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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q2 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
2. [Maximum mark: 5]

Consider an arithmetic sequence where u, = S, = 8. Find the value of the first term, u,, and
the value of the common difference, d.
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q7 | 8 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 8]

Consider the quartic equation z* + 4z’ + 82 + 80z +400 =0, z € C.

Two of the roots of this equation are a + bi and b + ai, where a, b € 7.

Find the possible values of a.
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q9 | 8 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be

continued below the lines, if necessary.

9. [Maximum mark: 8]

A farmer has six sheep pens, arranged in a grid with three rows and two columns as shown
in the following diagram.

Five sheep called Amber, Brownie, Curly, Daisy and Eden are to be placed in the pens. Each
pen is large enough to hold all of the sheep. Amber and Brownie are known to fight.

Find the number of ways of placing the sheep in the pens in each of the following cases:

(a) Each pen is large enough to contain five sheep. Amber and Brownie must not be
placed in the same pen.

(b) Each pen may only contain one sheep. Amber and Brownie must not be placed in pens
which share a boundary.

(4]
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q9 | 8 marks

R I B yaa el ViV

Do not write solutions on this page.
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q1 | 4 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 4]
Consider two consecutive positive integers, n and n + 1.

Show that the difference of their squares is equal to the sum of the two integers.

||| |||||||||||||||||||||| ||| Turn aver
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q3 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
3. [Maximum mark: 5]

In the expansion of (x + k), where k € R, the coefficient of the term in x° is 63.

Find the possible values of k.

|H ||||||||| |||||||||| ‘" ||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q5 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 5]

n+1

Consider the expansion of (3 +x°)"*', where n € Z".

Given that the coefficient of x* is 20412, find the value of 7.

|H ||||||| || |||||||||‘ ||| ||| Tiirn nver

Apollo | Original source crop | 8



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q8 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 7]

Consider the complex numbers z = 2(cos§+isin75tj and w= 8(cosz?c—isin2knj ,

where k € 7. 5
(@) Find the modulus of zw. [1]
(b) Find the argument of zw in terms of k. [2]

Suppose that zw € Z.
(c) (i) Find the minimum value of k.

(i)  For the value of k found in part (i), find the value of zw. [4]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q2 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
2. [Maximum mark: 5]
An arithmetic sequence has first term 60 and common difference -2.5.
(a) Given that the kth term of the sequence is zero, find the value of %. [2]
Let S, denote the sum of the first n terms of the sequence.

(b)  Find the maximum value of S . [3]

|H ||||||||| ||||||”|H|| ||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q7 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 5]

Eight runners compete in a race where there are no tied finishes. Andrea and Jack are two of
the eight competitors in this race.

Find the total number of possible ways in which the eight runners can finish if Jack finishes
(a) inthe position immediately after Andrea; [2]

(b) in any position after Andrea. [3]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q8 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 5]

Consider z=cos @ +isin@ where z€¢ C, z= 1.

Show that Re(”zjzo.

—Zz

|H |||||||||||||||||”|I|||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

[Maximum mark: 24]

This question asks you to investigate and prove a geometric property involving the
roots of the equation z" = 1 where z € C for integers n, where n>2.

27
The roots of the equation z'=1 where z € C are 1, o, &, ..., ® ', where ®=e¢ " . Each
root can be represented by a point P, P,, P,, ..., P,_,, respectively, on an Argand diagram.

For example, the roots of the equation z* = 1 where z € C are 1 and . On an Argand
diagram, the root 1 can be represented by a point P, and the root @ can be represented by
apoint P, .

Consider the case where n=3.

The roots of the equation z’ = 1 where z € C are 1,  and ®’. On the following Argand
diagram, the points P, P, and P, lie on a circle of radius 1 unit with centre O (0, 0).

Im
Pl PR B
/. N\\
! P
1 ‘0 Re
\\‘N "’,,
A
(@) () Showthat(w—-1) &' +w+1)=w"—1. 2]
(i) Hence, deduce that w* + o+ 1 =0. 2]

(This question continues on the following page)
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

RV a2y el B N RV

(Question 2 continued)

Line segments [P,P,] and [P P,] are added to the Argand diagram in part (a) and are shown
on the following Argand diagram.

Im

Re
P,P, is the length of [P,P,] and P P, is the length of [P P,].
(b) Show that P,P, x P,P, = 3. 3]
Consider the case where n=4.
The roots of the equation z* =1 where z € C are 1, 0, @ and o’.
(c) By factorizing z* — 1, or otherwise, deduce that &’ + @* + @+ 1 = 0. 2]

(This question continues on the following page)

Turn aver
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

(Question 2 continued)

On the following Argand diagram, the points P, P,, P, and P, lie on a circle of radius 1 unit

with centre O (0, 0). [P,P,], [P,P,] and [P,P,] are line segments.

Im

Re

(d) Show that P,P, x P,P, x P,P, = 4.

For the case where n =5, the equation z° = 1 where z € C has roots 1, 0, &, ' and o".

It can be shown that P P, x P .P, x PP, x PP, =5.

Now consider the general case for integer values of n, where n > 2.

The roots of the equation z" = 1 where z € C are 1, w, @, ..., ® . On an Argand diagram,
these roots can be represented by the points P, P, P,, ..., P, respectively where
[P,P.1, [P,P,], ..., [P,P, ,] are line segments. The roots lie on a circle of radius 1 unit

with centre O(0, 0).

(e) Suggest a value for PP, x PP, x ... x PP .
P,P, can be expressed as |1 — o|.

(f) (i)  Write down expressions for PP, and PP, in terms of w.

(i)  Hence, write down an expression for PP, interms of n and w.

Consider 2/ — 1 =(z—- 1)z +2"7+...+z+1) where z € C.

(9) () Expressz"' +z >+ ...+z+ 1 asaproduct of linear factors over the set C.

(i)  Hence, using the part (g)(i) and part (f) results, or otherwise, prove your

suggested result to part (e).

a2y el B N RV

[4]

(1]

(2]
[1]

3]

[4]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q9 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 7]

1
Consider the expression —Jl—=x where a e Q, a#0.
P 1+ ax Q

The binomial expansion of this expression, in ascending powers of x, as far as the term in x’
is 4bx + bx”, where b € Q.

(a) Find the value of a and the value of 5. [6]

(b) State the restriction which must be placed on x for this expansion to be valid. [1]

Apollo | Original source crop | 16



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q9 | 7 marks
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Do not write solutions on this page.
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 22]

Consider the equation (z - 1)’ =1, z € C. The roots of this equation are ®,, , and o,
where Im(w,) >0 and Im(w,) <0.

(@) (i) Verify that o, =1+e® is a root of this equation.
(i)  Find w, and w,, expressing these in the form a + ¢’, where « e R and 6> 0. [6]

The roots w,, w, and w, are represented by the points A, B and C respectively on an
Argand diagram.

(b) Plot the points A, B and C on an Argand diagram. [4]
(c) Find AC. [3]

Consider the equation (z - 1)’ =iz’, z € C.

(d) By using de Moivre’s theorem, show that a = is a root of this equation. [3]

LT
i

I-ef
(e) Determine the value of Re(). [6]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q5 | 9 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 9]

r=1 8
(a) Find the first term of the sequence, u, . [2]
(b) Find S, . [3]
(c) Find the least value of n such that §, -5, <0.001. [4]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q6 | 8 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 8]
(a) Prove the identity (p +¢q)' —3pq(p+q)=p’ + ¢ . 2]

The equation 2x* — 5x + 1 = 0 has two real roots, o and f3.

Consider the equation x* + mx + n =0, where m, n € Z and which has roots L} and # .
a
(b)  Without solving 2x* — 5x + 1 = 0, determine the values of m and . [6]

|H |||||||||||||||||”|I|||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2021 | Q1 | 25 marks

1. [Maximum mark: 25]

In this question you will explore some of the properties of special functions f and g
and their relationship with the trigonometric functions, sine and cosine.

e g g(z):e —e

Functions f and g are defined as f(z)= , where z € C.

Consider ¢ and u, such that 7, u € R.

2
(@) Verify that u = f'(¢) satisfies the differential equation 271;[ =u.

(b)  Show that (f () +(g()) =/ (20).

(c) Using e"“=cosu + isinu, find expressions, in terms of sinu and cosu, for
(i) f(iu);
(i) g(iu).

(d) Hence find, and simplify, an expression for ( f(iu))* + (g(iu))’.

(e) Show that (f(1)’ -~ (g(0)’ = (f(w) - (g(iw).

The functions cosx and sinx are known as circular functions as the general
point (cos 0, sin ) defines points on the unit circle with equation x* +3° = 1.

The functions f'(x) and g(x) are known as hyperbolic functions, as the general
point ( £(0), g(0)) defines points on a curve known as a hyperbola with
equation x* —” = 1. This hyperbola has two asymptotes.

(f)  Sketch the graph of x> — y* = 1, stating the coordinates of any axis intercepts and the
equation of each asymptote.

The hyperbola with equation x* —* = 1 can be rotated to coincide with the curve defined
by xy=k, ke R.

(g) Find the possible values of k.
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q2 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
2. [Maximum mark: 5]

(@) Showthat 2n— 1Y+ Q2n+1)Y’=8n"+2,where neZ. 2]

(b) Hence, or otherwise, prove that the sum of the squares of any two consecutive odd
integers is even. [3]

|H||||||||||I|‘|||||“||I|| Turn nver
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q11 | 18 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 18]
(@) Express -3 + J3i in the form re’, where r>0 and -t < <. [5]

Let the roots of the equation z° = — 3 + \/gi be u,v and w.
(b) Find u, v and w expressing your answers in the form re”, where »>0 and -t <0<m. [5]

On an Argand diagram, u, v and w are represented by the points U, V and W respectively.

(c) Find the area of triangle UVW. [4]
(d) By considering the sum of the roots u, v and w, show that
Sn n 17n
c0S— + cos— + cos— = 0. (4]
18 18 18
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q2 | 6 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be

continued below the lines, if necessary.

2. [Maximum mark: 6]

On 1st January 2020, Laurie invests $P in an account that pays a nominal annual interest
rate of 5.5%, compounded quarterly.

The amount of money in Laurie’s account at the end of each year follows a geometric
sequence with common ratio, r.

(a) Find the value of r, giving your answer to four significant figures.
Laurie makes no further deposits to or withdrawals from the account.

(b) Find the year in which the amount of money in Laurie’s account will become double the
amount she invested.

[3]

[3]

|H||||||||||I|||||||‘|||||| Turn nver
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Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q8 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 7]

The complex numbers w and z satisfy the equations

=2i

R

z —3w=>5+5i.

Find w and z in the form a + bi where a,beZ.

|H||||||||||I||||||”| ||||| Turn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q6 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 5]

1 n
Consider the expansion of (8x3 —2—j where n € 7. Determine all possible values of n for
X

which the expansion has a non-zero constant term.

|H ||||||| || ||||||||||I|| ||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q8 | 6 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
8. [Maximum mark: 6]

Consider integers a and b such that o’ + b’ is exactly divisible by 4. Prove by contradiction
that @ and b cannot both be odd.

|H |||||||||||||||||”| ||||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q9 | 6 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 6]
Consider the complex numbers z, = 1 + bi and z, = (1 — »’) — 2bi, where b € R, b # 0.

(@) Find an expression for z,z, in terms of b. [3]

(b)  Hence, given that arg(zlzz) = % , find the value of b. [3]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q9 | 6 marks
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Do not write solutions on this page.
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q10 | 18 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.
10. [Maximum mark: 18]

Consider the series lnx+plnx+%lnx+..., where x e R,x>1landpeR,p=#0.

(a) Consider the case where the series is geometric.

(i) Show that p:il.

3

(i)  Hence or otherwise, show that the series is convergent.

(i) Giventhat p>0 and S, = 3+4/3 , find the value of x. [6]

(b) Now consider the case where the series is arithmetic with common difference d.

(i)  Show that ng.

(i)  Write down d in the form klnx, where k € Q.

X
Find the value of n. [12]

1
(i)  The sum of the first n terms of the series is ln(—J .
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q1 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]

The n™ term of an arithmetic sequence is given by u,=15-3n.

(a) State the value of the first term, u, . [1]
(b)  Given that the n™ term of this sequence is —33, find the value of 7. [2]
(c) Find the common difference, d. [2]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q2 | 6 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
2. [Maximum mark: 6]

Consider any three consecutive integers, n —1, n and n+ 1.

(a) Prove that the sum of these three integers is always divisible by 3. [2]

(b) Prove that the sum of the squares of these three integers is never divisible by 3. [4]

|H ||||||||| ||||||”|H|| ||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q5 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 7]

Consider the binomial expansion (x + 1)" = x” + ax® + bx’ + 35x* + ... + 1 where x # 0
anda,beZ .

(@) Show that b=21. [2]

The third term in the expansion is the mean of the second term and the fourth term in
the expansion.

(b) Find the possible values of x. [5]

|H ||||||| || |||||||||‘ ||| ||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q9 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 5]

Prove by contradiction that the equation 2x’ + 6x + 1 = 0 has no integer roots.

|H ||||||||||||||||||H||||| Tiirn nver
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q9 | 5 marks

I e 11

Do not write solutions on this page.
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q12 | 18 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 18]

In the following Argand diagram, the points Z,, O and Z, are the vertices of triangle Z,0Z,
described anticlockwise.

Imz

\ \
i \ 0 Rez

The point Z, represents the complex number z, = ,e'*, where r, > 0. The point Z,
represents the complex number z, = r,¢"’, where 7, > 0.

Angles a, 0 are measured anticlockwise from the positive direction of the real axis such
that 0 <a,0<2nand O<a—-0O<m.

(a) Show that ZIZZ* — rlrzei(oc—(;)

where z,* is the complex conjugate of z,. [2]
(b) Given that Re(z, z,*) = 0, show that Z ,0Z, is a right-angled triangle. [2]
In parts (c), (d) and (e), consider the case where Z,0Z, is an equilateral triangle.
() (i) Express z, interms of z,.

(i)  Hence show that z* +z,°=z,z,. [6]
Let z, and z, be the distinct roots of the equation z° + az+ b =0 where z € C and a, b € R.
(d)  Use the result from part (c)(ii) to show that * —3b=0. [5]

Consider the equation z* + az + 12 =0, where z € C and a € R.

(e) Giventhat 0 < a— 0<r, deduce that only one equilateral triangle Z,0Z, can be
formed from the point O and the roots of this equation. [3]

References:
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q12 | 18 marks
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q12 | 18 marks
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q9 | 7 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
9. [Maximum mark: 7]

Mary, three female friends, and her brother, Peter, attend the theatre. In the theatre there is

a row of 10 empty seats. For the first half of the show, they decide to sit next to each other in

this row.

(a) Find the number of ways these five people can be seated in this row. [3]

For the second half of the show, they return to the same row of 10 empty seats. The four girls
decide to sit at least one seat apart from Peter. The four girls do not have to sit next to each other.

(b) Find the number of ways these five people can now be seated in this row. [4]
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q9 | 7 marks

I BV B fccce— 1 1viI

Do not write solutions on this page.
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ2 | Q9 | 4 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
9. [Maximum mark: 4]

Consider the set of six-digit positive integers that can be formed from the
digits 0, 1,2,3,4,5,6,7,8and 9.

Find the total number of six-digit positive integers that can be formed such that
(a) the digits are distinct; [2]

(b) the digits are distinct and are in increasing order. [2]
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ2 | Q9 | 4 marks
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Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ1 | Q1 | 27 marks

1. [Maximum marks: 27]

This question asks you to explore some properties of polygonal numbers and to
determine and prove interesting results involving these numbers.

A polygonal number is an integer which can be represented as a series of dots arranged
in the shape of a regular polygon. Triangular numbers, square numbers and pentagonal
numbers are examples of polygonal numbers.

For example, a triangular number is a number that can be arranged in the shape of an
equilateral triangle. The first five triangular numbers are 1, 3, 6, 10 and 15.

The following table illustrates the first five triangular, square and pentagonal numbers
respectively. In each case the first polygonal number is one represented by a single dot.

Type of
polygonal Geometric representation Values
number
Triangular ° o
® o) ooe0 1,3,6, 10, 15, ...
numbers ° oo cce coee ceese...
o000
(XX X TY XY
Square YY) eooe ecoco0 1,4,9,16,25, ...
numbers o0 eoe eooe (XXX X) T
) oo eoe cooe Y XY
°
o o
[ J .. o ..
Pentagonal e® % ©0,° °, e
numbers . ..:.. o..:.. : o..:.. :: 1,5,12,22,35, ...
[ ) o oo ® 000 e o000
° oo eoce cooe XX XX

For an r-sided regular polygon, where r € Z", r > 3, the nth polygonal number P.(n) is given by

_ (r=2)n*—(r—4)n

,Where n € Z".
2

£.(n)

(This question continues on the following page)
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(Question 1 continued)

(4-2)n"—(4-4)n

Hence, for square numbers, P, (n)= 5 =n’.
(@) (i) For triangular numbers, verify that P,(n) = n(n_+1) [2]
(i)  The number 351 is a triangular number. Determine which one it is. [2]
(b) (i) Showthat P(n)+ P,(n+1)=(n+1). [2]
(i)  State, in words, what the identity given in part (b)(i) shows for two consecutive
triangular numbers. [1]
(i) For n=4, sketch a diagram clearly showing your answer to part (b)(ii). [1]
(c) Show that 8P,(n) + 1 is the square of an odd number for all n € Z". [3]

The nth pentagonal number can be represented by the arithmetic series

Pmn)=1+4+7+...+0Bn-2).

(d) Hence show that P, (n) =

@ forn e 7. 3]

(e) By using a suitable table of values or otherwise, determine the smallest positive integer,
greater than 1, that is both a triangular number and a pentagonal number. [5]

A polygonal number, P.(n), can be represented by the series

Zn:(1+(m—1)(r—2)) where r € Z, r>3.

m=1
n—(r—4)n
2

(f)  Use mathematical induction to prove that P.(n) = (r=2) where n € Z". [8]

Turn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

3. [Maximum mark: 5]

Let a be a constant, where a > 1.

1Y (&4
(a) Show that a®+| & - ¢ . 3]
2 2
a’— a*+1
Consider a right-angled triangle with sides of length «, 5 and ol
(b) Find an expression for the area of the triangle in terms of a. [2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 7]

Consider the equation z* + pz’ + 542" — 108z + 80 = 0 where z € C and p € R.

Three of the roots of the equation are 3 +i, a and o, where a € R.

(a) By considering the product of all the roots of the equation, find the value of «. [4]

(b) Find the value of p. [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 18]
Let z, be the complex number defined as z, = (W +n+1)+iforneN.
(@ (i) Find arg(z,).
(i) Write down an expression for arg(z,) in terms of n. [3]

Let w, =2z,z,2,2;...2, ,z, for n € N.

n—-1%n

(b) (i) Show that arctan(a)+arctan(b):arctan(laJrl;)j fora,be R, ab< 1.
—da
(i)  Hence or otherwise, show that arg(w,) = arctan(2). [5]
(c) Prove by mathematical induction that arg(w,) = arctan(n + 1) for n € N. [10]

References:

© International Baccalaureate Organization 2022
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
3. [Maximum mark: 5]

A geometric sequence has a first term of 50 and a fourth term of 86.4.

The sum of the first n terms of the sequence is S, .

Find the smallest value of n such that S, >33500.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 6]

(ax+l)9

8
Consider the expansion of , where a # 0. The coefficient of the term in x” is 7a5 .

Find the value of a.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 6]

Consider P(z)=4m—mz+§zz —z* where ze C and m € R".
m

Given that z — 3i is a factor of P(z), find the roots of P(z) =0.

|H |||||||||||||||||”|I|||| Tiirn nver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 14]
Consider the arithmetic sequence u,, u,, u,, ....
The sum of the first n terms of this sequence is given by S = n+4n.

(@) (i) Find the sum of the first five terms.

(i)  Given that S, =60, find u,. [4]
(b) Find u,. [2]
(c) Hence or otherwise, write an expression for u, in terms of n. [3]

Consider a geometric sequence, v,, where v, =u, and v, = u,.
(d) Find the possible values of the common ratio, r. [3]

(e) Given that vy, <0, find v;. [2]

||| |||||||||||||||||||| ||||| Tuirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 7]

z r

(1)l

1
Use mathematical induction to prove that 1—( ' for all integers n>1.
n .

+1)
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Answer all questions in the answer booklet provided. Please start each question on a new page.

Section B

1. [Maximum mark: 22]

Consider the complex number u =—1+ JV3i.

(@)
(b)

2n
By finding the modulus and argument of «, show that u =2¢ 3 .

(i)  Find the smallest positive integer n such that u" is a real number.
(i)  Find the value of " when n takes the value found in part (b)(i).
Consider the equation z* + 5z° + 10z + 12 =0, where z € C.

() Giventhat u is aroot of 2 + 5z° + 10z + 12 = 0, find the other roots.

(i) By using a suitable transformation from z to w, or otherwise, find the roots of the
equation 1+ 5w + 10w” + 12w’ =0, where w € C.

Consider the equation z> =2z, where z € C, z#0.

By expressing z in the form a + bi, find the roots of the equation.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 7]

The coefficient of x° in the expansion of (ax’ + b)* is 448.

The coefficient of x° in the expansion of (ax’ + b)'"” is 2880.

Find the value of a and the value of b, where a, 5> 0.

|H ||||||| || |||||||||‘ ||| ||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
6. [Maximum mark: 7]

Consider z = cosE + isin@ .
18 18

(a) Find the smallest value of n that satisfies z' = —i, where n € Z". [4]

(b)  Hence or otherwise, describe a single geometric transformation applied to z on the
Argand diagram that results in z'. [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 6]

Prove by contradiction that p* — 8¢ — 11 # 0, forany p, q € Z.

|H ||||||||||||||||||H||||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

4. [Maximum mark: 7]

The expansion of (x + 4)*, where & € Q', can be written
as X +ax +bx°+ex’ +dx*+...+ K, where a, b, c,d, ... e R.

Given that the coefficients, a, b and d, are the first three terms of a geometric sequence,
find the value of 4.

|H ||||||||| |||||||||| ‘" ||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 5]

Let S be the set of 30 positive integers {1, 2,3, ..., 28,29, 30} .

Raghu randomly selects three positive integers from S without replacement. He then adds
them together and determines whether the sum is divisible by 3.

Determine the total number of selections Raghu can make to obtain a sum that is divisible
by 3.

You may assume that order is not important, for example,
{1,2,3},{1,3,2},{2,3,1},{2,1,3},{3,1,2},{3, 2, 1} are all considered to be the
same selection. [5]

|H ||||||||||||||||||H||||| Tiirn nver
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2. [Maximum mark: 31]

This question asks you to examine linear and quadratic functions constructed in
systematic ways using arithmetic sequences.

Consider the function L(x) =mx + ¢ for x € R where m, c € R and m, ¢ #0.
Let » € R be the root of L(x)=0.

If m, r and c, in that order, are in arithmetic sequence then L (x) is said to be an AS-linear
function.

(@) Show that L(x)=2x— 1 is an AS-linear function. [2]

Consider L(x) =mx+c.

(b) (i) Show that r = —%. [1]
(i) ~ Given that L(x) is an AS-linear function, show that L(x)=mx— mn:; . [4]
(i)  State any further restrictions on the value of m. 1

There are only three integer sets of values of m, r and ¢, that form an AS-linear function.

One of these is L(x)=—x—1.

(c) Use part (b) to determine the other two AS-linear functions with integer values of m, r
and c. (3]

Consider the function Q(x) =ax’ + bx +c forx e R where a e R, a#0 and b, ¢ € R.

Let r,, r, € R be the roots of Q(x)=0.

(d)  Write down an expression for
(i)  the sum of roots, r, +r,, interms of a and b. [1]
(i)  the product of roots, r,7,, in terms of a and c. [1]

(This question continues on the following page)
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RV A2 bl BN RV

(Question 2 continued)

If a, ,, b, r, and c, in that order, are in arithmetic sequence, then Q(x) is said to be an
AS-quadratic function.

(e) Given that Q(x) is an AS-quadratic function,

(i)  write down an expression for r, —r, in terms of a and b;

2
(i)  use your answers to parts (d)(i) and (e)(i) to show that 7, = a 2ab b ;
a

(iii)  use the result from part (e)(ii) to show that 5=0 or a = —%.
Consider the case where b =0.

(f)  Determine the two AS-quadratic functions that satisfy this condition.

Now consider the case where a = —% .
(@) (i) Find an expression for r, in terms of b.

(i)  Hence or otherwise, determine the exact values of b and ¢ such that
AS-quadratic functions are formed.

~ptqs

Give your answers in the form where p, q, s € Z".

(1]

(2]

3]

[3]

(2]

[5]

References:
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
3. [Maximum mark: 7]

The sum of the first n terms of an arithmetic sequence is given by S, = pn” — gn,
where p and g are positive constants.

It is given that S, =40 and S;=65.
(a) Find the value of p and the value of g. [5]

(b)  Find the value of u,. (2]

|H ||||||||| |||||||||| ‘" ||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 6]

n

The binomial expansion of (1 + kx)" is given by 1 + 12x + 28k°x” + ... + kK"x" where n € Z*

and k€ Q.

Find the value of n and the value of %.

|H ||||||| || |||||||||‘ ||| ||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 7]

Prove by mathematical induction that 5* — 2" is divisible by 17 forall n € Z".
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 5]

ltis given that z = 5 + gi satisfies the equation z* + iz = —p + 25i, where p, q € R.

Find the value of p and the value of g.

|H |||||||||||||||||”|I|||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
3. [Maximum mark: 7]

The sum of the first n terms of an arithmetic sequence is given by S, = pn” — gn,
where p and g are positive constants.

It is given that S, =40 and S;=65.
(a) Find the value of p and the value of g. [5]

(b)  Find the value of u,. (2]

|H ||||||||| |||||||||| ‘" ||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 6]

n

The binomial expansion of (1 + kx)" is given by 1 + 12x + 28k°x” + ... + kK"x" where n € Z*

and k€ Q.

Find the value of n and the value of %.

|H ||||||| || |||||||||‘ ||| ||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 7]

Prove by mathematical induction that 5* — 2" is divisible by 17 forall n € Z".
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 5]

ltis given that z = 5 + gi satisfies the equation z* + iz = —p + 25i, where p, q € R.

Find the value of p and the value of g.

|H |||||||||||||||||”|I|||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 6]
A junior baseball team consists of six boys and three girls.
The team members are to be placed in a line to have their photograph taken.
(@) In how many ways can the team members be placed if
(i) there are no restrictions;
(i)  the girls must be placed next to each other. [3]

(b) Five members of the team are selected to attend a baseball summer camp. Find the
number of possible selections that contain at least two girls. [3]

|H ||||||||||||||||||H||||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 6]
A junior baseball team consists of six boys and three girls.
The team members are to be placed in a line to have their photograph taken.
(@) In how many ways can the team members be placed if
(i) there are no restrictions;
(i)  the girls must be placed next to each other. [3]

(b) Five members of the team are selected to attend a baseball summer camp. Find the
number of possible selections that contain at least two girls. [3]

|H ||||||||||||||||||H||||| Tiirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

5. [Maximum mark: 5]

Consider a geometric sequence with first term 1 and common ratio 10.

S, is the sum of the first n terms of the sequence.

a' -1

(a) Find an expression for S, in the form ,where a, b e Z". [1]

10(10"—1)—9n

(b) Hence, show that S, +S,+S5,+...+ 8§, = 21
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 7]

r

‘ n
Using mathematical induction and the definition "C S prove that Z"Cl ="1C,
forall n e Z". ri(n—r)! 1
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 20]
Consider ¢ = (a + bi)’, where a, b € R.
(@) Intermsof a and b, find
(i) the real part of ¢;

(iiy  the imaginary part of ¢. [3]

. 3
(b) Hence, or otherwise, show that (1+\/§1) =-8. [2]

The roots of the equation z>=-8 are u, v and w, where u :1+\/§i and v e R.

(c) Write down v and w, giving your answers in Cartesian form. [2]
On an Argand diagram, u, v and w are represented by the points U, V and W respectively.

(d) Find the area of the triangle UVW. [3]

Each of the points U, V and W is rotated counter-clockwise (anticlockwise) about 0

through an angle of g to form three new points U’, V' and W'. These points represent the

complex numbers u', v' and w' respectively.
(e) Find ', v' and w', giving your answers in the form re"’, where -t < 0< 1. [4]

(f) Giventhat u’, v' and w' are the solutions of z2=c+di, where ¢, d € R, find the
value of ¢ and the value of d. [3]

Itis given that u, v, w, ', v/ and w' are all solutions of z" = a for some o € C, where n € N.

(g) Find the smallest positive value of n. [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 7]
Afunction g(x) is defined by g(x) =2x’ — 7x’ + dx — e, where d, e € R.
a, B and y are the three roots of the equation g(x) =0 where «, 3, y € R.
(@) Write down the value of o+ S+ y. [1
Afunction 4 (z) is defined by h(z) = 22" — 11z* + 12’ + s2° + tz — 20, where 7, s, t € R.
a, B and y are also roots of the equation 4(z)=0.
It is given that /(z) = 0 is satisfied by the complex number z =p + 3i.

(b) Showthat p=1. 3]
It is now given that h(%j:o, and a,BeZ", a<Band ye Q.

(¢) (i) Find the value of the product af.

(i)  Write down the value of o and the value of £3. [3]

|H ||||||||||||||||||H||||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
9. [Maximum mark: 7]

A teacher takes n students on a field trip. The students are assigned randomly into two groups.

For safety reasons there must be exactly three students in the first group and at least three
students in the second group.

The teacher will randomly assign three students to the first group and the other students to
the second group.

(a) Write down an expression for the number of ways that the students could be assigned. [1]
Two of the students ask the teacher not to work in the same group.
The teacher agrees and now finds that the number of ways to assign the students is halved.

(b) Determine the value of n. [6]

|H ||||||||| ||||||”||‘ || ||| Tiirn nver
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]
Consider the arithmetic sequence a, p, ¢q..., where a, p, ¢ #0.
(@) Showthat 2p —g=a. [2]
Consider the geometric sequence a, s, t..., where a, s, t #0.
(b) Show that s° = ar. [2]
The first term of both sequences is a.

Itis giventhat g=¢=1.
1
(c) Showthat p >5. [2]

Consider the case where a =9, s>0and g=¢=1.
(d)  Write down the first four terms of the
(i)  arithmetic sequence;
(i) geometric sequence. [4]
The arithmetic and the geometric sequence are used to form a new arithmetic sequence u, .
The first three terms of u, are u, =9 +In9, u,=5+1n3,and u;=1+1n1.

() (i) Find the common difference of the new sequence in terms of In3.

10
(i)  Show that »u, =-90-25In3. [6]

i=1
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 7]
Darren buys a car for $35000. The value of the car decreases by 15% in the first year.
(@) Find the value of the car at the end of the first year.
After the first year, the value of the car decreases by 11 % in each subsequent year.

(b) Find the value of Darren’s car 10 years after he buys it, giving your answer to the
nearest dollar.

When Darren has owned the car for n complete years, the value of the car is less than 10%
of its original value.

(c) Find the least value of n.

(2]

(2]

(3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 7]

A group of 10 children includes one pair of brothers, Alvin and Bobby, and one pair of sisters,
Catalina and Daniela.

The children are to be seated at 10 desks which are arranged in two rows of five as shown in
the following diagram.

front

aaee.
aaEeE

Alvin and Bobby must be seated next to each other in the same row.
(a) Find the total number of ways the children can be seated. [3]

After an argument, Catalina and Daniela must not be seated next to each other. Alvin and
Bobby must still be seated next to each other.

(b) Find the total number of ways the children can be seated. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 10]

Let z=1+ cos260+isin26, where —g<9 <g.

(a) Show that
(i) argz=0,
(i) |z|=2cos0. (7]

(b)  Hence or otherwise, find the value of 8 such that arg(z*) = |2’|. [3]

|H |||||||||||||||||”|I|||| Tiirn aver

Apollo | Original source crop | 90



Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q3 | 4 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

3. [Maximum mark: 4]

Prove that (31 + 2)* — (3n — 2)* is a multiple of 12 for all n € Z".
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 6]

For a particular arithmetic sequence, u,,=16 and S,; =100.

Find the value of & such that #, =0.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 20]
Consider the equation z* = 16i, where z € C.

The equation has four roots z,, z,, z;, z,, where z,=r(cos 6, +1sin6,), r >0
and 0<6,<0,<0,<0,<2m.

(@) Find z,, z,, z; and z,. [6]
The roots z, z,, z; and z, form a geometric sequence.
(b) Find the common ratio of the sequence, expressing your answer in Cartesian form. [3]

The roots z,, z,, z; and z, are represented by the points A, B, C and D respectively on an
Argand diagram.

(c) Plotthe points A, B, C and D on an Argand diagram. [3]
The equation v'=a + bi, where v e C and @, b € R hasroots z,", z,", z," and z,".
(d) Determine the value of a and the value of 5. [3]

The midpoint of [AB] is A’, the midpoint of [BC] is B’, the midpoint of [CD] is C' and the
midpoint of [DA] is D'.

Consider the equation w” =27, where w e C and p,q € Z".
Four of the roots of w” =27 are represented by the points A’, B’, C' and D’.

(e) Find the least possible value of p and the corresponding value of ¢. [5]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

2. [Maximum mark: 4]

Find the coefficient of x° in the expansion of (2x — 5)’.
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Section A
Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 6]
A self-service sushi restaurant has a row of 12 available seats, as shown in the following diagram.

miaiainialialialialalalaln

(@)} (@)} (@)} (@)} (@)} (@)} (@)} (@)} (@)} (@)} (@)} (@)}

Anvi, Vanya and Parita decide to go to the restaurant for lunch.

(a) Find the number of possible ways that they can be seated in this row, if they decide not
to sit together as a group of 3. [3]

The next day, Anvi, Vanya and Parita are joined by 3 additional people in the same
restaurant, and they sit in the same row of 12 available seats. Anvi, Vanya and Parita now
decide to sit next to each other as a group of 3.

(b)  Find the number of possible ways that these 6 people can be seated. [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
8. [Maximum mark: 6]
(a) Given that w € C, prove that ww" = |w/[’. 2]
Two complex numbers z and w satisfy the following equations:
S5wi=(1-2i)7
zw =10+ 10i.

(b) Given that ]w| :2\/§ , find z expressing your answer in the form a + bi, where a, b € Z . [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 7]

n—1
The sum of the first n terms of a geometric sequence is given by S, = Z:S(log2 c)r .
r=0

(a) Giventhat S, converges, find the range of possible values of c. [3]

(b) Inthe case where ¢ = 1.5, find the least value of n such that | S, — S,|<0.1. [4]
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1. [Maximum mark: 27]
This question asks you to investigate models for the population of trout in a lake.
Trout is a type of fish. At the start of a year, a lake is estimated to contain 6000 trout.
The owner of the lake estimates that the number of trout will increase by 10% per year.

At the end of each year, the owner proposes to remove 500 trout from the lake to
prevent overpopulation.

Therefore, the relationship between T, , the predicted number of trout at the start of year n,
and T, the predicted number of trout at the start of year n + 1, is given by

n+17

T ., =1.1T,—500 and T, = 6000.

For example, the predicted number of trout at the start of the second year is given by

T,=1.1T, -500.
(@) Use this formula to verify that 7, = 6100. [2]
(b) (i) Verify that 7, = 6210. [1]
(i) Find T,. [2]

L1 500((11)"" 1)

It is also known that 7, =6000(1.1)"" — T :

(c) () Showthat T,=1000(1.1)"""+5000. [2]
(i)  Hence, or otherwise, find 7. Give your answer to the nearest whole number. [2]

(This question continues on the following page)
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(Question 1 continued)

After deciding that the trout population would increase too quickly, the lake owner proposes
instead to remove 750 trout at the end of each year.

The relationship between D , the predicted number of trout at the start of year n, and D
the predicted number of trout at the start of year n + 1, is now given by

n+1?

D, ,=1.1D,6-750 and D, = 6000.
It is also known that D, =—1500(1.1)""" + 7500.
(d) () ShowthatD, ,—D, =-150(1.1)"". [3]
(i)  Use the result in part (d)(i) to deduce that the predicted number of trout at the
start of any year will be greater than the predicted number at the start of the next
year. (1]

(e) Determine the first year during which there will be no trout remaining in the lake. [4]

The lake owner now considers a more general approach where d trout are removed at the
end of each year.

Let C, denote the predicted number of trout in the lake at the start of the nth year where
C,=6000(1.1)""" = 10d((1.1)""" = 1).

(f)  Find the value of d such that the predicted number of trout at the start of each year
is constant. [3]

To model predicted numbers of trout, the lake owner has been using sequences generated by

u, =ru,—d,where d,r € R"and r# 1.

n

a’(r"’1 —1)

v —

(g) Use mathematical induction to prove that u, =ur"" — fornelZ". [7]

Tirn aver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

2. [Maximum mark: 7]

Bob invests 1000 dinar in an account which pays a nominal annual interest rate of 4%
compounded quarterly.

The amount of money in the account after one complete year can be written as 1000 (1 + k)"

where k£ € Q.
(@) Write down the value of k. [1]
(b)  Expand and simplify (1 +x)*. [2]

(c) Hence or otherwise, find the amount of money in the account after one complete year,
giving your answer correct to the nearest dinar. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
5. [Maximum mark: 8]

Consider a sequence of ten rectangular picture frames F,, F,, ..., Fy, F,.

Picture frame F, has width 4cm and height Scm.

The width and height of picture frame F, are each increased by 50% to generate the width
and height of the next picture frame F, ,forn € Z", 1 <n<9.

+17

n-1
(@) (i) Show that the area of picture frame F is 20(%] cm’.

(i)  Hence, find the mean area of the ten picture frames, giving your answer in the

form p[(%j —ljcmz, where p € Q*, a € Z". (5]

(b) Find the median area of the ten picture frames, giving your answer in

4
the form q(%j cm’, where g € Q" [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 5]
Consider the complex number z = 3"".
(a) Write the integer 3 in the form ¢“ where a € R. [1]
(b)  Hence, giving your answers in the form pcos(Ing) where p, g € Q", find

(i)  Re();

(ii) Re(lj . [4]
z
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
8. [Maximum mark: 7]

Seema claims that n > log,n for n € Z".

(@) Showthat 1 +log,n>log,(n+1) forn e Z". [2]

(b) Use mathematical induction and the result from part (a) to prove that Seema’s claim
is valid. (9]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 6]

Prove by contradiction that _r >4 forxeR,0<x<1.

x(l—x)
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Apollo | Original source crop | 108



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q9 | 6 marks

I fcev—r 1

Do not write solutions on this page.

Apollo | Original source crop | 109



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q11 | 17 marks

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 17]

(a) Find the first four terms in the binomial expansion of +/1+5x in ascending powers of x.  [4]
Consider the expression (1 + px)(1 + gx)', where p, g € Q.

(b)  Find the expansion of (1 + px)(1 + ¢gx)™' in ascending powers of x, up to and including
the term in x*. [3]

The expansions found in parts (a) and (b) are identical up to the first three terms, for a value
of p and a value of q.

(c) Show that g = % [4]

+ px

1
(d) The expression Itpx , with p= —5 and g = é can be used as an approximation
1+gx 4 4

for 14+ 5x where |x|<%.

(i)  Hence, by finding a suitable value for x, find the approximation for /1.2 in the

m
form — , where m,n € Z.

n
(i)  Now consider the approximation for g Explain why the approximation for g
is not as accurate as the approximation for /1.2 . [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 19]
(@) Solve z* = —1—\/51, giving your answers in the form z = r(cos 8 + isin 6). [4]
Let z, and z, be the square roots of ~1-~/3i, where Re (z)>0.

Let z, and z, be the square roots of ~1+~/31, where Re (z)>0.
(b) Expressing your answers in the form z = a + bi, where a, b € R,
(i) find z, and z,;
(i)  deduce z, and z,. [4]

The four roots z,, z,, z, and z, are represented by the points A, B, C and D respectively on
an Argand diagram.

(c) (i) Plotthe points A, B, C and D on an Argand diagram.
(i)  Find the area of the polygon formed by these four points. [4]

The four roots z,, z,, z, and z, satisfy the equation z* + 22* + 4 =0.

The four roots l i 1 and 1 satisfy the equation pw* + gw” + =0 where p, ¢, r € Z.
z, z, z z,
(d) Find the value of p, ¢ and r. [3]

1 1 1 1
The four roots —, —, — and — are represented by the points E, F, G and H
Zl 22 Z3 Z4

respectively on an Argand diagram.

(e) () Find 1 in the form z=a + bi, where a, b € R.
Z]

(i) Hence, deduce the area of the polygon formed by these four points. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]
Let log,,2=p and log,,3 =4.
(@) Find an expression for log,,24 in terms of p and g. [3]

(b) Find an expression for log,8 in terms of p and g. [2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

8. [Maximum mark: 8]

Consider the complex number z, = J3-3i.

(a) Express z, in the form re¢'’, where >0 and -t < 0 < . [3]
Sn

Consider the complex number z, = 23¢ ¢ .

The cube roots of -2 are denoted by u, vand w.
Zl

(b) Find u, v and w. (5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]
Consider the sequence {u, }, with nth term given by u, . The first three terms are
u,=k-5, u,=3 -2k and u, =5k + 3, where k € R.

(@) Consider the case when {u,} is arithmetic.

(i)  Find the value of k.

(i)  Hence, or otherwise, find u,. [5]
(b) Consider the case where k=12.

(i)  Show that the first three terms of {u, } form a geometric sequence.

(i)  Giventhat {u,} is geometric, state a reason why the sum of an infinite number of
terms of this sequence does not exist. [4]

(c) The sequence, {u,}, is geometric for a second value of k.
()  Show that k¥ — 10k —24=0.
(i)  Find the first three terms of {u, } for this second value of k.

(i)  Hence, write down the value of §,,, the sum of the first 2m terms, for this second
value of k. [7]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 21]
Consider the complex number z =x + yi, where x, y € R, such that |z — (2 +1)| = 3.
(@) Showthat x’+)* —4x—2y—-4=0. [3]

zZ+p
z—1

The argument of is % where p € R.

(b) Showthat X’ +y'+(p—Dx+(p+1)y—p=0. [7]

Two roots of the equation z* + az’ + bz + cz + d =0 are z, and z,, where z € C
and a,b,c,d e R.

Both z, and z, satisfy the conditions |z - (2 +1)| =3 and Re(i‘:j =Im(z+4j :
z
(c) Use the results from parts (a) and (b) to find z, and z,. [71

(d) Find the value of a. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be

continued below the lines, if necessary.

8. [Maximum mark: 7]

Consider the functions f, g and /& defined as follows for 7 € R.
f(t)=sin(2t+ 1)
g(t)=sin(2t+3)
h(t)=f()+g(1)

(a) Show that A (¢) = Im(e*(e' + ¢¥)).

(b)  Write ¢+ ¢” in the form re”’, where »>0 and -t < O< .

(c) Hence or otherwise, write /(¢) in the form psin(2¢+ q), where p >0 and 0 < ¢ <2m.

(2]
(2]
(3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]
Rectangular playing cards are stacked in the shape of a pyramid with n rows, where n > 1.

Some cards are placed horizontally and some cards are stacked at an angle of 60° to
the horizontal.

The following diagrams represent pyramid stacks for n=1, n=2 and n=3.

n=1 n=2 n=3

Let ¢, represent the number of cards used to create a pyramid stack with n rows.
(@) Write down ¢,. 1
(b) Find ¢,. [2]

n(3n+1)

() Showthat ¢z = [3]

There are 52 cards in a full pack of playing cards.

(d) A complete pyramid stack is created using playing cards taken from 14 full packs.
Find the maximum number of rows in this stack. [3]

(e) A complete pyramid stack is created using playing cards taken from full packs with no
cards left over. Find the minimum number of rows in this stack. [2]

(This question continues on the following page)
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(Question 10 continued)

The long edge of each playing card measures 88mm as illustrated in the following diagram.

88 mm

(f)  Find the minimum number of cards needed to create a complete pyramid stack with a
vertical height of more than 2 metres. The thickness of the cards may be ignored. [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

12. [Maximum mark: 20]
Consider the family of functions f, defined by f,(x)= i(—2x2 )r ,where x € R and n € N.
(@) Show that f is an even function for all values of :O [3]
(b) (i) Show that f;(x) =1 —2x"+ 4x* — 8°.

(i)  Write down a similar expression for f,(x) in ascending powers of x. [2]

Consider the function f(x)=1im f, (x) defined over the domain —k <x < k where k> 0.

The largest possible value of & is K.
(c) (i) Find the value of K, giving your answer in exact form.

1
(i)  Express f(x) as a rational function in the form ———, where a and b are
constants to be determined. a+bx [5]

The function g is defined as g(x) =f(x) for 0 <x < K.
(d) (i) Justify that g' exists.
(i) Find g (x), giving its domain. [6]

The region R is completely enclosed by the curves y =g(x), y=g ' (x) and
the x- and y-axes, as shown on the following diagram.

Y

y=g(x)

y=g"'(x)

(e) Find the area of R. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
4. [Maximum mark: 6]
Alex purchases a car for €30000. The value of the car depreciates at 15% per annum.
(a) Find the value of the car after ten years. Give your answer to two decimal places. [2]
Alex invests €50000 in a bank account that pays a compound interest rate of 1.5% per month.
Inflation over the same time period was 0.8 % per month.

(b) Find the number of months required for the real value of the investment to first
exceed €55000. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
7. [Maximum mark: 7]

A geometric sequence has first term 80 and fourth term 0.74088.

(a) Find the second term. [3]

The first two terms of this geometric sequence are also the first term and eleventh term
respectively, of an arithmetic sequence.

Let S, denote the sum of the first n terms of the arithmetic sequence.

(b) Find the greatest value of S

n?

giving your answer to two decimal places. [4]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 6]

In the expansion of % where g € Q", the coefficient of x®is 5120.
q—x

Find the value of ¢.

Apollo | Original source crop | 128



Mathematics: analysis and approaches HL | Paper 2 | May 2025 TZ3 | Q8 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
8. [Maximum mark: 5]

A class of students plays a tic-tac-toe competition among themselves. Each individual game
in the competition involves only two students.

Every student in the class is to play every other student twice. However, Stephen left the
class after he had played only seven games. All other games, not involving Stephen, were played.

By the end of the competition a total of 513 games had been played.

Determine the number of students that were originally in the class.
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 6]
The 1st and 5th terms of an arithmetic sequence are 36 and 12 respectively.
(a) Find the 13th term of this arithmetic sequence. [4]
The sum of the first n terms of this arithmetic sequence is zero.

(b) Find the value of . [2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
6. [Maximum mark: 6]
Alinear system of equations is given by
x—z=4
2x+2y+z=14
X+2y+oaz=p

Find the value of o and the value of 8, where «, 8 € Z, for which the system has an infinite
number of solutions.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 22]

Consider the complex number w = 4.1 .
1+iV3
(@) Show that w=~/3+i. 2]
(b) Find
M |w;
(i) argw. [3]

(c) Use De Moivre’s theorem to find the two square roots of w. Give your answers in the
form re'’, where »>0 and -t < 0< . [4]

The complex number w can be expressed in the form (a + bi)z, where a, b € R".

3

(d) () Show that a2=7+1.

(i)  Find the value of b”. [8]

(e) Hence, express tan% in the form p+q\/§, where p,q € Z. [5]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]
The 7th term of an arithmetic sequence is 6.
The sum of the 6th term and the 12th termis 24.

Find the first term and the common difference.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

1. [Maximum mark: 20]

(a) ltis given that w=1+iV3.

()  Express w in the form w = re¢'*, where >0 and -1 < o < 7.
8 8
(i) Show that (1+iv/3) +(1-iv/3) =-256.

» _ cosnf +isinnd

Itis given that (1+itanf)’ = ——————for cos 00, n € Z".
cos” O
(b) Show that (1+itan6)’ +(1—itan6)' = 2°°s4‘;9 .
cos

(c) Hence, determine the four roots of the equation (1 +z)* + (1 —z)* = 0, giving your

answers in the form z :itan(%j, where k e 7" .

(d) By considering the binomial expansion of (1 +z)* + (1 —z)*, show that tanE = 3—2\/5 .
8

[6]

[3]

[4]

[7]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
2. [Maximum mark: 4]

A particular service group at a school has ten members.

The group intends to select a committee of seven by first choosing a chairperson, a vice-
chairperson and a treasurer, then selecting four additional members to complete the committee.

Determine the number of ways in which this committee can be chosen.

Apollo | Original source crop | 140



Mathematics: analysis and approaches HL | Paper 2 | Nov 2025 TZ1 | Q6 | 5 marks

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

6. [Maximum mark: 5]

Consider the infinite series
2o (1)
~\1000 ) 100)
(a) Find the exact value of S, . [3]

Let 0.253 represent the repeating decimal 0.2535353....

(b)  Use your answer from part (a) to express 0.253 as a fraction such that the numerator
and denominator have no common factors. [2]

|H ||”I||||||||||||”” |||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

7. [Maximum mark: 6]
Consider the following two equations.
2x+6y—-8z=13
3x-y+3z=12
(a) Determine the general solution giving the answer in parametric form. [2]
Consider a third equation ax + 12y — 16z =k, where a, k € R.

(b) Inthe case where a =3 and k=-3, determine the unique solution to the system of
three equations. [2]

(c) (i)  Write down the value of a for which there is no unique solution to the system of
three equations.

(i)  Hence, write down the corresponding value of k for which there is an infinite
number of solutions to the system of three equations. [2]

|H |||||||||||||||||”|I|||| Tiirn nver
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.
8. [Maximum mark: 7]
Malik owns 15 recipe books which he bought while travelling.
(a) Find the number of different ways of arranging the books in a line on a shelf. [1]
Malik’s books were bought in three continents.
Six books are from Asia, five from Europe and four from Africa.

Malik decides to arrange the books on the shelf so that the books from each of the continents
are grouped together.

(b) Determine the number of different ways that Malik can do this. [3]
Malik chooses four books, all from the same continent.

(c) Determine the number of different choices Malik could make. [3]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

9. [Maximum mark: 5]

Prove by contradiction that ,/2xy < %(2x+ y) forall x,y e R".

|H ||||||||||||||||||H||||| Tiirn nver
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Do not write solutions on this page.
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