= −2 2  where  -r ≤ x ≤ r .

y

x

y r x2 2

r−r

(c)	 Find an expression for 
d
d
y
x

.� [2]

A differentiable curve  y = f (x)  is defined for  x1 ≤ x ≤ x2  and  y ≥ 0 . When any such curve is 
rotated through  360°  about the  x-axis, the surface formed has an area  A  given by: 

A y y
x

x
x

x

= + 





∫2 1

2

1

2

π
d
d

d .

(d)	 A sphere is formed by rotating the semi-circle y r x= −2 2  where  -r ≤ x ≤ r  
through  360°  about the  x-axis. Show by integration that the surface area of this 
sphere is  4πr2 .� [4]

(This question continues on the following page)
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(Question 2 continued)

(e)	 Let f x r x( ) = −2 2  where  -r ≤ x ≤ r .

The graph of  y = f (x)  is transformed to the graph of  y = f (kx) ,  k > 0 . This forms a 
different curve, called a semi-ellipse.

(i)	 Describe this geometric transformation.� [2]

(ii)	 Write down the  x-intercepts of the graph  y = f (kx)  in terms of  r  and  k .� [1]

(iii)	 For  y = f (kx) , find an expression for 
d
d
y
x

 in terms of  x ,  r  and  k .� [2]

(iv)	 The semi-ellipse  y = f (kx)  is rotated  360°  about the  x-axis to form a solid called 
an ellipsoid.

Find an expression in terms of  r  and  k  for the surface area,  A , of the ellipsoid. 

Give your answer in the form 2
1

2

π p x x
x

x

( )∫ d , where  p(x)  is a polynomial.� [4]

(v)	 Planet Earth can be modelled as an ellipsoid. In this model:

•	� the ellipsoid has an axis of rotational symmetry running from the North Pole to 
the South Pole.

•	 the distance from the North Pole to the South Pole is  12 714 km .

•	 the diameter of the equator is  12 756 km . 

By choosing suitable values for  r  and  k , find the surface area of Earth 
in  km2  correct to  4  significant figures. Give your answer in the form  a × 10q  
where  1 ≤ a < 10  and  q ∈ + . � [4]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

The function  f  is defined by f x x
x

( ) = +
−

7 7
2 4

 for  x ∈  ,  x ≠ 2 .

(a)	 Find the zero of  f (x) .� [2]

(b)	 For the graph of  y = f (x) , write down the equation of

(i)	 the vertical asymptote;

(ii)	 the horizontal asymptote.� [2]

(c)	 Find  f -1(x) , the inverse function of  f (x) .� [3]
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6.	 [Maximum mark: 5]

The side lengths,  x cm, of an equilateral triangle are increasing at a rate of 4 cm s-1.

Find the rate at which the area of the triangle,  A cm2, is increasing when the side lengths are 
5 3 cm.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

The function  f  is defined by f x x
x

( ) = +
−

7 7
2 4

 for  x ∈  ,  x ≠ 2 .

(a)	 Find the zero of  f (x) .� [2]

(b)	 For the graph of  y = f (x) , write down the equation of

(i)	 the vertical asymptote;

(ii)	 the horizontal asymptote.� [2]

(c)	 Find  f -1(x) , the inverse function of  f (x) .� [3]
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9.	 [Maximum mark: 7]

The function  f  is defined by f y r y( ) = −2 2  for  -r ≤ y ≤ r .

The region enclosed by the graph of  x = f ( y)  and the  y-axis is rotated by  360°  about 
the  y-axis to form a solid sphere. The sphere is drilled through along the  y-axis, creating a 
cylindrical hole. The resulting spherical ring has height,  h .

This information is shown in the following diagrams.

diagram not to scale

y

xh r

The spherical ring has a volume of  π  cubic units. Find the value of  h .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

Consider the arithmetic sequence  u1 , u2 , u3 , … .

The sum of the first  n  terms of this sequence is given by  Sn = n2 + 4n .

(a)	 (i)	� Find the sum of the first five terms.

(ii)	 Given that  S6 = 60 , find  u6 .� [4]

(b)	 Find  u1 .� [2]

(c)	 Hence or otherwise, write an expression for  un  in terms of  n .� [3]

Consider a geometric sequence,  vn , where  v2 = u1  and  v4 = u6 .

(d)	 Find the possible values of the common ratio,  r .� [3]

(e)	 Given that  v99 < 0 , find  v5 .� [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

Consider the arithmetic sequence  u1 , u2 , u3 , … .

The sum of the first  n  terms of this sequence is given by  Sn = n2 + 4n .

(a)	 (i)	� Find the sum of the first five terms.

(ii)	 Given that  S6 = 60 , find  u6 .� [4]

(b)	 Find  u1 .� [2]

(c)	 Hence or otherwise, write an expression for  un  in terms of  n .� [3]

Consider a geometric sequence,  vn , where  v2 = u1  and  v4 = u6 .

(d)	 Find the possible values of the common ratio,  r .� [3]

(e)	 Given that  v99 < 0 , find  v5 .� [2]
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11.	 [Maximum mark: 19]

Consider the following diagram, which shows the plan of part of a house.

diagram not to scale

A

B

C

6 m

m

α

3
4

A narrow passageway with width 
3
4

m is perpendicular to a room of width  6 m . There is 

a corner at point  C . Points  A  and  B  are variable points on the base of the walls such 
that  A ,  C  and  B  lie on a straight line.

Let  L  denote the length  AB  in metres.

Let  a  be the angle that  [AB]  makes with the room wall, where 0
2

< <α π
.

(a)	 Show that L = +
3
4

6secα αcosec .� [2]

(b)	 (i)	� Find 
d
d

L
a

.

(ii)	 When 
d
d

L
α
= 0 , show that  α = arctan 2 .� [5]

(This question continues on the following page)
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(Question 11 continued)

(c)	 (i)	� Find 
d
d

2

2

L
a

.

(ii)	 When  α = arctan 2 , show that 
d
d

2

2

45
4

5L
α

= .� [7]

(d)	 (i)	� Hence, justify that  L  is a minimum when  α = arctan 2 .

(ii)	 Determine this minimum value of  L .� [3]

Two people need to carry a pole of length  11.25 m  from the passageway into the room. 
It must be carried horizontally.

(e)	 Determine whether this is possible, giving a reason for your answer.� [2]
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12. [Maximum mark: 21]

Two lines,  L1  and  L2 , intersect at point  P . Point  A (2t , 8 , 3) , where  t > 0 , lies on  L2 . This is 
shown in the following diagram.

diagram not to scale

A

P

L2

L1

The acute angle between the two lines is 
π
3 .

The direction vector of  L1  is 
1
1
0

















, and PA
→

=
+

















2
0
3

t

t
.

(a) Show that 4 10 12 182t t t= + + . [4]

(b) Find the value of  t . [4]

(c) Hence or otherwise, find the shortest distance from  A  to  L1 . [4]

A plane,  Π , contains  L1  and  L2 .

(d) Find a normal vector to  Π .� [2]

The base of a right cone lies in  Π , centred at  A  such that  L1  is a tangent to its base. The 
volume of the cone is 90 3π  cubic units.

(e) Find the two possible positions of the vertex of the cone. [7]
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supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
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working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  4 cm .

diagram not to scale

P
Q

RO 4
θ

The points  P ,  Q  and  R  lie on the circumference of the circle and  PÔR = θ , where  θ  is 
measured in radians.

The length of arc  PQR  is  10 cm .

(a)	 Find the perimeter of the shaded sector.� [2]

(b)	 Find  θ .� [2]

(c)	 Find the area of the shaded sector.� [2]

(This question continues on the following page)
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4.	 [Maximum mark: 6]

The following diagram shows part of the graph of y x
x

=
+2 2

 for  x ≥ 0 .

y

x

R

c

The shaded region  R  is bounded by the curve, the  x-axis and the line  x = c .

The area of  R  is  ln 3 .

Find the value of  c .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

A circle with equation  x2 + y2 = 9  has centre (0 , 0) and radius  3 .

A triangle,  PQR , is inscribed in the circle with its vertices at  P (-3 , 0) ,  Q (x , y)  and  R (x , -y) , 
where  Q  and  R  are variable points in the first and fourth quadrants respectively. This is 
shown in the following diagram.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a)	 For point  Q , show that y x= −9 2 .� [1]

(b)	 Hence, find an expression for  A , the area of triangle  PQR , in terms of  x .� [3]

(c)	 Show that 
d
d
A
x

x x
x

=
− −

−

9 3 2
9

2

2
.� [4]

(d)	 Hence or otherwise, find the  y-coordinate of  R  such that  A  is a maximum.� [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

A circle with equation  x2 + y2 = 9  has centre (0 , 0) and radius  3 .

A triangle,  PQR , is inscribed in the circle with its vertices at  P (-3 , 0) ,  Q (x , y)  and  R (x , -y) , 
where  Q  and  R  are variable points in the first and fourth quadrants respectively. This is 
shown in the following diagram.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a)	 For point  Q , show that y x= −9 2 .� [1]

(b)	 Hence, find an expression for  A , the area of triangle  PQR , in terms of  x .� [3]

(c)	 Show that 
d
d
A
x

x x
x

=
− −

−

9 3 2
9

2

2
.� [4]

(d)	 Hence or otherwise, find the  y-coordinate of  R  such that  A  is a maximum.� [6]
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11.	 [Maximum mark: 22]

Consider the complex number u = − +1 3 i .

(a)	 By finding the modulus and argument of  u , show that u = 2
2
3e

i π

.� [3]

(b)	 (i)	� Find the smallest positive integer  n  such that  un  is a real number.

(ii)	 Find the value of  un  when  n  takes the value found in part (b)(i).� [5]

(c)	 Consider the equation  z3 + 5z2 + 10z + 12 = 0 , where  z ∈  .

(i)	 Given that  u  is a root of  z3 + 5z2 + 10z + 12 = 0 , find the other roots.

(ii)	 By using a suitable transformation from  z  to  w , or otherwise, find the roots of the 
equation  1 + 5w + 10w2 + 12w3 = 0 , where  w ∈  .� [9]

(d)	 Consider the equation  z2 = 2z* , where  z ∈  ,  z ≠ 0 .

By expressing  z  in the form  a + bi , find the roots of the equation.� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

A circle with equation  x2 + y2 = 9  has centre (0 , 0) and radius  3 .

A triangle,  PQR , is inscribed in the circle with its vertices at  P (-3 , 0) ,  Q (x , y)  and  R (x , -y) , 
where  Q  and  R  are variable points in the first and fourth quadrants respectively. This is 
shown in the following diagram.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a)	 For point  Q , show that y x= −9 2 .� [1]

(b)	 Hence, find an expression for  A , the area of triangle  PQR , in terms of  x .� [3]

(c)	 Show that 
d
d
A
x

x x
x

=
− −

−

9 3 2
9

2

2
.� [4]

(d)	 Hence or otherwise, find the  y-coordinate of  R  such that  A  is a maximum.� [6]
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12. [Maximum mark: 17]

(a) By using an appropriate substitution, show that cos sin cosx x x x x C d = + +∫ 2 2 .� [6]

The following diagram shows part of the curve  y = cos cosy x=  for  x ≥ 0 .

y

x
R1

x1

x2 x3

x4
R2

R3

O

The curve intersects the  x-axis at  x1 ,  x2 ,  x3 ,  x4 , … .

The  nth   x-intercept of the curve,  xn , is given by x
n

n =
−( )2 1
4

2 2π
, where  n ∈ + .

(b) Write down a similar expression for  xn+1 . [1]

The regions bounded by the curve and the  x-axis are denoted by  R1 ,  R2 ,  R3 , … , as shown 
on the above diagram.

(c) Calculate the area of region  Rn .

Give your answer in the form  k n π , where  k ∈ + . [7]

(d) Hence, show that the areas of the regions bounded by the curve and the  x-axis,
R1 ,  R2 ,  R3 , … , form an arithmetic sequence. [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

An engineer is designing a gutter to catch rainwater from the roof of a house.

The gutter will be open at the top and is made by folding a piece of sheet metal  45 cm  wide 
and  600 cm  long.

diagram not to scale

600 600sheet metal

45

The cross-section of the gutter is shaded in the following diagram.

diagram not to scale

w

O

A B

1012θ

The height of both vertical sides is  10 cm . The width of the gutter is  w cm .

Arc  AB  lies on the circumference of a circle with centre  O  and radius  12 cm .

(This question continues on the following page)
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12. [Maximum mark: 21]

Consider the differential equation 
d
d
y
x

x y y
x

=
−
+

2

2 1
, where  y > 0  and  y = 3  when  x = 0 .

(a) Use Euler’s method, with a step length of  0.03 , to find an approximate value for  y 
when  x = 0.15 . Give your answer correct to six significant figures. [4]

(b) (i)	� Write down the value of
d
d
y
x

 when  x = 0 .

(ii) Show that
d
d

2

2 3y
x

=  when  x = 0 .� [5]

(c) (i)	� Given that 
d
d

3

3 9y
x

=  when  x = 0 , find the first four terms of the Maclaurin series for  y .

(ii) Use the Maclaurin series to find an approximate value for  y  when  x = 0.15 . Give 
your answer correct to six significant figures. [3]

(d) (i)	� It is given that
x
x x

2

2 2

1
1
1 2

1
−
+

≡ −
+

.

Solve the differential equation 
d
d
y
x

x y y
x

=
−
+

2

2 1
, where  y > 0  and  y = 3  when  x = 0 . 

Give your answer in the form  y = f (x) .

(ii) Hence, find the value of  y  when  x = 0.15 . Give your answer correct to six
significant figures. [7]

(e) For  0 ≤ x < 1 , explain why the approximate value for  y  obtained using Euler’s method
will always be less than the actual value for  y . [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

A botanist is conducting an experiment which studies the growth of plants.

The heights of the plants are measured on seven different days.

The following table shows the number of days,  d , that the experiment has been running and 
the average height,  h cm , of the plants on each of those days.

Number of days (d ) 2 5 13 24 33 37 42

Average height (h) 10 16 30 59 76 79 82

The value of Pearson’s product-moment correlation coefficient,  r , for this data is  0.991 , 
correct to three significant figures.

(a)	 The regression line of  h  on  d  for this data can be written in the form  h = ad + b .

Find the value of  a  and the value of  b .� [2] 

(b)	 Use your regression line to estimate the average height of the plants when the 
experiment has been running for 20 days.� [2] 
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5.	 [Maximum mark: 6]

A particle moves in a straight line such that its velocity,  v m s-1, at time  t  seconds is given 

by  v v t tt

( ) = −







−
4

2 4
3e

 

cos π
, for  0 ≤ t ≤ 4π . The graph of  v  is shown in the following diagram.

t

v (t)

4π

Let  t1  be the first time when the particle’s acceleration is zero.

(a)	 Find the value of  t1 .� [2]

Let  t2  be the second time when the particle is instantaneously at rest.

(b)	 Find the value of  t2 .� [2]

(c)	 Find the distance travelled by the particle between  t = t1  and  t = t2 .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

A botanist is conducting an experiment which studies the growth of plants.

The heights of the plants are measured on seven different days.

The following table shows the number of days,  d , that the experiment has been running and 
the average height,  h cm , of the plants on each of those days.

Number of days (d ) 2 5 13 24 33 37 42

Average height (h) 10 16 30 59 76 79 82

The value of Pearson’s product-moment correlation coefficient,  r , for this data is  0.991 , 
correct to three significant figures.

(a)	 The regression line of  h  on  d  for this data can be written in the form  h = ad + b .

Find the value of  a  and the value of  b .� [2] 

(b)	 Use your regression line to estimate the average height of the plants when the 
experiment has been running for 20 days.� [2] 
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7.	 [Maximum mark: 5]

A function  f  is defined as  f (x) = arctan (x - 2) , where 2 2 3≤ ≤ +x .

The region bounded by the curve, the  y-axis, the  x-axis and the line y = π
3

 is rotated  360º  
about the  y-axis to form a solid of revolution.

Find the volume of the solid.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 13] 

A weight suspended on a spring is pulled down and released, so that it moves up and down 
vertically.  

The height,  H  metres, of the base of the weight above the ground can be modelled by the 
function  H (t ) = a cos (7.8t ) + b , for  a , b ∈   and  0 ≤ t ≤ 10 , where  t  is the time in seconds 
after the weight is released. 

H

ground

(a)	 Find the period of the function.� [2] 

(This question continues on the following page)
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Do not write solutions on this page.

12. [Maximum mark: 21]

Consider the differential equation 
d
d
y
x

x y
xy

=
+2 23

, where  x > 0 , y > 0 .

It is given that  y = 2  when  x = 1 .

(a) Use Euler’s method with step length  0.1  to find an approximate value of  y  when  x = 1.1 .� [2]

(b) By solving the differential equation, show that y x x
=

−9 1
2

4

. [8]

(c) Find the value of  y  when  x = 1.1 . [1]

(d) With reference to the concavity of the graph of y x x
=

−9 1
2

4

 for  1 ≤ x ≤ 1.1 , explain 

why the value of  y  found in part (c) is greater than the approximate value of  y  found in
part (a). [2]

The graph of y x x
=

−9 1
2

4

 for 
3

3
1< <x  has a point of inflexion at the point  P .

(e) By sketching the graph of an appropriate derivative of  y , determine 
the  x-coordinate of  P . [2]

It can be shown that 
d
d

2

2

4 2 2 4

2 3

6y
x

x x y y
x y

=
− + +

, where  x > 0 , y > 0 .

(f) Use this expression for
d
d

2

2

y
x

 to show that point  P  lies on the straight line  y = mx  

where the exact value of  m  is to be determined.� [6]
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 25]

In this question, you will be investigating the family of functions of the form  f (x) = xn e-x .

Consider the family of functions  f n (x) = xn e-x , where  x ≥ 0  and  n ∈ + .

When  n = 1 , the function  f 1 (x) = xe-x , where  x ≥ 0 .

(a)	 Sketch the graph of  y = f 1 (x) , stating the coordinates of the local maximum point.� [4]

(b)	 Show that the area of the region bounded by the graph  y = f 1 (x) , the  x-axis and the 

line  x = b , where  b > 0 , is given by 
e
e

b

b
b- -1

.� [6]

You may assume that the total area,  An , of the region between the graph  y = f n (x)  and the 

x-axis can be written as A f x xn n=
∞

∫ ( )
0

d  and is given by lim ( )
b n

b
f x x

→∞ ∫0 d .

(c)	 (i)	� Use l’Hôpital’s rule to find lim
b

b

b
b

→∞

− −e
e

1
. You may assume that the condition for 

applying l’Hôpital’s rule has been met.� [2]

(ii)	 Hence write down the value of  A1 .� [1]

You are given that  A2 = 2  and  A3 = 6 .

(d)	 Use your graphic display calculator, and an appropriate value for the upper limit, 
to determine the value of

(i)	 A4 ;� [2]

(ii)	 A5 .� [1]

(e)	 Suggest an expression for  An  in terms of  n , where  n ∈ + .� [1]

(f)	 Use mathematical induction to prove your conjecture from part (e). You may assume 
that, for any value of  m , lim

x

m xx
→∞

− =e 0 .� [8]
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2.	 [Maximum mark: 30]

In this question, you will investigate the maximum product of positive real numbers 
with a given sum.

Consider the two numbers  x1 ,  x2 ∈ + , such that  x1 + x2 = 12 .

(a)	 Find the product of  x1  and  x2  as a function,  f , of  x1  only.� [2]

(b)	 (i)	� Find the value of  x1  for which the function is maximum.� [1]

(ii)	 Hence show that the maximum product of  x1  and  x2  is 36 .� [1]

Consider  Mn(S)  to be the maximum product of  n  positive real numbers with a sum of  S , 
where  n ∈ +  and  S ∈ + .  

For  n = 2 , the maximum product can be expressed as M S S
2

2

2
( ) = 






 .

(c)	 Verify that M S S
2

2

2
( ) = 






  is true for  S = 12 .� [1]

Consider  n  positive real numbers,  x1 , x2 , ... ,  xn .

The geometric mean is defined as ( ... )x x xn n
1 2

1

× × × . It is given that the geometric mean is 

always less than or equal to the arithmetic mean, so ( ... ) ( ... )x x x x x x
nn

n n
1 2

1
1 2× × × ≤
+ + +

.

(d)	 (i)	� Show that the geometric mean and arithmetic mean are equal  
when  x1 = x2 = ... = xn .� [2]

(ii)	 Use this result to prove that M S S
nn

n

( ) = 





 .� [4]

(e)	 Hence determine the value of 

(i)	 M3(12) ;� [1]

(ii)	 M4(12) ;� [1]

(iii)	 M5(12) .� [1]

For  n ∈ + , let  P (S)  denote the maximum value of Mn(S)  across all possible values of  n .

(f)	 Write down the value of  P (12)  and the value of  n  at which it occurs.� [2]

(g)	 Determine the value of  P (20)  and the value of  n  at which it occurs.� [3]

(This question continues on the following page)
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(Question 2 continued)

Consider the function  g , defined by ln ( ) lng x x S
x

( ) = 





 , where  x ∈ + . 

A sketch of the graph of  y = g (x)  is shown in the following diagram. Point  A  is the maximum 
point on this graph.

A
y

x
y = g (x)

0

(h) Find, in terms of  S , the  x-coordinate of point  A . [6]

(i) Verify that  g (x) = Mx(S) , when  x ∈ + . [2]

(j) Use your answer to part (h) to find the largest possible product of positive numbers
whose sum is 100. Give your answer in the form  a × 10k , where  1 ≤ a < 10  and  k ∈ + .� [3]
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 24]

This question asks you to examine the number and nature of intersection points of the 
graph of  y = loga x  where  a ∈ + ,  a ≠ 1  and the line  y = x  for particular sets of values of  a .

In this question you may either use the change of logarithm base formula log ln
lna x
x
a

=  or a 
graphic display calculator “logarithm to any base feature”.

The function  f  is defined by

f (x) = loga x  where  x ∈ +  and  a ∈ + ,  a ≠ 1.

(a)	 Consider the cases  a = 2  and  a = 10 . On the same set of axes, sketch the following 
three graphs:

y = log2 x

y = log10 x

 y = x .

Clearly label each graph with its equation and state the value of any non-zero  
x-axis intercepts.� [4]

(This question continues on the following page)
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(Question 1 continued)

In parts (b) and (c), consider the case where  a = e . Note that  ln x ≡ loge x .

(b)	 Use calculus to find the minimum value of the expression  x - ln x , justifying that this 
value is a minimum.� [5]

(c)	 Hence deduce that x > ln x .� [1]

(d)	 There exist values of  a  for which the graph of  y = loga x  and the line  y = x  do have 
intersection points. The following table gives three intervals for the value of  a .

Interval Number of intersection points 

0 < a < 1 p

1 < a < 1.4 q

1.5 < a < 2 r

By investigating the graph of  y = loga x  for different values of  a , write down the values 
of  p ,  q  and  r .� [4]

In parts (e) and (f), consider  a ∈ + ,  a ≠ 1.

For  1.4 ≤ a ≤ 1.5 , a value of  a  exists such that the line  y = x  is a tangent to the graph 
of  y = loga x  at a point  P .

(e)	 Find the exact coordinates of  P  and the exact value of  a .� [8]

(f)	 Write down the exact set of values for  a  such that the graphs of  y = loga x  and  y = x  have

(i)	 two intersection points;� [1]

(ii)	 no intersection points.� [1]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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8.	 [Maximum mark: 9]

(a)	 Find x x xln� ��
2d .� [6]

(b)	 Hence, show that x x xln ln ln� � � � � � ��
2

1

4
232 2 16 2 15

4
d .� [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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9.	 [Maximum mark: 8]

Consider the function f x
kx

x
� � � � �sin2

2 , where  x ≠ 0  and  k ∈ + . 

(a)	 Show that  f  is an even function.� [2]

(b)	 Given that lim
x
f x

�
� � �

0
16 , find the value of  k . � [6]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

The functions  f  and  g  are defined by

 f (x) = ln(2x - 9), where 
9
2

>x

 g (x) = 2 ln x - ln d , where  x > 0 ,  d ∈ + .

(a)	 State the equation of the vertical asymptote to the graph of  y = g (x) . � [1]

The graphs of  y = f (x)  and  y = g (x)  intersect at two distinct points. 

(b)	 (i)	� Show that, at the points of intersection,  x2 - 2dx + 9d = 0 .

(ii)	 Hence show that  d 2 - 9d > 0.

(iii)	 Find the range of possible values of  d .� [9]

(This question continues on the following page)
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

The functions  f  and  g  are defined by

 f (x) = ln(2x - 9), where 
9
2

>x

 g (x) = 2 ln x - ln d , where  x > 0 ,  d ∈ + .

(a)	 State the equation of the vertical asymptote to the graph of  y = g (x) . � [1]

The graphs of  y = f (x)  and  y = g (x)  intersect at two distinct points. 

(b)	 (i)	� Show that, at the points of intersection,  x2 - 2dx + 9d = 0 .

(ii)	 Hence show that  d 2 - 9d > 0.

(iii)	 Find the range of possible values of  d .� [9]

(This question continues on the following page)
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Do not write solutions on this page.

11.	 [Maximum mark: 21]

Consider the function  f (x) = ecos2x , where � � �
� �
4 4

x 5
. 

(a)	 Find the coordinates of the points on the curve  y = f (x)  where the gradient is zero.� [5]

(b)	 Using the second derivative at each point found in part (a), show that the curve  y = f (x)  
has two local maximum points and one local minimum point.� [4]

(c)	 Sketch the curve of  y = f (x)  for  0 ≤ x ≤ p , taking into consideration the relative values 
of the second derivative found in part (b). � [3]

(d)	 (i) 	 Find the Maclaurin series for  cos 2x , up to and including the term in  x4 .

(ii)	 Hence, find the Maclaurin series for  ecos2x-1 , up to and including the term in  x4 .

(iii)	 Hence, write down the Maclaurin series for  f (x) , up to and including the term in  x4 .� [6]

(e)	 Use the first two non-zero terms in the Maclaurin series for  f (x) to show that 

e d ecos/ 2

0

1 10 149
1500

x x� � .� [3]
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Do not write solutions on this page.

12.	 [Maximum mark: 17]

(a)	 Find the binomial expansion of  (cos q + i sin q)5 . Give your answer in the form  a + bi  
where  a  and  b  are expressed in terms of  sin q  and  cos q . � [4]

(b)	 By using De Moivre’s theorem and your answer to part (a), show 
that  sin 5q ≡ 16 sin5q - 20 sin3q + 5 sin q . � [6]

(c)	 (i)	� Hence, show that � � �
5

 and � � 3
5
�

 are solutions of the 

equation  16 sin4q - 20 sin2q + 5 = 0 . 

(ii)	 Hence, show that sin sin� �
5

3
5

5
4

� .� [7]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]
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8.	 [Maximum mark: 9]

(a)	 Find x x xln� ��
2d .� [6]

(b)	 Hence, show that x x xln ln ln� � � � � � ��
2

1

4
232 2 16 2 15

4
d .� [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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9.	 [Maximum mark: 8]

Consider the function f x
kx

x
� � � � �sin2

2 , where  x ≠ 0  and  k ∈ + . 

(a)	 Show that  f  is an even function.� [2]

(b)	 Given that lim
x
f x

�
� � �

0
16 , find the value of  k . � [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

The functions  f  and  g  are defined by

 f (x) = ln(2x - 9), where 
9
2

>x

 g (x) = 2 ln x - ln d , where  x > 0 ,  d ∈ + .

(a)	 State the equation of the vertical asymptote to the graph of  y = g (x) . � [1]

The graphs of  y = f (x)  and  y = g (x)  intersect at two distinct points. 

(b)	 (i)	� Show that, at the points of intersection,  x2 - 2dx + 9d = 0 .

(ii)	 Hence show that  d 2 - 9d > 0.

(iii)	 Find the range of possible values of  d .� [9]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

The functions  f  and  g  are defined by

 f (x) = ln(2x - 9), where 
9
2

>x

 g (x) = 2 ln x - ln d , where  x > 0 ,  d ∈ + .

(a)	 State the equation of the vertical asymptote to the graph of  y = g (x) . � [1]

The graphs of  y = f (x)  and  y = g (x)  intersect at two distinct points. 

(b)	 (i)	� Show that, at the points of intersection,  x2 - 2dx + 9d = 0 .

(ii)	 Hence show that  d 2 - 9d > 0.

(iii)	 Find the range of possible values of  d .� [9]

(This question continues on the following page)
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11.	 [Maximum mark: 21]

Consider the function  f (x) = ecos2x , where � � �
� �
4 4

x 5
. 

(a)	 Find the coordinates of the points on the curve  y = f (x)  where the gradient is zero.� [5]

(b)	 Using the second derivative at each point found in part (a), show that the curve  y = f (x)  
has two local maximum points and one local minimum point.� [4]

(c)	 Sketch the curve of  y = f (x)  for  0 ≤ x ≤ p , taking into consideration the relative values 
of the second derivative found in part (b). � [3]

(d)	 (i) 	 Find the Maclaurin series for  cos 2x , up to and including the term in  x4 .

(ii)	 Hence, find the Maclaurin series for  ecos2x-1 , up to and including the term in  x4 .

(iii)	 Hence, write down the Maclaurin series for  f (x) , up to and including the term in  x4 .� [6]

(e)	 Use the first two non-zero terms in the Maclaurin series for  f (x) to show that 

e d ecos/ 2

0

1 10 149
1500

x x� � .� [3]
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12.	 [Maximum mark: 17]

(a)	 Find the binomial expansion of  (cos q + i sin q)5 . Give your answer in the form  a + bi  
where  a  and  b  are expressed in terms of  sin q  and  cos q . � [4]

(b)	 By using De Moivre’s theorem and your answer to part (a), show 
that  sin 5q ≡ 16 sin5q - 20 sin3q + 5 sin q . � [6]

(c)	 (i)	� Hence, show that � � �
5

 and � � 3
5
�

 are solutions of the 

equation  16 sin4q - 20 sin2q + 5 = 0 . 

(ii)	 Hence, show that sin sin� �
5

3
5

5
4

� .� [7]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a pyramid with vertex  V  and rectangular base  OABC .

Point B has coordinates  (6 , 8 , 0) , point  C  has coordinates  (6 , 0 , 0)  and point  V  has 
coordinates  (3 , 4 , 9) .

diagram not to scale

z

x
y

V (3 , 4 , 9) 

C (6 , 0 , 0) 

B (6 , 8 , 0) 

O
A

(a)	 Find  BV .� [2]

(b)	 Find the size of  BV̂C .� [4]
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4.	 [Maximum mark: 5]

A particle moves along a straight line. Its displacement,  s  metres, from a fixed point  O  after 
time  t  seconds is given by  s (t ) s t t( ) . sin� �� �4 3 3 5 , where  0 ≤ t ≤ 10 . 

The particle first comes to rest after  q  seconds.

(a)	 Find the value of  q .� [2]

(b)	 Find the total distance that the particle travels in the first  q  seconds.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a pyramid with vertex  V  and rectangular base  OABC .

Point B has coordinates  (6 , 8 , 0) , point  C  has coordinates  (6 , 0 , 0)  and point  V  has 
coordinates  (3 , 4 , 9) .

diagram not to scale

z

x
y

V (3 , 4 , 9) 

C (6 , 0 , 0) 

B (6 , 8 , 0) 

O
A

(a)	 Find  BV .� [2]

(b)	 Find the size of  BV̂C .� [4]
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9.	 [Maximum mark: 9]

Consider the differential equation 
d
d
y
x

y
�

�4
10

, where  y = 2  when  x = 0 .

(a)	 Use Euler’s method with a step size of  0.1  to find an approximation for  y  
when  x = 0.5 . Give your answer correct to four significant figures. � [3]

(b)	 By solving the differential equation, show that y
x

� �
�

4 2 10e . � [5]

(c)	 Find the absolute value of the error in your approximation in part (a).� [1]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A farmer is growing a field of wheat plants. The height,  H cm , of each plant can be modelled 
by a normal distribution with mean  m  and standard deviation  s .

It is known that  P (H < 94.6) = 0.288  and  P (H > 98.1) = 0.434 .

(a)	 Find the probability that the height of a randomly selected plant is between  94.6 cm 
and  98.1 cm .� [2]

(b)	 Find the value of  m  and the value of  s .� [5]

The farmer measures 100 randomly selected plants. Any plant with a height greater 
than  98.1 cm  is considered ready to harvest. Heights of plants are independent of each other.

(c)	 (i)	� Find the probability that exactly  34  plants are ready to harvest.

(ii)	 Given that fewer than  49  plants are ready to harvest, find the probability that 
exactly  34  plants are ready to harvest.� [6]

In another field, the farmer is growing the same variety of wheat, but is using a different 
fertilizer. The heights of these plants,  F cm , are normally distributed with mean  98.6  and 
standard deviation  d . The farmer finds the interquartile range to be  4.82 cm .

(d)	 Find the value of  d .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a pyramid with vertex  V  and rectangular base  OABC .

Point B has coordinates  (6 , 8 , 0) , point  C  has coordinates  (6 , 0 , 0)  and point  V  has 
coordinates  (3 , 4 , 9) .

diagram not to scale

z

x
y

V (3 , 4 , 9) 

C (6 , 0 , 0) 

B (6 , 8 , 0) 

O
A

(a)	 Find  BV .� [2]

(b)	 Find the size of  BV̂C .� [4]
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4.	 [Maximum mark: 5]

A particle moves along a straight line. Its displacement,  s  metres, from a fixed point  O  after 
time  t  seconds is given by  s (t ) s t t( ) . sin= +( )4 3 3 5 , where  0 ≤ t ≤ 10 . 

The particle first comes to rest after  q  seconds.

(a)	 Find the value of  q .� [2]

(b)	 Find the total distance that the particle travels in the first  q  seconds.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a pyramid with vertex  V  and rectangular base  OABC .

Point B has coordinates  (6 , 8 , 0) , point  C  has coordinates  (6 , 0 , 0)  and point  V  has 
coordinates  (3 , 4 , 9) .

diagram not to scale

z
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y

V (3 , 4 , 9) 

C (6 , 0 , 0) 

B (6 , 8 , 0) 

O
A

(a)	 Find  BV .� [2]

(b)	 Find the size of  BV̂C .� [4]
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9.	 [Maximum mark: 9]

Consider the differential equation 
d
d
y
x

y
=

−4
10

, where  y = 2  when  x = 0 .

(a)	 Use Euler’s method with a step size of  0.1  to find an approximation for  y  
when  x = 0.5 . Give your answer correct to four significant figures. � [3]

(b)	 By solving the differential equation, show that y
x

= −
−

4 2 10e . � [5]

(c)	 Find the absolute value of the error in your approximation in part (a).� [1]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A farmer is growing a field of wheat plants. The height,  H cm , of each plant can be modelled 
by a normal distribution with mean  m  and standard deviation  s .

It is known that  P (H < 94.6) = 0.288  and  P (H > 98.1) = 0.434 .

(a)	 Find the probability that the height of a randomly selected plant is between  94.6 cm 
and  98.1 cm .� [2]

(b)	 Find the value of  m  and the value of  s .� [5]

The farmer measures 100 randomly selected plants. Any plant with a height greater 
than  98.1 cm  is considered ready to harvest. Heights of plants are independent of each other.

(c)	 (i)	� Find the probability that exactly  34  plants are ready to harvest.

(ii)	 Given that fewer than  49  plants are ready to harvest, find the probability that 
exactly  34  plants are ready to harvest.� [6]

In another field, the farmer is growing the same variety of wheat, but is using a different 
fertilizer. The heights of these plants,  F cm , are normally distributed with mean  98.6  and 
standard deviation  d . The farmer finds the interquartile range to be  4.82 cm .

(d)	 Find the value of  d .� [3]
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2.	 [Maximum mark: 31]

This question begins by asking you to examine families of curves that intersect every 
member of another family of curves at right-angles. You will then examine a family of 
curves that intersects every member of another family of curves at an acute angle,  a .

(a)	 Consider a family of straight lines,  L , with equation  y = mx , where  m  is a parameter. 
Each member of  L  intersects every member of a family of curves,  C , at right-angles. 

Note: In parts (i), (ii) and (iii), you are not required to consider the case where  x = 0 .

(i)	 Write down an expression for the gradient of  L  in terms of  x  and  y .� [1]

(ii)	 Hence show that the gradient of  C  is given by 
d
d
y
x

x
y

= − .� [1]

(iii)	 By solving the differential equation 
d
d
y
x

x
y

= − , show that the family of curves,  C , 

has equation  x2 + y2 = k  where  k  is a parameter.� [2]

A family of curves has equation  y2 = 4a2 - 4ax  where  a  is a positive real parameter.

A second family of curves has equation  y2 = 4b2 + 4bx  where  b  is a positive real parameter.

(b)	 Consider the case where  a = 2  and  b = 1 . On the same set of axes, sketch the curves 
y2 = 16 - 8x  and y2 = 4 + 4x . On your sketch, clearly label each curve and any  x-intercepts.

Note: �You are not required to find the coordinates of any points of intersection of the 
two curves.� [3]

(c)	 By solving  y2 = 4a2 - 4ax  and  y2 = 4b2 + 4bx  simultaneously, show that these curves 
intersect at the points M a b ab−( ), 2  and N a b ab− −( ), 2 .� [6]

(d)	 At point  M , show that the curves  y2 = 4a2 - 4ax  and  y2 = 4b2 + 4bx  intersect at 
right-angles.� [5]

(This question continues on the following page)
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(Question 2 continued)

Consider two families of curves,  F  and  G .

The gradient of  F  is denoted by  f (x ,  y) .

The gradient of  G  is denoted by  g (x ,  y) .

Each member of  F  intersects every member of  G  at an acute angle,  a .

It can be shown that 

g x y f x y
f x y

( , ) ( , ) tan
( , ) tan

=
+

−
α
α1 .

In part (e), consider the specific case where f x y
x
y

( , ) = − , for  x ≠ 0 ,  y ≠ 0  and α =
�
4

.

(e)	 (i)	 Show that g x y y x
y x

( , ) = −
+

.� [2]

(ii)	 Hence, by solving the homogeneous differential equation 
d
d
y
x

y x
y x

=
−
+

, find a 

general equation that represents this family of curves,  G . Give your answer in 
the form  h (x ,  y) = d  where  d  is a parameter.� [9]

(f)	 By considering lim tan
α

α
→
π
2

, show that, for all finite  f (x ,  y) ,

lim ( , )
( , )α→

= −
π
2

1g x y
f x y .� [2]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show 
all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

Claire rolls a six-sided die 16 times.

The scores obtained are shown in the following frequency table.

Score Frequency

1 p

2 q

3 4

4 2

5 0

6 3

It is given that the mean score is 3.

(a)	 Find the value of  p  and the value of  q .� [5]

Each of Claire’s scores is multiplied by 10 in order to determine the final score for a game 
she is playing.

(b)	 Write down the mean final score.� [1]
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4.	 [Maximum mark: 7]

Consider the functions  f (x) = cos x  and  g (x) = sin 2x , where  0 ≤ x ≤ p .

The graph of  f  intersects the graph of  g  at the point  A , the point  B  �
2

0,�
�
�

�
�
�  and the point  C  

as shown on the following diagram.

1

−1

0 π

y

x

R

A

B

C

f

g

(a)	 Find the  x-coordinate of point  A  and the  x-coordinate of point  C .� [3]

The shaded region  R  is enclosed by the graph of  f  and the graph of  g  between the 
points  B  and  C .

(b)	 Find the area of  R .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show 
all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

Claire rolls a six-sided die 16 times.

The scores obtained are shown in the following frequency table.

Score Frequency

1 p

2 q

3 4

4 2

5 0

6 3

It is given that the mean score is 3.

(a)	 Find the value of  p  and the value of  q .� [5]

Each of Claire’s scores is multiplied by 10 in order to determine the final score for a game 
she is playing.

(b)	 Write down the mean final score.� [1]
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6.	 [Maximum mark: 6]

The function  f  is defined as f x x x( ) sin� � �2 , where 0 � �x � . 

Consider the shaded region  R  enclosed by the graph of  f , the  x-axis and the line x � �
2

, 
as shown in the following diagram.

y = f (x)1

0

y

x

R

ππ
2

The shaded region  R  is rotated by  2p  radians about the  x-axis to form a solid.

Show that the volume of the solid is 
� 2 2

4
�� �

.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show 
all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

Claire rolls a six-sided die 16 times.

The scores obtained are shown in the following frequency table.

Score Frequency

1 p

2 q

3 4

4 2

5 0

6 3

It is given that the mean score is 3.

(a)	 Find the value of  p  and the value of  q .� [5]

Each of Claire’s scores is multiplied by 10 in order to determine the final score for a game 
she is playing.

(b)	 Write down the mean final score.� [1]
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8.	 [Maximum mark: 7]

(a)	 Find the first two non-zero terms in the Maclaurin series of 

(i)	 sin (x2) ;

(ii)	 sin2 (x2) .� [5]

(b)	 Hence, or otherwise, find the first two non-zero terms in the Maclaurin series of 
4x sin (x2) cos (x2) .� [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Consider the function f x x
x

� � � �
�

4 2
2

,  x ≠ 2 .

(a)	 Sketch the graph of  y = f (x) . On your sketch, indicate the values of any axis intercepts 
and label any asymptotes with their equations.� [5]

(b)	 Write down the range of  f .� [1]

Consider the function  g (x) = x2 + bx + c . The graph of  g  has an axis of symmetry at  x = 2 . 

The two roots of  g (x) = 0  are -
1
2

 and  p , where  p ∈  .

(c)	 Show that p = 9
2

.� [1]

(d)	 Find the value of  b  and the value of  c .� [3]

(e)	 Find the  y-coordinate of the vertex of the graph of  y = g (x) .� [2]

(f)	 Find the product of the solutions of the equation  f (x) = g (x) .� [4]

16EP12
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Do not write solutions on this page.

11.	 [Maximum mark: 17]

Consider the polynomial  P (x) = 3x3 + 5x2 + x - 1 .

(a)	 Show that  (x + 1)  is a factor of  P (x) .� [2]

(b)	 Hence, express  P (x)  as a product of three linear factors.� [3]

Now consider the polynomial  Q (x) = (x + 1)(2x + 1) .

(c)	 Express 
1

Q x� �
 in the form 

A
x

B
x+

+
+1 2 1

, where  A , B ∈  .� [3]

(d)	 Hence, or otherwise, show that 
1

1
4

2 1
2

1
1
1 2x Q x x x x�� � � �

�
�

�
�

�
�� �

    .� [2]

(e)	 Hence, find 
1

1 2 12x x
x

�� � �� �� d .� [4]

Consider the function defined by f x
P x

x Q x
( )

( ) ( )
�

� �
�1

, where  x ≠ -1 , x � � 1
2

.

(f)	 Find 

(i)	 lim ( )
x

f x
��1

;

(ii)	 lim ( )
x

f x
��

.� [3]

16EP13



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q11 | 17 marks

Apollo | Original source crop | 122

– 14 – 2224 – 7101

Do not write solutions on this page.

12.	 [Maximum mark: 20]

Consider  f = (a + bi)3, where  a , b ∈  .

(a)	 In terms of  a  and  b , find

(i)	 the real part of  f ;

(ii)	 the imaginary part of f .� [3]

(b)	 Hence, or otherwise, show that 1 3 8
3

�� � � � i .� [2]

The roots of the equation  z3 = -8  are  u ,  v  and  w , where u � �1 3  i  and  v ∈  .

(c)	 Write down  v  and  w , giving your answers in Cartesian form.� [2]

On an Argand diagram,  u ,  v  and  w  are represented by the points  U ,  V  and  W  respectively.

(d)	 Find the area of the triangle  UVW .� [3] 

Each of the points  U ,  V  and  W  is rotated counter-clockwise (anticlockwise) about  0  

through an angle of 
p
4

 to form three new points  U′ ,  V′  and  W′ . These points represent the 

complex numbers  u′ ,  v′  and  w′  respectively.

(e)	 Find  u′ ,  v′  and  w′ , giving your answers in the form  reiq , where  -p < q ≤ p .� [4]

(f)	 Given that  u′ ,  v′  and  w′  are the solutions of  z3 = c + d i , where  c , d ∈  , find the 
value of  c  and the value of  d .� [3]

It is given that  u ,  v ,  w ,  u′ ,  v′  and  w′  are all solutions of  z n = a  for some  a ∈  , where  n ∈  .

(g)	 Find the smallest positive value of  n .� [3]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4] 

Solve  tan (2x - 5°) = 1  for  0° ≤ x ≤ 180° .

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 12 – 2224 – 7106

16EP12

8.	 [Maximum mark: 6]

Use l’Hôpital’s rule to find lim
x

x
x x

x
�

�
�0

4 2

4 2

sec cos
.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16] 

Consider the arithmetic sequence  a ,  p ,  q … , where  a ,  p ,  q ≠ 0 .

(a)	 Show that  2p - q = a .� [2]

Consider the geometric sequence  a ,  s ,  t … , where  a ,  s ,  t ≠ 0 .

(b)	 Show that  s2 = at .� [2]

The first term of both sequences is  a . 

It is given that  q = t = 1 .

(c)	 Show that p > 1
2

.� [2]

Consider the case where  a = 9 ,  s > 0  and  q = t = 1 .  

(d)	 Write down the first four terms of the

(i)	 arithmetic sequence;

(ii)	 geometric sequence.� [4]

 The arithmetic and the geometric sequence are used to form a new arithmetic sequence  un .

The first three terms of  un  are  u1 = 9 + ln 9 ,  u2 = 5 + ln 3 , and  u3 = 1 + ln 1.

(e)	 (i)	 Find the common difference of the new sequence in terms of  ln 3 . 

(ii)	 Show that 
i

iu
�
� � � �

1

10

90 25 3ln .� [6]
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12.	 [Maximum mark: 20]

(a)	 Let f x ax( ) � �� ��1
1
2 , where  ax < 1 , a ≠ 0 . 

The  nth  derivative of  f (x)  is denoted by  f (n)(x) , n ∈ + . 

Prove by induction that f x
a n ax

n
n

n
n

n

2 1 1
2 1

2 1
2

2 1

!
!

, n ∈ + .� [8]

(b)	 By using part (a) or otherwise, show that the Maclaurin series for f x ax( ) � �� ��1
1
2   

up to and including the  x2  term is 1 1
2

3
8

2 2+ +ax a x . � [2]

(c)	 Hence, show that 1 2 1 4 2 6 19
2

1
2

1
2

2

�� � �� � � �
�� �x x x x

.� [4]

(d)	 Given that the series expansion for f x ax( ) � �� ��1
1
2 is convergent for  |ax| < 1 , 

state the restriction which must be placed on  x  for the approximation 

1 2 1 4 2 6 19
2

1
2

1
2

2

�� � �� � � �
�� �x x x x

to be valid.� [1]

(e)	 Use x = 1
10

 to determine an approximate value for 3 . 

Give your answer in the form 
c
d

, where  c , d ∈ +.� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Darren buys a car for  $35 000 . The value of the car decreases by  15 %  in the first year.

(a)	 Find the value of the car at the end of the first year.� [2]

After the first year, the value of the car decreases by  11 %  in each subsequent year.

(b)	 Find the value of Darren’s car 10 years after he buys it, giving your answer to the 
nearest dollar.� [2]

When Darren has owned the car for  n  complete years, the value of the car is less than 10 % 
of its original value.

(c)	 Find the least value of  n .� [3]
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4.	 [Maximum mark: 6]

A particle moves in a straight line such that it passes through a fixed point  O  at time  t = 0 , 
where  t  represents time measured in seconds after passing  O . For  0 ≤ t ≤ 10  its velocity, 
v  metres per second, is given by  v = 2 sin (0.5t ) + 0.3t - 2 . 

The graph of  v  is shown in the following diagram. 

2

5 10

−2

0
t

v

(a)	 Find the smallest value of  t  when the particle changes direction. � [2]

The displacement of the particle is measured in metres from  O .

(b)	 Find the range of values of  t  for which the displacement of the particle is increasing.� [2]

(c)	 Find the displacement of the particle relative to  O  when  t = 10 .  � [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Darren buys a car for  $35 000 . The value of the car decreases by  15 %  in the first year.

(a)	 Find the value of the car at the end of the first year.� [2]

After the first year, the value of the car decreases by  11 %  in each subsequent year.

(b)	 Find the value of Darren’s car 10 years after he buys it, giving your answer to the 
nearest dollar.� [2]

When Darren has owned the car for  n  complete years, the value of the car is less than 10 % 
of its original value.

(c)	 Find the least value of  n .� [3]
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7.	 [Maximum mark: 7]

Solve the differential equation 
d
d
y
x

x y� � , given that  y = 2  when  x = 0 .  

Give your answer in the form  y = f (x) .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Sule Skerry and Rockall are small islands in the Atlantic Ocean, in the same time zone.

On a given day, the height of water in metres at Sule Skerry is modelled by the 
function  H (t ) = 1.63 sin (0.513 (t - 8.20)) + 2.13 , where  t  is the number of hours after midnight.

The following graph shows the height of the water for  15  hours, starting at midnight.

At low tide the height of the water is  0.50 m . At high tide the height of the water is  3.76 m .

All heights are given correct to two decimal places.

 

t

H (t )

6

150

(a)	 The length of time between the first low tide and the first high tide is 6 hours 
and  m  minutes. Find the value of  m  to the nearest integer. � [3]

(b)	 Between two consecutive high tides, determine the length of time, in hours, for which 
the height of the water is less than  1  metre.� [2]

(c)	 Find the rate of change of the height of the water when  t = 13 , giving your answer in 
metres per hour.� [2]

(This question continues on the following page)

16EP12

– 14 – 2224 – 7102

Do not write solutions on this page.

11.	 [Maximum mark: 19]

Consider the curve  C  defined by the equation  ex + y = x2 + y2 , shown on the following diagram. 
The curve has a line of symmetry  y = x .

There are two points on the curve  C  where the tangent is horizontal. These points are 
labelled  P  and  Q .

3

3

−3

−3 0

P

C

Q

y = x

y

x

(a)	 Show that 
d
d

e
e

y
x

x
y

x y

x y�
�
�

�

�

2
2

.� [5]

(b)	 (i)	� Show that the  x-coordinates of points  P  and  Q  satisfy the 
equation  2x2 + (ln (2x))2 - 2x ln (2x) - 2x = 0 .

(ii)	 Hence, find the coordinates of  P  and the coordinates of  Q .� [9]

(c)	 Using the line of symmetry, write down the coordinates of the points on the curve  C  
where the tangent is vertical.� [1]

(d)	 Find the coordinates of the point on the curve  C  where the tangent has a gradient of  -1 .� [4]
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12.	 [Maximum mark: 20] 

Consider the non-zero vectors  u  and  v . Let  q  be the angle between  u  and  v .

(a)	 Using the definitions of  u  v  and  u × v  in terms of  | u | ,  | v |  and  q , show that 
(u  v)2 + | u × v |2 = | u |2 | v |2 .� [2]

A triangle  ABC  has vertices  A (0 , 1 , 2) ,  B ( p , q , 3)  and  C (3 , 2 , 1) ,  p , q ∈  .

The vectors  u  and  v  are defined as u �
�

AB  and v �
�

AC .

It is given that  u  v = 3  and the area of triangle  ABC  is 6 .

(b)	 (i)	 Find the value of  | u × v | .

(ii)	 Hence, or otherwise, find the value of  | u | .

(iii)	 Hence, or otherwise, find the possible values of  p  and the corresponding  
values of  q .� [13] 

Consider a new point  D , the vector  w  is defined as w �
�

CD .

It is given that  u  w =  v  w = 0  and the area of triangle  ACD  is  5  square units.

(c)	 Assuming that  p = 1 , find the possible vectors for  w .� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The functions  f  and  g  are both defined for  -1 ≤ x ≤ 0  by

  f (x) = 1 - x2

g (x) = e2x .

The graphs of  f  and  g  intersect at  x = a  and  x = b , where  a < b .

(a)	 Find the value of  a  and the value of  b .� [3]

(b)	 Find the area of the region enclosed by the graphs of  f  and  g .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The functions  f  and  g  are both defined for  -1 ≤ x ≤ 0  by

  f (x) = 1 - x2

g (x) = e2x .

The graphs of  f  and  g  intersect at  x = a  and  x = b , where  a < b .

(a)	 Find the value of  a  and the value of  b .� [3]

(b)	 Find the area of the region enclosed by the graphs of  f  and  g .� [3]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The functions  f  and  g  are both defined for  -1 ≤ x ≤ 0  by

  f (x) = 1 - x2

g (x) = e2x .

The graphs of  f  and  g  intersect at  x = a  and  x = b , where  a < b .

(a)	 Find the value of  a  and the value of  b .� [3]

(b)	 Find the area of the region enclosed by the graphs of  f  and  g .� [3]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Turn over

4.	 [Maximum mark: 6]

A particle moves in a straight line such that its velocity,  v m s-1, at time  t  seconds is given 
by  v (t ) = 1 + e-t - e-sin2t  for  0 ≤ t ≤ 2 .

(a)	 Find the velocity of the particle at  t = 2 .� [1]

(b)	 Find the maximum velocity of the particle.� [2]

(c)	 Find the acceleration of the particle at the instant it changes direction.� [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

16EP05



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q6 | 6 marks

Apollo | Original source crop | 131

– 2 – 2224 – 7107

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The functions  f  and  g  are both defined for  -1 ≤ x ≤ 0  by

  f (x) = 1 - x2

g (x) = e2x .

The graphs of  f  and  g  intersect at  x = a  and  x = b , where  a < b .

(a)	 Find the value of  a  and the value of  b .� [3]

(b)	 Find the area of the region enclosed by the graphs of  f  and  g .� [3]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

16EP02

– 7 – 2224 – 7107

Turn over

6.	 [Maximum mark: 6]

The volume of a spherical bubble increases at a constant rate of  5 cm3 s-1 .

The initial volume of the bubble can be assumed to be zero.

Find the rate, in  cm s-1 , at which the radius of the bubble is increasing when the volume of 
the bubble is  20 cm3 .
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The functions  f  and  g  are both defined for  -1 ≤ x ≤ 0  by

  f (x) = 1 - x2

g (x) = e2x .

The graphs of  f  and  g  intersect at  x = a  and  x = b , where  a < b .

(a)	 Find the value of  a  and the value of  b .� [3]

(b)	 Find the area of the region enclosed by the graphs of  f  and  g .� [3]

���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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7.	 [Maximum mark: 5]

The curve  y = 4 ln (x - 2)  for  0 ≤ y ≤ 4  is rotated  360 °  about the  y-axis to form a solid 
of revolution.

Find the volume of the solid formed.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The functions  f  and  g  are both defined for  -1 ≤ x ≤ 0  by

  f (x) = 1 - x2

g (x) = e2x .

The graphs of  f  and  g  intersect at  x = a  and  x = b , where  a < b .

(a)	 Find the value of  a  and the value of  b .� [3]

(b)	 Find the area of the region enclosed by the graphs of  f  and  g .� [3]
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9.	 [Maximum mark: 8]

Consider the curve y x
ax bx c

�
�
� �
4

2 , where  a , b  and  c  are non-zero constants.

The curve has a local minimum point at (2 , 1) and a vertical asymptote with equation  x = 1 .

Find the values of  a , b  and  c .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

A shop sells chocolates. The weight, in kilograms, of chocolates bought by a random 
customer can be modelled by a continuous random variable  X  with probability density 
function  f  defined by

f x
x x x� � � � �� � � ��

�
�

��

6
85
4 3 0 5 3

0

2 , .

, otherwise
.

(a)	 Find the mode of  X .� [2]

(b)	 Find  P (1 ≤ X ≤ 2) .� [2]

(c)	 Find the median of  X .� [3]

The shop sells chocolates to customers at  $25  per kilogram.

However, if the weight of chocolate bought by a customer is at least  0.75  kilograms, the shop 
sells chocolate at a discounted rate of  $24  per kilogram.

(d)	 Find the probability that a randomly selected customer spends at most  $48 .� [3]

(e)	 Find the expected amount spent per customer. Give your answer correct to the nearest 
cent.� [5]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

A shop sells chocolates. The weight, in kilograms, of chocolates bought by a random 
customer can be modelled by a continuous random variable  X  with probability density 
function  f  defined by

f x
x x x� � � � �� � � ��

�
�

��

6
85
4 3 0 5 3

0

2 , .

, otherwise
.

(a)	 Find the mode of  X .� [2]

(b)	 Find  P (1 ≤ X ≤ 2) .� [2]

(c)	 Find the median of  X .� [3]

The shop sells chocolates to customers at  $25  per kilogram.

However, if the weight of chocolate bought by a customer is at least  0.75  kilograms, the shop 
sells chocolate at a discounted rate of  $24  per kilogram.

(d)	 Find the probability that a randomly selected customer spends at most  $48 .� [3]

(e)	 Find the expected amount spent per customer. Give your answer correct to the nearest 
cent.� [5]
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12.	 [Maximum mark: 21]

Consider the differential equation 
d
d

cosecy
x
y x x� �2 tan , where 0

2
� �x �

 and y � �
4

 at x � �
4

.

(a)	 Use Euler’s method with step length 
π
12

 to find an approximate value of  y  when x � 5�
12

. 

Give your answer correct to three significant figures.� [3]

(b)	 Show that 
d
d

cosec
x

x x1
2

2ln cot� ��
�
�

�
�
� � � .� [4]

(c)	 Show that cot x  is an integrating factor for this differential equation.� [4]

(d)	 Hence, by solving the differential equation, show that y x x= tan .� [5]

(e)	 Consider the curve y x x= tan  for 0
2

� �x �
 and the Euler’s method approximation 

calculated in part (a).

(i)	 Find the  y-coordinate at x � 5�
12

. Give your answer correct to three significant figures.

(ii)	 By considering the gradient of the curve, suggest a reason why Euler’s method 

does not give a good approximation for the  y-coordinate at x � 5�
12

.

(iii)	 State why this approximation is less than the  y-coordinate at x � 5�
12

.� [3]

(f)	 By considering 
d
d

cosecy
x
y x x� �2 tan , deduce that the curve y x x= tan  has a

positive gradient for 0
2

� �x �
.� [2]

�
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2.	 [Maximum mark: 28]

This question investigates a ratio of lengths found from the line passing through the 
points of inflexion of a quartic curve of the form  y = x4 - mx3 + nx .

The curve  y = x4 - 3x3 + 3x has points of inflexion at  B  and  C . The line passing through  B  
and  C  intersects the curve again at points  A  and  D . This is shown in the following graph. 

A
B

C
D

y

x

(a)	 Find 
d
d

2

2

y
x

.� [3]

(b)	 Find the coordinates of  B  and  C .� [4]

(c)	 Show that the equation of the line through  B  and  C  is  y = -0.375x .� [2]

(d)	 Find, correct to three decimal places, the  x-coordinate of  D .� [2]

Now consider the general curve  y = x4 - mx3 + nx , where  m ,  n ∈   and  m > 0 . 

(e)	 Find the  x-coordinates of the two points of inflexion in terms of  m .� [3]

Let these points of inflexion be  B  and  C . The line passing through  B  and  C  intersects 
the curve again at points  A  and  D . Let  xA  be the x-coordinate of point  A , and similarly 
for  xB ,  xC  and  xD . It is given that  xA < xB < xC < xD .

(f)	 (i)	� Write down the coordinates of  B .� [1]

(ii)	 Find, in terms of  m  and  n , the coordinates of  C .� [2]

(This question continues on the following page)
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(Question 2 continued)

(g)	 Show that the equation of the line through  B  and  C  is y m n x� � �
�
�
�

�
�
�

3

8
.� [2]

(h)	 Show that x m m
A � �

4 4
5 .� [7]

(i)	 Hence, find the exact value of 
x x
x x
B A

C B

-
-

.� [2]

�
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 24]

If two functions  f (x)  and  g (x)  are differentiable, then their product is differentiable 
and the two functions satisfy the product rule:  ( f (x) g (x))′ = f (x) g ′(x) + g (x) f ′(x).

In this question, you will meet examples of pairs of differentiable functions, f (x)  
and  g (x) , that also satisfy  ( f (x) g (x))′ = f ′(x) g ′(x).

In part (a), consider f x
x

( )
( )

�
�
1

2 2 , where  x ∈  ,  x ≠ 2 , and  g (x) = x2 , where  x ∈  .

(a)	 (i)	� Find an expression for  f ′(x) .� [2]

(ii)	 Show that � � �
�

f x g x x
x

( ) ( )
( )
4
2 3 .� [2]

(iii)	 Show that f x g x g x f x x
x

( ) ( ) ( ) ( )
( )

� � � �
�
4
2 3 .� [4]

In parts (b) and (c), consider two non-constant functions,  f (x)  and  g (x) , where  f (x) > 0 
and  g (x) ≠ g ′(x) .

(b)	 By rearranging the equation  f (x) g ′(x) + g (x) f ′(x) = f ′(x) g ′(x) , show that 
�

�
�

� �
f x
f x

g x
g x g x

( )
( )

( )
( ) ( )

.� [2]

(This question continues on the following page)
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(Question 1 continued)

(c)	 Hence, by integrating both sides of 
�

�
�

� �
f x
f x

g x
g x g x

( )
( )

( )
( ) ( )

, show that 

f x A
g x

g x g x
x

� � �
�

�� �
�� �� � �

�

�
��

�

�
��

e
d

, where  A  is an arbitrary positive constant.� [2]

The result from part (c) can be used to find pairs of functions,  f (x)  and  g (x) , which satisfy 
both of the following:

 ( f (x) g (x))′ = f (x) g ′(x) + g (x) f ′(x)  and  ( f (x) g (x))′ = f ′(x) g ′(x).

In parts (d) and (e), use the result in part (c) with  A = 1 . 

(d)	 Consider  g (x) = xex .  
 
Find  f (x)  such that  f (x)  and  g (x)  satisfy the above two equations.� [5]

(e)	 Consider  g (x) = sin x + cos x .  
 
Find  f (x)  such that  f (x)  and  g (x)  satisfy the above two equations over the 
domain  0 < x < p. 

Give your answer in the form f x h xx( ) ( )= e , where  h (x)  is a function to be determined.� [7]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Points  A  and  B  lie on a circle with centre  O  and radius  r cm , where  AÔB = 1.5  radians.

This is shown on the following diagram.

diagram not to scale

B

AO

1.5

The area of sector  OAB  is  48 cm2.

(a)	 Find the value of  r .� [3]

(b)	 Hence, find the perimeter of sector  OAB . � [2]

(This question continues on the following page)
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7.	 [Maximum mark: 7]

Consider the function f x x� � � ��
�
�

�
�
�sec �
4

, for 0
2

� �x �
. 

(a)	 Determine the range of  f .� [3]

The region bounded by the graph of  y = f (x) , the  x-axis and the lines  x = 0  and x � �
2

 
is rotated  2p radians about the  x-axis. 

(b)	 Find the volume of revolution generated.� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 17] 

Consider a cylinder of radius  4r  and height  h . A smaller cylinder of radius  r  is removed from 
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

h

r 3r

The total surface area of the hollow cylinder, in  cm2 , is given by  S . 

The volume of the hollow cylinder, in  cm3 , is given by  V .

(a)	 Show that  S = 30pr2 + 10prh .� [3]

(b)	 The total surface area of the hollow cylinder is  240p cm2 .

Show that  V = 360pr - 45pr3 .� [6]

(c)	 Find an expression for 
d
d
V
r

.� [2]

The hollow cylinder has its maximum volume when r p=
2
3

, where  p ∈ + .

(d)	 Find the value of  p .� [3]

(e)	 Hence, find this maximum volume, giving your answer in the form qp 2
3

, where  q ∈ + .� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 17] 

Consider a cylinder of radius  4r  and height  h . A smaller cylinder of radius  r  is removed from 
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

h

r 3r

The total surface area of the hollow cylinder, in  cm2 , is given by  S . 

The volume of the hollow cylinder, in  cm3 , is given by  V .

(a)	 Show that  S = 30pr2 + 10prh .� [3]

(b)	 The total surface area of the hollow cylinder is  240p cm2 .

Show that  V = 360pr - 45pr3 .� [6]

(c)	 Find an expression for 
d
d
V
r

.� [2]

The hollow cylinder has its maximum volume when r p=
2
3

, where  p ∈ + .

(d)	 Find the value of  p .� [3]

(e)	 Hence, find this maximum volume, giving your answer in the form qp 2
3

, where  q ∈ + .� [3]
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11.	 [Maximum mark: 17] 

A curve is given by the equation y
x

x�
�
�

e
e

2

2

1
1

,  x ∈  .

(a)	 By applying l’Hôpital’s rule or otherwise, show that lim
x

x

x��

�
�

�

�
�

�

�
� �

e
e

2

2

1
1

1 . � [2]

(b)	 (i)	 Show that 
d
d

e

e

y
x

x

x
�

�� �
4

1

2

2 2 .

(ii)	 Hence, show that 1 2� �y y
x
d
d

.� [6]

(c)	 (i)	 By using implicit differentiation and the result in part (b)(ii), show that 
d
d

2

2
32 2y

x
y y� � .

(ii)	 Hence, find an expression for 
d
d

3

3

y
x

 in terms of  y .� [5]

(d)	 By using your results from parts (b) and (c), find the Maclaurin series for 
e
e

2

2

1
1

x

x
�
�

 up to 
and including the term in  x3 .� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 17] 

Consider a cylinder of radius  4r  and height  h . A smaller cylinder of radius  r  is removed from 
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

h

r 3r

The total surface area of the hollow cylinder, in  cm2 , is given by  S . 

The volume of the hollow cylinder, in  cm3 , is given by  V .

(a)	 Show that  S = 30pr2 + 10prh .� [3]

(b)	 The total surface area of the hollow cylinder is  240p cm2 .

Show that  V = 360pr - 45pr3 .� [6]

(c)	 Find an expression for 
d
d
V
r

.� [2]

The hollow cylinder has its maximum volume when r p=
2
3

, where  p ∈ + .

(d)	 Find the value of  p .� [3]

(e)	 Hence, find this maximum volume, giving your answer in the form qp 2
3

, where  q ∈ + .� [3]
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11.	 [Maximum mark: 17] 

A curve is given by the equation y
x

x�
�
�

e
e

2

2

1
1

,  x ∈  .

(a)	 By applying l’Hôpital’s rule or otherwise, show that lim
x

x

x��

�
�

�

�
�

�

�
� �

e
e

2

2

1
1

1 . � [2]

(b)	 (i)	 Show that 
d
d

e

e

y
x

x

x
�

�� �
4

1

2

2 2 .

(ii)	 Hence, show that 1 2� �y y
x
d
d

.� [6]

(c)	 (i)	 By using implicit differentiation and the result in part (b)(ii), show that 
d
d

2

2
32 2y

x
y y� � .

(ii)	 Hence, find an expression for 
d
d

3

3

y
x

 in terms of  y .� [5]

(d)	 By using your results from parts (b) and (c), find the Maclaurin series for 
e
e

2

2

1
1

x

x
�
�

 up to 
and including the term in  x3 .� [4]
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12.	 [Maximum mark: 20] 

Consider the equation  z4 = 16i , where  z ∈  .

The equation has four roots  z1 , z2 , z3 , z4 , where  zi = r (cos qi + i sin qi ) ,  r > 0  
and  0 ≤ q1 < q2 < q3 < q4 < 2p .

(a)	 Find  z1 , z2 , z3  and  z4 .� [6]

The roots  z1 , z2 , z3  and  z4  form a geometric sequence.

(b)	 Find the common ratio of the sequence, expressing your answer in Cartesian form.� [3]

The roots  z1 , z2 , z3  and  z4  are represented by the points  A ,  B ,  C  and  D  respectively on an 
Argand diagram. 

(c)	 Plot the points  A ,  B ,  C  and  D  on an Argand diagram.� [3]

The equation  v4 = a + bi , where  v ∈   and  a , b ∈   has roots z1
* , z2

* , z3
*  and  z4

* .

(d)	 Determine the value of  a  and the value of  b .  � [3]

The midpoint of  [AB]  is  A′ , the midpoint of  [BC]  is  B′ , the midpoint of  [CD]  is  C′  and the 
midpoint of  [DA]  is  D′ .

Consider the equation  w p = 2q , where  w ∈   and  p , q ∈ + . 

Four of the roots of  w p = 2q  are represented by the points  A′ ,  B′ ,  C′  and  D′ . 

(e)	 Find the least possible value of  p  and the corresponding value of  q .� [5]

�
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 15]

The following table shows the population of Canada  t  years after the year 2000. 

t  (years after 2000) 0 5 10 15 20

p  (population in 
millions) 30.7 32.2 34.0 35.7 37.9

A student uses linear regression to model the population of Canada using these data.   
The student model is  p = at + b .

(a)	 (i)	 Write down the value of a and the value of  b .

(ii)	 Interpret, in context, the value of  a .� [3]

The student uses this model to predict the population of Canada in the year 2030, 
where  t = 30 , and calculates a population of approximately  41.3  million people.

(b)	 Comment on the reliability of the student’s prediction. � [1]

A data scientist, Benoit, uses additional information to develop an exponential model for 
Canada’s future population.

In this model,  B (t ) = 33.5(1.005)t  represents the millions of people in Canada  t  years after 
the year 2000, where  25 ≤ t ≤ 100 .

(c)	 (i)	 Use Benoit’s model to predict the population of Canada in the year 2100.

(ii)	 Interpret, in context, the value  1.005  in Benoit’s model.� [3]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 15]

The following table shows the population of Canada  t  years after the year 2000. 

t  (years after 2000) 0 5 10 15 20

p  (population in 
millions) 30.7 32.2 34.0 35.7 37.9

A student uses linear regression to model the population of Canada using these data.   
The student model is  p = at + b .

(a)	 (i)	 Write down the value of a and the value of  b .

(ii)	 Interpret, in context, the value of  a .� [3]

The student uses this model to predict the population of Canada in the year 2030, 
where  t = 30 , and calculates a population of approximately  41.3  million people.

(b)	 Comment on the reliability of the student’s prediction. � [1]

A data scientist, Benoit, uses additional information to develop an exponential model for 
Canada’s future population.

In this model,  B (t ) = 33.5(1.005)t  represents the millions of people in Canada  t  years after 
the year 2000, where  25 ≤ t ≤ 100 .

(c)	 (i)	 Use Benoit’s model to predict the population of Canada in the year 2100.

(ii)	 Interpret, in context, the value  1.005  in Benoit’s model.� [3]

(This question continues on the following page)
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(Question 10 continued)

Another data scientist, Cecilia, develops a third model for the Canadian population. 

In this model, C t t( ) .�
� �

62
1 0 02e

 represents the millions of people in Canada  t  years after 

the year 2000, where  25 ≤ t ≤ 100 .

(d)	 Use Cecilia’s model to predict the population of Canada in the year 2100.� [1]

(e)	 Determine the year in which the difference between the predictions from Benoit’s model 
and Cecilia’s model is greatest. � [3]

(f)	 Find the value of

(i)	 B ′(75) ;

(ii)	 C ′(75) .� [2]

(g)	 Compare and interpret, in context, the values of  B ′(75)  and  C ′(75) .� [2]
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11.	 [Maximum mark: 18]

A line  L  is defined by  L :  � � � � �
x y z
2
1 4

3
.

(a)	 Find the equation of  L , expressing your answer in the form  r = a + lb , where  l ∈  .� [3]

(b)	 Determine the minimum distance from the origin  O  to the line  L .� [5]

A plane  P  is defined by  P :   6x - 3y + 5z = 24 .

(c)	 Verify that  P  contains  L .� [3]

A second line  M  is parallel to  P .

The line  M  passes through the point  (4, 1, 2)  and intersects the  z-axis.

(d)	 Find the equation of  M , expressing your answer in the form  s = c + md , where  m ∈  .� [7]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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3.	 [Maximum mark: 4]

Find the area completely enclosed by the curves  y = ex ,  y = -ex , and the lines  x = -1  and  x = 1 .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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9.	 [Maximum mark: 8] 

Consider the homogeneous differential equation 
d
d
y
x

x y
x y

�
�
�

, where  x > 0  and  y ≠ -x .

It is given that  y = 0  when  x = 2 .

By using the substitution  y = vx , show that the solution of the differential equation 
is  x2 − 2xy − y2 = 4 .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 18]

The function  f  is defined by  f (x) = 5(x + 1) (x + 3) , where  x ∈  .

(a)	 Write  f (x)  in the form  a (x − h)2 + k , where  a , h , k ∈  .� [4]

(b)	 Sketch the graph of  y = f (x) , showing the values of any intercepts with the axes and 
the coordinates of the vertex.� [4]

(c)	 Solve the inequality  f (x) ≤ 40 .� [4]

The function  g  is defined by  g (x) = ln x , where  x ∈  ,  x > 0 .

(d)	 (i)	 Write down an expression for  ( f  g) (x)  .

(ii)	 Solve the inequality  ( f  g) (x) ≤ 40 .� [3]

(e)	 Find the domain of  g  f .� [3]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 18]

The function  f  is defined by  f (x) = 5(x + 1) (x + 3) , where  x ∈  .

(a)	 Write  f (x)  in the form  a (x − h)2 + k , where  a , h , k ∈  .� [4]

(b)	 Sketch the graph of  y = f (x) , showing the values of any intercepts with the axes and 
the coordinates of the vertex.� [4]

(c)	 Solve the inequality  f (x) ≤ 40 .� [4]

The function  g  is defined by  g (x) = ln x , where  x ∈  ,  x > 0 .

(d)	 (i)	 Write down an expression for  ( f  g) (x)  .

(ii)	 Solve the inequality  ( f  g) (x) ≤ 40 .� [3]

(e)	 Find the domain of  g  f .� [3]
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Do not write solutions on this page.

12.	 [Maximum mark: 19]

Consider the family of functions  fn (x) = cosn x , where  x ∈   and  n ∈  .

(a)	 By writing  cosn x  as  cosn-1 x cos x , show that 

∫ cosn x dx = cosn−1 x sin x + (n − 1) ∫ cosn−2 x dx − (n − 1) ∫ cosn x dx  for  n > 1 .� [4]

(b)	 Hence, show that f x x
n

x x n
n

f x xn
n

n( ) cos sin ( )d d� �� �
��

�
1 11

2  for  n > 1 .� [2]

(c)	 Hence, find an expression for  ∫ cos4 x dx , giving your answer in 

the form  p cos3x sin x + q cos x sin x + rx + c  where  p , q , r ∈ + .� [4]

The region  R  is enclosed by the graph of  y = cos2 x  and the  x-axis where � � �
� �
2 2

x , as 
shown in the following diagram.

π
22

11

0

y

x

R y = cos2 x 

The region  R  is rotated by  2p  radians around the  x-axis to form a solid of revolution.

(d)	 Find the volume of the solid.� [4]

(e)	 (i)	 Find the Maclaurin series of  fn (x)  up to the term in  x2 .

(ii)	 Hence or otherwise, find lim ( )
x

nf x
x�

�
0 2

1
 in terms of  n .� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The function  f  is defined by f x x
x

� � � �
�

3 2
2 1

 for  x ∈  , x � � 1
2

.

The following diagram shows part of the graph of  y = f (x) .

y

x

(a)	 Write down the value of  f (0) .� [1]

(b)	 Write down the equation of the horizontal asymptote.� [1]

The function  g  is defined by  g (x) = - f (x)  for  x ≥ 0 .

(c)	 Find the range of  g .� [3]

(This question continues on the following page)

16EP02
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6.	 [Maximum mark: 7]

Consider the function f x x x x� � � � �2 24ln , where  x ∈  ,  x > 0 .

(a)	 Show that the distance,  l , between the origin and any point on the graph of  f  is given 
by l x x� �2 4ln .� [1]

(b)	 Hence, find the  x-coordinate of the point on the graph of  f  which is closest to the origin.� [6]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Let  log10 2 = p  and  log10 3 = q .

(a)	 Find an expression for  log10 24  in terms of  p  and  q .� [3]

(b)	 Find an expression for  log3 8  in terms of  p  and  q .� [2]
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7.	 [Maximum mark: 6]

The curve  x2 + y4 = r4 , where  0 ≤ x ≤ r2 , is shown in the following diagram.

x

y

r 20

The region enclosed by the curve and the  y-axis is rotated through  2p  radians about 
the  y-axis to form a solid of revolution.

Find an expression for the volume of the solid in the form  V = apr 
b , where  a , b ∈ + .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Let  log10 2 = p  and  log10 3 = q .

(a)	 Find an expression for  log10 24  in terms of  p  and  q .� [3]

(b)	 Find an expression for  log3 8  in terms of  p  and  q .� [2]
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9.	 [Maximum mark: 6]

Determine the value of lim sin
cosx

x x
x� �

�
�
�

�
�
�0 1

.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16]

Consider the sequence  {un} , with  nth  term given by  un . The first three terms are

 u1 = k − 5 ,  u2 = 3 − 2k  and  u3 = 5k + 3 , where  k ∈  .

(a)	 Consider the case when  {un}  is arithmetic.

(i)	 Find the value of  k .

(ii)	 Hence, or otherwise, find  u3 .� [5]

(b)	 Consider the case where  k = 12 .

(i)	 Show that the first three terms of  {un}  form a geometric sequence.

(ii)	 Given that  {un}  is geometric, state a reason why the sum of an infinite number of 
terms of this sequence does not exist.� [4]

(c)	 The sequence,  {un} , is geometric for a second value of  k .

(i)	 Show that  k2 − 10k − 24 = 0 .

(ii)	 Find the first three terms of  {un}  for this second value of  k .

(iii)	 Hence, write down the value of  S2m , the sum of the first  2m  terms, for this second 
value of  k .� [7]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 6]

The points  A  and  B  lie on a circle, with centre  O  and radius  19.5 cm , such that BOA
� �= 210 .

A piece of paper is cut into the shape of the sector  BOA .

A hollow cone with no base is constructed from the sector by joining the points  A  and  B . 
The sector forms the curved surface of the cone.

This is shown in the following diagrams.

A

O

O
B

A, B

210˚

19.5 cm 

19.5 cm 19.5 cm 

Find

(a)	 the area of the sector  BOA ;� [3]

(b)	 the radius of the cone.� [3]

(This question continues on the following page)
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3.	 [Maximum mark: 6]

A population,  P , has a rate of change modelled by 
d
d

eP
t

t� � �104000 0 0145. , where  t  is the time 
measured in years since the start of  2022 .

At the start of  2022 , the population was  6.78 × 106 .

Based on this model, find the predicted population at the start of  2026 .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 6]

The points  A  and  B  lie on a circle, with centre  O  and radius  19.5 cm , such that BOA
� �= 210 .

A piece of paper is cut into the shape of the sector  BOA .

A hollow cone with no base is constructed from the sector by joining the points  A  and  B . 
The sector forms the curved surface of the cone.

This is shown in the following diagrams.

A

O

O
B

A, B

210˚

19.5 cm 

19.5 cm 19.5 cm 

Find

(a)	 the area of the sector  BOA ;� [3]

(b)	 the radius of the cone.� [3]

(This question continues on the following page)
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5.	 [Maximum mark: 6] 

Consider the function h x x
 ( ) cos� �

�
�

�
�
� �15

50
15�

, where  0 ≤ x ≤ 50 .

The tangent,  Tk , to the curve  y = h (x)  at the point  (k , h (k))  is shown on the following diagram.

y = h (x)

(k, h (k))30

0 50

Tk

y

x

(a)	 Find the gradient of  Tk  in terms of  k .� [3]

Consider the case where the angle between  Tk  and the  x-axis is 
p
8

 radians.

(b)	 Find the possible values of  k .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 6]

The points  A  and  B  lie on a circle, with centre  O  and radius  19.5 cm , such that BOA
� �= 210 .

A piece of paper is cut into the shape of the sector  BOA .

A hollow cone with no base is constructed from the sector by joining the points  A  and  B . 
The sector forms the curved surface of the cone.

This is shown in the following diagrams.

A

O

O
B

A, B

210˚

19.5 cm 

19.5 cm 19.5 cm 

Find

(a)	 the area of the sector  BOA ;� [3]

(b)	 the radius of the cone.� [3]

(This question continues on the following page)
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9.	 [Maximum mark: 6]

Consider the differential equation 
d
d
y
x

x
x y

�
�

2
2 .

The solution curve passes through the point  (1 , 0) .

(a)	 Use Euler’s method with a step value of  0.25  to estimate the value of  y  when  x = 2 .� [3]

Part of the solution curve is shown in the following diagram.

y

x
0 1

(b)	 (i)	� Determine whether your answer to part (a) is an overestimate or an 
underestimate, justifying your answer.

(ii)	 Justify why the use of Euler’s method starting at  (1 , 0)  does not lead to an 
estimate of the negative value of  y  when  x = 2 .� [3]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16] 

Rectangular playing cards are stacked in the shape of a pyramid with  n  rows, where  n ≥ 1 .

Some cards are placed horizontally and some cards are stacked at an angle of  60°  to 
the horizontal.

The following diagrams represent pyramid stacks for  n = 1 ,  n = 2  and  n = 3 .

n = 1 n = 2 n = 3

Let  tn  represent the number of cards used to create a pyramid stack with  n  rows.

(a)	 Write down  t3 .� [1]

(b)	 Find  t4 .� [2]

(c)	 Show that t n n
n �

�( )3 1
2

 .� [3]

There are  52  cards in a full pack of playing cards.

(d)	 A complete pyramid stack is created using playing cards taken from  14  full packs. 
Find the maximum number of rows in this stack.� [3]

(e)	 A complete pyramid stack is created using playing cards taken from full packs with no 
cards left over. Find the minimum number of rows in this stack.� [2]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 4]

The following table shows the number of hours of play time,  x , and sleep time,  y , for a group 
of six children, over the period of one week.

Play time ( x ) 11 13 14 17 22 24

Sleep time ( y ) 62 65 68 75 84 87

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Use the equation of the regression line to estimate the sleep time of a child whose 
weekly play time is  20  hours.� [2]
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3.	 [Maximum mark: 6]

The derivative of a function  f  is given by  f ′(x) = 4 + 2x - 3ex , where  x ∈  .

(a)	 Find the values of  x  for which  f  is decreasing.� [3]

(b)	 Find the values of  x  for which the graph of  f  is concave-up.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 4]

The following table shows the number of hours of play time,  x , and sleep time,  y , for a group 
of six children, over the period of one week.

Play time ( x ) 11 13 14 17 22 24

Sleep time ( y ) 62 65 68 75 84 87

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Use the equation of the regression line to estimate the sleep time of a child whose 
weekly play time is  20  hours.� [2]
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5.	 [Maximum mark: 7] 

A particle  P  moves in a straight line. The velocity  v m s-1 of  P , at time  t  seconds is given 
by  v (t ) = e-sin t cos (2t ) , for  0 ≤ t ≤ 5  .

(a)	 Find the maximum speed of  P .� [2]

(b)	 Find the total distance travelled by  P . � [2]

(c)	 Find the acceleration when  P  changes direction for the second time.� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

At Adam’s Apple Orchard the weights of apples,  W , in grams, are normally distributed with a 
mean  175  grams and standard deviation  8  grams. 

(a)	 Find the probability that a randomly chosen apple weighs less than  170  grams.� [2]

(b)	 It is found that  20 %  of the apples weigh more than  w  grams. Find  w , correct to four 
significant figures.� [2]

All orchards classify an apple as premium when its weight is between  170  and  185  grams.

(c)	 Find the percentage of apples that are classified as premium at Adam’s Apple Orchard. � [2]

After orders are completed, there are many apples left over. Boxes are filled with randomly 
chosen left-over apples. Each box contains  40  apples.

(d)	 Find the probability that a randomly chosen box contains at least  30  premium apples.� [3]

(e)	 If  10  of these boxes are randomly selected, find the probability that exactly  4  boxes 
have at least  30  premium apples.� [2]

At a neighbouring orchard the weights of apples,  M , in grams, are normally distributed with 
mean  m  and standard deviation  s . It is known that: 

•	 82 %  of their apples are classified as premium 

•	 the percentage of apples that weigh less than  170  grams is twice the percentage of 
apples that weigh more than  185  grams. 

(f)	 Find the value of  m .� [6]
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11.	 [Maximum mark: 14]

A mathematics class of  15  students plays a game which requires three equal size teams. 

(a)	 Find the total number of ways that the three teams can be chosen.� [3]

The game involves the spinning of a top. 

The time,  T , in minutes that the spinning top is in motion can be modelled by the probability 
density function  f  where 

f t
kt tt

� � � ��
�
�

�e 3 0
0
,

, otherwise

and  k ∈ + .

(b)	 Show that f t t k a
a

a� � � � �� ��� ��� �

0

3

9
1 3 1d e , where  a ∈ + .� [4]

(c)	 (i)	 Use l’Hôpital’s rule to find lim
x

xx
��

��� �3 1 3e .

(ii)	 Hence, by considering lim
a

a

f t t
��

� ��0 d , find the value of  k .� [5]

(d)	 Find the median length of time that a spinning top is in motion.� [2]

16EP12



Mathematics: analysis and approaches HL | Paper 2 | May 2025 TZ2 | Q11 | 14 marks

Apollo | Original source crop | 167

– 13 – 2225 – 7112

Do not write solutions on this page.

12.	 [Maximum mark: 22]

The curve  C  has equation  4x2 + y2 - 24x + 4y + 20 = 0 . 

The following diagram shows  C  with a maximum point at  A .

y

x

A

(a)	 Use implicit differentiation to show that 
d
d
y
x

x
y

�
�� �
�

4 3
2

.� [4]

(b)	 Hence, determine the domain of  C . Give your answer in the form 3 3� � � �a x a , 
where  a ∈ + . � [4]

(c)	 Find  (xA , yA) , the coordinates of  A .� [3]

A line  y = mx  is a tangent to  C , where  m ∈  . 

(d)	 Find the possible values of  m . � [4]

The line  y = -4x  touches  C  at point  B .

(e)	 Find  yB , the  y-coordinate of  B .� [3]

The region bounded by the curve  C , the  y-axis and the lines  y = yA  and  y = yB ,  is 
rotated  360°  about the  y-axis to form a solid of revolution.

(f)	 Find the volume of the solid formed.� [4]

�
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

At Adam’s Apple Orchard the weights of apples,  W , in grams, are normally distributed with a 
mean  175  grams and standard deviation  8  grams. 

(a)	 Find the probability that a randomly chosen apple weighs less than  170  grams.� [2]

(b)	 It is found that  20 %  of the apples weigh more than  w  grams. Find  w , correct to four 
significant figures.� [2]

All orchards classify an apple as premium when its weight is between  170  and  185  grams.

(c)	 Find the percentage of apples that are classified as premium at Adam’s Apple Orchard. � [2]

After orders are completed, there are many apples left over. Boxes are filled with randomly 
chosen left-over apples. Each box contains  40  apples.

(d)	 Find the probability that a randomly chosen box contains at least  30  premium apples.� [3]

(e)	 If  10  of these boxes are randomly selected, find the probability that exactly  4  boxes 
have at least  30  premium apples.� [2]

At a neighbouring orchard the weights of apples,  M , in grams, are normally distributed with 
mean  m  and standard deviation  s . It is known that: 

•	 82 %  of their apples are classified as premium 

•	 the percentage of apples that weigh less than  170  grams is twice the percentage of 
apples that weigh more than  185  grams. 

(f)	 Find the value of  m .� [6]
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12.	 [Maximum mark: 22]

The curve  C  has equation  4x2 + y2 - 24x + 4y + 20 = 0 . 

The following diagram shows  C  with a maximum point at  A .

y

x

A

(a)	 Use implicit differentiation to show that 
d
d
y
x

x
y

�
�� �
�

4 3
2

.� [4]

(b)	 Hence, determine the domain of  C . Give your answer in the form 3 3� � � �a x a , 
where  a ∈ + . � [4]

(c)	 Find  (xA , yA) , the coordinates of  A .� [3]

A line  y = mx  is a tangent to  C , where  m ∈  . 

(d)	 Find the possible values of  m . � [4]

The line  y = -4x  touches  C  at point  B .

(e)	 Find  yB , the  y-coordinate of  B .� [3]

The region bounded by the curve  C , the  y-axis and the lines  y = yA  and  y = yB ,  is 
rotated  360°  about the  y-axis to form a solid of revolution.

(f)	 Find the volume of the solid formed.� [4]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a triangle  ABC , with  AB = 7 ,  AC = 12  and  BÂC = 116°.

diagram not to scale

7

B

A

116˚

12

C

(a)	 Find  BC .� [3]

(b)	 Find  AĈB .� [3]
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5.	 [Maximum mark: 7]

Consider the function f x x a
x

( ) ( )
( )

�
�
�

2
5

3

2 , where  x ≠ -5  and  a ∈ + . 

(a)	 Find an expression for  f ′(x) , in terms of  a .� [3]

When  x = 1 , the tangent to the graph of  f  makes an angle of  70°  to the horizontal.

(b)	 Find the two possible values of  a .� [4] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a triangle  ABC , with  AB = 7 ,  AC = 12  and  BÂC = 116°.

diagram not to scale

7

B

A

116˚

12

C

(a)	 Find  BC .� [3]

(b)	 Find  AĈB .� [3]
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9.	 [Maximum mark: 9]

An airplane,  P , is flying over horizontal ground at a constant height of  6 km  and travelling at 
a constant speed. It is approaching a runway,  [AB] , which is  2 km  in length. 

Let  G  be the point on the ground directly below the airplane. When  GA = x km , the pilot’s 
viewing angle of the runway,  AP̂B , is  q .

This is shown in the following diagram.

diagram not to scale

P

A B

6

G

x 2

θ

(a)	 Show that � � ��
�
�

�
�
� �

�
�
�

�
�
�arctan arctanx x2

6 6
.� [2]

When the viewing angle is  0.178  radians, the rate at which the viewing angle is changing 
is  12.5  radians per hour.

(b)	 Find the speed of the airplane.� [7]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 14]

Two athletes, Fiona and Lucy, compete in a  200  metres race along a straight track. 

Fiona’s velocity, in  m s-1 , during the race can be modelled by v t t
t

( ) .
.

�
�

8 14
0 22

, where  t ≥ 0 . 
Time,  t , is measured in seconds from when the race starts.

(a)	 (i)	 Write down the value of  v (1) .

(ii)	 Find the time when Fiona’s velocity is  5 m s-1 .� [3]

(b)	 Find the time when Fiona’s acceleration is  4 m s-2 .� [2]

(c)	 (i)	 Write down the limit of  v (t )  as  t  approaches infinity.

(ii)	 State a reason why the value in part (c)(i) is not valid in the context of this question.� [3]

Lucy’s velocity, in  m s-1 , during the race can be modelled by w t t
t

( )
.

�
�

8
0 32

, where  t ≥ 0 .

Fiona completes the race and crosses the finishing line in front of Lucy.

(d)	 Find the distance Lucy is from the finishing line when Fiona completes the  200  metres. � [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 14]

Two athletes, Fiona and Lucy, compete in a  200  metres race along a straight track. 

Fiona’s velocity, in  m s-1 , during the race can be modelled by v t t
t

( ) .
.

�
�

8 14
0 22

, where  t ≥ 0 . 
Time,  t , is measured in seconds from when the race starts.

(a)	 (i)	 Write down the value of  v (1) .

(ii)	 Find the time when Fiona’s velocity is  5 m s-1 .� [3]

(b)	 Find the time when Fiona’s acceleration is  4 m s-2 .� [2]

(c)	 (i)	 Write down the limit of  v (t )  as  t  approaches infinity.

(ii)	 State a reason why the value in part (c)(i) is not valid in the context of this question.� [3]

Lucy’s velocity, in  m s-1 , during the race can be modelled by w t t
t

( )
.

�
�

8
0 32

, where  t ≥ 0 .

Fiona completes the race and crosses the finishing line in front of Lucy.

(d)	 Find the distance Lucy is from the finishing line when Fiona completes the  200  metres. � [6]

16EP11

– 11 – 2225 – 7117

Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 14]

Two athletes, Fiona and Lucy, compete in a  200  metres race along a straight track. 

Fiona’s velocity, in  m s-1 , during the race can be modelled by v t t
t

( ) .
.

�
�

8 14
0 22

, where  t ≥ 0 . 
Time,  t , is measured in seconds from when the race starts.

(a)	 (i)	 Write down the value of  v (1) .

(ii)	 Find the time when Fiona’s velocity is  5 m s-1 .� [3]

(b)	 Find the time when Fiona’s acceleration is  4 m s-2 .� [2]

(c)	 (i)	 Write down the limit of  v (t )  as  t  approaches infinity.

(ii)	 State a reason why the value in part (c)(i) is not valid in the context of this question.� [3]

Lucy’s velocity, in  m s-1 , during the race can be modelled by w t t
t

( )
.

�
�

8
0 32

, where  t ≥ 0 .

Fiona completes the race and crosses the finishing line in front of Lucy.

(d)	 Find the distance Lucy is from the finishing line when Fiona completes the  200  metres. � [6]
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11.	 [Maximum mark: 18]

Amanda enters data from surveys into a database. It can be assumed that the accuracy of 
any survey entered is independent of all other surveys entered. 

From previous records, it is known that Amanda enters  8 %  of the surveys inaccurately.

(a)	 On a particular day Amanda enters data from  50  surveys.

(i)	 Find the probability that Amanda entered at most six surveys inaccurately.	

(ii)	 Given that at most six surveys were entered inaccurately, find the probability that 
exactly four surveys were entered inaccurately.� [5]

On a different day Amanda enters data from  n  surveys. On this day, the probability that at 
most six surveys were entered inaccurately is approximately  0.367 .

(b)	 Find the value of  n .� [3]

Bryce and Carmen also enter data from surveys into the same database. It is known that 
surveys entered by Bryce and Carmen are inaccurate  6 %  and  11 %  of the time respectively. 
It can again be assumed that the accuracy of any survey entered is independent of all other 
surveys entered.

From the surveys assigned to the three of them, Amanda enters  55 % , Bryce  25 %  and 
Carmen  20 % .

(c)	 Find the probability that a randomly selected survey was

(i)	 entered inaccurately;

(ii)	 entered by Amanda, given that the survey was entered inaccurately.� [6]

The following year, the accuracy of Amanda’s and Bryce’s work remained the same, as did 
the percentage of surveys entered by each of the three employees. However, Carmen’s 
accuracy had improved and the probability that she entered a survey inaccurately was now  x % . 

The probability that a randomly selected survey had been entered inaccurately was now the 
same as the probability that Carmen made an error when entering a survey.

(d)	 Find the value of  x .� [4]

16EP12



Mathematics: analysis and approaches HL | Paper 2 | May 2025 TZ3 | Q12 | 21 marks

Apollo | Original source crop | 177

– 11 – 2225 – 7117

Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 14]

Two athletes, Fiona and Lucy, compete in a  200  metres race along a straight track. 

Fiona’s velocity, in  m s-1 , during the race can be modelled by v t t
t

( ) .
.

�
�

8 14
0 22

, where  t ≥ 0 . 
Time,  t , is measured in seconds from when the race starts.

(a)	 (i)	 Write down the value of  v (1) .

(ii)	 Find the time when Fiona’s velocity is  5 m s-1 .� [3]

(b)	 Find the time when Fiona’s acceleration is  4 m s-2 .� [2]

(c)	 (i)	 Write down the limit of  v (t )  as  t  approaches infinity.

(ii)	 State a reason why the value in part (c)(i) is not valid in the context of this question.� [3]

Lucy’s velocity, in  m s-1 , during the race can be modelled by w t t
t

( )
.

�
�

8
0 32

, where  t ≥ 0 .

Fiona completes the race and crosses the finishing line in front of Lucy.

(d)	 Find the distance Lucy is from the finishing line when Fiona completes the  200  metres. � [6]
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12.	 [Maximum mark: 21]

(a)	 Find  ∫ (x2 − 5) ex dx .� [6]

Consider the differential equation 
d
d
y
x

x y� � �2 5 .

(b)	 By solving the differential equation, show that its solution can be expressed in the 
form  y = x2 − 2x − 3 + Ce−x  , where  C  is a constant.� [4]

(c)	 Sketch the curve of the particular solution which passes through the point  (-3 , 2) , 
for  −4 ≤ x ≤ 4 , clearly labelling the coordinates of any local maximum and minimum 
points.� [5]

Consider the family of curves that are solutions of the differential equation. 

The tangent at  x = -3  is drawn for each of these curves. 

(d)	 By considering the curve which passes through the point  (-3 , p)  and the curve which 
passes through the point  (-3 , q) , where  p , q ∈  ,  p ≠ q , show that all these tangents 
intersect at a common point, and state its coordinates.� [6]

�
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2.	 [Maximum mark: 32]

Informally, the curvature of a curve can be thought of as the amount by which the 
curve deviates from being a straight line. In this question, you will investigate the 
curvature of a variety of functions.

Consider any function  f  that can be differentiated twice.

The curvature,  k , of any function  f  is defined by k x
f x

f x
� � �

��� �

� �� �� �� �1
2
3
2

.

Consider the family of linear functions  g (x) = mx + c , where  x ∈   and  m , c ∈  .

(a)	 Show that  k (x) = 0  for this family of linear functions.� [2]

Consider the family of quadratic functions  h (x) = ax2 + bx + c  for  x ∈  , where  a ∈  , a ≠ 0  
and  b , c ∈  . 

For this family of quadratic functions, it is given that

k x
a

ax b
� � �

� �� �� �
2

1 2 2
3
2

 and 

�� � � � �� �

� �� �� �
k x

a a ax b

ax b

12 2

1 2 2
5
2

.

The maximum value of  k (x)  is denoted by  kmax .

(b)	 (i)	� By solving  k′ (x) = 0 , find the value of  x  where  kmax  occurs. 

You are not required to justify that this value of  x  leads to a maximum.� [1]

(ii)	 Determine an expression for  kmax , in terms of  a  only.� [2]

(iii)	 State the value of lim
x
k x

��
� �  and explain briefly the significance of this result.� [2]

(iv)	 Consider the quadratic functions

p (x) = −2x2 + 2x − 10  where  x ∈   and

q (x) = 2x2 + 5x + 25  where  x ∈  .

State which one of the following statements is true and justify your answer.

A.	 kmax  of  p > kmax  of  q 

B.	 kmax  of  p < kmax  of  q 

C.	 kmax  of  p = kmax  of  q � [2]

(This question continues on the following page)
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(Question 2 continued)

Consider the function  v (x) = ln x , where  x ∈  , x > 0 .

For  v , it is given that

k x x

x
� � �

�� �1 2
3
2

 and

�� � � �

�� �
k x x

x

1 2

1

2

2
5
2

.

(c)	 (i)	� Determine the exact value of  x  where  kmax  occurs.

You are not required to justify that this value of  x  leads to a maximum.� [2]

(ii)	 Show that kmax =
2 3
9

.� [4]

Consider the function  w (x) = ex , where  x ∈  .

For  w , it is given that

k x
x

x
� � �

�� �
e

e1 2
3
2

 and

�� � �
�� �
�� �

k x
x x

x

e e

e

1 2

1

2

2
5
2

.

(d)	 (i)	 Show that kmax =
2 3
9

.� [5]

(ii)	 Suggest a reason why  v  and  w  have the same  kmax .� [1]

Consider a family of curves y r x� �2 2 , where  −r < x < r ,  y > 0  and  r  is a positive constant.

(e)	 (i)	 Show that 
d
d

2

2

2

3

y
x

r
y

� � .� [6]

(ii)	 Hence, show that the curvature,  k , is constant for this family of curves.� [5]

�
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 28]

The following question explores features of a family of curves. The family is then 
linked to a homogeneous differential equation. 

Consider the curve given by y
x x
x

�
�� �
�

2

2

16
16

.

(a)	 (i)	 Sketch the curve of  y  for  -10 ≤ x ≤ 10 .� [1]

(ii)	 State the coordinates of the points where the curve crosses the  x-axis.� [1]

(iii)	 State the coordinates of the local maximum point and the coordinates of the local 
minimum point.� [2]

(b)	 State whether the function f x
x x
x

( ) �
�� �
�

2

2

16
16

 is odd, even or neither. Justify your answer.� [2]

Now consider the general curve given by y
x x A
x A

�
�� �
�

2

2 , where  A  is a positive constant 
and  x ∈  . 

(c)	 Given f x
x x A
x A

� � �
�� �
�

2

2 , prove that �� �f A  is independent of  A .� [4]

(d)	 (i) 	 Show that x
Ax

x A
x x A
x A

�
�

�
�� �
�

2
2

2

2 .� [2]

(ii)	 Hence, determine the equation of the oblique asymptote to the curve. � [1]

(iii)	 Write down the coordinates of a point on the curve where the oblique asymptote 
is parallel to the tangent to the curve at that point. � [1]

(This question continues on the following page)
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(Question 1 continued)

Now consider the differential equation x y
x

x x y y2 2d
d

� �� � � , where  x ≠ 0 ,  y ≠ ± x . 

Using the substitution  y = vx , the differential equation can be written as x v
x

vd
d

� �1 2 .

(e)	 Using partial fractions, show that 
1

1
1
2

1
12�

�
�� �
�� v

v
A v

v
 d ln , where  A  is a positive 

constant.� [5] 

(f)	 Hence, show that a solution to the original differential equation may be expressed in 

the form x
A x y
x y

2 �
�� �
�

, where  A  is a positive constant.� [5]

Now consider only the case where 
A x y
x y
�� �
�

� 0 . 

(g)	 Show that a solution to the original differential equation is y
x x A
x A

�
�� �
�

2

2 . � [4]
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2.	 [Maximum mark: 28]

This question asks you to consider open-topped boxes formed by cutting square 
corners from an  a × b  sheet of cardboard and folding the sides. In particular, you are 
asked to investigate conditions for which the maximum volume of a box is an integer.

A rectangular sheet of cardboard measures  a cm  by  b cm  where  a < b .

A square of side length  x cm  is cut from each corner and the resulting sheet of cardboard is 
then folded to form an open-topped box with a rectangular base.

This is shown in the following diagrams.

a cm

b cm

x cm

x cm

a − 2x 
b − 2x

The volume,  V cm3 , of a box is given by  V = x (a − 2x) (b − 2x)  where 0
2

≤ ≤x a
.

(a)	 Write down the value of  V  when

(i)	 x = 0 ;� [1]

(ii)	 x a
=

2
.� [1]

(b)	 Show that  V = 4x3 − 2 (a + b) x2 + abx .� [2]

(c)	 Show that the only solutions of 
d
d
V
x
= 0  are x a b a ab b

�
� � � �( ) 2 2

6
.� [6]

(This question continues on the following page)
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(Question 2 continued)

In parts (d) and (e), the following three results are given.

x a b a ab b
�

� � � �( ) 2 2

6
 lies outside the interval 0

2
≤ ≤x a

.

x a b a ab b
�

� � � �( ) 2 2

6
 lies inside the interval 0

2
≤ ≤x a

.

a ab b2 2 0� � � .

Let x a b a ab b
m �

� � � �( ) 2 2

6
.

(d)	 Use 
d
d

2

2

V
x

 to show that there is a local maximum of  V  at  x = xm .� [5]

(e)	 Use your answers to parts (a) and (d) to explain why  xm  will give the maximum volume, 
Vm , of the box.� [1]

In parts (f) to (h), consider a method for generating sets of positive integer values for  xm  and 
hence  Vm .

Consider the case where  a = 2st − s2 ,  b = t2 − s2 , and  s , t ∈ + .

(f)	 Given that  a < b , show that  t > 2s .� [2]

It is given that a ab b s st t2 2 2 2� � � � � . You are not required to show this result.

(g)	 By substituting for each of  a , b  and a ab b2 2� �  in terms of  s  and  t , show that 

x s t s
m �

�( )
2

.� [3]

(h)	 (i)	� Given that  a , b ∈ + , use  Vm = xm (a − 2xm) (b − 2xm)  to explain why  s  being even 
implies that  Vm  is an integer.� [2]

(ii)	 State another condition on  s  and a corresponding condition on  t , that implies that 
both  xm  and  Vm  are integers.� [1]

(iii)	 Hence, or otherwise, find an integer value of  xm  and the corresponding integer 
value of  Vm .� [4]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The 1st and 5th terms of an arithmetic sequence are  36  and  12  respectively.

(a)	 Find the  13th  term of this arithmetic sequence.� [4]

The sum of the first  n  terms of this arithmetic sequence is zero. 

(b)	 Find the value of  n .� [2]
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3.	 [Maximum mark: 7] 

A line with equation  y = -3x + 9  intersects the axes at the points  P (0 , 9)  and  Q (3 , 0) . 

A parabola of the form  y = ax2 + c , where  a , c ∈  , also passes through the points  P  and  Q . 

This is shown in the following diagram.

P (0 , 9)

Q (3 , 0)
x

y

(a)	 (i)	 Write down the value of  c .

(ii)	 Find the value of  a . � [3]

The region enclosed by the line and the parabola is shaded in the following diagram.

P (0 , 9)

Q (3 , 0)
x

y

(b)	 Find the area of the shaded region.� [4]

(This question continues on the following page)
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(Question 3 continued)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The 1st and 5th terms of an arithmetic sequence are  36  and  12  respectively.

(a)	 Find the  13th  term of this arithmetic sequence.� [4]

The sum of the first  n  terms of this arithmetic sequence is zero. 

(b)	 Find the value of  n .� [2]
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5.	 [Maximum mark: 7]

The first four terms of the Maclaurin series expansion of  (1 - x)-4  are

1 + ax + bx2 + 20x3 ,  a , b ∈ +.

(a)	 (i)	 Show that  a = 4 .

(ii)	 Find the value of  b .� [5]

A car was purchased four years ago. The car depreciated in value by  10 %  each year. The 
value of the car today is  $ 1000 .

(b)	 Using the results of part (a), estimate the value of the car four years ago.� [2]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

16EP07



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q7 | 8 marks

Apollo | Original source crop | 190

– 2 – 8825 – 7106

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The 1st and 5th terms of an arithmetic sequence are  36  and  12  respectively.

(a)	 Find the  13th  term of this arithmetic sequence.� [4]

The sum of the first  n  terms of this arithmetic sequence is zero. 

(b)	 Find the value of  n .� [2]
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7.	 [Maximum mark: 8]

Consider the differential equation

d
d
y
x

y x= 2 2cos ,  y ≠ 0 

The solutions to this differential equation can be expressed in the form

y a
x x b

�
� �2 2sin

,

where  a  and  b  are constants such that  a ∈   and  b ∈  .

(a)	 By solving the differential equation, find the value of  a .� [6]

(b)	 Given that  y = 1  when x � �
2

, find the value of  b .�  [2]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

9.	 [Maximum mark: 14]

The function  f  has a derivative given by  f ′(x) = 3x2 + 12x - 15 .

The graph of  y = f (x)  has horizontal tangents at the points where  x = a  and  x = b ,  a < b .

(a)	 Find the value of  a  and the value of  b .�  [3]

The following diagram shows three intervals along the  x-axis defined by  a  and  b . The sign 
of the first derivative of  f  is shown in each interval.

x+ +−
a b

(b)	 State, with a reason, whether there is a local maximum point or a local minimum point 
on the graph of  y = f (x)  at  x = a .� [2]

The second derivative  f ″(x)  is zero at  x = c .

(c)	 Find the value of  c .� [3]

The following diagram shows two intervals along the  x-axis defined by  c . The sign of the 
second derivative is shown in each interval.

x
c

+−

(d)	 State, with a reason, whether there is a point of inflexion on the graph of  y = f (x)   
at  x = c .� [2]

(e)	 Given that  f (-2) = 36 , find  f (x) . � [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

9.	 [Maximum mark: 14]

The function  f  has a derivative given by  f ′(x) = 3x2 + 12x - 15 .

The graph of  y = f (x)  has horizontal tangents at the points where  x = a  and  x = b ,  a < b .

(a)	 Find the value of  a  and the value of  b .�  [3]

The following diagram shows three intervals along the  x-axis defined by  a  and  b . The sign 
of the first derivative of  f  is shown in each interval.

x+ +−
a b

(b)	 State, with a reason, whether there is a local maximum point or a local minimum point 
on the graph of  y = f (x)  at  x = a .� [2]

The second derivative  f ″(x)  is zero at  x = c .

(c)	 Find the value of  c .� [3]

The following diagram shows two intervals along the  x-axis defined by  c . The sign of the 
second derivative is shown in each interval.

x
c

+−

(d)	 State, with a reason, whether there is a point of inflexion on the graph of  y = f (x)   
at  x = c .� [2]

(e)	 Given that  f (-2) = 36 , find  f (x) . � [4]
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10.	 [Maximum mark: 18]

Consider the expression 
1

1 2+ x
, where  | x | < 1 .

(a)	 (i)	� Show that the first four terms in the binomial expansion of 
1

1 2+ x
  

are  1 - x2 + x4 - x6 .� [3]

(ii)	 Hence, find an approximation for 
1

1 2�� x
x d  up to and including the term in  x7 .� [2]

Now consider the expression 
1

1 2− x
, where  | x | < 1 .

(b)	 (i)	 Expand 
1

1 2− x
 up to and including the term in  x4 .

(ii)	 Hence, find a polynomial expression for 
1

1 2�� x
x d  up to and including the 

term in  x5 . � [5]

The expression 
25
48 1280

+
k

, where  k ∈ + , can be used to approximate arcsin 1
2

.

(c)	 Use the result from part (b)(ii) to find the value of  k .� [4]

(d)	 Hence, find an approximation for  π  in the form 
p

640
 where  p ∈ + .� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

9.	 [Maximum mark: 14]

The function  f  has a derivative given by  f ′(x) = 3x2 + 12x - 15 .

The graph of  y = f (x)  has horizontal tangents at the points where  x = a  and  x = b ,  a < b .

(a)	 Find the value of  a  and the value of  b .�  [3]

The following diagram shows three intervals along the  x-axis defined by  a  and  b . The sign 
of the first derivative of  f  is shown in each interval.

x+ +−
a b

(b)	 State, with a reason, whether there is a local maximum point or a local minimum point 
on the graph of  y = f (x)  at  x = a .� [2]

The second derivative  f ″(x)  is zero at  x = c .

(c)	 Find the value of  c .� [3]

The following diagram shows two intervals along the  x-axis defined by  c . The sign of the 
second derivative is shown in each interval.

x
c

+−

(d)	 State, with a reason, whether there is a point of inflexion on the graph of  y = f (x)   
at  x = c .� [2]

(e)	 Given that  f (-2) = 36 , find  f (x) . � [4]
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10.	 [Maximum mark: 18]

Consider the expression 
1

1 2+ x
, where  | x | < 1 .

(a)	 (i)	� Show that the first four terms in the binomial expansion of 
1

1 2+ x
  

are  1 - x2 + x4 - x6 .� [3]

(ii)	 Hence, find an approximation for 
1

1 2�� x
x d  up to and including the term in  x7 .� [2]

Now consider the expression 
1

1 2− x
, where  | x | < 1 .

(b)	 (i)	 Expand 
1

1 2− x
 up to and including the term in  x4 .

(ii)	 Hence, find a polynomial expression for 
1

1 2�� x
x d  up to and including the 

term in  x5 . � [5]

The expression 
25
48 1280

+
k

, where  k ∈ + , can be used to approximate arcsin 1
2

.

(c)	 Use the result from part (b)(ii) to find the value of  k .� [4]

(d)	 Hence, find an approximation for  π  in the form 
p

640
 where  p ∈ + .� [4]
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11.	 [Maximum mark: 22]

Consider the complex number w �
�
4

1 3
i
i

.

(a)	 Show that w � �3 i .� [2]

(b)	 Find 

(i)	  | w | ;
(ii)	  arg w .� [3]

(c)	 Use De Moivre’s theorem to find the two square roots of  w . Give your answers in the 
form  reiθ , where  r > 0  and  -π < θ ≤ π .�  [4]

The complex number  w  can be expressed in the form  (a + bi)2 , where  a , b ∈ +.  

(d)	 (i)	 Show that a2 3
2

1� � .

(ii)	 Find the value of  b2 .�  [8]

(e)	 Hence, express tan π
12

 in the form p q+ 3 , where  p , q ∈  .� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  7th  term of an arithmetic sequence is  6 .

The sum of the  6th  term and the  12th  term is  24 .

Find the first term and the common difference.

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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6.	 [Maximum mark: 7]

In this question you may assume the result  ∫ x cosec2 x dx = ln | sin x | − x cot x + c . 

Consider the differential equation x y
x

y x
x

d
d

cosec
� �3

2

 for  0 < x < p .

Given that y � 8
2�

 when x � �
2

, find the particular solution for this differential equation.

Express your answer in the form  y = f (x) .

���������������������������������������������������������������������������������������������������������������������������������������������������
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  7th  term of an arithmetic sequence is  6 .

The sum of the  6th  term and the  12th  term is  24 .

Find the first term and the common difference.

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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8.	 [Maximum mark: 9]

Astrid and Bronwyn are on vacation at Blackpool beach.

Astrid is standing on the beach at point  R  and sees Bronwyn standing on the promenade at 

point  Q .  PR = 400 m ,  PQ = 1000 m ,  PR̂X = q  where 0 5
2

� �tan� . 

Astrid walks in a straight line from  R  with speed  0.8 m s-1  until reaching point  X  on the 
promenade. She then jogs along the promenade with speed  1.2 m s-1 . 

This is shown in the following diagram.

X

θ

P Q

R

promenade

sandy beach

sea

1.2 m s−1

0.8 m s−1

1000 m

400 m

It is given that  RX = 400 secq  and  XQ = 1000 - 400 tanq . 

The time, in seconds, for Astrid to reach Bronwyn is given by  T . 

(a)	 Show that T � �
�500 2500 1000

3
sec tan� �

. � [2]

(b)	 Find 
d
d
T
q

.� [3]

Astrid chooses the angle  q  of her walk across the beach to point  X , in order to reach 
Bronwyn in the shortest time possible. You may assume that  T  has exactly one minimum value. 

(c)	 Show that in this case PX m =160 5 .� [4]

(This question continues on the following page)

16EP10



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q8 | 9 marks

Apollo | Original source crop | 197

– 11 – 8825 – 7116

Turn over

(Question 8 continued)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9.	 [Maximum mark: 15]

Consider the function defined by f x x kx� � � � �
1
2

132 , where  x ∈   and  k ∈ + .

(a)	 Given that the equation  f (x) = 0  has no real roots, show that the greatest possible 
value of  k  is  5 .� [2]

For the remainder of this question, consider the case  k = 5 .  

(b)	 (i)	 Write down the equation of the axis of symmetry of the graph of  f .

(ii)	 Hence, or otherwise, determine the coordinates of the minimum point on the 
graph of  f .� [3]

The following diagram shows the graph of  f  and a line  L  which is normal to the curve 
at  x = -3 . The shaded area shown is bounded by the curve, the line  L  and the  y-axis.

10

10

−10

20

0

y

x

L

(c)	 Show that the equation of  L  is given by y x� � �
1
2

1 .� [5]

(d)	 Hence, find the shaded area.� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9.	 [Maximum mark: 15]

Consider the function defined by f x x kx� � � � �
1
2

132 , where  x ∈   and  k ∈ + .

(a)	 Given that the equation  f (x) = 0  has no real roots, show that the greatest possible 
value of  k  is  5 .� [2]

For the remainder of this question, consider the case  k = 5 .  

(b)	 (i)	 Write down the equation of the axis of symmetry of the graph of  f .

(ii)	 Hence, or otherwise, determine the coordinates of the minimum point on the 
graph of  f .� [3]

The following diagram shows the graph of  f  and a line  L  which is normal to the curve 
at  x = -3 . The shaded area shown is bounded by the curve, the line  L  and the  y-axis.

10

10

−10

20

0

y

x

L

(c)	 Show that the equation of  L  is given by y x� � �
1
2

1 .� [5]

(d)	 Hence, find the shaded area.� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9.	 [Maximum mark: 15]

Consider the function defined by f x x kx� � � � �
1
2

132 , where  x ∈   and  k ∈ + .

(a)	 Given that the equation  f (x) = 0  has no real roots, show that the greatest possible 
value of  k  is  5 .� [2]

For the remainder of this question, consider the case  k = 5 .  

(b)	 (i)	 Write down the equation of the axis of symmetry of the graph of  f .

(ii)	 Hence, or otherwise, determine the coordinates of the minimum point on the 
graph of  f .� [3]

The following diagram shows the graph of  f  and a line  L  which is normal to the curve 
at  x = -3 . The shaded area shown is bounded by the curve, the line  L  and the  y-axis.
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−10

20

0

y

x

L

(c)	 Show that the equation of  L  is given by y x� � �
1
2

1 .� [5]

(d)	 Hence, find the shaded area.� [5]
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10.	  [Maximum mark: 19]

The point  P (-1 , 1 , -13)  lies on the line  L1 . The line  L1  has a direction vector 
7
1
2

�

�

�
�
�

�

�

�
�
�

.

(a)	 Write down a vector equation for  L1  in the form  r = a + lb . � [1]

(b)	 Find a vector equation for line  L2  in the form  s = c + md , given that  L2  passes through 
the points  A (2 , -4 , 2)  and  B (7 , -6 , 1) .� [2]

(c)	 Show that  L1  and  L2  are skew.� [5]

The point  N  lies on  L2 .

(d)	 Find PN AB
� �..  in terms of  m . � [4]

(e)	 Given that  N  is the point on  L2  that lies closest to  P ,  find the coordinates of  N .� [3]

(f)	 Point  O  denotes the origin (0 , 0 , 0). 
Find the equation of the plane containing points  O , P  and  N , giving your answer in the 
form  ax + by + g z = d , where  a , b , g , d ∈  . � [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a regular pentagon inscribed in a circle with centre  O  and 
radius  r cm . 

The angle  AÔB  is  θ , where  θ  is measured in radians. 

The arc  AB  is  12 cm .

diagram not to scale

A

B

r

O

θ

12

(a)	 Find 

(i)	 θ ;

(ii)	 r .� [3]

(b)	  Find the area of the shaded region.� [3]

(This question continues on the following page)
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8.	 [Maximum mark: 6]

The following diagram shows the graphs of two functions,  f  and  g , where

f x x( ) � �2 16  for  4 ≤ x ≤ 5 , and

g x x( ) � �2
25

2

 for  0 ≤ x ≤ 5 .

y

x

(5 , 3)

g (x)

f (x)

The graphs of  f  and  g  intersect at the point  (5 , 3) .

The region bounded by the graphs of  f , g  and both axes is rotated  360°  about the  y-axis to 
form a solid of revolution.

Find the volume of the solid formed.

(This question continues on the following page)
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(Question 8 continued)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a regular pentagon inscribed in a circle with centre  O  and 
radius  r cm . 

The angle  AÔB  is  θ , where  θ  is measured in radians. 

The arc  AB  is  12 cm .

diagram not to scale

A

B

r

O

θ

12

(a)	 Find 

(i)	 θ ;

(ii)	 r .� [3]

(b)	  Find the area of the shaded region.� [3]

(This question continues on the following page)
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9.	 [Maximum mark: 7]

Consider triangle  ABC  with  AB = 15 cm ,  BC = 20 cm ,  AC = x cm  and  AB̂C = θ  where 

0
2

� �� �
.

diagram not to scale

15

20

x

θ
A

B

C

Angle  θ  is decreasing at the constant rate of 
π
60

 radians per minute.

Determine how fast the length of  AC  is changing when the area of the triangle is  140 cm2 .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

An airplane lands on a runway  100  metres in front of a stationary car. At the instant the 
airplane lands, the car begins to travel in the same direction towards the airplane.

diagram not to scale

100 m

Let  t  represent the number of seconds after the airplane lands. For  t ≥ 0 , the velocities of 
the airplane and the car in  m s-1 , can be modelled by the following equations: 

vair = 60e-0.1t

vcar = 5t 

(a)	 When the airplane lands, write down the speed of 

(i)	 the airplane;

(ii)	 the car.� [2]

(b)	 Find

(i)	 the value of  t  when the airplane and the car have the same speed;

(ii)	 the speed at this time. � [3]

Let  d(t )  represent the distance, in metres, between the car and the back of the airplane 
after  t  seconds.

(c)	 If  d(0) = 100 , find  d(t ) . � [7] 

(d)	 Hence, find how long it takes for the car to reach the back of the airplane. � [2] 

(e)	 Find the distance travelled by the car when it reaches the back of the airplane.� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

An airplane lands on a runway  100  metres in front of a stationary car. At the instant the 
airplane lands, the car begins to travel in the same direction towards the airplane.

diagram not to scale

100 m

Let  t  represent the number of seconds after the airplane lands. For  t ≥ 0 , the velocities of 
the airplane and the car in  m s-1 , can be modelled by the following equations: 

vair = 60e-0.1t

vcar = 5t 

(a)	 When the airplane lands, write down the speed of 

(i)	 the airplane;

(ii)	 the car.� [2]

(b)	 Find

(i)	 the value of  t  when the airplane and the car have the same speed;

(ii)	 the speed at this time. � [3]

Let  d(t )  represent the distance, in metres, between the car and the back of the airplane 
after  t  seconds.

(c)	 If  d(0) = 100 , find  d(t ) . � [7] 

(d)	 Hence, find how long it takes for the car to reach the back of the airplane. � [2] 

(e)	 Find the distance travelled by the car when it reaches the back of the airplane.� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

An airplane lands on a runway  100  metres in front of a stationary car. At the instant the 
airplane lands, the car begins to travel in the same direction towards the airplane.

diagram not to scale

100 m

Let  t  represent the number of seconds after the airplane lands. For  t ≥ 0 , the velocities of 
the airplane and the car in  m s-1 , can be modelled by the following equations: 

vair = 60e-0.1t

vcar = 5t 

(a)	 When the airplane lands, write down the speed of 

(i)	 the airplane;

(ii)	 the car.� [2]

(b)	 Find

(i)	 the value of  t  when the airplane and the car have the same speed;

(ii)	 the speed at this time. � [3]

Let  d(t )  represent the distance, in metres, between the car and the back of the airplane 
after  t  seconds.

(c)	 If  d(0) = 100 , find  d(t ) . � [7] 

(d)	 Hence, find how long it takes for the car to reach the back of the airplane. � [2] 

(e)	 Find the distance travelled by the car when it reaches the back of the airplane.� [3]
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11.	 [Maximum mark: 18]

(a)	 Use integration by parts to find ∫ arccos x dx .� [4]

The probability density function of a random variable  X , is given by

f x
x x x k

� � � � � � ��
�
�

��

3 0

0

2arccos , ;

, otherwise
.

(b)	 (i)	 Show that k k k2 2 41 1
3
0arccos( ) � � � � .

(ii)	 Hence, find the value of  k . Give your answer correct to six significant figures.� [6]

(c)	 Find  

(i)	 E (X ) ;

(ii)	 Var (X ) .� [5]

(d)	 Given that  µ = E (X )  and  σ 2 = Var (X ) , find  P (μ - σ < X < μ + σ) .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

(a)	 Show that  3cos 2x + 11sin x = 3 + 11sin x − 6sin2 x .� [2]

(b)	 Hence, or otherwise, solve the equation  3cos 2x + 11sin x − 6 = 0  for  0° ≤ x ≤ 180°.� [3]
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5.	 [Maximum mark: 5]

Consider the function f x
x

( ) = e
3
4 , where  x ≥ 0 .

The region enclosed by the curve  y = f (x) , the line  y = 8  and the  y-axis is rotated by  
2p  radians about the  y-axis to form a solid. This is shown in the following diagrams.

y

x

8

6

4

2

20

Find the volume of the solid formed.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

A particle  P  moves in a straight line so that its displacement,  s cm , from a fixed point  O  at 

time  t  seconds is given by  s (t ) s t tt

( ) sin� �
�
�

�
�
�

��
�
�

�
�
�

2 2
3

1
5

  �
, where  t ≥ 0 .

The following diagram shows part of the graph of  y = s (t ) .

s (t )

t

(a)	 Find

(i)	 the maximum displacement of  P  from  O ;

(ii)	 the maximum velocity of  P .� [5]

(b)	 Find

(i)	 the minimum value of the displacement function  s (t ) ;

(ii)	 the displacement of  P  from  O  when  t = 3.5 .� [3]

(c)	 Hence, determine the total distance travelled by  P  in the first  3.5  seconds.� [3]

The first time that  P  returns and passes through  O  is when  t = T . 

(d)	 Write down the value of  T .� [1]

(This question continues on the following page)
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(ii)	 the maximum velocity of  P .� [5]
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(i)	 the minimum value of the displacement function  s (t ) ;

(ii)	 the displacement of  P  from  O  when  t = 3.5 .� [3]

(c)	 Hence, determine the total distance travelled by  P  in the first  3.5  seconds.� [3]
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(d)	 Write down the value of  T .� [1]

(This question continues on the following page)
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(Question 10 continued)

The particle passes through  O  every  T  seconds.

A sequence  u1 , u2 , u3 …  is formed where  u1 , u2 , u3 …  are the largest distances from  O  in 
each of the intervals  0 < t < T ,  T < t < 2T ,  2T < t < 3T …  respectively.

It is known that  u1 , u2 , u3 …  form a geometric sequence.

(e)	 (i)	 Determine the value of the common ratio  r  of this geometric sequence.

(ii)	 Calculate the total distance travelled by the particle if it were to continue to 
move in this way indefinitely.� [5]
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11.	 [Maximum mark: 17] 

The lengths, in metres, of jumps in a long jump competition can be modelled by a continuous 
random variable  X  with probability density function  f  defined by:

f x
x

a x b x x
x

( )
,

( ) ( ) ,
,

�
�

� � � � �
�

�

�
�

��

0 3
3 3 3 9

0 9

3 2

where  a , b ∈  ,  a , b ≠ 0 . 

(a)	 Show that  324a + 72b = 1 .� [4]

It is given that  f (9) = 0 .

(b)	 (i)	 Show that  6a + b = 0 .

(ii)	 Determine the value of  a  and the value of  b .� [4]

(c)	 Show that the median of  X  is less than the mode of  X .� [5]

Matt has the final jump in the competition. He needs to jump at least  8.52 m  to win the competition.

(d)	 Given that he jumps over  8 m , use the model to find the probability that he wins the 
competition. � [4]
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Section B
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10.	 [Maximum mark: 17]

A particle  P  moves in a straight line so that its displacement,  s cm , from a fixed point  O  at 

time  t  seconds is given by  s (t ) s t tt

( ) sin� �
�
�

�
�
�

��
�
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�
�
�

2 2
3

1
5

  �
, where  t ≥ 0 .

The following diagram shows part of the graph of  y = s (t ) .

s (t )

t

(a)	 Find

(i)	 the maximum displacement of  P  from  O ;

(ii)	 the maximum velocity of  P .� [5]

(b)	 Find

(i)	 the minimum value of the displacement function  s (t ) ;

(ii)	 the displacement of  P  from  O  when  t = 3.5 .� [3]

(c)	 Hence, determine the total distance travelled by  P  in the first  3.5  seconds.� [3]

The first time that  P  returns and passes through  O  is when  t = T . 

(d)	 Write down the value of  T .� [1]
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12.	 [Maximum mark: 22] 

Consider the following homogenous differential equation

x xy y
x

x xy y2 2 23�� � � � �
d
d

 where  x > 0  and y x
>

2
. 

It is given that y = 3
2

 when  x = 1 .

(a)	 (i)	 Find the value of 
d
d
y
x

 when  x = 1 .

(ii)	 Use Euler’s method with two equal steps to estimate the value of  y  when  x = 1.4 .

(iii)	 Hence, state the concavity of the solution curve for  1 ≤ x ≤ 1.4 . You may assume 
that the concavity does not change in this interval. Give a reason for your answer.� [6]

(b)	 (i)	 Show that

x xy y
x

x y x y
x

x y y
x

2
2

2

2

2 7�� � � � � �
�
�

�
�
� � �

d
d

d
d

d
d

( ) .

(ii)	 Find the value of 
d
d

2

2
y
x

 when  x = 1 .� [6]

(c)	 Determine constants  A , B ∈   such that 
1

1 4 1 2 1 22
�
�

�
�

�
�

v
v

A
v

B
v

.� [2]

(d)	 By solving the differential equation x xy y
x

x xy y2 2 23�� � � � �
d
d

 where  x > 0 , y x
>

2
 

and y = 3
2

 when  x = 1 , show that  x6(2y − x)3 = 2(x + 2y) .� [8]

�
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 26]

This question asks you to investigate lines normal to curves of the form y k
x

=
2

.

The curve  H  has equation y
x

=
1

 where  x ∈  , x ≠ 0 .

(a)	 A line  N  is normal to  H  at  x = t .

(i)	 Show that the gradient of  N  is  t 2 .� [2]

(ii)	 Hence, show that the equation of  N  is y t x
t
t� � �2 31

.� [1]

(b)	 The equation for  N  given in part (a)(ii) is of the form  y = mx + c .

(i)	 Show that either c
m

m� �� �1 1 2  or c
m
m� �� �1 12 .� [4]

(ii)	 Determine the set of values of  m  for which there exists at least one line normal 
to  H .� [1]

(c)	 Hence, or otherwise, determine the set of values of  m  for which there exists exactly

(i)	 one line normal to  H ;� [1]

(ii)	 two lines normal to  H .� [2]

(d)	 On the same set of axes, sketch

(i)	 the curve  H ;� [1]

(ii)	 for an appropriate value of  m , two lines that satisfy the result found in part (c)(ii). 
Clearly indicate the point at which each line is normal to  H .� [2]

You are not required to state the equations of these lines nor determine where 
they intersect  H  or the coordinate axes.

(This question continues on the following page)
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(Question 1 continued)

The curve  F  has equation y k
x

=
2

 where  x ∈  , x ≠ 0  and  k ∈  , k ≠ 0 .

The point A   kt k
t

,�
�
�

�
�
� , where  t ∈  , t ≠ ±1 , lies on  F .

The line normal to  F  at  A  intersects  F  again at point  B .

The line segment  [AB]  is shown in the following diagram.

diagram not to scale

O
B

y

x

A   kt k
t

,

(e)	 The equation of the line normal to  F  at  A  is given by y t x kt k
t

� � �2 3 .

(i)	 Show that the  x-coordinates of  A  and  B  satisfy the quadratic equation

x k t
t
x k
t

2
3

2

2

1 0� ��
�
�

�
�
� � � .� [3]

(ii)	 Hence, by considering either the sum or product of the roots of this quadratic 
equation, or otherwise, determine the coordinates of  B .� [3]

(This question continues on the following page)
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(Question 1 continued)

From  A , the line passing through the origin  O  intersects  F  again at point  C .

Points  A ,  B  and  C  form triangle  ABC  as shown in the following diagram.

diagram not to scale

O
B

y

x

A   kt k
t

,

C

(f)	 Prove that  BĈA  is a right angle.� [6]
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2.	 [Maximum mark: 29]

In this question researchers are trying to find the most accurate model to use when 
modelling a population of wolves. 

Historically, a population of wolves in an area had a stable size of  200 . After some years 
of disruption, the population was reduced to  40  wolves. At this point, the area became a 
protected space and the population began to grow again.

Researchers in the area wish to model the size of the wolf population,  x , as a function of  t , 
where  t  is the time, in years, since the area became protected.

(a)	 Initially, the researchers consider using the logistic model

x L
C kt�

� �1 e
, where  L , C , k ∈ + .

The researchers decide to let  L = 200 .

(i)	 State the assumption being made in assuming  L = 200 .� [1]

At  t = 0 , the population of wolves is  40 .

(ii)	 Find the value of  C .� [2]

At  t = 5 , the population of wolves is found to have increased to  70 .

(iii)	 Find the value of  k .� [2]

(iv)	 Use your model to predict the size of the wolf population in the area  10  years 
after it became protected. Give your answer correct to the nearest whole number.� [2]

(b)	 An alternative model for population growth is called the Gompertz model. When applied 
by the researchers to the wolf population, this model satisfies the differential equation

d
d
x
t
ax

x
a� �

�
�

�
�
� � �ln 200 ,  .

(i)	 Write down the value of 
d
d
x
t

 when  x = 200 .� [1]

(ii)	 Interpret your answer to part (b)(i) in context.� [1]

(This question continues on the following page)
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(Question 2 continued)

Consider the function  f ( x ) = ln (ln 200 − ln  x) , where  0 < x < 200 .

(iii)	 Show that � �
�
�
�
�

�
�
�

f x
x

x

( )
ln

1
200

.� [2]

(iv)	 Hence, use separation of variables to show that the general solution of 

d
d
x
t
ax

x
� �

�
�

�
�
�ln 200

, where  0 < x < 200 , 

can be written as 

ln  x = ln 200 − Ae− at ,

where  A  is an arbitrary positive constant.� [5]

(v)	 Use the size of the wolf population at  t = 0  to find the value of  A .  
Give your answer in the form  A = ln  p , where  p ∈ + .� [2] 

(vi)	 Use the size of the wolf population at  t = 5 , given in part (a), to show 
that  a = 0.0855 , correct to three significant figures.� [2]

(vii)	 Use the Gompertz model to predict the size of the wolf population at  t = 10 .  
Give your answer correct to the nearest whole number.� [3]

After  10  years, the wolf population is measured and is found to be  85 .

(c)	 Comment on the predictions made by the two models.� [1]

By tracking individual wolves, the researchers find that about  3 %  of the wolf population 
emigrate from the protected area each year.

They decide to adapt the Gompertz model to allow for this. The new model will satisfy the 
differential equation

d
d
x
t

x
x

x� �
�
�

�
�
� �0 0855 200 0 03. ln . .

(d)	 (i)	� Use Euler’s method, with a step size of  0.5  years and an initial value of  x0 = 70  
when  t = 5 , to find an estimate for the size of the wolf population when  t = 10 . 
Give your answer correct to the nearest whole number.� [4]

(ii)	 Comment on your answer.� [1]

�
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1.	 [Maximum mark: 26]

The following question explores features of composed trigonometric functions, such 
as  sin (sin x) ,  sin (sin (sin x)) . 

Suppose  Sn (x)  denotes the function  sin x  composed within itself  n - 1  times, defined for 
n ≥ 1 , n ∈ + , where  0 ≤ x ≤ 2p . 

For example,  S1 (x) = sin x  and  S2 (x) = sin (sin x)  where  0 ≤ x ≤ 2p .

(a)	 On the same axes, sketch and label the graphs of  y = S1 (x)  and  y = S2 (x) . On your 
sketch, show the values of the intercepts with the axes.� [4]

(b)	 Determine the maximum value of 

(i)	 S1 (x) ;� [1]

(ii)	 S2 (x) ;� [1]

(iii)	 S3 (x) .� [1]

(c)	 Find the least value of  n  for which the maximum value of  Sn (x)  is less than  0.6 . � [3]

Consider the graph of  y = S2 (x) .

(d)	 By considering the equation 
d
d
y
x
= 0 , show that there are exactly two points of zero 

gradient, one at x � �
2

 and one at x � 3
2
�

.� [6]

(This question continues on the following page)



Mathematics: analysis and approaches HL | Paper 3 | Nov 2025 TZ3 | Q1 | 26 marks

Apollo | Original source crop | 219

– 3 – 8825 – 7118

Turn over

(Question 1 continued)

The derivative � � � � � �� �S x
x
S xn n

d
d

 can be expressed as a product of cosine functions, as follows:

S ′n (x) = cos (Sn−1(x)) cos (Sn−2(x)) … cos (S1(x)) cos x .

(e)	 Hence, show that  S ′3(x) = cos (sin (sin x)) cos (sin x) cos x .� [1]

(f)	 Use mathematical induction to prove that for all  n ∈ + 

S ′n (x) = cos (Sn−1(x)) cos (Sn−2(x)) … cos (S1(x)) cos x.� [6]

(g)	 Use l’Hôpital’s rule to show that lim
x

nS x
x�

� �
�

0
1 , for  n ∈ + .� [3]
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2.	 [Maximum mark: 29]

The following question uses Maclaurin series to investigate approximations of 
mathematical constants and the accuracies of such approximations.

(a)	 Given  | x | < 1 , find the sum to infinity of the geometric series  1 − x2 + x4 − x6 + … . � [2]

(b)	 Hence, use integration to show that the Maclaurin series of  arctan x  may be expressed 

as arctan x x x x x
� � � � �

3 5 7

3 5 7
 . � [3]

(c)	 Using x = 1
3

 and the first three (non-zero) terms of the Maclaurin series of  arctan x , 

find an approximation for  p  to three decimal places.� [3]

The Maclaurin series of  arctan x  is an example of an alternating series, ie a series where 
consecutive terms are positive and negative. Consider the following theorem.

Theorem: �For alternating series with terms of decreasing 
magnitude, the error obtained in using a finite 
number of terms is less than or equal to the 
absolute value of the next term in the sequence. 

Using the theorem, the maximum error in using the first three (non-zero) terms as an 

approximation to  arctan x  is given by -
x7

7
. In other words, arctan x x x x x

� � �
�

�
�

�

�
� � �

3 5 7

3 5 7
.

(d)	 Determine how many (non-zero) terms of the series would need to be used, such that 

the error in approximating arctan 1
3

�
�
�

�
�
�  is less than  0.0001 .� [3]

(e)	 By using integration by parts, show that arctan lnx x
0

1
3

6 3
1
2

4
3� � � d �

.� [4]

(f)	 Determine the value of x x x x x� � �
�

�
�

�

�
��

3 5 7

3 5 70

1
3

 d , giving your answer to six decimal places.� [2]

(g)	 Use the results in parts (e) and (f) to find an approximation for  p . Give your answer to 
four decimal places.� [2]

(This question continues on the following page)
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(Question 2 continued)

x x x x x� � � �
�

�
�

�

�
��

3 5 7

3 5 70

1
3

...  d  may be considered as the sum of alternating terms. 

Hence, x x x x x x x x x� � � �
�

�
�

�

�
� � � �

�

�
�

�

�
� �� � �

3 5 7 3

3 5 7 30 0 0

1
3

1
3

1
3

...  d  d  d xx x x x
5 7

5 70 0

1
3

1
3�

�
�

�

�
� � �

�

�
�

�

�
� �� � d  d ... … .

arctan x x
0

1
3

∫  d  is approximated using the sum of the first four definite integrals.

(h)	 Verify that the theorem used in part (d) holds in this case.� [5]

Suppose that the maximum error in approximating arctan x x
0

1
3

∫  d  is required to be at most  1 × 10-6 .

(i)	 Determine the smallest number of (non-zero) terms of the Maclaurin series for  arctan x  
that should be used.� [5]

�


