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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.
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(a)	 Write down the value of

(i)	  f (2) ;

(ii)	 ( f  f )(2) .� [2]

(b)	 Let 
1( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.
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(a)	 Write down the value of

(i)	  f (2) ;

(ii)	 ( f  f )(2) .� [2]

(b)	 Let 
1( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g .� [3]
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Do not write solutions on this page. 

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 14]

Let  f (x) = mx2 - 2mx , where  x ∈   and  m ∈  . The line  y = mx - 9  meets the graph of  f  
at exactly one point.

(a)	 Show that  m = 4 .� [6]

The function  f  can be expressed in the form  f (x) = 4(x - p)(x - q) , where  p ,  q  ∈  .

(b)	 Find the value of  p  and the value of  q .� [2]

The function  f  can also be expressed in the form  f (x) = 4(x - h)2 + k , where  h ,  k ∈  .

(c)	 Find the value of  h  and the value of  k .� [3]

(d)	 Hence find the values of  x  where the graph of  f  is both negative and increasing.� [3]

8.	 [Maximum mark: 16]

Let 4

ln xy
x

=  for  x > 0.

(a)	 Show that 5

d 1 4ln
d
y x
x x

−
= .� [3]

Consider the function defined by 4

ln( ) xf x
x

=  for  x > 0  and its graph  y = f (x) . 

(b)	 The graph of  f  has a horizontal tangent at point  P. Find the coordinates of  P.� [5]

(c)	 Given that 6

20 ln 9( ) xf x
x

−′′ = , show that  P  is a local maximum point.� [3]

(d)	 Solve  f (x) > 0  for  x > 0.� [2]

(e)	 Sketch the graph of  f , showing clearly the value of the  x-intercept and the 
approximate position of point  P.� [3]
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Do not write solutions on this page. 

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 14]

Let  f (x) = mx2 - 2mx , where  x ∈   and  m ∈  . The line  y = mx - 9  meets the graph of  f  
at exactly one point.

(a)	 Show that  m = 4 .� [6]

The function  f  can be expressed in the form  f (x) = 4(x - p)(x - q) , where  p ,  q  ∈  .

(b)	 Find the value of  p  and the value of  q .� [2]

The function  f  can also be expressed in the form  f (x) = 4(x - h)2 + k , where  h ,  k ∈  .

(c)	 Find the value of  h  and the value of  k .� [3]

(d)	 Hence find the values of  x  where the graph of  f  is both negative and increasing.� [3]

8.	 [Maximum mark: 16]

Let 4

ln xy
x

=  for  x > 0.

(a)	 Show that 5

d 1 4ln
d
y x
x x

−
= .� [3]

Consider the function defined by 4

ln( ) xf x
x

=  for  x > 0  and its graph  y = f (x) . 

(b)	 The graph of  f  has a horizontal tangent at point  P. Find the coordinates of  P.� [5]

(c)	 Given that 6

20 ln 9( ) xf x
x

−′′ = , show that  P  is a local maximum point.� [3]

(d)	 Solve  f (x) > 0  for  x > 0.� [2]

(e)	 Sketch the graph of  f , showing clearly the value of the  x-intercept and the 
approximate position of point  P.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a)	 (i)	� Find the value of  a  and the value of  b .

(ii)	 Write down the value of Pearson’s product-moment correlation coefficient,  r .� [3]

(b)	 Interpret, in context, the value of  a  found in part (a)(i).� [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c)	 Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee.� [2]

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

12EP02

– 3 –

M21/5/MATHX/SP2/ENG/TZ2/XX

2221 – 7115

Turn over

2.	 [Maximum mark: 5] 

Let  f (x) = 3x - 40.15x2

  for 0 ≤ x ≤ 3 .

(a)	 Sketch the graph of  f  on the grid below.� [3] 
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(b)	 Find the value of  x  for which  f ′(x) = 0 .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a)	 (i)	� Find the value of  a  and the value of  b .

(ii)	 Write down the value of Pearson’s product-moment correlation coefficient,  r .� [3]

(b)	 Interpret, in context, the value of  a  found in part (a)(i).� [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c)	 Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee.� [2]
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5.	 [Maximum mark: 6]

The functions  f  and  g  are defined for  x ∈   by  f (x) = 6x2 - 12x + 1  and  g (x) = -x + c , 
where  c ∈  .

(a)	 Find the range of  f .� [2]

(b)	 Given that  (g  f ) (x) ≤ 0  for all  x ∈  , determine the set of possible values for  c .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a)	 (i)	� Find the value of  a  and the value of  b .

(ii)	 Write down the value of Pearson’s product-moment correlation coefficient,  r .� [3]

(b)	 Interpret, in context, the value of  a  found in part (a)(i).� [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c)	 Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee.� [2]
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6.	 [Maximum mark: 7]

All living plants contain an isotope of carbon called carbon-14. When a plant dies, the isotope 
decays so that the amount of carbon-14 present in the remains of the plant decreases. The 
time since the death of a plant can be determined by measuring the amount of carbon-14 still 
present in the remains.

The amount,  A , of carbon-14 present in a plant  t  years after its death can be modelled by 
A = A0e

-k t  where  t ≥ 0  and  A0 ,  k  are positive constants.

At the time of death, a plant is defined to have 100 units of carbon-14.

(a)	 Show that  A0 = 100 .� [1]

The time taken for half the original amount of carbon-14 to decay is known to be 5730 years.

(b)	 Show that 
ln 2

5730
=k .� [3]

(c)	 Find, correct to the nearest 10 years, the time taken after the plant’s death for 25 % of 
the carbon-14 to decay.� [3]
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Do not write solutions on this page. 

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 13]

The six blades of a windmill rotate around a centre point C. Points A and B and the base of 
the windmill are on level ground, as shown in the following diagram.

C
D

A B0.6

12 m

From point A the angle of elevation of point C is 0.6 radians. 

(a)	 Given that point A is 12 metres from the base of the windmill, find the height of point C 
above the ground.� [2]

An observer walks 7 metres from point A to point B.

(b)	 Find the angle of elevation of point C from point B.� [2]

The observer keeps walking until he is standing directly under point C. The observer has a 
height of 1.8 metres, and as the blades of the windmill rotate, the end of each blade passes 
2.5 metres over his head.

(c)	 Find the length of each blade of the windmill.� [2]

One of the blades is painted a different colour than the others. The end of this blade is 
labelled point D. The height  h , in metres, of point D above the ground can be modelled 

by the function  h t p t q� � � �
�
�

�
�
� �cos

3

10

�
, where  t  is in seconds and  p , q ∈  . When  t = 0 , 

point D is at its maximum height.

(d)	 Find the value of  p  and the value of  q .� [4]

If the observer stands directly under point C for one minute, point D will pass over his 
head  n times.

(e)	 Find the value of  n .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

Consider the function  f (x) = -2(x - 1)(x + 3), for  x ∈  . The following diagram shows part 
of the graph of  f .

y

x

(a)	 For the graph of  f 

(i)	 find the  x-coordinates of the  x-intercepts; 

(ii)	 find the coordinates of the vertex.� [5] 

The function  f  can be written in the form  f (x) = -2(x - h)2 + k .

(b)	 Write down the value of  h  and the value of  k .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

Consider the function  f (x) = -2(x - 1)(x + 3), for  x ∈  . The following diagram shows part 
of the graph of  f .

y

x

(a)	 For the graph of  f 

(i)	 find the  x-coordinates of the  x-intercepts; 

(ii)	 find the coordinates of the vertex.� [5] 

The function  f  can be written in the form  f (x) = -2(x - h)2 + k .

(b)	 Write down the value of  h  and the value of  k .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

Consider the function  f (x) = -2(x - 1)(x + 3), for  x ∈  . The following diagram shows part 
of the graph of  f .

y

x

(a)	 For the graph of  f 

(i)	 find the  x-coordinates of the  x-intercepts; 

(ii)	 find the coordinates of the vertex.� [5] 

The function  f  can be written in the form  f (x) = -2(x - h)2 + k .

(b)	 Write down the value of  h  and the value of  k .� [2]
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3.	 [Maximum mark: 5]

The function  f  is defined by f x x
x

( ) = +
−

2 4
3

, where  x ∈  ,  x ≠ 3 .

(a)	 Write down the equation of

(i)	 the vertical asymptote of the graph of  f ;

(ii)	 the horizontal asymptote of the graph of  f .� [2]

(b)	 Find the coordinates where the graph of  f  crosses

(i)	 the  x-axis;

(ii)	 the  y-axis.� [2]
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(Question 3 continued)

(c)	 Sketch the graph of  f  on the axes below.� [1]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

In Lucy’s music academy, eight students took their piano diploma examination and achieved
scores out of 150. For her records, Lucy decided to record the average number of hours per
week each student reported practising in the weeks prior to their examination. These results
are summarized in the table below.

Average weekly practice 
time (h) 28 13 45 33 17 29 39 36

Diploma score (D) 115 82 120 116 79 101 110 121

(a) Find Pearson’s product-moment correlation coefficient,  r ,  for these data. [2]

(b) The relationship between the variables can be modelled by the regression
equation  D = ah + b . Write down the value of  a  and the value of  b . [1]

(c) One of these eight students was disappointed with her result and wished she had
practised more. Based on the given data, determine how her score could have been
expected to alter had she practised an extra five hours per week. [2]
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2. [Maximum mark: 5]

Consider the function   f (x) = e-x2
 - 0.5 , for  -2 ≤ x ≤ 2 .

(a) Find the values of  x  for which  f (x) = 0 . [2]

(b) Sketch the graph of  f  on the following grid. [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The following diagram shows triangle ABC, with  AB = 6  and  AC = 8 .

diagram not to scale
B

CA
8

6

(a)	 Given that cos A =
5
6

, find the value of  sin cos A =
5
6

 .� [3]

(b)	 Find the area of triangle ABC .� [2]
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5.	 [Maximum mark: 5]

The functions  f  and  g  are defined such that f x
x

( ) =
+ 3
4

 and  g (x) = 8x + 5 .

(a)	 Show that  ( g   f )(x) = 2x + 11 .� [2]

(b)	 Given that  ( g   f )-1(a) = 4 , find the value of  a .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5] 

Consider the points  A (-2 , 20) ,  B (4 , 6)  and  C (-14 , 12) . The line  L  passes through the 
point  A  and is perpendicular to [BC] .

(a)	 Find the equation of  L .� [3]

The line  L  passes through the point  (k , 2) .

(b)	 Find the value of  k .� [2] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5] 

Consider the points  A (-2 , 20) ,  B (4 , 6)  and  C (-14 , 12) . The line  L  passes through the 
point  A  and is perpendicular to [BC] .

(a)	 Find the equation of  L .� [3]

The line  L  passes through the point  (k , 2) .

(b)	 Find the value of  k .� [2] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5] 

Consider the points  A (-2 , 20) ,  B (4 , 6)  and  C (-14 , 12) . The line  L  passes through the 
point  A  and is perpendicular to [BC] .

(a)	 Find the equation of  L .� [3]

The line  L  passes through the point  (k , 2) .

(b)	 Find the value of  k .� [2] 
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6.	 [Maximum mark: 7] 

Consider  f (x) = 4 sin x + 2.5  and 
3( ) 4sin 2.5
2

g x x qπ = - + + 
 

, where  x ∈   and  q > 0 .

The graph of  g  is obtained by two transformations of the graph of  f .

(a)	 Describe these two transformations.� [2]

The y-intercept of the graph of  g  is at  (0 , r) .

(b)	 Given that  g (x) ≥ 7 , find the smallest value of  r .� [5]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q6 | 7 marks

Apollo | Original source crop | 15

– 8 – 2222 – 7109

M22/5/MATHX/SP1/ENG/TZ1/XX

12EP08

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 14]

A function,  f , has its derivative given by  f ′(x) = 3x2 - 12x + p , where  p ∈  . The following 
diagram shows part of the graph of  f ′ .

y

x

f ′

The graph of  f ′  has an axis of symmetry  x = q . 

(a)	 Find the value of  q .� [2]

The vertex of the graph of  f ′  lies on the  x-axis.

(b)	 (i)	� Write down the value of the discriminant of  f ′ .

(ii)	 Hence or otherwise, find the value of  p .� [4]

(c)	 Find the value of the gradient of the graph of  f ′  at  x = 0 .� [3]

(d)	 Sketch the graph of  f ″ , the second derivative of  f . Indicate clearly the  x-intercept and 
the  y-intercept.� [2]

The graph of  f  has a point of inflexion at  x = a .

(e)	 (i)	� Write down the value of  a .

(ii)	 Find the values of  x  for which the graph of  f  is concave-down. Justify your answer.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The following table shows values of  f (x)  and  g (x)  for different values of  x .

Both  f  and  g  are one-to-one functions.

x -2 0 3 4

 f (x) 8 4 0 -3

g (x) -5 -2 4 0

(a)	 Find  g (0) .� [1]

(b)	 Find ( f   g)(0) .� [2]

(c)	 Find the value of  x  such that  f (x) = 0 .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The following table shows values of  f (x)  and  g (x)  for different values of  x .

Both  f  and  g  are one-to-one functions.

x -2 0 3 4

 f (x) 8 4 0 -3

g (x) -5 -2 4 0

(a)	 Find  g (0) .� [1]

(b)	 Find ( f   g)(0) .� [2]

(c)	 Find the value of  x  such that  f (x) = 0 .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The following table shows values of  f (x)  and  g (x)  for different values of  x .

Both  f  and  g  are one-to-one functions.

x -2 0 3 4

 f (x) 8 4 0 -3

g (x) -5 -2 4 0

(a)	 Find  g (0) .� [1]

(b)	 Find ( f   g)(0) .� [2]

(c)	 Find the value of  x  such that  f (x) = 0 .� [2]
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4.	 [Maximum mark: 6]

A function  f  is defined by f x x
x

( ) = −
+

2 1
1

, where  x ∈  ,  x ≠ -1 .

(a)	 The graph of  y = f (x)  has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i)	 the vertical asymptote;

(ii)	 the horizontal asymptote.� [2]

(b)	 On the set of axes below, sketch the graph of  y = f (x)  .

On your sketch, clearly indicate the asymptotes and the position of any points of 
intersection with the axes.� [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c)	 Hence, solve the inequality 
2 10 2

1
x

x
-

< <
+

.� [1]

(This question continues on the following page)
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(Question 4 continued)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 13]

All lengths in this question are in centimetres.

A solid metal ornament is in the shape of a right pyramid, with vertex  V  and square 
base  ABCD . The centre of the base is  X . Point  V  has coordinates  (1 , 5 , 0)  and point  A  
has coordinates  (-1 , 1 , 6) . 

diagram not to scale

A
B

C

D

V

X

(a)	 Find  AV .� [2]

(b)	 Given that ˆAVB 40=  , find  AB .� [3]

The volume of the pyramid is  57.2 cm3 , correct to three significant figures. 

(c)	 Find the height of the pyramid,  VX .� [3]

A second ornament is in the shape of a cuboid with a rectangular base of length  2x cm , 
width  x cm  and height  y cm . The cuboid has the same volume as the pyramid.

(d)	 The cuboid has a minimum surface area of  S cm2 . Find the value of  S .� [5]

12EP09

– 10 – 2222 – 7110

M22/5/MATHX/SP2/ENG/TZ1/XX

Do not write solutions on this page.

8.	 [Maximum mark: 16]

The function  f  is defined by 
4 1( )

4
xf x

x
+

=
+

, where  x ∈  ,  x ≠ -4 . 

(a)	 For the graph of  f 

(i)	 write down the equation of the vertical asymptote;

(ii)	 find the equation of the horizontal asymptote.� [3]

(b)	 (i)	� Find  f -1(x) .

(ii)	 Using an algebraic approach, show that the graph of  f -1  is obtained by a 
reflection of the graph of  f  in the  y-axis followed by a reflection in the  x-axis.� [8]

The graphs of  f  and  f -1  intersect at  x = p  and  x = q , where  p < q . 

(c)	 (i)	� Find the value of  p  and the value of  q . 

(ii)	 Hence, find the area enclosed by the graph of  f  and the graph of  f -1 .� [5]
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9.	 [Maximum mark: 16] 

A bakery makes two types of muffins: chocolate muffins and banana muffins. 

The weights,  C  grams, of the chocolate muffins are normally distributed with a mean of  62 g  
and standard deviation of  2.9 g . 

(a)	 Find the probability that a randomly selected chocolate muffin weighs less than  61 g .� [2]

(b)	 In a random selection of 12 chocolate muffins, find the probability that exactly 5 weigh 
less than  61 g .� [2]

The weights,  B  grams, of the banana muffins are normally distributed with a mean of  68 g  
and standard deviation of  3.4 g .

Each day 60 % of the muffins made are chocolate.

On a particular day, a muffin is randomly selected from all those made at the bakery. 

(c)	 (i)	� Find the probability that the randomly selected muffin weighs less than  61 g .

(ii)	 Given that a randomly selected muffin weighs less than  61 g , find the probability 
that it is chocolate.� [7]

The machine that makes the chocolate muffins is adjusted so that the mean weight of the 
chocolate muffins remains the same but their standard deviation changes to  σ g . The 
machine that makes the banana muffins is not adjusted. The probability that the weight of a 
randomly selected muffin from these machines is less than  61 g  is now  0.157 .

(d)	 Find the value of  σ .� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Let  f (x) = -2x + 3 , for  x ∈  .

(a)	 The graph of a linear function  g  is parallel to the graph of  f  and passes through the 
origin. Find an expression for  g (x) .� [2]

(b)	 The graph of a linear function  h  is perpendicular to the graph of  f  and passes through 
the point  (-1 , 2) . Find an expression for  h (x) .� [3]

(c)	 Find  ( g  h )(0) .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Let  f (x) = -2x + 3 , for  x ∈  .

(a)	 The graph of a linear function  g  is parallel to the graph of  f  and passes through the 
origin. Find an expression for  g (x) .� [2]

(b)	 The graph of a linear function  h  is perpendicular to the graph of  f  and passes through 
the point  (-1 , 2) . Find an expression for  h (x) .� [3]

(c)	 Find  ( g  h )(0) .� [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 16]

(a)	 The graph of a quadratic function  f  has its vertex at the point  (3 , 2)  and it intersects 
the  x-axis at  x = 5 . Find  f  in the form  f (x) = a (x - h)2 + k .� [3]

The quadratic function  g  is defined by  g (x) = px2 + (t - 1) x - p  where  x ∈   and  
p , t ∈  , p ≠ 0 .

(b)	 In the case where  g (-3) = g (1) = 4 ,

(i)	 find the value of  p  and the value of  t ; 	

(ii)	 find the range of  g .� [7]

(c)	 The linear function  j  is defined by  j (x) = -x + 3p  where  x ∈   and  p ∈  , p ≠ 0 . 

Show that the graphs of  j (x) = -x + 3p  and  g (x) = px2 + (t - 1) x - p  have two distinct 
points of intersection for every possible value of  p  and  t .� [6]

8.	 [Maximum mark: 15]

(a)	 Calculate the value of each of the following logarithms:

(i)	 log2
1
16

;

(ii)	  log9 3 ;

(iii)	 log
3
81 .� [7]

(b)	 It is given that  logab a = 3  , where  a , b ∈ + , ab ≠ 1 . 

(i)	 Show that  logab b = -2 .

(ii)	 Hence find the value of logab
a
b

3

.� [8]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 16]

(a)	 The graph of a quadratic function  f  has its vertex at the point  (3 , 2)  and it intersects 
the  x-axis at  x = 5 . Find  f  in the form  f (x) = a (x - h)2 + k .� [3]

The quadratic function  g  is defined by  g (x) = px2 + (t - 1) x - p  where  x ∈   and  
p , t ∈  , p ≠ 0 .

(b)	 In the case where  g (-3) = g (1) = 4 ,

(i)	 find the value of  p  and the value of  t ; 	

(ii)	 find the range of  g .� [7]

(c)	 The linear function  j  is defined by  j (x) = -x + 3p  where  x ∈   and  p ∈  , p ≠ 0 . 

Show that the graphs of  j (x) = -x + 3p  and  g (x) = px2 + (t - 1) x - p  have two distinct 
points of intersection for every possible value of  p  and  t .� [6]

8.	 [Maximum mark: 15]

(a)	 Calculate the value of each of the following logarithms:

(i)	 log2
1
16

;

(ii)	  log9 3 ;

(iii)	 log
3
81 .� [7]

(b)	 It is given that  logab a = 3  , where  a , b ∈ + , ab ≠ 1 . 

(i)	 Show that  logab b = -2 .

(ii)	 Hence find the value of logab
a
b

3

.� [8]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 16]

(a)	 The graph of a quadratic function  f  has its vertex at the point  (3 , 2)  and it intersects 
the  x-axis at  x = 5 . Find  f  in the form  f (x) = a (x - h)2 + k .� [3]

The quadratic function  g  is defined by  g (x) = px2 + (t - 1) x - p  where  x ∈   and  
p , t ∈  , p ≠ 0 .

(b)	 In the case where  g (-3) = g (1) = 4 ,

(i)	 find the value of  p  and the value of  t ; 	

(ii)	 find the range of  g .� [7]

(c)	 The linear function  j  is defined by  j (x) = -x + 3p  where  x ∈   and  p ∈  , p ≠ 0 . 

Show that the graphs of  j (x) = -x + 3p  and  g (x) = px2 + (t - 1) x - p  have two distinct 
points of intersection for every possible value of  p  and  t .� [6]

8.	 [Maximum mark: 15]

(a)	 Calculate the value of each of the following logarithms:

(i)	 log2
1
16

;

(ii)	  log9 3 ;

(iii)	 log
3
81 .� [7]

(b)	 It is given that  logab a = 3  , where  a , b ∈ + , ab ≠ 1 . 

(i)	 Show that  logab b = -2 .

(ii)	 Hence find the value of logab
a
b

3

.� [8]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 16]

(a)	 The graph of a quadratic function  f  has its vertex at the point  (3 , 2)  and it intersects 
the  x-axis at  x = 5 . Find  f  in the form  f (x) = a (x - h)2 + k .� [3]

The quadratic function  g  is defined by  g (x) = px2 + (t - 1) x - p  where  x ∈   and  
p , t ∈  , p ≠ 0 .

(b)	 In the case where  g (-3) = g (1) = 4 ,

(i)	 find the value of  p  and the value of  t ; 	

(ii)	 find the range of  g .� [7]

(c)	 The linear function  j  is defined by  j (x) = -x + 3p  where  x ∈   and  p ∈  , p ≠ 0 . 

Show that the graphs of  j (x) = -x + 3p  and  g (x) = px2 + (t - 1) x - p  have two distinct 
points of intersection for every possible value of  p  and  t .� [6]

8.	 [Maximum mark: 15]

(a)	 Calculate the value of each of the following logarithms:

(i)	 log2
1
16

;

(ii)	  log9 3 ;

(iii)	 log
3
81 .� [7]

(b)	 It is given that  logab a = 3  , where  a , b ∈ + , ab ≠ 1 . 

(i)	 Show that  logab b = -2 .

(ii)	 Hence find the value of logab
a
b

3

.� [8]
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9.	 [Maximum mark: 15]

The function  f  is defined by  f (x) = cos2x - 3 sin2x ,  0 ≤ x ≤ π .

(a)	 Find the roots of the equation  f (x) = 0 .� [5]

(b)	 (i)	� Find  f ′(x) .

(ii)	 Hence find the coordinates of the points on the graph of  y = f (x)  where  f ′(x) = 0 .� [7]

(c)	 Sketch the graph of  y = f (x) , clearly showing the coordinates of any points 
where  f ′(x) = 0  and any points where the graph meets the coordinate axes.� [3]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The following table shows the Mathematics test scores  (x)  and the Science test scores  (y)  
for a group of eight students. 

Mathematics 
scores  (x) 64 68 72 75 80 82 85 86

Science 
scores  (y) 67 72 77 76 84 83 89 91

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Write down the value of the Pearson’s product-moment correlation coefficient,  r .� [1]

(c)	 Use the equation of your regression line to predict the Science test score for a 
student who has a score of  78  on the Mathematics test. Express your answer to the 
nearest integer.� [2] 
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5.	 [Maximum mark: 7]

The population of a town  t  years after 1 January 2014 can be modelled by the function

P (t ) = 15 000ek t , where  k < 0  and  t ≥ 0 .

It is known that between 1 January 2014 and 1 January 2022 the population decreased by 11 % .

Use this model to estimate the population of this town on 1 January 2041.

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������



Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ1 | Q1 | 5 marks

Apollo | Original source crop | 25

– 2 – 2223 – 7109

12EP02

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Point  P  has coordinates  (-3 , 2) , and point  Q  has coordinates  (15 , -8) . Point  M  is the 
midpoint of  [PQ] .

(a)	 Find the coordinates of  M .� [2]

Line  L  is perpendicular to  [PQ]  and passes through  M .

(b)	 Find the gradient of  L .� [2]

(c)	 Hence, write down the equation of  L .� [1]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Point  P  has coordinates  (-3 , 2) , and point  Q  has coordinates  (15 , -8) . Point  M  is the 
midpoint of  [PQ] .

(a)	 Find the coordinates of  M .� [2]

Line  L  is perpendicular to  [PQ]  and passes through  M .

(b)	 Find the gradient of  L .� [2]

(c)	 Hence, write down the equation of  L .� [1]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Point  P  has coordinates  (-3 , 2) , and point  Q  has coordinates  (15 , -8) . Point  M  is the 
midpoint of  [PQ] .

(a)	 Find the coordinates of  M .� [2]

Line  L  is perpendicular to  [PQ]  and passes through  M .

(b)	 Find the gradient of  L .� [2]

(c)	 Hence, write down the equation of  L .� [1]
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2.	 [Maximum mark: 7]

The function  f  is defined by f x x
x

( ) = +
−

7 7
2 4

 for  x ∈  ,  x ≠ 2 .

(a)	 Find the zero of  f (x) .� [2]

(b)	 For the graph of  y = f (x) , write down the equation of

(i)	 the vertical asymptote;

(ii)	 the horizontal asymptote.� [2]

(c)	 Find  f -1(x) , the inverse function of  f (x) .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Point  P  has coordinates  (-3 , 2) , and point  Q  has coordinates  (15 , -8) . Point  M  is the 
midpoint of  [PQ] .

(a)	 Find the coordinates of  M .� [2]

Line  L  is perpendicular to  [PQ]  and passes through  M .

(b)	 Find the gradient of  L .� [2]

(c)	 Hence, write down the equation of  L .� [1]
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5.	 [Maximum mark: 6]

Find the range of possible values of  k  such that  e2x + ln k = 3ex  has at least one real solution.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  4 cm .

diagram not to scale

P
Q

RO 4
θ

The points  P ,  Q  and  R  lie on the circumference of the circle and  PÔR = θ , where  θ  is 
measured in radians.

The length of arc  PQR  is  10 cm .

(a)	 Find the perimeter of the shaded sector.� [2]

(b)	 Find  θ .� [2]

(c)	 Find the area of the shaded sector.� [2]

(This question continues on the following page)
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3.	 [Maximum mark: 5]

A function  f  is defined by f x
x

( ) = −
−

1 1
2

, where  x ∈  ,  x ≠ 2 .

(a)	 The graph of  y = f (x)  has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i)	 the vertical asymptote;

(ii)	 the horizontal asymptote.� [2]

(b)	 Find the coordinates of the point where the graph of  y = f (x)  intersects

(i)	 the  y-axis;

(ii)	 the  x-axis.� [2]
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(This question continues on the following page)
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(Question 3 continued)

(c)	 On the following set of axes, sketch the graph of  y = f (x) , showing all the features 
found in parts (a) and (b).� [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  4 cm .

diagram not to scale

P
Q

RO 4
θ

The points  P ,  Q  and  R  lie on the circumference of the circle and  PÔR = θ , where  θ  is 
measured in radians.

The length of arc  PQR  is  10 cm .

(a)	 Find the perimeter of the shaded sector.� [2]

(b)	 Find  θ .� [2]

(c)	 Find the area of the shaded sector.� [2]

(This question continues on the following page)
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6.	 [Maximum mark: 7]

The functions  f  and  g  are defined for  x ∈   by

 f (x) = ax + b , where  a ,  b ∈  

g (x) = x2 + x + 3 .

Find the two possible functions  f  such that  (g  f ) (x) = 4x2 - 14x + 15 .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 17] 

The following diagram shows part of the graph of a quadratic function  f .

The vertex of the parabola is  (-2 , -5)  and the  y-intercept is at point  P .

(−2 , −5)
P

y

x

f

(a)	 Write down the equation of the axis of symmetry.� [1]

The function can be written in the form f x x h k( ) ( )= − +
1
4

2 , where  h , k ∈  .

(b)	 Write down the values of  h  and  k .� [2]

(c)	 Find the  y-coordinate of  P .� [2]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 17] 

The following diagram shows part of the graph of a quadratic function  f .

The vertex of the parabola is  (-2 , -5)  and the  y-intercept is at point  P .

(−2 , −5)
P

y

x

f

(a)	 Write down the equation of the axis of symmetry.� [1]

The function can be written in the form f x x h k( ) ( )= − +
1
4

2 , where  h , k ∈  .

(b)	 Write down the values of  h  and  k .� [2]

(c)	 Find the  y-coordinate of  P .� [2]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 17] 

The following diagram shows part of the graph of a quadratic function  f .

The vertex of the parabola is  (-2 , -5)  and the  y-intercept is at point  P .

(−2 , −5)
P

y

x

f

(a)	 Write down the equation of the axis of symmetry.� [1]

The function can be written in the form f x x h k( ) ( )= − +
1
4

2 , where  h , k ∈  .

(b)	 Write down the values of  h  and  k .� [2]

(c)	 Find the  y-coordinate of  P .� [2]

(This question continues on the following page)
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(Question 7 continued)

In the following diagram, the line  L  is normal to the graph of  f  at point  P .

(−2 , −5)
P

y

x

fL

Q

(d)	 Find the equation of the line  L , in the form  y = ax + b .� [4]

The line  L  intersects the graph of  f  at a second point,  Q , as shown above.

(e)	 Calculate the distance between  P  and  Q .� [8] 
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8.	 [Maximum mark: 14]

Consider an acute angle  θ  such that cosθ = 2
3

.

(a)	 Find the value of

(i)	 sin θ ;

(ii)	 sin 2θ .� [4]

The following diagram shows triangle  ABC , with B̂ q== θ ,  Â = 2θ ,  BC = a  and  AC = b .

a

B A

C

b

θθ 2

(b)	 Show that b a
=
3
4

.� [2]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The cities Lucknow ( L ), Jaipur ( J ) and Delhi ( D ) are represented in the following diagram. 
Lucknow lies 500 km directly east of Jaipur, and ˆJLD 25= = 25°.

diagram not to scale

North

D

J L500 km
25

The bearing of  D  from  J  is  034° .

(a)	 Find ˆJDL .� [2]

(b)	 Find the distance between Lucknow and Delhi.� [3]
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3.	 [Maximum mark: 5]

The functions  f  and  g  are defined by  f (x) = 2x - x3  and  g (x) = tan x .

(a)	 Find  ( f  g) (x) .� [2]

(b)	 On the following grid, sketch the graph of  y = ( f  g) (x)  for  -1 ≤ x ≤ 1 . Write down and 
clearly label the coordinates of any local maximum or minimum points. � [3]

y

x

2

1

0.5 10

−1

−0.5−1

−2
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5] 

A botanist is conducting an experiment which studies the growth of plants.

The heights of the plants are measured on seven different days.

The following table shows the number of days,  d , that the experiment has been running and 
the average height,  h cm , of the plants on each of those days.

Number of days (d ) 2 5 13 24 33 37 42

Average height (h) 10 16 30 59 76 79 82

(a)	 The regression line of  h  on  d  for this data can be written in the form  h = ad + b .

Find the value of  a  and the value of  b .� [2] 

(b)	 Write down the value of the Pearson’s product-moment correlation coefficient,  r .� [1]

(c)	 Use your regression line to estimate the average height of the plants when the 
experiment has been running for 20 days.� [2] 
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3.	 [Maximum mark: 5]

The amount of a drug, in milligrams (mg), in a patient’s body can be modelled by the function  
A (t ) = 500e-kt , where  k  is a positive constant and  t  is the time in hours after the initial dose 
is given.

(a)	 Write down the amount of the drug in the patient’s body when  t = 0 .� [1]

After three hours, the amount of the drug in the patient’s body has decreased to  280 mg .

(b)	 Find the value of  k .� [2]

The second dose is given  T  hours after the initial dose, when the amount of the drug in the 
patient’s body is  140 mg .

(c)	 Find the value of  T .� [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 15] 

Consider the function h x x( ) = −4 2 , for x ≥ 1
2

.

(a)	 (i)	� Find  h-1(x) , the inverse of  h (x) , and state its domain.

(ii)	 Write down the range of  h-1(x) .� [5]

(b)	 The graph of  h  intersects the graph of  h-1  at two points.

Find the  x-coordinates of these two points.� [3]

(c)	 Find the area enclosed by the graph of  h  and the graph of  h-1 .� [2]

(d)	 Find  h′(x) .� [2]

(e)	 Find the value of  x  for which the graph of  h  and the graph of  h-1  have the same gradient.� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 15] 

Consider the function h x x( ) = −4 2 , for x ≥ 1
2

.

(a)	 (i)	� Find  h-1(x) , the inverse of  h (x) , and state its domain.

(ii)	 Write down the range of  h-1(x) .� [5]

(b)	 The graph of  h  intersects the graph of  h-1  at two points.

Find the  x-coordinates of these two points.� [3]

(c)	 Find the area enclosed by the graph of  h  and the graph of  h-1 .� [2]

(d)	 Find  h′(x) .� [2]

(e)	 Find the value of  x  for which the graph of  h  and the graph of  h-1  have the same gradient.� [3]
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8.	 [Maximum mark: 13] 

A weight suspended on a spring is pulled down and released, so that it moves up and down 
vertically.  

The height,  H  metres, of the base of the weight above the ground can be modelled by the 
function  H (t ) = a cos (7.8t ) + b , for  a , b ∈   and  0 ≤ t ≤ 10 , where  t  is the time in seconds 
after the weight is released. 

H

ground

(a)	 Find the period of the function.� [2] 

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

Consider the function defined by  f (x) = x2 - 10x . The graph of  f  passes through the 
point  A (4 , -24) . 

(a)	 (i)	� Find the gradient of the tangent to the graph of  f  at the point  A .

(ii)	 Hence, write down the gradient of the normal to the graph of  f  at point  A .� [3]

(b)	 Write down the equation of the normal to the graph of  f  at point  A . � [1]

The normal to the graph of  f  at point  A  intersects the graph of  f  again at a second point  B .

(c)	 Find the coordinates of  B . � [3]
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3.	 [Maximum mark: 5] 

Consider the function  f (x) = ex - 2x - 5 .

(a)	 On the following axes, sketch the graph of  f  for  -4 ≤ x ≤ 3 . � [3]
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The function  g  is defined by  g (x) = e3x - 6x - 7 .

(b)	 The graph of  g  is obtained from the graph of  f   by a horizontal stretch with scale 
factor  k , followed by a vertical translation of  c  units.

Find the value of  k  and the value of  c .� [2]

(This question continues on the following page)
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(Question 3 continued)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

Consider the function defined by  f (x) = x2 - 8x . The graph of  f  passes through the 
point  A (3 , -15) . 

(a)	 (i)	� Find the gradient of the tangent to the graph of  f  at the point  A .

(ii)	 Hence, write down the gradient of the normal to the graph of  f  at point  A .� [3]

(b)	 Write down the equation of the normal to the graph of  f  at point  A .� [1]

The normal to the graph of  f  at point  A  intersects the graph of  f  again at a second point  B .

(c)	 Find the coordinates of  B .� [3]
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3.	 [Maximum mark: 5] 

Consider the function  f (x) = ex - 3x - 4 . 

(a)	 On the following axes, sketch the graph of  f  for -4 ≤ x ≤ 3 . � [3]
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The function g is defined by  g (x) = e2x - 6x - 7 .

(b)	 The graph of g is obtained from the graph of  f  by a horizontal stretch with scale 
factor  k , followed by a vertical translation of  c  units.

Find the value of  k  and the value of  c .� [2]

(This question continues on the following page)
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(Question 3 continued)
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 14]

Consider the curve with equation  y = x3 - x2 - x + 1 .

(a)	 Find

(i)	
d
d
y
x

;

(ii)	
d
d

2

2
y
x

. � [3]

The curve has a local maximum at  A .  

(b)	 Find the coordinates of  A , using your answer to part (a)(ii) to justify your answer.� [6]

The curve has a point of inflexion at  B .

(c)	 Find the  x-coordinate of  B .� [2]

The line  L  is the normal to the curve at the point  (0 , 1) .

(d)	 Find the equation of  L .� [3]
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Do not write solutions on this page.

8.	 [Maximum mark: 14]

Consider the function f x x
x

� � � �
�

4 2
2

,  x ≠ 2 .

(a)	 Sketch the graph of  y = f (x) . On your sketch, indicate the values of any axis intercepts 
and label any asymptotes with their equations.� [5]

(b)	 Write down the range of  f .� [1]

Consider the function  g (x) = x2 + bx + c . The graph of  g  has an axis of symmetry at  x = 2 . 

The two roots of  g (x) = 0  are -
1
2

 and  p , where  p ∈  .

(c)	 Show that p = 9
2

.� [1]

(d)	 Find the value of  b  and the value of  c .� [3]

(e)	 Find the  y-coordinate of the vertex of the graph of  y = g (x) .� [2]

(f)	 Find the number of solutions of the equation  f (x) = g (x) .� [2]
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9.	 [Maximum mark: 17]

A bag contains buttons which are either red or blue.

Initially, the bag contains three red buttons and one blue button.

Francine randomly selects one button from the bag. She then replaces the button and adds 
one extra button of the same colour.

For example, if she selects a red button, she then replaces it and adds one extra red button 
so that the bag then contains four red buttons and one blue button.

Francine then randomly selects a second button from the bag.

The following tree diagram represents the probabilities of the first two selections.

3
4

4
5

1
5

1
4

p

q

red

blue

red

blue

red

blue

first button selected second button selected

(a)	 Find the value of  p  and the value of  q .� [2]

(b)	 Show that the probability that Francine selects two buttons of the same colour is 
7
10

.� [2]

(c)	 Given that Francine selects two buttons of the same colour, find the probability that she 
selects two red buttons.� [3]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  0 ≤ x ≤ 10  is shown in the following diagram.

The graph intercepts the axes at (10, 0) and (0, 5).
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(a)	 Write down the value of

(i)	  f (4) ;

(ii)	  f  f (4) ;

(iii)	  f -1(3) .� [3]

(b)	 On the axes above, sketch the graph of  y = f -1(x) . Show clearly where the graph 
intercepts the axes.� [2]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  0 ≤ x ≤ 10  is shown in the following diagram.

The graph intercepts the axes at (10, 0) and (0, 5).
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(a)	 Write down the value of

(i)	  f (4) ;

(ii)	  f  f (4) ;

(iii)	  f -1(3) .� [3]

(b)	 On the axes above, sketch the graph of  y = f -1(x) . Show clearly where the graph 
intercepts the axes.� [2]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  0 ≤ x ≤ 10  is shown in the following diagram.

The graph intercepts the axes at (10, 0) and (0, 5).
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(a)	 Write down the value of

(i)	  f (4) ;

(ii)	  f  f (4) ;

(iii)	  f -1(3) .� [3]

(b)	 On the axes above, sketch the graph of  y = f -1(x) . Show clearly where the graph 
intercepts the axes.� [2]

(This question continues on the following page)
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3.	 [Maximum mark: 5]

(a)	 Solve  3m2 + 5m - 2 = 0 .� [3]

(b)	 Hence or otherwise, solve  3 × 9x + 5 × 3x - 2 = 0 .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  0 ≤ x ≤ 10  is shown in the following diagram.

The graph intercepts the axes at (10, 0) and (0, 5).
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(a)	 Write down the value of

(i)	  f (4) ;

(ii)	  f  f (4) ;

(iii)	  f -1(3) .� [3]

(b)	 On the axes above, sketch the graph of  y = f -1(x) . Show clearly where the graph 
intercepts the axes.� [2]

(This question continues on the following page)
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4.	 [Maximum  mark: 7]

Quadrilateral  OABC  is shown on the following set of axes.

y

x
O A

B

C

OABC  is symmetrical about  [OB] .

A has coordinates  (6, 0)  and C has coordinates 3 3 3,  � � .

(a)	 (i)	 Write down the coordinates of the midpoint of  [AC] .

(ii)	 Hence or otherwise, find the equation of the line passing through the points O 
and B .� [4]

(b)	 Given that  [OA]  is perpendicular to  [AB] , find the area of the quadrilateral OABC.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  0 ≤ x ≤ 10  is shown in the following diagram.

The graph intercepts the axes at (10, 0) and (0, 5).
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(a)	 Write down the value of

(i)	  f (4) ;

(ii)	  f  f (4) ;

(iii)	  f -1(3) .� [3]

(b)	 On the axes above, sketch the graph of  y = f -1(x) . Show clearly where the graph 
intercepts the axes.� [2]

(This question continues on the following page)
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6.	 [Maximum mark: 8]

A function  f  is defined by f x
x
x

� � � �� �
�� �

2 3
3 2

, where  x ∈  , x ≠ -2 .

The graph  y = f (x)  is shown below.
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(a)	 Write down the equation of the horizontal asymptote.� [1]

Consider  g (x) = mx + 1 , where  m ∈  , m ≠ 0 .

(b)	 (i)	 Write down the number of solutions to  f (x) = g (x)  for  m > 0 .

(ii)	 Determine the value of  m  such that  f (x) = g (x)  has only one solution for  x .

(iii)	 Determine the range of values for  m , where  f (x) = g (x)  has two solutions 
for  x ≥ 0 . � [7]

(This question continues on the following page)
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(Question 6 continued)
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 12]

Alex only swims in the sea if the water temperature is at least 15° C. Alex goes into the 
sea close to home for the first time each year at the start of May when the water becomes 
warm enough. 

Alex models the water temperature at midday with the function  f (x) = a sin bx + c  
for  0 ≤ x ≤ 12 , where  x  is the number of months after 1st May and where  a ,  b ,  c > 0 . 

The graph of  y = f (x)  is shown in the following diagram.
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(This question continues on the following page)
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 12]

Consider the function defined by f x x� � � �3
2

2e ,  0 ≤ x ≤ 4 .

(a)	 Show that the inverse function is given by f x x� � � � � �
�
�

�
�
�

1 2 2
3

ln .� [3]

The graphs of  f  and  f -1 intersect at two points  P  and  Q , as shown on the following diagram.

P

Q

f −1

f

x

y

0

(b)	 Find  PQ .� [3]

The graph of  f  is reflected in the  x-axis and then translated parallel to the  y-axis by 5 units 
in the positive direction to give the graph of a function  g .

(c)	 Write down 

(i)	 an expression for  g (x) ;

(ii)	 the domain of  g .� [3]

(d)	 Solve the equation  f (x) =  g (x) . Give your answer in the form  x = a + ln b ,  
where  a , b ∈  .� [3]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 12]

Consider the function defined by f x x� � � �3
2

2e ,  0 ≤ x ≤ 4 .

(a)	 Show that the inverse function is given by f x x� � � � � �
�
�

�
�
�

1 2 2
3

ln .� [3]

The graphs of  f  and  f -1 intersect at two points  P  and  Q , as shown on the following diagram.

P

Q

f −1

f

x

y

0

(b)	 Find  PQ .� [3]

The graph of  f  is reflected in the  x-axis and then translated parallel to the  y-axis by 5 units 
in the positive direction to give the graph of a function  g .

(c)	 Write down 

(i)	 an expression for  g (x) ;

(ii)	 the domain of  g .� [3]

(d)	 Solve the equation  f (x) =  g (x) . Give your answer in the form  x = a + ln b ,  
where  a , b ∈  .� [3]
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8.	 [Maximum mark: 16]

Sule Skerry and Rockall are small islands in the Atlantic Ocean, in the same time zone.

On a given day, the height of water in metres at Sule Skerry is modelled by the 
function  H (t ) = 1.63 sin (0.513 (t - 8.20)) + 2.13 , where  t  is the number of hours after midnight.

The following graph shows the height of the water for  15  hours, starting at midnight.

At low tide the height of the water is  0.50 m . At high tide the height of the water is  3.76 m .

All heights are given correct to two decimal places.

 

t

H (t )

6

150

(a)	 The length of time between the first low tide and the first high tide is 6 hours 
and  m  minutes. Find the value of  m  to the nearest integer. � [3]

(b)	 Between two consecutive high tides, determine the length of time, in hours, for which 
the height of the water is less than  1  metre.� [2]

(c)	 Find the rate of change of the height of the water when  t = 13 , giving your answer in 
metres per hour.� [2]

(This question continues on the following page)

16EP12



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q4 | 6 marks

Apollo | Original source crop | 55

– 2 – 2224 – 7110

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

In a study, the mobile phone usage of a random sample of ten students was examined on a 
particular day.

The length of time,  t  hours, that the ten students used their phones for are listed below.

0.7 1.2 1.9 4.0 4.4 4.5 4.9 5.7 6.5 11.7

(a)	 For these data, find the

(i)	 median;

(ii)	 interquartile range.� [3]

An outlier is a value that is less than  Q1 - 1.5 × IQR  or greater than  Q3 + 1.5 × IQR .

(b)	 Show that  11.7  is an outlier.� [3]
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4.	 [Maximum mark: 6]

The loudness of a sound,  L , measured in decibels, is related to its intensity,  I  units, 
by  L = 10 log10 (I × 1012) .

Consider two sounds,  S1  and  S2 .

S1  has an intensity of  10-6  units and a loudness of 60 decibels.

 S2  has an intensity that is twice that of  S1 .

(a)	 State the intensity of  S2 .� [1]

(b)	 Determine the loudness of  S2 .� [2]

The maximum loudness of thunder in a thunderstorm was measured to be 115 decibels.

(c)	 Find the corresponding intensity,  I , of the thunder.� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 16]

The following diagram shows parts of the graphs of two functions  f  and  g .  

The graph of  f  is linear, has an  x-intercept at  (6 , 0)  and a  y-intercept at  (0 , 12) .

The graph of  g  has  x-intercepts at  (-2 , 0)  and  (6 , 0)  and a  y-intercept at  (0 , 12) .

y

x

(0 , 12)

(−2 , 0) (6 , 0)

(a)	 Write down the equation for  f  in the form  f (x) = mx + c .� [2]

(This question continues on the following page)
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8.	 [Maximum mark: 14]

The function  f  is defined as  f (x) = log2 (8x) , where  x > 0 .

(a)	 Find the value of

(i)	  f (2) ;

(ii)	 f 1
8
�
�
�

�
�
� .� [3]

(b)	 Find an expression for  f -1(x) .� [4]

(c)	 Hence, or otherwise, find  f -1(0) .� [1]

The graph of  y = f (4x2)  can be obtained by translating and stretching the graph of  y = log2 x . 

(d)	 Describe these two transformations specifying the order in which they are to be applied. � [6]

12EP10



Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q8 | 14 marks

Apollo | Original source crop | 57

– 11 – 8824 – 7104

Do not write solutions on this page.

9.	 [Maximum mark: 17] 

Consider a cylinder of radius  4r  and height  h . A smaller cylinder of radius  r  is removed from 
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

h

r 3r

The total surface area of the hollow cylinder, in  cm2 , is given by  S . 

The volume of the hollow cylinder, in  cm3 , is given by  V .

(a)	 Show that  S = 30πr2 + 10πrh .� [3]

(b)	 The total surface area of the hollow cylinder is  240p cm2 .

Show that  V = 360πr - 45πr3 .� [6]

(c)	 Find an expression for 
d
d
V
r

.� [2]

The hollow cylinder has its maximum volume when r p=
2
3

, where  p ∈ + .

(d)	 Find the value of  p .� [3]

(e)	 Hence, find this maximum volume, giving your answer in the form qπ 2
3

, where  q ∈ + .� [3]

�
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 16]

The following diagram shows parts of the graphs of two functions  f  and  g .

The graph of  f  is linear, has an  x-intercept at  (4 , 0)  and a  y-intercept at  (0 , 8) .

The graph of  g  has  x-intercepts at  (-2 , 0)  and  (4 , 0)  and a  y-intercept at  (0 , 8) .

y

x

(0, 8)

(−2, 0) (4, 0)

(a)	 Write down the equation for  f  in the form  f (x) = mx + c .� [2]

The function  g  is given by  g (x) = -x2 + bx + 8 , where  b  is a real constant.  

(b)	 Find the value of  b .� [3]

(c)	 Show that the area of the region enclosed by the graph of  f  and the graph of  g  can be 
represented by the definite integral ( )� �� x x x2

0

4
4 d . � [2]

(d)	 Hence, find the area of the region enclosed by the graph of  f  and the graph of  g .� [4]

Point  P  is on the graph of  g . The tangent to the graph of  g  at  P  is parallel to the graph of  f .  

(e)	 Find the coordinates of  P .� [5]

– 9 – 8824 – 7109

Turn over
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8.	 [Maximum mark: 14]

The function  f  is defined as  f (x) = log2(4x) , where  x > 0 .

(a)	 Find the value of

(i)	  f (8) ;

(ii)	 f 1
4
�
�
�

�
�
� .� [3]

(b)	 Find an expression for  f -1(x) .� [4]

(c)	 Hence, or otherwise, find  f -1(0) .� [1]

The graph of  y = f (16x3 )  can be obtained by translating and stretching the graph of  y = log2 x . 

(d)	 Describe these two transformations specifying the order in which they are to be applied.� [6]
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9.	 [Maximum mark: 17]

Consider a cylinder of radius  4r  and height  h . A smaller cylinder of radius  r  is removed from 
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

h

r 3r

The total surface area of the hollow cylinder, in  cm2 , is given by  S . 

The volume of the hollow cylinder, in  cm3 , is given by  V .

(a)	 Show that  S = 30pr2 + 10prh .� [3]

(b)	 The total surface area of the hollow cylinder is  240p cm2 .

Show that  V = 360pr - 45pr3 .� [6]

(c)	 Find an expression for 
d
d
V
r

.� [2]

The hollow cylinder has its maximum volume when r p=
2
3

, where  p ∈ + .

(d)	 Find the value of  p .� [3]

(e)	 Hence, find this maximum volume, giving your answer in the form qp 2
3

, where  q ∈ + .� [3]

�



Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ1 | Q1 | 7 marks

Apollo | Original source crop | 60

– 2 – 8824 – 7105

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �7 7 , where  0 ≤ x ≤ 60 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (60) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x

55

00

−5−5

−15−15

−10−10

1010 2020 3030 4040 5050 6060

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �7 7 , where  0 ≤ x ≤ 60 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (60) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x
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−15−15

−10−10

1010 2020 3030 4040 5050 6060

(This question continues on the following page)
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(Question 1 continued)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �7 7 , where  0 ≤ x ≤ 60 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (60) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x
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(This question continues on the following page)
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6.	 [Maximum mark: 5]

Consider the function  h (x) = log10(3x2 - rx + r - 2) , where  x ∈  . 

Find the possible values of  r .� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 14]

MyLife is a social media platform with  89.8  million users, all aged  12  years old and above. 
The following frequency table shows the number of users by age group. 

Age, a (years) Millions of users

12 ≤ a < 18 5.8

18 ≤ a < 35 42.7

35 ≤ a < 55 26.3

55 ≤ a < 75 12.9

75 ≤ a < 95 2.1

Total 89.8

(a)	 Find the percentage of MyLife users aged  55  years or older.� [1]

(b)	 A sample of  1000  MyLife users is chosen at random. Find the probability that fewer 
than  150  of them are aged  55  years or older.� [3]

(c)	 Given that a MyLife user chosen at random is  55  years or older, find the probability 
that they are  75  years or older.� [4]

(d)	 List the mid-interval value for each class interval.� [1]

(e)	 Hence, for MyLife users, estimate 

(i)	 the mean age;

(ii)	 the variance of the ages.� [3]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �11 2 11 , where  0 ≤ x ≤ 20 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (20) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x
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55 15151010 202000
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−15−15

−10−10

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �11 2 11 , where  0 ≤ x ≤ 20 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (20) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y
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(This question continues on the following page)
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(Question 1 continued)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �11 2 11 , where  0 ≤ x ≤ 20 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (20) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x

55

55 15151010 202000

−5−5

−15−15

−10−10

(This question continues on the following page)
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6.	 [Maximum mark: 5]

Consider the function  h (x) = log10(4x2 - rx + r - 1) , where  x ∈  . 

Find the possible values of  r .� [5]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 14]

MyLife is a social media platform with  93.6  million users, all aged  13  years old and above.  
The following frequency table shows the number of users by age group. 

Age, a (years) Millions of users

13 ≤ a < 18 5.5

18 ≤ a < 25 23.6

25 ≤ a < 45 43.5

45 ≤ a < 65 17.3

65 ≤ a < 85 3.7

Total 93.6

(a)	 Find the percentage of MyLife users aged  45  years or older.� [1]

(b)	 A sample of  1000  MyLife users is chosen at random. Find the probability that fewer 
than  200  of them are aged  45  years or older.� [3]

(c)	 Given that a MyLife user chosen at random is  45  years or older, find the probability 
that they are  65  years or older.� [4]

(d)	 List the mid-interval value for each class interval.� [1]

(e)	 Hence, for MyLife users, estimate 

(i)	 the mean age;

(ii)	 the variance of the ages.� [3]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Write each of the following expressions in the form  ln k , where  k ∈ +.

(a)	 ln 3 + ln 4� [1]

(b)	 3 ln 2� [2]

(c)	 - ln 1
2

� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Write each of the following expressions in the form  ln k , where  k ∈ +.

(a)	 ln 3 + ln 4� [1]

(b)	 3 ln 2� [2]

(c)	 - ln 1
2

� [2]
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Do not write solutions on this page

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

7.	 [Maximum mark: 13] 

An object moves in a straight line.

Its velocity  v m s-1 , at time  t  seconds, is given by  v (t ) = 30 + 20t − 10t 2  for  0 ≤ t ≤ 5 .

The graph of  v  is shown in the following diagram.

0 1 2 3 4 5

v (t )

t

The graph of  v  has a local maximum point where  t = 1  and intersects the  t-axis at  t = 3 .

(a)	 Determine the object’s

(i)	 maximum velocity;

(ii)	 maximum speed.� [4]

At  t = T , the object changes direction.

(b)	 (i)	 Write down the value of  T .

(ii)	 Find the distance travelled by the object in the first  T  seconds.� [5]

(c)	 Determine whether the object returns to its initial position during the time 
period  0 ≤ t ≤ 5 , justifying your answer.� [4]

– 9 – 2225 – 7109
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Do not write solutions on this page

8.	 [Maximum mark: 15]

The function  f  is defined by  f (x) = 5(x + 1) (x + 3) , where  x ∈  .

(a)	 Write  f (x)  in the form  a (x − h)2 + k , where  a , h , k ∈  .� [4]

(b)	 Sketch the graph of  y = f (x) , showing the values of any intercepts with the axes and 
the coordinates of the vertex.� [4]

(c)	 Solve the inequality  f (x) ≤ 40 .� [4]

The function  g  is defined by  g (x) = ln x , where  x ∈  ,  x > 0 .

(d)	 (i)	 Write down an expression for  ( f  g) (x) .

(ii)	 Solve the inequality  ( f  g) (x) ≤ 40 .� [3]



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q8 | 15 marks

Apollo | Original source crop | 70

– 10 – 2225 – 7109

12EP10

Do not write solutions on this page

9.	 [Maximum mark: 17] 

A solid cylinder has height  h cm  and base radius  R cm . 

The cylinder fits exactly inside a hollow sphere of radius  r cm .

Points  A ,  B  and  C  are points where the surface of the cylinder touches the surface of the sphere.

The line segment  [AB]  is a diameter of the sphere.

The line segment  [BC]  is a diameter of the base of the cylinder and  AB̂C = q .

This information is shown on the following diagram.

diagram not to scale

A

BC

r

R

h

θ

(a)	 (i)	 By considering triangle  ABC , show that  R = r cos q . 

(ii)	 Find an expression for  h  in terms of  r  and  q .� [4]

(b)	 Hence or otherwise, show that the total surface area,  S cm2 , of the cylinder is given 
by  S = 2πr2 (1 + 2 sin θ cos θ − sin2θ )  .� [4]

The external surface area of the sphere is  2S .

(c)	 Show that  tan q = 2 .� [4]

The volume of the cylinder is  V cm3 .

(d)	 Find  V , giving your answer in the form p rπ 3 5 , where  p ∈ + .� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider the function  f (x) = x3 + 5x2 - 8 ,  where  x ∈  .

(a)	 Find  f ′(1).� [2]

(b)	 Find the equation of the tangent to the graph of  f  at  x = 1 .� [2]
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3.	 [Maximum mark: 5]

The function  f  is defined by f x x
x

� � � �
�

3 2
2 1

 for  x ∈  , x � � 1
2

.

The following diagram shows part of the graph of  y = f (x) .

y

x

(a)	 Write down the value of  f (0) .� [1]

(b)	 Write down the equation of the horizontal asymptote.� [1]

The function  g  is defined by  g (x) = - f (x)  for  x ≥ 0 .

(c)	 Find the range of  g .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider the function  f (x) = x3 + 5x2 - 8 ,  where  x ∈  .

(a)	 Find  f ′(1).� [2]

(b)	 Find the equation of the tangent to the graph of  f  at  x = 1 .� [2]
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5.	 [Maximum mark: 7]

The quadratic equation  x2 + kx + 15 - k = 0  has two distinct real roots.

(a)	 Find the possible values of  k . � [5]

(b)	 Find the possible values of  k  in the case where the two distinct real roots are both 
positive or both negative.� [2]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 13]

A discrete random variable,  X , has the following probability distribution, where  a > 0  and  k  
is a constant.

x 0 a 2a 3a 

P (X = x) k  3k2 2k2 k2

(a)	 Show that k =
1
3

.� [5]

(b)	 Find  P (X < 3a) .� [2]

(c)	 Find  P (X ≥ a | X < 3a) .� [3]

(d)	 Given that  E (X ) = 20 , find the value of  a .� [3]
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Do not write solutions on this page.

9.	 [Maximum mark: 17]

The function  f  is defined by  f (x) = 4x , where  x ∈  .

(a)	 Find  f -1(8) . Express your answer in the form 
p
q

 where  p , q ∈  .� [3]

The function  g  is defined by  g (x) = 1 + log2 x  , where  x ∈ + .

(b)	 (i)	 Find an expression for  g-1(x) .

(ii)	 Describe a sequence of transformations that transforms the graph of  y = g-1(x)  to 
the graph of  y = f (x) .� [4]

(c)	 Show that  ( f  g)(x) = 4x2 .� [3]

The function  h  is defined by h x x
x

x� � �
�

� �
4

2 1
1
2

2

,  . 

The following diagram shows part of the graph of  h . Let  R  be the region enclosed by the 
graph of  h  and the  x-axis, between the lines  x = 1  and  x = 3 . 

R

y

x

h

1 3

(d)	 (i)	 Show that 2 1 1
2 1

4
2 1

2

x
x

x
x

� �
�

�
�

.

(ii)	 Hence or otherwise, find the area of  R , giving your answer in the form  p + q ln r , 
where  p , q , r ∈ + .� [7]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The scores achieved by  80  golfers in a competition are summarized in the following box and 
whisker diagram.

62 66 70 74 7864 68 72 76
score

(a)	 Find the interquartile range.� [2]

(b)	 Find the number of golfers that scored between  70  and  74 .� [2]
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2.	 [Maximum mark: 5]

Let  log10 2 = p  and  log10 3 = q .

(a)	 Find an expression for  log10 24  in terms of  p  and  q .� [3]

(b)	 Find an expression for  log3 8  in terms of  p  and  q .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The scores achieved by  80  golfers in a competition are summarized in the following box and 
whisker diagram.

62 66 70 74 7864 68 72 76
score

(a)	 Find the interquartile range.� [2]

(b)	 Find the number of golfers that scored between  70  and  74 .� [2]
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3.	 [Maximum mark: 5]

The following diagram shows the graph of  y = f (x) , for  -6 ≤ x ≤ 5 .

x

y

0 1 2 3 4 5 6

1

2

3

4

5

6

−1

−2

−3

−4

−5

−6

−1−2−3−4−5−6−7

(a)	 Write down the value of  f (-3) .� [1]

(b)	 State the domain of  f -1 , the inverse function of  f .� [1]

(c)	 Find the value of  x  that satisfies  f −1 (2x − 7) = -3 .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The scores achieved by  80  golfers in a competition are summarized in the following box and 
whisker diagram.

62 66 70 74 7864 68 72 76
score

(a)	 Find the interquartile range.� [2]

(b)	 Find the number of golfers that scored between  70  and  74 .� [2]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 6 – 2225 – 7119

12EP06

5.	 [Maximum mark: 7]

Consider the curve  y = x2 − x − 1  and the line  y = mx - 3 , where  m ∈  . 

(a)	 Show that the curve and the line meet when  x2 − (m + 1) x + 2 = 0 .� [2]

(b)	 Hence, find the values of  m  when the line is tangent to the curve.� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 15]

A gardener plans to enclose part of their garden with rope. The total area being enclosed 
is  60 m2 . This will be further divided by rope to make eight identical rectangular areas, each 
measuring  x  metres by  y  metres, where  x , y > 0 . This is shown in the following diagram.

diagram not to scale

y

x

garden

(a)	 Find an expression for  y  in terms of  x . � [2]

(b)	 Show that the total length,  T  metres, of rope required is given by

T x
x

� �12 75
.� [2]

(c)	 Find an expression for 
d
d
T
x

.� [2]

(This question continues on the following page)
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9.	 [Maximum mark: 16]

(a)	 (i)	 Solve  5 − 4x − x2 = 0 .

(ii)	 Hence, find the values of  x  such that  5 − 4x − x2 > 0 .� [4]

Consider the function  f (x) = logk (5 − 4x − x2) , where  a < x < b  and  k > 1 . 
Part of the graph of  f  is shown in the following diagram.

y

x
a b

The graph of  f  has vertical asymptotes at  x = a  and  x = b .

(b)	 Write down the value of

(i)	  a ;

(ii)	  b . � [2]

(c)	 Find the exact values of  x  such that  f (x) = 0 .� [4]

The graph of  f  has a maximum value of  2 .

(d)	 Find the value of  k .� [6]

�
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7.	 [Maximum mark: 14] 

Lynn is playing a game with two unbiased six-sided dice, each with faces marked with the 
integers from  1  to  6 .  

In each round, she throws both dice once. The outcomes can be displayed in the following 
sample space diagram, which has been partially completed:

Die 2

Die 1

1 2 3 4 5 6

1

2 2,2

3 3,4

4

5 5,3

6

Lynn scores points according to the following rules.

	y If the two dice show the same score, she scores  10  points.

	y If the two dice show scores which have a difference of one, for example the scores  4  and  5  
in any order, she scores  5  points.

	y Otherwise, she scores  0  points.

(a)	 Show that the probability that Lynn scores  5  points in one round is 
5

18
.� [2]

(b)	 Find the probability that Lynn scores no points in one round.� [2]

The random variable  X  represents the number of points Lynn scores in one round.

(c)	 Find  E (X ) .� [4]

(d)	 Hence, estimate the total number of points that Lynn scores if she plays  90  rounds.� [2]

A prize is awarded to any player who scores more than  40  points in total.

Lynn plays exactly five rounds.	

(e)	 Find the probability that Lynn wins a prize.� [4]
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9.	 [Maximum mark: 15] 

Consider the function f x x
x

( ) � �
�

2 2
2

, where  x ∈  ,  x ≠ -2 . 

(a)	 Show that  f -1(x) = f (x) .� [3]

The point  P  k k
k

, 2 2
2

�
�

�
�
�

�
�
�  is the point on the graph of  y = f (x)  that is closest to the origin  (0 , 0) .

(b)	 (i)	 Find the value of  k .

(ii)	 Hence, write down the coordinates of  P .� [4]

Consider the function g x x
cx d

( ) � �
�

2 3
, where  x ∈  , x d

c
� � , and  c , d ≠ 0 . 

The graph of  y = g (x)  has a vertical asymptote and a horizontal asymptote.

(c)	 In terms of  c  and  d , write down the equation of 

(i)	 the vertical asymptote;	  

(ii)	 the horizontal asymptote.� [2]

It is given that  g-1(x) = g (x) .

(d)	 	Find the value of  d .� [2]

Consider the case where  c = 1 .

(e)	 Sketch the graph of y
g x

=
1
( )

, showing the values of any intercepts with the axes and 

including any asymptotes, labelled with their equations.� [4]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The graph of a function  f  for  -3 ≤ x ≤ 3  is shown in the following diagram.

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4

The following graphs are transformations of the graph of  y = f (x) .

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(A) �

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(B)

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The graph of a function  f  for  -3 ≤ x ≤ 3  is shown in the following diagram.

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4

The following graphs are transformations of the graph of  y = f (x) .

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(A) �

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(B)

(This question continues on the following page)
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(Question 1 continued)

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(C) �

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(D)

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(E) �

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(F)

Consider the following table of transformations of  y = f (x) .

Next to each transformed function, write down the letter that corresponds to its graph.

Function Letter

 y = f (x + 1) 

 y = f (x) - 1

 y = f (-x) 

 y = f (2x) 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The graph of a function  f  for  -3 ≤ x ≤ 3  is shown in the following diagram.

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4

The following graphs are transformations of the graph of  y = f (x) .

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(A) �

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(B)

(This question continues on the following page)
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5.	 [Maximum mark: 6]

(a)	 Given that  x > 7 , show that 
x

x x
x
x

x
x2

2

8 7
1
1 7� �

�
�
�

�
�

.� [2]

(b)	 Hence, or otherwise, solve  log 2 [x (x2 - 1)] - 1 = log 2 [(x
2 - 8x + 7)(x + 1)] .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The graph of a function  f  for  -3 ≤ x ≤ 3  is shown in the following diagram.

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4

The following graphs are transformations of the graph of  y = f (x) .

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(A) �

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

4

−4 4

−4
(B)

(This question continues on the following page)
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6.	 [Maximum mark: 8]

For  x ∈  , the functions  f  and  g  are defined by

f (x) = -x2 + 4x + p  and

g (x) = x2 + qx - 1 , 

where  p  and  q  are non-zero constants. 

The graph of  y = f (x)  has a vertex at  A  and the graph of  y = g (x)  has a vertex at  B . 

Points  A  and  B  both lie on the line  y = 2x - 1 .

(a)	 Show that  p = -1 .� [3]

(b)	 Find the value of  q .� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

7.	 [Maximum mark: 14]

Consider the function  f (x) = 2x + 3  where  x ∈  .

(a)	 Find

(i)	 f (2) ;

(ii)	 f -1(x) .� [3]

The following diagram shows part of the graph of a linear function  h .

The graph has  x-intercept  2  and  y-intercept  -1 .

y

x

−1
−3 −2 −1

−2

−3

1

1

2

3

2 3

y = h (x)

(b)	 Write down an expression for  h (x) .� [2]

(c)	 Solve the equation  h-1 (x) = -2 .� [2]

(This question continues on the following page)
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7.	 [Maximum mark: 14]

Consider the function  f (x) = 2x + 3  where  x ∈  .

(a)	 Find

(i)	 f (2) ;

(ii)	 f -1(x) .� [3]

The following diagram shows part of the graph of a linear function  h .

The graph has  x-intercept  2  and  y-intercept  -1 .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

7.	 [Maximum mark: 14]

Consider the function  f (x) = 2x + 3  where  x ∈  .

(a)	 Find

(i)	 f (2) ;

(ii)	 f -1(x) .� [3]

The following diagram shows part of the graph of a linear function  h .

The graph has  x-intercept  2  and  y-intercept  -1 .
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(b)	 Write down an expression for  h (x) .� [2]

(c)	 Solve the equation  h-1 (x) = -2 .� [2]

(This question continues on the following page)
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(Question 7 continued)

Consider the function  g (x) = mx + c , where  x ∈   and  m , c ∈  .

(d)	 Given that  h (x) = ( f -1  g)(x) , find the value of  m  and the value of  c .� [4]

A function  k  exists such that  h (k (x)) = x .

(e)	 Find an expression for  k (x) .� [2]

(f)	 State the single transformation that maps the graph of  y = k (x)  onto the graph  
of  y = h (x) .� [1]
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8.	 [Maximum mark: 14]

The function  f  has a derivative given by  f ′(x) = 3x2 + 12x - 15 .

The graph of  y = f (x)  has horizontal tangents at the points where  x = a  and  x = b ,  a < b .

(a)	 Find the value of  a  and the value of  b .�  [3]

The following diagram shows three intervals along the  x-axis defined by  a  and  b . The sign 
of the first derivative of  f  is shown in each interval.

x+ +−
a b

(b)	 State, with a reason, whether there is a local maximum point or a local minimum point 
on the graph of  y = f (x)  at  x = a .� [2]

The second derivative  f ″(x)  is zero at  x = c .

(c)	 Find the value of  c .� [3]

The following diagram shows two intervals along the  x-axis defined by  c . The sign of the 
second derivative is shown in each interval.

x
c

+−

(d)	 State, with a reason, whether there is a point of inflexion on the graph of  y = f (x)   
at  x = c .� [2]

(e)	 Given that  f (-2) = 36 , find  f (x) . � [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6] 

The discrete random variable  X  has the following probability distribution:

x 1 2 3 4

P (X = x) 0.2 0.3 k 0.1

(a)	 Find the value of  k .� [2]

(b)	 Find  P (X  > 1.5) . � [2]

(c)	 Find  E (X ) .� [2]
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5.	 [Maximum mark: 8]

The following diagram shows the graph of y Ax B
x

�
�
� 4

, where  x ∈  , x ≠ 4  and  A , B ∈  .

The graph passes through the points  P (-10 , 1)  and  Q (3 , -12) .

P (−10 , 1)

Q (3 , −12)

y

x

(a)	 Determine the value of  A  and the value of  B .� [3]

(b)	 Describe a sequence of transformations that would map the graph of y
x

=
1

 onto the 

graph of y Ax B
x

�
�
� 4

.� [5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6] 

The discrete random variable  X  has the following probability distribution:

x 1 2 3 4

P (X = x) 0.2 0.3 k 0.1

(a)	 Find the value of  k .� [2]

(b)	 Find  P (X  > 1.5) . � [2]

(c)	 Find  E (X ) .� [2]
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6.	 [Maximum mark: 5] 

Solve the equation  3log8 10x − log4 x = 1  for  x > 0 .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

7.	 [Maximum mark: 14] 

Consider a triangle  PQR  where  PR = 3 ,  QR = 2  and  PR̂Q = 60° .

diagram not to scale

60˚
P

Q

R

2

3

(a)	 Find  PQ . � [3]

Now consider a general triangle  ABC  where  AC = x + 2 ,  BC = 3x - 1  and  AĈB = 60° .

60˚
A

B

C

3x − 1

x + 2

(b)	 Show that AB � � �7 7 72x x . � [5]

(c)	 Given that  AB = 7 , 

(i)	 find the value of  x ;

(ii)	 find the area of triangle  ABC .� [6]


