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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.
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(a)	 Write down the value of

(i)	  f (2) ;

(ii)	 ( f  f )(2) .� [2]

(b)	 Let 
1( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g .� [3]
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2.	 [Maximum mark: 5] 

Consider an arithmetic sequence where  u8 = S8 = 8 . Find the value of the first term,  u1 , and 
the value of the common difference,  d .

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

12EP03



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q7 | 8 marks

Apollo | Original source crop | 3

– 2 –

M21/5/MATHX/HP1/ENG/TZ1/XX

2221 – 7106

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.
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(a)	 Write down the value of

(i)	  f (2) ;

(ii)	 ( f  f )(2) .� [2]

(b)	 Let 
1( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g .� [3]
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7.	 [Maximum mark: 8]

Consider the quartic equation  z4 + 4z3 + 8z2 + 80z + 400 = 0 ,  z ∈  .

Two of the roots of this equation are  a + bi  and  b + ai , where  a ,  b ∈  .

Find the possible values of  a .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.
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(a)	 Write down the value of

(i)	  f (2) ;

(ii)	 ( f  f )(2) .� [2]

(b)	 Let 
1( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g .� [3]
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9.	 [Maximum mark: 8]

A farmer has six sheep pens, arranged in a grid with three rows and two columns as shown 
in the following diagram.

Five sheep called Amber, Brownie, Curly, Daisy and Eden are to be placed in the pens. Each 
pen is large enough to hold all of the sheep. Amber and Brownie are known to fight. 

Find the number of ways of placing the sheep in the pens in each of the following cases:

(a)	 Each pen is large enough to contain five sheep. Amber and Brownie must not be 
placed in the same pen.� [4]

(b)	 Each pen may only contain one sheep. Amber and Brownie must not be placed in pens 
which share a boundary.� [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A biased four-sided die, A, is rolled. Let  X  be the score obtained when die A is rolled. The 
probability distribution for  X  is given in the following table.

x 1 2 3 4

P (X = x) p p p
1
2

p

(a)	 Find the value of  p .� [2]

(b)	 Hence, find the value of  E (X ) .� [2]

A second biased four-sided die, B, is rolled. Let  Y  be the score obtained when die B is rolled. 
The probability distribution for  Y  is given in the following table.

y 1 2 3 4

P (Y = y) q q q r

(c)	 (i)	� State the range of possible values of  r .

(ii)	 Hence, find the range of possible values of  q .� [3]

(d)	 Hence, find the range of possible values for  E (Y ) .� [3]

Agnes and Barbara play a game using these dice. Agnes rolls die A once and Barbara rolls 

die B once. The probability that Agnes’ score is less than Barbara’s score is 
1
2

.

(e)	 Find the value of  E (Y ) .� [6]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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3.	 [Maximum mark: 5] 

In the expansion of  (x + k)7, where  k ∈  , the coefficient of the term in  x5  is 63 .

Find the possible values of  k .

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������

16EP05



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q5 | 5 marks

Apollo | Original source crop | 8

– 2 –

M21/5/MATHX/HP2/ENG/TZ1/XX

2221 – 7107

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

The following table shows the data collected from an experiment.

x 3.3 6.9 11.9 13.4 17.8 19.6 21.8 25.3

y 6.3 8.1 8.4 11.6 10.3 12.9 13.1 17.3

The data is also represented on the following scatter diagram.
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5.	 [Maximum mark: 5]

Consider the expansion of  (3 + x2)n + 1 , where  n ∈ + . 

Given that the coefficient of  x4  is 20 412, find the value of  n .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1.	 [Maximum mark: 7] 

The following table shows the data collected from an experiment.

x 3.3 6.9 11.9 13.4 17.8 19.6 21.8 25.3

y 6.3 8.1 8.4 11.6 10.3 12.9 13.1 17.3

The data is also represented on the following scatter diagram.
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8.	 [Maximum mark: 7]

Consider the complex numbers 2 cos i sin
5 5

z π π = + 
 

 and 
2 28 cos i sin

5 5
k kw π π = − 

 
, 

where  k ∈ + .

(a)	 Find the modulus of  zw .� [1]

(b)	 Find the argument of  zw  in terms of  k .� [2]

Suppose that  zw ∈  .

(c)	 (i)	� Find the minimum value of  k .

(ii)	 For the value of  k  found in part (i), find the value of  zw .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a)	 (i)	� Find the value of  a  and the value of  b .

(ii)	 Write down the value of Pearson’s product-moment correlation coefficient,  r .� [3]

(b)	 Interpret, in context, the value of  a  found in part (a)(i).� [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c)	 Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee.� [2]
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2.	 [Maximum mark: 5]

An arithmetic sequence has first term 60 and common difference -2.5.

(a)	 Given that the  k th term of the sequence is zero, find the value of  k .� [2]

Let  Sn  denote the sum of the first  n  terms of the sequence.

(b)	 Find the maximum value of  Sn .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a)	 (i)	� Find the value of  a  and the value of  b .

(ii)	 Write down the value of Pearson’s product-moment correlation coefficient,  r .� [3]

(b)	 Interpret, in context, the value of  a  found in part (a)(i).� [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c)	 Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee.� [2]
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7.	 [Maximum mark: 5]

Eight runners compete in a race where there are no tied finishes. Andrea and Jack are two of 
the eight competitors in this race.

Find the total number of possible ways in which the eight runners can finish if Jack finishes

(a)	 in the position immediately after Andrea;� [2]

(b)	 in any position after Andrea.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a)	 (i)	� Find the value of  a  and the value of  b .

(ii)	 Write down the value of Pearson’s product-moment correlation coefficient,  r .� [3]

(b)	 Interpret, in context, the value of  a  found in part (a)(i).� [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c)	 Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee.� [2]
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8.	 [Maximum mark: 5]

Consider  z = cos θ + i sin θ  where  z ∈  ,  z ≠ 1 .

Show that 
1Re 0
1
+  = − 

z
z

.
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2.	 [Maximum mark: 24]

This question asks you to investigate and prove a geometric property involving the 
roots of the equation  zn = 1  where  z ∈   for integers  n , where  n ≥ 2 .

The roots of the equation  zn = 1  where  z ∈   are  1 , ω , ω2 , ... , ωn-1 , where � � e
i2�

n . Each 
root can be represented by a point  P0, P1, P2, ... , Pn-1 , respectively, on an Argand diagram. 

For example, the roots of the equation  z2 = 1  where  z ∈   are 1 and  ω . On an Argand 
diagram, the root  1  can be represented by a point  P0  and the root  ω  can be represented by 
a point  P1 .

Consider the case where  n = 3 .

The roots of the equation  z3 = 1  where  z ∈   are  1 , ω  and  ω2 . On the following Argand 
diagram, the points  P0 ,  P1  and  P2  lie on a circle of radius 1 unit with centre  O (0 , 0) .

(a)	 (i)	� Show that  (ω - 1)(ω2 + ω + 1) = ω3 - 1 .� [2]

(ii)	 Hence, deduce that  ω2 + ω + 1 = 0 .� [2]

(This question continues on the following page)
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(Question 2 continued)

Line segments  [P0P1]  and  [P0P2]  are added to the Argand diagram in part (a) and are shown 
on the following Argand diagram.

Re

Im

0P

2P

1P

P0P1  is the length of  [P0P1]  and  P0P2  is the length of  [P0P2] .

(b)	 Show that  P0P1 × P0P2 = 3 .� [3]

Consider the case where  n = 4 .

The roots of the equation  z4 = 1  where  z ∈   are  1 , ω , ω2  and  ω3 .

(c)	 By factorizing  z4 - 1 , or otherwise, deduce that  ω3 + ω2 + ω + 1 = 0 .� [2]

(This question continues on the following page)
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(Question 2 continued)

On the following Argand diagram, the points  P0 , P1 , P2  and  P3  lie on a circle of radius 1 unit 
with centre  O (0, 0) .  [P0P1], [P0P2]  and  [P0P3]  are line segments.

Re

Im

0P

3P

1P

2P

(d)	 Show that  P0P1 × P0P2 × P0P3 = 4 .� [4]

For the case where  n = 5 , the equation  z5 = 1 where  z ∈   has roots  1 , ω , ω2 , ω3  and  ω4 .

It can be shown that  P0P1 × P0P2 × P0P3 × P0P4 = 5 .

Now consider the general case for integer values of  n , where  n ≥ 2 .

The roots of the equation  zn = 1 where  z ∈   are  1 , ω , ω2 , ... , ωn-1 . On an Argand diagram,  
these roots can be represented by the points  P0 , P1 , P2 , ... , Pn-1  respectively where   
[P0P1] , [P0P2] , ... , [P0Pn-1]  are line segments. The roots lie on a circle of radius 1 unit  
with centre  O (0 , 0) .

(e)	 Suggest a value for  P0P1 × P0P2 × ... × P0Pn-1 .� [1]

P0P1  can be expressed as | 1 - ω |.

(f)	 (i)	� Write down expressions for  P0P2  and  P0P3  in terms of  ω .� [2]

(ii)	 Hence, write down an expression for  P0Pn-1  in terms of  n  and  ω .� [1]

Consider  zn - 1 = (z - 1)(zn-1 + zn-2 + … + z + 1)  where  z ∈  .

(g)	 (i)	� Express  zn-1 + zn-2 + … + z + 1  as a product of linear factors over the set   .� [3]

(ii)	 Hence, using the part (g)(i) and part (f) results, or otherwise, prove your 
suggested result to part (e).� [4]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Given that 
d cos
d 4
y x
x

π = - 
 

 and  y = 2  when 
3
4

x π
= , find  y  in terms of  x .
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9.	 [Maximum mark: 7]

Consider the expression 
1 1

1
x

ax
- -

+
 where  a ∈  ,  a ≠ 0 .

The binomial expansion of this expression, in ascending powers of  x , as far as the term in  x2  
is  4bx + bx2 , where  b ∈  .

(a)	 Find the value of  a  and the value of  b .� [6]

(b)	 State the restriction which must be placed on  x  for this expansion to be valid.� [1]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a)	 (i)	� Find the value of  t  when  P  reaches its maximum velocity.

(ii)	 Show that the distance of  P  from  O  at this time is 
88
27

 metres.� [7]

(b)	 Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes.� [4]

(c)	 Find the total distance travelled by  P .� [5]

11.	 [Maximum mark: 14]

(a)	 Prove by mathematical induction that 
d
d

e e
n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   for  n ∈ + .� [7] 

(b)	 Hence or otherwise, determine the Maclaurin series of  f (x) = x2ex  in ascending powers 
of  x , up to and including the term in  x4 .� [3]

(c)	 Hence or otherwise, determine the value of 
x

xx x
x→

−( )











0

2 2 3

9lim
e

.� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a)	 (i)	� Find the value of  t  when  P  reaches its maximum velocity.

(ii)	 Show that the distance of  P  from  O  at this time is 
88
27

 metres.� [7]

(b)	 Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes.� [4]

(c)	 Find the total distance travelled by  P .� [5]

11.	 [Maximum mark: 14]

(a)	 Prove by mathematical induction that 
d
d

e e
n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   for  n ∈ + .� [7] 

(b)	 Hence or otherwise, determine the Maclaurin series of  f (x) = x2ex  in ascending powers 
of  x , up to and including the term in  x4 .� [3]

(c)	 Hence or otherwise, determine the value of 
x

xx x
x→

−( )











0

2 2 3

9lim
e

.� [4]
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12. [Maximum mark: 22]

Consider the equation  (z - 1)3 = i ,  z ∈  . The roots of this equation are  w1 ,  w2  and  w3 ,
where  Im(w2) > 0  and  Im(w3) < 0 .

(a) (i)	� Verify that ω1 61= + e
iπ

 is a root of this equation.

(ii) Find  w2  and  w3 , expressing these in the form  a + eiθ , where  a ∈   and  θ > 0 .� [6]

The roots  w1 ,  w2  and  w3  are represented by the points A, B and C respectively on an 
Argand diagram.

(b) Plot the points A, B and C on an Argand diagram. [4]

(c) Find AC. [3]

Consider the equation  (z - 1)3 = iz3 ,  z ∈  .

(d) By using de Moivre’s theorem, show that α =
−

1

1 6e
iπ

 is a root of this equation.� [3]

(e) Determine the value of  Re(a) . [6]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

In Lucy’s music academy, eight students took their piano diploma examination and achieved 
scores out of 150. For her records, Lucy decided to record the average number of hours per 
week each student reported practising in the weeks prior to their examination. These results 
are summarized in the table below.

Average weekly practice 
time (h) 28 13 45 33 17 29 39 36

Diploma score (D) 115 82 120 116 79 101 110 121

(a)	 Find Pearson’s product-moment correlation coefficient,  r ,  for these data.� [2]

(b)	 The relationship between the variables can be modelled by the regression 
equation  D = ah + b . Write down the value of  a  and the value of  b .� [1]

(c)	 One of these eight students was disappointed with her result and wished she had 
practised more. Based on the given data, determine how her score could have been 
expected to alter had she practised an extra five hours per week.� [2]

(d)	 Lucy asserts that the number of hours a student practises has a direct effect on their 
final diploma result. Comment on the validity of Lucy’s assertion.� [1]

Lucy suspected that each student had not been practising as much as they reported. In order 
to compensate for this, Lucy deducted a fixed number of hours per week from each of the 
students’ recorded hours.

(e)	 State how, if at all, the value of  r  would be affected.� [1]

(This question continues on the following page)
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5.	 [Maximum mark: 9]

The sum of the first  n  terms of a geometric sequence is given by Sn
r

n r

= 







=
∑ 2

3
7
81

.

(a)	 Find the first term of the sequence,  u1 .� [2]

(b)	 Find  S∞ .� [3]

(c)	 Find the least value of  n  such that  S∞ - Sn < 0.001 .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

In Lucy’s music academy, eight students took their piano diploma examination and achieved 
scores out of 150. For her records, Lucy decided to record the average number of hours per 
week each student reported practising in the weeks prior to their examination. These results 
are summarized in the table below.

Average weekly practice 
time (h) 28 13 45 33 17 29 39 36

Diploma score (D) 115 82 120 116 79 101 110 121

(a)	 Find Pearson’s product-moment correlation coefficient,  r ,  for these data.� [2]

(b)	 The relationship between the variables can be modelled by the regression 
equation  D = ah + b . Write down the value of  a  and the value of  b .� [1]

(c)	 One of these eight students was disappointed with her result and wished she had 
practised more. Based on the given data, determine how her score could have been 
expected to alter had she practised an extra five hours per week.� [2]

(d)	 Lucy asserts that the number of hours a student practises has a direct effect on their 
final diploma result. Comment on the validity of Lucy’s assertion.� [1]

Lucy suspected that each student had not been practising as much as they reported. In order 
to compensate for this, Lucy deducted a fixed number of hours per week from each of the 
students’ recorded hours.

(e)	 State how, if at all, the value of  r  would be affected.� [1]

(This question continues on the following page)
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6.	 [Maximum mark: 8]

(a)	 Prove the identity  (p + q)3 - 3pq (p + q) ≡ p3 + q3 .� [2]

The equation  2x2 - 5x + 1 = 0  has two real roots,  a  and  b . 

Consider the equation  x2 + mx + n = 0 , where  m , n ∈   and which has roots 
1

3a
 and 

1
3b

.

(b)	 Without solving  2x2 - 5x + 1 = 0 , determine the values of  m  and  n .� [6]
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working. 

1.	 [Maximum mark: 25]

In this question you will explore some of the properties of special functions  f  and  g  
and their relationship with the trigonometric functions, sine and cosine.

Functions  f  and  g  are defined as f z
z z

( ) = + −e e
2

 and g z
z z

( ) = − −e e
2

, where  z ∈  .

Consider  t  and  u , such that  t ,  u ∈  . 

(a)	 Verify that  u = f (t)  satisfies the differential equation 
2

2

d
d

u u
t

= .� [2]

(b)	 Show that  ( f (t))2 + (g (t))2 = f (2t) .� [3]

(c)	 Using  eiu = cos u + i sin u , find expressions, in terms of  sin u  and  cos u , for

(i)	  f (i u) ;� [3]

(ii)	 g (i u) .� [2]

(d)	 Hence find, and simplify, an expression for  ( f (i u))2 + (g (i u))2 .� [2]

(e)	 Show that  ( f (t))2 - (g (t))2 =  ( f (i u))2 - (g (i u))2.� [4]

The functions  cos x  and  sin x  are known as circular functions as the general 
point  (cos θ , sin θ )  defines points on the unit circle with equation  x2 + y2 = 1 .

The functions  f (x) and  g (x)  are known as hyperbolic functions, as the general 
point  ( f (θ ) , g (θ ))  defines points on a curve known as a hyperbola with 
equation  x2 - y2 = 1 . This hyperbola has two asymptotes.

(f)	 Sketch the graph of  x2 - y2 = 1 , stating the coordinates of any axis intercepts and the 
equation of each asymptote.� [4]

The hyperbola with equation  x2 - y2 = 1  can be rotated to coincide with the curve defined 
by  xy = k ,  k ∈  .

(g)	 Find the possible values of  k .� [5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Let  A  and  B  be events such that  P (A) = 0.5 , P (B) = 0.4  and  P (A ∪ B) = 0.6 . 
Find  P (A | B) .
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2.	 [Maximum mark: 5]

(a)	 Show that  (2n - 1)2 + (2n + 1)2 = 8n2 + 2 , where  n ∈  .� [2]

(b)	 Hence, or otherwise, prove that the sum of the squares of any two consecutive odd 
integers is even.� [3]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Let f x x
kx

( )
ln

=
5

 where  x > 0 , k ∈ + .

(a)	 Show that ′ =
−f x x
kx

( )
ln1 5
2

.� [3]

The graph of  f  has exactly one maximum point  P .

(b)	 Find the  x-coordinate of  P .� [3]

The second derivative of  f  is given by ′′ =
−f x x

kx
( )

ln2 5 3
3

. The graph of  f  has exactly one 

point of inflexion  Q .

(c)	 Show that the  x-coordinate of  Q  is 
1

5

3

2e .� [3]

The region  R  is enclosed by the graph of  f , the  x-axis, and the vertical lines through the 
maximum point  P  and the point of inflexion  Q .

y

x

R

P Q

(d)	 Given that the area of  R  is  3 , find the value of  k .� [7]
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SPEC/5/MATAA/HP1/ENG/TZ0/XX– 12 –

Do not write solutions on this page.

11.	 [Maximum mark: 18]

(a)	 Express − +3 3i  in the form  reiθ , where  r > 0  and  -π < θ ≤ π .� [5]

Let the roots of the equation z3 3 3= − + i  be  u , v  and  w .

(b)	 Find  u , v  and  w  expressing your answers in the form  reiθ , where  r > 0  and  -π < θ ≤ π .� [5]

On an Argand diagram,  u , v  and  w  are represented by the points  U , V  and  W  respectively.

(c)	 Find the area of triangle  UVW .� [4]

(d)	 By considering the sum of the roots  u , v  and  w , show that  

cos cos cos5
18

7
18

17
18

0� � �
+ + = .� [4]

12.	 [Maximum mark: 21]

The function  f  is defined by  f (x) = esin x .

(a)	 Find the first two derivatives of  f (x)  and hence find the Maclaurin series for  f (x)  up to 
and including the  x2  term.� [8]

(b)	 Show that the coefficient of  x3  in the Maclaurin series for  f (x)  is zero.� [4]

(c)	 Using the Maclaurin series for  arctan x  and  e3x - 1 , find the Maclaurin series 
for  arctan (e3x - 1)  up to and including the  x3  term.� [6]

(d)	 Hence, or otherwise, find lim
( )

arctanx x

f x
→

−
−( )0 3

1

1e
.� [3]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows part of a circle with centre  O  and radius 4 cm .

O

B
A

θ4 cm

5 cm

Chord  AB  has a length of  5 cm  and  AÔB = θ .

(a)	 Find the value of  θ , giving your answer in radians.� [3]

(b)	 Find the area of the shaded region.� [3]
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2.	 [Maximum mark: 6]

On 1st January 2020, Laurie invests  $P  in an account that pays a nominal annual interest 
rate of  5.5 % , compounded quarterly.

The amount of money in Laurie’s account at the end of each year follows a geometric 
sequence with common ratio,  r .

(a)	 Find the value of  r , giving your answer to four significant figures.� [3]

Laurie makes no further deposits to or withdrawals from the account.

(b)	 Find the year in which the amount of money in Laurie’s account will become double the 
amount she invested.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows part of a circle with centre  O  and radius 4 cm .

O

B
A

θ4 cm

5 cm

Chord  AB  has a length of  5 cm  and  AÔB = θ .

(a)	 Find the value of  θ , giving your answer in radians.� [3]

(b)	 Find the area of the shaded region.� [3]
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8.	 [Maximum mark: 7]

The complex numbers  w  and  z  satisfy the equations

w
z
= 2i

 
z∗ - 3w = 5 + 5i .

Find  w  and  z  in the form  a + bi  where  a , b ∈  .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Find the value of 
3 5

1

9 x
x

x−







∫ d .

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

12EP02

– 7 – 2222 – 7106

M22/5/MATHX/HP1/ENG/TZ1/XX

Turn over

6.	 [Maximum mark: 5]

Consider the expansion of 8 1
2

3x
x

n

−





  where  n ∈ + . Determine all possible values of  n  for 

which the expansion has a non-zero constant term.

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

12EP07



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q8 | 6 marks

Apollo | Original source crop | 29

– 2 – 2222 – 7106

M22/5/MATHX/HP1/ENG/TZ1/XX

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Find the value of 
3 5

1

9 x
x

x−







∫ d .
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8.	 [Maximum mark: 6]

Consider integers  a  and  b  such that  a2 + b2  is exactly divisible by  4 . Prove by contradiction 
that  a  and  b  cannot both be odd.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Find the value of 
3 5

1

9 x
x

x−







∫ d .
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9.	 [Maximum mark: 6]

Consider the complex numbers  z1 = 1 + bi  and  z2 = (1 - b2) - 2bi , where  b ∈  , b ≠ 0 .

(a)	 Find an expression for  z1z2  in terms of  b .� [3]

(b)	 Hence, given that arg z z1 2 4
( ) = π , find the value of  b .� [3]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 18]

Consider the series ln ln ln ...x p x x+ + +
1
3

, where  x ∈  , x > 1  and  p ∈  , p ≠ 0 .

(a)	 Consider the case where the series is geometric.

(i)	 Show that p = ± 1
3

.

(ii)	 Hence or otherwise, show that the series is convergent.

(iii)	 Given that  p > 0  and S∞ = +3 3 , find the value of  x .� [6]

(b)	 Now consider the case where the series is arithmetic with common difference  d .

(i)	 Show that p = 2
3

.

(ii)	 Write down  d  in the form  k ln x , where  k ∈  .

(iii)	 The sum of the first  n  terms of the series is ln 1
3x







 .

Find the value of  n .� [12]

11.	 [Maximum mark: 15]

Consider the three planes 

∏1 : 2x - y + z = 4

∏2 : x - 2y + 3z = 5

∏3 : -9x + 3y - 2z = 32

(a)	 Show that the three planes do not intersect.� [4]

(b)	 (i)	� Verify that the point  P (1 , -2 , 0)  lies on both  ∏1  and  ∏2 .

(ii)	 Find a vector equation of  L , the line of intersection of  ∏1  and  ∏2 .� [5]

(c)	 Find the distance between  L  and  ∏3 .� [6]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 18]

Consider the series ln ln ln ...x p x x+ + +
1
3

, where  x ∈  , x > 1  and  p ∈  , p ≠ 0 .

(a)	 Consider the case where the series is geometric.

(i)	 Show that p = ± 1
3

.

(ii)	 Hence or otherwise, show that the series is convergent.

(iii)	 Given that  p > 0  and S∞ = +3 3 , find the value of  x .� [6]

(b)	 Now consider the case where the series is arithmetic with common difference  d .

(i)	 Show that p = 2
3

.

(ii)	 Write down  d  in the form  k ln x , where  k ∈  .

(iii)	 The sum of the first  n  terms of the series is ln 1
3x







 .

Find the value of  n .� [12]

11.	 [Maximum mark: 15]

Consider the three planes 

∏1 : 2x - y + z = 4

∏2 : x - 2y + 3z = 5

∏3 : -9x + 3y - 2z = 32

(a)	 Show that the three planes do not intersect.� [4]

(b)	 (i)	� Verify that the point  P (1 , -2 , 0)  lies on both  ∏1  and  ∏2 .

(ii)	 Find a vector equation of  L , the line of intersection of  ∏1  and  ∏2 .� [5]

(c)	 Find the distance between  L  and  ∏3 .� [6]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 18]

Consider the series ln ln ln ...x p x x+ + +
1
3

, where  x ∈  , x > 1  and  p ∈  , p ≠ 0 .

(a)	 Consider the case where the series is geometric.

(i)	 Show that p = ± 1
3

.

(ii)	 Hence or otherwise, show that the series is convergent.

(iii)	 Given that  p > 0  and S∞ = +3 3 , find the value of  x .� [6]

(b)	 Now consider the case where the series is arithmetic with common difference  d .

(i)	 Show that p = 2
3

.

(ii)	 Write down  d  in the form  k ln x , where  k ∈  .

(iii)	 The sum of the first  n  terms of the series is ln 1
3x







 .

Find the value of  n .� [12]

11.	 [Maximum mark: 15]

Consider the three planes 

∏1 : 2x - y + z = 4

∏2 : x - 2y + 3z = 5

∏3 : -9x + 3y - 2z = 32

(a)	 Show that the three planes do not intersect.� [4]

(b)	 (i)	� Verify that the point  P (1 , -2 , 0)  lies on both  ∏1  and  ∏2 .

(ii)	 Find a vector equation of  L , the line of intersection of  ∏1  and  ∏2 .� [5]

(c)	 Find the distance between  L  and  ∏3 .� [6]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a)	 State the value of the first term,  u1 .� [1]

(b)	 Given that the  nth  term of this sequence is  -33 , find the value of  n .� [2]

(c)	 Find the common difference,  d .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a)	 State the value of the first term,  u1 .� [1]

(b)	 Given that the  nth  term of this sequence is  -33 , find the value of  n .� [2]

(c)	 Find the common difference,  d .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a)	 State the value of the first term,  u1 .� [1]

(b)	 Given that the  nth  term of this sequence is  -33 , find the value of  n .� [2]

(c)	 Find the common difference,  d .� [2]
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2.	 [Maximum mark: 6]

Consider any three consecutive integers,  n - 1 ,  n  and  n + 1 .

(a)	 Prove that the sum of these three integers is always divisible by  3 .� [2]

(b)	 Prove that the sum of the squares of these three integers is never divisible by  3 .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a)	 State the value of the first term,  u1 .� [1]

(b)	 Given that the  nth  term of this sequence is  -33 , find the value of  n .� [2]

(c)	 Find the common difference,  d .� [2]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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5.	 [Maximum mark: 7]

Consider the binomial expansion  (x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1  where  x ≠ 0  
and  a , b ∈ + .

(a)	 Show that  b = 21 .� [2]

The third term in the expansion is the mean of the second term and the fourth term in 
the expansion.

(b)	 Find the possible values of  x .� [5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a)	 State the value of the first term,  u1 .� [1]

(b)	 Given that the  nth  term of this sequence is  -33 , find the value of  n .� [2]

(c)	 Find the common difference,  d .� [2]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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9.	 [Maximum mark: 5]

Prove by contradiction that the equation  2x3 + 6x + 1 = 0  has no integer roots.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A biased four-sided die with faces labelled  1 , 2 , 3  and  4  is rolled and the result recorded. 
Let  X  be the result obtained when the die is rolled. The probability distribution for  X  is given 
in the following table where  p  and  q  are constants.

x 1 2 3 4

P (X = x) p 0.3 q 0.1

For this probability distribution, it is known that  E ( X ) = 2 .

(a)	 Show that  p = 0.4  and  q = 0.2 .� [5]

(b)	 Find  P (X  > 2) .� [2]

Nicky plays a game with this four-sided die. In this game she is allowed a maximum of five 
rolls. Her score is calculated by adding the results of each roll. Nicky wins the game if her 
score is at least ten.

After three rolls of the die, Nicky has a score of four.

(c)	 Assuming that rolls of the die are independent, find the probability that Nicky wins 
the game.� [5]

David has two pairs of unbiased four-sided dice, a yellow pair and a red pair. 
Both yellow dice have faces labelled  1 , 2 , 3  and  4 . Let  S  represent the sum obtained by 
rolling the two yellow dice. The probability distribution for  S  is shown below.

s 2 3 4 5 6 7 8

P (S = s) 1
16

2
16

3
16

4
16

3
16

2
16

1
16

The first red die has faces labelled  1 , 2 , 2  and  3 . The second red die has faces 
labelled  1 , a , a  and  b , where  a < b  and  a , b ∈ + . The probability distribution for the sum 
obtained by rolling the red pair is the same as the distribution for the sum obtained by rolling 
the yellow pair.

(d)	 Determine the value of  b .� [2]

(e)	 Find the value of  a , providing evidence for your answer.� [2]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

A biased four-sided die with faces labelled  1 , 2 , 3  and  4  is rolled and the result recorded. 
Let  X  be the result obtained when the die is rolled. The probability distribution for  X  is given 
in the following table where  p  and  q  are constants.

x 1 2 3 4

P (X = x) p 0.3 q 0.1

For this probability distribution, it is known that  E ( X ) = 2 .

(a)	 Show that  p = 0.4  and  q = 0.2 .� [5]

(b)	 Find  P (X  > 2) .� [2]

Nicky plays a game with this four-sided die. In this game she is allowed a maximum of five 
rolls. Her score is calculated by adding the results of each roll. Nicky wins the game if her 
score is at least ten.

After three rolls of the die, Nicky has a score of four.

(c)	 Assuming that rolls of the die are independent, find the probability that Nicky wins 
the game.� [5]

David has two pairs of unbiased four-sided dice, a yellow pair and a red pair. 
Both yellow dice have faces labelled  1 , 2 , 3  and  4 . Let  S  represent the sum obtained by 
rolling the two yellow dice. The probability distribution for  S  is shown below.

s 2 3 4 5 6 7 8

P (S = s) 1
16

2
16

3
16

4
16

3
16

2
16

1
16

The first red die has faces labelled  1 , 2 , 2  and  3 . The second red die has faces 
labelled  1 , a , a  and  b , where  a < b  and  a , b ∈ + . The probability distribution for the sum 
obtained by rolling the red pair is the same as the distribution for the sum obtained by rolling 
the yellow pair.

(d)	 Determine the value of  b .� [2]

(e)	 Find the value of  a , providing evidence for your answer.� [2]
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12.	 [Maximum mark: 18]

In the following Argand diagram, the points  Z1 ,  O  and  Z2  are the vertices of triangle  Z1OZ2  
described anticlockwise.

Im z

Re z

Z1

Z2

α
θ

O

The point  Z1  represents the complex number  z1 = r1e
iα , where  r1 > 0 . The point  Z2  

represents the complex number  z2 = r2e
iθ , where  r2 > 0 .

Angles  α , θ  are measured anticlockwise from the positive direction of the real axis such 
that  0 ≤ α , θ < 2π  and  0 < α - θ < π .

(a)	 Show that  z1 z2* = r1r2e
i(α - θ )  where  z2*  is the complex conjugate of  z2 .� [2]

(b)	 Given that  Re (z1 z2*) = 0 , show that  Z1OZ2  is a right-angled triangle.� [2]

In parts (c), (d) and (e), consider the case where  Z1OZ2  is an equilateral triangle.

(c)	 (i)	� Express  z1  in terms of  z2 .

(ii)	 Hence show that  z1
2 + z2

2 = z1 z2 .� [6]

Let  z1  and  z2  be the distinct roots of the equation  z2 + az + b = 0  where  z ∈   and  a , b ∈  .

(d)	 Use the result from part (c)(ii) to show that  a2 - 3b = 0 .� [5]

Consider the equation  z2 + az + 12 = 0 , where  z ∈   and  a ∈  .

(e)	 Given that  0 < α - θ < π , deduce that only one equilateral triangle  Z1OZ2  can be 
formed from the point  O  and the roots of this equation.� [3]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The number of hours spent exercising each week by a group of students is shown in the 
following table.

Exercising time 
(in hours)

Number of 
students

2 5

3 1

4 4

5 3

6 x
  

The median is  4.5  hours.

(a)	 Find the value of  x .� [2]

(b)	 Find the standard deviation.� [2]
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9.	 [Maximum mark: 7]

Mary, three female friends, and her brother, Peter, attend the theatre. In the theatre there is 
a row of 10 empty seats. For the first half of the show, they decide to sit next to each other in 
this row. 

(a)	 Find the number of ways these five people can be seated in this row.� [3]

For the second half of the show, they return to the same row of 10 empty seats. The four girls 
decide to sit at least one seat apart from Peter. The four girls do not have to sit next to each other. 

(b)	 Find the number of ways these five people can now be seated in this row.� [4]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 20]

Consider the function f x x( ) = −2 1 , where  1 ≤ x ≤ 2 .

(a)	 Sketch the curve  y = f (x) , clearly indicating the coordinates of the endpoints. � [2]

(b)	 (i)	� Show that the inverse function of  f  is given by f x x− ( ) = +1 2 1 .

(ii)	 State the domain and range of  f -1 .� [5]

The curve  y = f (x)  is rotated  2π  about the  y-axis to form a solid of revolution that is used to 
model a water container.

(c)	 (i)	� Show that the volume,  V m3, of water in the container when it is filled to a height 

of  h  metres is given by V h h= +





π

1
3

3 .

(ii)	 Hence, determine the maximum volume of the container.� [5]

At  t = 0 , the container is empty. Water is then added to the container at a constant rate 
of  0.4 m3 s-1.

(d)	 Find the time it takes to fill the container to its maximum volume.� [2]

(e)	 Find the rate of change of the height of the water when the container is filled to half its 
maximum volume.� [6]

16EP13



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ2 | Q9 | 4 marks

Apollo | Original source crop | 43

– 3 –

M22/5/MATHX/HP2/ENG/TZ2/XX

2222 – 7112

16EP03

Turn over

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  5  metres. 

Points  A  and  B  lie on the circle and ˆAOB 1.9=  radians.

diagram not to scale

A

B

O 1.9

(a)	 Find the length of the chord  [AB] .� [3]

(b)	 Find the area of the shaded sector.� [3]
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9.	 [Maximum mark: 4]

Consider the set of six-digit positive integers that can be formed from the 
digits  0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  8  and  9 .

Find the total number of six-digit positive integers that can be formed such that

(a)	 the digits are distinct;� [2]

(b)	 the digits are distinct and are in increasing order.� [2]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ2 | Q9 | 4 marks

Apollo | Original source crop | 44

– 13 –

M22/5/MATHX/HP2/ENG/TZ2/XX

2222 – 7112

16EP13

Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

A scientist conducted a nine-week experiment on two plants,  A  and  B , of the same species. 
He wanted to determine the effect of using a new plant fertilizer. Plant  A  was given fertilizer 
regularly, while Plant  B  was not.

The scientist found that the height of Plant  A ,  hA cm , at time  t  weeks can be modelled by the 
function  hA (t ) = sin (2t + 6) + 9t + 27 , where  0 ≤ t ≤ 9 .

The scientist found that the height of Plant  B ,  hB cm , at time  t  weeks can be modelled by the 
function  hB (t ) = 8t + 32 , where  0 ≤ t ≤ 9 .

(a)	 Use the scientist’s models to find the initial height of

(i)	 Plant  B ;

(ii)	 Plant  A  correct to three significant figures.� [3]

(b)	 Find the values of  t  when  hA (t ) =  hB (t ) .� [3]

(c)	 For  t > 6 , prove that Plant  A  was always taller than Plant  B .� [3]

(d)	 For  0 ≤ t ≤ 9 , find the total amount of time when the rate of growth of Plant  B  was 
greater than the rate of growth of Plant  A .� [6]
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum marks: 27]

This question asks you to explore some properties of polygonal numbers and to 
determine and prove interesting results involving these numbers.

A polygonal number is an integer which can be represented as a series of dots arranged 
in the shape of a regular polygon. Triangular numbers, square numbers and pentagonal 
numbers are examples of polygonal numbers.

For example, a triangular number is a number that can be arranged in the shape of an 
equilateral triangle. The first five triangular numbers are  1, 3, 6, 10  and  15 .

The following table illustrates the first five triangular, square and pentagonal numbers 
respectively. In each case the first polygonal number is one represented by a single dot.

Type of 
polygonal 
number

Geometric representation Values

Triangular 
numbers …

1, 3, 6, 10, 15, ...

Square 
numbers

…
1, 4, 9, 16, 25, ...

Pentagonal 
numbers

…

1, 5, 12, 22, 35, ...

For an  r-sided regular polygon, where  r ∈ + ,  r ≥ 3, the  nth  polygonal number  Pr (n)  is given by

2( 2) ( 4)( )
2r

r n r nP n - - -
= , where  n ∈ + .

(This question continues on the following page)
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(Question 1 continued)

Hence, for square numbers, P n
n n

n4

2
24 2 4 4

2
( ) = −( ) − −( )

= .

(a)	 (i)	� For triangular numbers, verify that 3
( 1)( )

2
n nP n +

= .� [2]

(ii)	 The number  351  is a triangular number. Determine which one it is.� [2]

(b)	 (i)	� Show that  P3 (n) + P3 (n + 1) ≡ (n + 1)2 .� [2]

(ii)	 State, in words, what the identity given in part (b)(i) shows for two consecutive 
triangular numbers.� [1]

(iii)	 For  n = 4 , sketch a diagram clearly showing your answer to part (b)(ii).� [1]

(c)	 Show that  8P3 (n) + 1  is the square of an odd number for all  n ∈ + .� [3]

The  nth  pentagonal number can be represented by the arithmetic series

P5 (n) = 1 + 4 + 7 + ... + (3n - 2) .

(d)	 Hence show that 5
(3 1)( )

2
n nP n -

=  for  n ∈ + .� [3]

(e)	 By using a suitable table of values or otherwise, determine the smallest positive integer, 
greater than  1, that is both a triangular number and a pentagonal number.� [5]

A polygonal number,  Pr (n) , can be represented by the series

1 1 2
1

+ − −( )
=
∑ ( )( )m r
m

n

 where  r ∈ + ,  r ≥ 3 .

(f)	 Use mathematical induction to prove that 
2( 2) ( 4)( )
2r

r n r nP n - - -
=  where  n ∈ + .� [8]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The function  g  is defined by  g (x) = ex2 + 1 , where  x ∈  .

Find  g ′(-1) .
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3.	 [Maximum mark: 5]

Let  a  be a constant, where  a > 1 .

(a)	 Show that a a a2
2 2 2 2
1

2
1

2
+

−







 =

+







 .� [3]

Consider a right-angled triangle with sides of length  a , 
a2 1
2
−







  and 

a2 1
2
+







 .

(b)	 Find an expression for the area of the triangle in terms of  a .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

The function  g  is defined by  g (x) = ex2 + 1 , where  x ∈  .

Find  g ′(-1) .
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5.	 [Maximum mark: 7]

Consider the equation  z4 + pz3 + 54z2 - 108z + 80 = 0  where  z ∈   and  p ∈  .

Three of the roots of the equation are  3 + i ,  a  and  a2 , where  a ∈  . 

(a)	 By considering the product of all the roots of the equation, find the value of  a .� [4]

(b)	 Find the value of  p .� [3]
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 20]

The function  f  is defined by  f (x) = cos2x - 3 sin2x ,  0 ≤ x ≤ π .

(a)	 Find the roots of the equation  f (x) = 0 .� [5]

(b)	 (i)	� Find  f ′(x) .

(ii)	 Hence find the coordinates of the points on the graph of  y = f (x)  where  f ′(x) = 0 .� [7]

(c)	 Sketch the graph of  y = | f (x) | , clearly showing the coordinates of any points 
where  f ′(x) = 0  and any points where the graph meets the coordinate axes.� [4]

(d)	 Hence or otherwise, solve the inequality  | f (x) | > 1 .� [4]

11.	 [Maximum mark: 16]

Consider a three-digit code  abc , where each of  a , b  and  c  is assigned one of  
the values 1 , 2 , 3 , 4  or  5 .

(a)	 Find the total number of possible codes

(i)	 assuming that each value can be repeated (for example,  121  or  444);

(ii)	 assuming that no value is repeated.� [4]

Let  P (x) = x3 + ax2 + bx + c , where each of  a , b  and  c  is assigned one of  
the values 1 , 2 , 3 , 4  or  5 . Assume that no value is repeated. 

Consider the case where  P (x)  has a factor of  (x2 + 3x + 2) . 

(b)	 (i)	� Find an expression for  b  in terms of  a .

(ii)	 Hence show that the only way to assign the values is  a = 4 ,  b = 5  and  c = 2 .

(iii)	 Express  P (x)  as a product of linear factors. 

(iv)	 Hence or otherwise, sketch the graph of  y = P (x) , clearly showing the 
coordinates of any intercepts with the axes.� [12]
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12.	 [Maximum mark: 18]

Let  zn  be the complex number defined as  zn = (n2 + n + 1) + i  for  n ∈  .

(a)	 (i)	� Find  arg (z0) .	

(ii)	 Write down an expression for  arg (zn)  in terms of  n .� [3]

Let  wn = z0 z1 z2 z3 ... zn-1 zn  for  n ∈  .

(b)	 (i)	� Show that arctan arctan arctana b a b
ab

( ) + ( ) = +
−







1

 for  a , b ∈ + ,  ab < 1 .

(ii)	 Hence or otherwise, show that  arg (w1) = arctan (2) .� [5]

(c)	 Prove by mathematical induction that  arg (wn) = arctan (n + 1)  for  n ∈  .� [10]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 5]

The following table shows the Mathematics test scores  (x)  and the Science test scores  (y)  
for a group of eight students. 

Mathematics 
scores  (x) 64 68 72 75 80 82 85 86

Science 
scores  (y) 67 72 77 76 84 83 89 91

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Write down the value of the Pearson’s product-moment correlation coefficient,  r .� [1]

(c)	 Use the equation of your regression line to predict the Science test score for a 
student who has a score of  78  on the Mathematics test. Express your answer to the 
nearest integer.� [2] 
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3.	 [Maximum mark: 5]

A geometric sequence has a first term of  50  and a fourth term of  86.4 .

The sum of the first  n  terms of the sequence is  Sn .

Find the smallest value of  n  such that  Sn > 33 500 .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 5]

The following table shows the Mathematics test scores  (x)  and the Science test scores  (y)  
for a group of eight students. 

Mathematics 
scores  (x) 64 68 72 75 80 82 85 86

Science 
scores  (y) 67 72 77 76 84 83 89 91

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Write down the value of the Pearson’s product-moment correlation coefficient,  r .� [1]

(c)	 Use the equation of your regression line to predict the Science test score for a 
student who has a score of  78  on the Mathematics test. Express your answer to the 
nearest integer.� [2] 
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5.	 [Maximum mark: 6]

Consider the expansion of 
ax
x
+( )1
21

9

2 , where  a ≠ 0 .  The coefficient of the term in  x4  is 
8
7

5a . 

Find the value of  a .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

The function  f  is defined by f x x
x

( ) = +
−

7 7
2 4

 for  x ∈  ,  x ≠ 2 .

(a)	 Find the zero of  f (x) .� [2]

(b)	 For the graph of  y = f (x) , write down the equation of

(i)	 the vertical asymptote;

(ii)	 the horizontal asymptote.� [2]

(c)	 Find  f -1(x) , the inverse function of  f (x) .� [3]
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7.	 [Maximum mark: 6]

Consider P z m mz
m
z z( ) = − + −4 36 2 3 , where  z ∈   and  m ∈ + .

Given that  z - 3i  is a factor of  P (z) , find the roots of  P (z) = 0 .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

Consider the arithmetic sequence  u1 , u2 , u3 , … .

The sum of the first  n  terms of this sequence is given by  Sn = n2 + 4n .

(a)	 (i)	� Find the sum of the first five terms.

(ii)	 Given that  S6 = 60 , find  u6 .� [4]

(b)	 Find  u1 .� [2]

(c)	 Hence or otherwise, write an expression for  un  in terms of  n .� [3]

Consider a geometric sequence,  vn , where  v2 = u1  and  v4 = u6 .

(d)	 Find the possible values of the common ratio,  r .� [3]

(e)	 Given that  v99 < 0 , find  v5 .� [2]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

Consider the arithmetic sequence  u1 , u2 , u3 , … .

The sum of the first  n  terms of this sequence is given by  Sn = n2 + 4n .

(a)	 (i)	� Find the sum of the first five terms.

(ii)	 Given that  S6 = 60 , find  u6 .� [4]

(b)	 Find  u1 .� [2]

(c)	 Hence or otherwise, write an expression for  un  in terms of  n .� [3]

Consider a geometric sequence,  vn , where  v2 = u1  and  v4 = u6 .

(d)	 Find the possible values of the common ratio,  r .� [3]

(e)	 Given that  v99 < 0 , find  v5 .� [2]
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11.	 [Maximum mark: 19]

Consider the following diagram, which shows the plan of part of a house.

diagram not to scale

A

B

C

6 m

m

α

3
4

A narrow passageway with width 
3
4

m is perpendicular to a room of width  6 m . There is 

a corner at point  C . Points  A  and  B  are variable points on the base of the walls such 
that  A ,  C  and  B  lie on a straight line.

Let  L  denote the length  AB  in metres.

Let  a  be the angle that  [AB]  makes with the room wall, where 0
2

< <α π
.

(a)	 Show that L = +
3
4

6secα αcosec .� [2]

(b)	 (i)	� Find 
d
d

L
a

.

(ii)	 When 
d
d

L
α
= 0 , show that  α = arctan 2 .� [5]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  4 cm .

diagram not to scale

P
Q

RO 4
θ

The points  P ,  Q  and  R  lie on the circumference of the circle and  PÔR = θ , where  θ  is 
measured in radians.

The length of arc  PQR  is  10 cm .

(a)	 Find the perimeter of the shaded sector.� [2]

(b)	 Find  θ .� [2]

(c)	 Find the area of the shaded sector.� [2]

(This question continues on the following page)
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7.	 [Maximum mark: 7]

Use mathematical induction to prove that 
r
r nr

n

+( )
= −

+( )=
∑ 1

1 1
11 ! !

 for all integers  n ≥ 1 .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 14]

A circle with equation  x2 + y2 = 9  has centre (0 , 0) and radius  3 .

A triangle,  PQR , is inscribed in the circle with its vertices at  P (-3 , 0) ,  Q (x , y)  and  R (x , -y) , 
where  Q  and  R  are variable points in the first and fourth quadrants respectively. This is 
shown in the following diagram.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a)	 For point  Q , show that y x= −9 2 .� [1]

(b)	 Hence, find an expression for  A , the area of triangle  PQR , in terms of  x .� [3]

(c)	 Show that 
d
d
A
x

x x
x

=
− −

−

9 3 2
9

2

2
.� [4]

(d)	 Hence or otherwise, find the  y-coordinate of  R  such that  A  is a maximum.� [6]
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11.	 [Maximum mark: 22]

Consider the complex number u = − +1 3 i .

(a)	 By finding the modulus and argument of  u , show that u = 2
2
3e

i π

.� [3]

(b)	 (i)	� Find the smallest positive integer  n  such that  un  is a real number.

(ii)	 Find the value of  un  when  n  takes the value found in part (b)(i).� [5]

(c)	 Consider the equation  z3 + 5z2 + 10z + 12 = 0 , where  z ∈  .

(i)	 Given that  u  is a root of  z3 + 5z2 + 10z + 12 = 0 , find the other roots.

(ii)	 By using a suitable transformation from  z  to  w , or otherwise, find the roots of the 
equation  1 + 5w + 10w2 + 12w3 = 0 , where  w ∈  .� [9]

(d)	 Consider the equation  z2 = 2z* , where  z ∈  ,  z ≠ 0 .

By expressing  z  in the form  a + bi , find the roots of the equation.� [5]

16EP14
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12. [Maximum mark: 17]

(a) By using an appropriate substitution, show that cos sin cosx x x x x C d = + +∫ 2 2 .� [6]

The following diagram shows part of the curve  y = cos cosy x=  for  x ≥ 0 .

y

x
R1

x1

x2 x3

x4
R2

R3

O

The curve intersects the  x-axis at  x1 ,  x2 ,  x3 ,  x4 , … .

The  nth   x-intercept of the curve,  xn , is given by x
n

n =
−( )2 1
4

2 2π
, where  n ∈ + .

(b) Write down a similar expression for  xn+1 . [1]

The regions bounded by the curve and the  x-axis are denoted by  R1 ,  R2 ,  R3 , … , as shown 
on the above diagram.

(c) Calculate the area of region  Rn .

Give your answer in the form  k n π , where  k ∈ + . [7]

(d) Hence, show that the areas of the regions bounded by the curve and the  x-axis,
R1 ,  R2 ,  R3 , … , form an arithmetic sequence. [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The cities Lucknow ( L ), Jaipur ( J ) and Delhi ( D ) are represented in the following diagram. 
Lucknow lies 500 km directly east of Jaipur, and JLD 25= = 25°.

diagram not to scale

North

D

J L500 km
25

The bearing of  D  from  J  is  034° .

(a)	 Find ˆJDL .� [2]

(b)	 Find the distance between Lucknow and Delhi.� [3]
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5.	 [Maximum mark: 7]

The coefficient of  x6  in the expansion of  (ax3 + b)8  is  448 .

The coefficient of  x6  in the expansion of  (ax3 + b)10  is  2880 .

Find the value of  a  and the value of  b , where  a , b > 0 .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The cities Lucknow ( L ), Jaipur ( J ) and Delhi ( D ) are represented in the following diagram. 
Lucknow lies 500 km directly east of Jaipur, and JLD 25= = 25°.

diagram not to scale

North

D

J L500 km
25

The bearing of  D  from  J  is  034° .

(a)	 Find ˆJDL .� [2]

(b)	 Find the distance between Lucknow and Delhi.� [3]
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6.	 [Maximum mark: 7]

Consider z = +cos sin11
18

11
18

π πi . 

(a)	 Find the smallest value of  n  that satisfies  zn = -i , where  n ∈ + .� [4]

(b)	 Hence or otherwise, describe a single geometric transformation applied to  z  on the 
Argand diagram that results in  z10 .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The cities Lucknow ( L ), Jaipur ( J ) and Delhi ( D ) are represented in the following diagram. 
Lucknow lies 500 km directly east of Jaipur, and JLD 25= = 25°.

diagram not to scale

North

D

J L500 km
25

The bearing of  D  from  J  is  034° .

(a)	 Find ˆJDL .� [2]

(b)	 Find the distance between Lucknow and Delhi.� [3]
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9.	 [Maximum mark: 6]

Prove by contradiction that  p2 - 8q - 11 ≠ 0 , for any  p , q ∈  .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

An engineer is designing a gutter to catch rainwater from the roof of a house.

The gutter will be open at the top and is made by folding a piece of sheet metal  45 cm  wide 
and  600 cm  long.

diagram not to scale

600 600sheet metal

45

The cross-section of the gutter is shaded in the following diagram.

diagram not to scale

w

O

A B

1012θ

The height of both vertical sides is  10 cm . The width of the gutter is  w cm .

Arc  AB  lies on the circumference of a circle with centre  O  and radius  12 cm .

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

A botanist is conducting an experiment which studies the growth of plants.

The heights of the plants are measured on seven different days.

The following table shows the number of days,  d , that the experiment has been running and 
the average height,  h cm , of the plants on each of those days.

Number of days (d ) 2 5 13 24 33 37 42

Average height (h) 10 16 30 59 76 79 82

The value of Pearson’s product-moment correlation coefficient,  r , for this data is  0.991 , 
correct to three significant figures.

(a)	 The regression line of  h  on  d  for this data can be written in the form  h = ad + b .

Find the value of  a  and the value of  b .� [2] 

(b)	 Use your regression line to estimate the average height of the plants when the 
experiment has been running for 20 days.� [2] 
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4.	 [Maximum mark: 7]

The expansion of  (x + h)8 , where  h ∈ + , can be written 
as  x8 + ax7 + bx6 + cx5 + dx4 + ... + h8 , where  a , b , c , d , ... ∈  .

Given that the coefficients,  a , b  and  d , are the first three terms of a geometric sequence, 
find the value of  h .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

A botanist is conducting an experiment which studies the growth of plants.

The heights of the plants are measured on seven different days.

The following table shows the number of days,  d , that the experiment has been running and 
the average height,  h cm , of the plants on each of those days.

Number of days (d ) 2 5 13 24 33 37 42

Average height (h) 10 16 30 59 76 79 82

The value of Pearson’s product-moment correlation coefficient,  r , for this data is  0.991 , 
correct to three significant figures.

(a)	 The regression line of  h  on  d  for this data can be written in the form  h = ad + b .

Find the value of  a  and the value of  b .� [2] 

(b)	 Use your regression line to estimate the average height of the plants when the 
experiment has been running for 20 days.� [2] 
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9.	 [Maximum mark: 5]

Let  S  be the set of  30  positive integers  {1 , 2 , 3 , ... , 28 , 29 , 30} .

Raghu randomly selects three positive integers from  S  without replacement. He then adds 
them together and determines whether the sum is divisible by  3 .

Determine the total number of selections Raghu can make to obtain a sum that is divisible  
by  3 .

You may assume that order is not important, for example, 
{1 , 2 , 3} , {1 , 3 , 2} , {2 , 3 , 1} , {2 , 1 , 3} , {3 , 1 , 2} , {3 , 2 , 1} are all considered to be the 
same selection.� [5]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 13] 

A weight suspended on a spring is pulled down and released, so that it moves up and down 
vertically.  

The height,  H  metres, of the base of the weight above the ground can be modelled by the 
function  H (t ) = a cos (7.8t ) + b , for  a , b ∈   and  0 ≤ t ≤ 10 , where  t  is the time in seconds 
after the weight is released. 

H

ground

(a)	 Find the period of the function.� [2] 

(This question continues on the following page)
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2.	 [Maximum mark: 31]

This question asks you to examine linear and quadratic functions constructed in 
systematic ways using arithmetic sequences.

Consider the function  L (x) = mx + c  for  x ∈   where  m ,  c ∈   and  m ,  c ≠ 0 .

Let  r ∈   be the root of  L (x) = 0 .

If  m ,  r  and  c , in that order, are in arithmetic sequence then  L (x)  is said to be an AS-linear 
function.

(a)	 Show that  L (x) = 2x - 1  is an AS-linear function.� [2]

Consider  L (x) = mx + c .

(b)	 (i)	� Show that r c
m

= − .� [1]

(ii)	 Given that  L (x)  is an AS-linear function, show that L x mx m
m

( ) = −
+

2

2
.� [4]

(iii)	 State any further restrictions on the value of  m .� [1]

There are only three integer sets of values of  m ,  r  and  c , that form an AS-linear function. 
One of these is  L (x) = - x - 1 .

(c)	 Use part (b) to determine the other two AS-linear functions with integer values of  m ,  r  
and  c .� [3]

Consider the function  Q (x) = ax2 + bx + c  for  x ∈   where  a ∈  ,  a ≠ 0  and  b ,  c ∈  .

Let  r1 ,  r2 ∈   be the roots of  Q (x) = 0 .

(d)	 Write down an expression for

(i)	 the sum of roots,  r1 + r2 , in terms of  a  and  b .� [1]

(ii)	 the product of roots,  r1 r2 , in terms of  a  and  c .� [1]

(This question continues on the following page)
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(Question 2 continued)

If  a ,  r1 ,  b ,  r2  and  c , in that order, are in arithmetic sequence, then  Q (x)  is said to be an 
AS-quadratic function.

(e) Given that  Q (x)  is an AS-quadratic function,

(i) write down an expression for   r2 - r1  in terms of  a  and  b ; [1]

(ii) use your answers to parts (d)(i) and (e)(i) to show that r a ab b
a1

2

2
=

− −
; [2]

(iii) use the result from part (e)(ii) to show that  b = 0  or a = − 1
2

. [3]

Consider the case where  b = 0 .

(f) Determine the two AS-quadratic functions that satisfy this condition. [5]

Now consider the case where a = − 1
2

.

(g) (i)	� Find an expression for  r1  in terms of  b . [2]

(ii) Hence or otherwise, determine the exact values of  b  and  c  such that
AS-quadratic functions are formed.

Give your answers in the form
− ±p q s

2
 where  p ,  q ,  s ∈ + . [5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]
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3.	 [Maximum mark: 7]

The sum of the first  n  terms of an arithmetic sequence is given by  Sn = pn2 - qn ,  
where  p  and  q  are positive constants.

It is given that  S4 = 40  and  S5 = 65 .

(a)	 Find the value of  p  and the value of  q .� [5]

(b)	 Find the value of  u5 .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 7 – 8823 – 7106

Turn over

16EP07

5.	 [Maximum mark: 6] 

The binomial expansion of  (1 + kx)n  is given by  1 + 12x + 28k 2x2 + ... + k nxn  where  n ∈ +  
and  k ∈  .

Find the value of  n  and the value of  k .

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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– 3 – 8823 – 7106

Turn over

16EP03

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 8 – 8823 – 7106

16EP08

6.	 [Maximum mark: 7]

Prove by mathematical induction that  52n - 23n  is divisible by  17  for all  n ∈ + .

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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16EP03

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 9 – 8823 – 7106

Turn over

16EP09

7.	 [Maximum mark: 5]

It is given that  z = 5 + qi  satisfies the equation  z2 + iz = -p + 25i , where  p ,  q ∈  .

Find the value of  p  and the value of  q .

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Turn over

16EP03

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 5 – 8823 – 7111

Turn over

16EP05

3.	 [Maximum mark: 7]

The sum of the first  n  terms of an arithmetic sequence is given by  Sn = pn2 - qn ,  
where  p  and  q  are positive constants.

It is given that  S4 = 40  and  S5 = 65 .

(a)	 Find the value of  p  and the value of  q .� [5]

(b)	 Find the value of  u5 .� [2]

���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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Apollo | Original source crop | 72

– 3 – 8823 – 7111

Turn over

16EP03

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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– 7 – 8823 – 7111

Turn over

16EP07

5.	 [Maximum mark: 6] 

The binomial expansion of  (1 + kx)n  is given by  1 + 12x + 28k 2x2 + ... + k nxn  where  n ∈ +  
and  k ∈  .

Find the value of  n  and the value of  k .
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���������������������������������������������������������������������������������������������������������������������������������������������������
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– 3 – 8823 – 7111

Turn over

16EP03

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 8 – 8823 – 7111

16EP08

6.	 [Maximum mark: 7]

Prove by mathematical induction that  52n - 23n  is divisible by  17  for all  n ∈ + .

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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– 3 – 8823 – 7111

Turn over

16EP03

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the functions  f (x) = x - 3  and  g (x) = x2 + k 2 , where  k  is a real constant.

(a)	 Write down an expression for  (g  f )(x) .� [2]

(b)	 Given that  (g  f )(2) = 10 , find the possible values of  k . � [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

– 9 – 8823 – 7111

Turn over

16EP09

7.	 [Maximum mark: 5]

It is given that  z = 5 + qi  satisfies the equation  z2 + iz = -p + 25i , where  p ,  q ∈  .

Find the value of  p  and the value of  q .

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������
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– 3 – 8823 – 7107

Turn over

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a pyramid with vertex  V  and rectangular base  OABC .

Point B has coordinates  (6 , 8 , 0) , point  C  has coordinates  (6 , 0 , 0)  and point  V  has 
coordinates  (3 , 4 , 9) .

diagram not to scale

z

x
y

V (3 , 4 , 9) 

C (6 , 0 , 0) 

B (6 , 8 , 0) 

O
A

(a)	 Find  BV .� [2]

(b)	 Find the size of  BV̂C .� [4]

���������������������������������������������������������������������������������������������������������������������������������������������������
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Turn over

7.	 [Maximum mark: 6]

A junior baseball team consists of six boys and three girls.

The team members are to be placed in a line to have their photograph taken.

(a)	 In how many ways can the team members be placed if

(i)	 there are no restrictions;

(ii)	 the girls must be placed next to each other.� [3]

(b)	 Five members of the team are selected to attend a baseball summer camp. Find the 
number of possible selections that contain at least two girls. � [3]
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Turn over

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a pyramid with vertex  V  and rectangular base  OABC .

Point B has coordinates  (6 , 8 , 0) , point  C  has coordinates  (6 , 0 , 0)  and point  V  has 
coordinates  (3 , 4 , 9) .

diagram not to scale

z

x
y

V (3 , 4 , 9) 

C (6 , 0 , 0) 

B (6 , 8 , 0) 

O
A

(a)	 Find  BV .� [2]

(b)	 Find the size of  BV̂C .� [4]
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7.	 [Maximum mark: 6]

A junior baseball team consists of six boys and three girls.

The team members are to be placed in a line to have their photograph taken.

(a)	 In how many ways can the team members be placed if

(i)	 there are no restrictions;

(ii)	 the girls must be placed next to each other.� [3]

(b)	 Five members of the team are selected to attend a baseball summer camp. Find the 
number of possible selections that contain at least two girls. � [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show 
all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

Claire rolls a six-sided die 16 times.

The scores obtained are shown in the following frequency table.

Score Frequency

1 p

2 q

3 4

4 2

5 0

6 3

It is given that the mean score is 3.

(a)	 Find the value of  p  and the value of  q .� [5]

Each of Claire’s scores is multiplied by 10 in order to determine the final score for a game 
she is playing.

(b)	 Write down the mean final score.� [1]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

16EP02

– 6 – 2224 – 7101

5.	 [Maximum mark: 5]

Consider a geometric sequence with first term  1  and common ratio  10 .

Sn  is the sum of the first  n  terms of the sequence.

(a)	 Find an expression for  Sn  in the form 
a
b

n -1
, where  a , b ∈ + .� [1]

(b)	 Hence, show that S S S S
n

n

n

1 2 3

10 10 1 9
81

� � ��� �
�� � �

.� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show 
all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

Claire rolls a six-sided die 16 times.

The scores obtained are shown in the following frequency table.

Score Frequency

1 p

2 q

3 4

4 2

5 0

6 3

It is given that the mean score is 3.

(a)	 Find the value of  p  and the value of  q .� [5]

Each of Claire’s scores is multiplied by 10 in order to determine the final score for a game 
she is playing.

(b)	 Write down the mean final score.� [1]
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7.	 [Maximum mark: 7]

Using mathematical induction and the definition n rC
n

r n r
�

�
!

!( )!
, prove that 

r

n
r nC C

�

�� �
1

1
1

2   
for all  n ∈ +.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Consider the function f x x
x

� � � �
�

4 2
2

,  x ≠ 2 .

(a)	 Sketch the graph of  y = f (x) . On your sketch, indicate the values of any axis intercepts 
and label any asymptotes with their equations.� [5]

(b)	 Write down the range of  f .� [1]

Consider the function  g (x) = x2 + bx + c . The graph of  g  has an axis of symmetry at  x = 2 . 

The two roots of  g (x) = 0  are -
1
2

 and  p , where  p ∈  .

(c)	 Show that p = 9
2

.� [1]

(d)	 Find the value of  b  and the value of  c .� [3]

(e)	 Find the  y-coordinate of the vertex of the graph of  y = g (x) .� [2]

(f)	 Find the product of the solutions of the equation  f (x) = g (x) .� [4]
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12.	 [Maximum mark: 20]

Consider  f = (a + bi)3, where  a , b ∈  .

(a)	 In terms of  a  and  b , find

(i)	 the real part of  f ;

(ii)	 the imaginary part of f .� [3]

(b)	 Hence, or otherwise, show that 1 3 8
3

�� � � � i .� [2]

The roots of the equation  z3 = -8  are  u ,  v  and  w , where u � �1 3  i  and  v ∈  .

(c)	 Write down  v  and  w , giving your answers in Cartesian form.� [2]

On an Argand diagram,  u ,  v  and  w  are represented by the points  U ,  V  and  W  respectively.

(d)	 Find the area of the triangle  UVW .� [3] 

Each of the points  U ,  V  and  W  is rotated counter-clockwise (anticlockwise) about  0  

through an angle of 
p
4

 to form three new points  U′ ,  V′  and  W′ . These points represent the 

complex numbers  u′ ,  v′  and  w′  respectively.

(e)	 Find  u′ ,  v′  and  w′ , giving your answers in the form  reiq , where  -p < q ≤ p .� [4]

(f)	 Given that  u′ ,  v′  and  w′  are the solutions of  z3 = c + d i , where  c , d ∈  , find the 
value of  c  and the value of  d .� [3]

It is given that  u ,  v ,  w ,  u′ ,  v′  and  w′  are all solutions of  z n = a  for some  a ∈  , where  n ∈  .

(g)	 Find the smallest positive value of  n .� [3]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4] 

Solve  tan (2x - 5°) = 1  for  0° ≤ x ≤ 180° .
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7.	 [Maximum mark: 7]

A function  g (x)  is defined by  g (x) = 2x3 - 7x2 + dx - e , where  d , e ∈  .

a , b  and  g  are the three roots of the equation  g (x) = 0  where  a , b ,  g ∈  . 

(a)	 Write down the value of  a + b + g .� [1]

A function  h (z)  is defined by  h (z) = 2z5 - 11z4 + rz3 + sz2 + tz - 20 , where  r , s , t ∈  .

a , b  and  g  are also roots of the equation  h (z) = 0 .

It is given that  h (z) = 0  is satisfied by the complex number  z = p + 3i . 

(b)	 Show that  p = 1 .� [3]

It is now given that h 1
2

0�
�
�

�
�
� � , and  a , b ∈ + ,  a < b  and  g ∈ .

(c)	 (i)	 Find the value of the product  ab .

(ii)	 Write down the value of  a  and the value of  b .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4] 

Solve  tan (2x - 5°) = 1  for  0° ≤ x ≤ 180° .
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9.	 [Maximum mark: 7]

A teacher takes  n  students on a field trip. The students are assigned randomly into two groups. 

For safety reasons there must be exactly three students in the first group and at least three 
students in the second group.

The teacher will randomly assign three students to the first group and the other students to 
the second group.

(a)	 Write down an expression for the number of ways that the students could be assigned.� [1]

Two of the students ask the teacher not to work in the same group.

The teacher agrees and now finds that the number of ways to assign the students is halved.

(b)	 Determine the value of  n .� [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16] 

Consider the arithmetic sequence  a ,  p ,  q … , where  a ,  p ,  q ≠ 0 .

(a)	 Show that  2p - q = a .� [2]

Consider the geometric sequence  a ,  s ,  t … , where  a ,  s ,  t ≠ 0 .

(b)	 Show that  s2 = at .� [2]

The first term of both sequences is  a . 

It is given that  q = t = 1 .

(c)	 Show that p > 1
2

.� [2]

Consider the case where  a = 9 ,  s > 0  and  q = t = 1 .  

(d)	 Write down the first four terms of the

(i)	 arithmetic sequence;

(ii)	 geometric sequence.� [4]

 The arithmetic and the geometric sequence are used to form a new arithmetic sequence  un .

The first three terms of  un  are  u1 = 9 + ln 9 ,  u2 = 5 + ln 3 , and  u3 = 1 + ln 1.

(e)	 (i)	 Find the common difference of the new sequence in terms of  ln 3 . 

(ii)	 Show that 
i

iu
�
� � � �

1

10

90 25 3ln .� [6]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16] 

Consider the arithmetic sequence  a ,  p ,  q … , where  a ,  p ,  q ≠ 0 .

(a)	 Show that  2p - q = a .� [2]

Consider the geometric sequence  a ,  s ,  t … , where  a ,  s ,  t ≠ 0 .

(b)	 Show that  s2 = at .� [2]

The first term of both sequences is  a . 

It is given that  q = t = 1 .

(c)	 Show that p > 1
2

.� [2]

Consider the case where  a = 9 ,  s > 0  and  q = t = 1 .  

(d)	 Write down the first four terms of the

(i)	 arithmetic sequence;

(ii)	 geometric sequence.� [4]

 The arithmetic and the geometric sequence are used to form a new arithmetic sequence  un .

The first three terms of  un  are  u1 = 9 + ln 9 ,  u2 = 5 + ln 3 , and  u3 = 1 + ln 1.

(e)	 (i)	 Find the common difference of the new sequence in terms of  ln 3 . 

(ii)	 Show that 
i

iu
�
� � � �

1

10

90 25 3ln .� [6]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16] 

Consider the arithmetic sequence  a ,  p ,  q … , where  a ,  p ,  q ≠ 0 .

(a)	 Show that  2p - q = a .� [2]

Consider the geometric sequence  a ,  s ,  t … , where  a ,  s ,  t ≠ 0 .

(b)	 Show that  s2 = at .� [2]

The first term of both sequences is  a . 

It is given that  q = t = 1 .

(c)	 Show that p > 1
2

.� [2]

Consider the case where  a = 9 ,  s > 0  and  q = t = 1 .  

(d)	 Write down the first four terms of the

(i)	 arithmetic sequence;

(ii)	 geometric sequence.� [4]

 The arithmetic and the geometric sequence are used to form a new arithmetic sequence  un .

The first three terms of  un  are  u1 = 9 + ln 9 ,  u2 = 5 + ln 3 , and  u3 = 1 + ln 1.

(e)	 (i)	 Find the common difference of the new sequence in terms of  ln 3 . 

(ii)	 Show that 
i

iu
�
� � � �

1

10

90 25 3ln .� [6]
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11.	 [Maximum mark: 19]

The plane  P1  has equation  2x + 6y - 2z = 5 .

(a)	 Verify that the point A 2 1
2

1, ,�
�
�

�
�
�  lies on the plane  P1 .� [1]

The plane  P2  is given by  (k2 - 6) x + (2k + 3) y + pz = q , where  p , q , k ∈   and  p ≠ 0 .

(b)	 In the case where  p = -6 ,  P2  is perpendicular to  P1  and  A  lies on  P2 . 
Find the value of  k  and the value of  q .� [5]

For parts (c), (d) and (e) it is now given that  P2  is parallel to  P1  with  k = 3 .

(c)	 Determine the value of  p .� [2]

It is also given that q � � 51
2

.

The line through  A  that is perpendicular to  P1  meets  P2  at the point  B .

(d)	 (i)	 Find the coordinates of  B .

(ii)	 Hence, show that the perpendicular distance between  P1  and  P2  is 11 .� [7]

(e)	 Find the equation of a third parallel plane  P3  which is also a perpendicular distance  
of  11  from  P1 .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Darren buys a car for  $35 000 . The value of the car decreases by  15 %  in the first year.

(a)	 Find the value of the car at the end of the first year.� [2]

After the first year, the value of the car decreases by  11 %  in each subsequent year.

(b)	 Find the value of Darren’s car 10 years after he buys it, giving your answer to the 
nearest dollar.� [2]

When Darren has owned the car for  n  complete years, the value of the car is less than 10 % 
of its original value.

(c)	 Find the least value of  n .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Darren buys a car for  $35 000 . The value of the car decreases by  15 %  in the first year.

(a)	 Find the value of the car at the end of the first year.� [2]

After the first year, the value of the car decreases by  11 %  in each subsequent year.

(b)	 Find the value of Darren’s car 10 years after he buys it, giving your answer to the 
nearest dollar.� [2]

When Darren has owned the car for  n  complete years, the value of the car is less than 10 % 
of its original value.

(c)	 Find the least value of  n .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 7]

Darren buys a car for  $35 000 . The value of the car decreases by  15 %  in the first year.

(a)	 Find the value of the car at the end of the first year.� [2]

After the first year, the value of the car decreases by  11 %  in each subsequent year.

(b)	 Find the value of Darren’s car 10 years after he buys it, giving your answer to the 
nearest dollar.� [2]

When Darren has owned the car for  n  complete years, the value of the car is less than 10 % 
of its original value.

(c)	 Find the least value of  n .� [3]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

16EP02

– 11 – 2224 – 7102

Turn over

9.	 [Maximum mark: 7]

A group of 10 children includes one pair of brothers, Alvin and Bobby, and one pair of sisters, 
Catalina and Daniela.

The children are to be seated at 10 desks which are arranged in two rows of five as shown in 
the following diagram.

front

Alvin and Bobby must be seated next to each other in the same row.

(a)	 Find the total number of ways the children can be seated.� [3] 

After an argument, Catalina and Daniela must not be seated next to each other. Alvin and 
Bobby must still be seated next to each other.  

(b)	 Find the total number of ways the children can be seated.� [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 16]

Sule Skerry and Rockall are small islands in the Atlantic Ocean, in the same time zone.

On a given day, the height of water in metres at Sule Skerry is modelled by the 
function  H (t ) = 1.63 sin (0.513 (t - 8.20)) + 2.13 , where  t  is the number of hours after midnight.

The following graph shows the height of the water for  15  hours, starting at midnight.

At low tide the height of the water is  0.50 m . At high tide the height of the water is  3.76 m .

All heights are given correct to two decimal places.

 

t

H (t )

6

150

(a)	 The length of time between the first low tide and the first high tide is 6 hours 
and  m  minutes. Find the value of  m  to the nearest integer. � [3]

(b)	 Between two consecutive high tides, determine the length of time, in hours, for which 
the height of the water is less than  1  metre.� [2]

(c)	 Find the rate of change of the height of the water when  t = 13 , giving your answer in 
metres per hour.� [2]

(This question continues on the following page)
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The functions  f  and  g  are both defined for  -1 ≤ x ≤ 0  by

  f (x) = 1 - x2

g (x) = e2x .

The graphs of  f  and  g  intersect at  x = a  and  x = b , where  a < b .

(a)	 Find the value of  a  and the value of  b .� [3]

(b)	 Find the area of the region enclosed by the graphs of  f  and  g .� [3]
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8.	 [Maximum mark: 10]

Let  z = 1 + cos 2q + i sin 2q , where � � �
� �
2 2

� .

(a)	 Show that

(i)	 arg z = q ;

(ii)	 | z | = 2 cos q .� [7]

(b)	 Hence or otherwise, find the value of  q  such that  arg (z2) = | z3 | .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Points  A  and  B  lie on a circle with centre  O  and radius  r cm , where  AÔB = 1.5  radians.

This is shown on the following diagram.

diagram not to scale

B

AO

1.5

The area of sector  OAB  is  48 cm2.

(a)	 Find the value of  r .� [3]

(b)	 Hence, find the perimeter of sector  OAB . � [2]

(This question continues on the following page)
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3.	 [Maximum mark: 4]

Prove that  (3n + 2)2 - (3n - 2)2  is a multiple of  12  for all  n ∈ + .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Points  A  and  B  lie on a circle with centre  O  and radius  r cm , where  AÔB = 1.5  radians.

This is shown on the following diagram.

diagram not to scale

B

AO

1.5

The area of sector  OAB  is  48 cm2.

(a)	 Find the value of  r .� [3]

(b)	 Hence, find the perimeter of sector  OAB . � [2]

(This question continues on the following page)
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Turn over

5.	 [Maximum mark: 6]

For a particular arithmetic sequence,  u10 = 16  and  S25 = 100 .

Find the value of  k  such that  uk = 0 .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 17] 

Consider a cylinder of radius  4r  and height  h . A smaller cylinder of radius  r  is removed from 
the centre to form a hollow cylinder. This is shown in the following diagram.

All lengths are measured in centimetres.

diagram not to scale

h

r 3r

The total surface area of the hollow cylinder, in  cm2 , is given by  S . 

The volume of the hollow cylinder, in  cm3 , is given by  V .

(a)	 Show that  S = 30pr2 + 10prh .� [3]

(b)	 The total surface area of the hollow cylinder is  240p cm2 .

Show that  V = 360pr - 45pr3 .� [6]

(c)	 Find an expression for 
d
d
V
r

.� [2]

The hollow cylinder has its maximum volume when r p=
2
3

, where  p ∈ + .

(d)	 Find the value of  p .� [3]

(e)	 Hence, find this maximum volume, giving your answer in the form qp 2
3

, where  q ∈ + .� [3]
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12.	 [Maximum mark: 20] 

Consider the equation  z4 = 16i , where  z ∈  .

The equation has four roots  z1 , z2 , z3 , z4 , where  zi = r (cos qi + i sin qi ) ,  r > 0  
and  0 ≤ q1 < q2 < q3 < q4 < 2p .

(a)	 Find  z1 , z2 , z3  and  z4 .� [6]

The roots  z1 , z2 , z3  and  z4  form a geometric sequence.

(b)	 Find the common ratio of the sequence, expressing your answer in Cartesian form.� [3]

The roots  z1 , z2 , z3  and  z4  are represented by the points  A ,  B ,  C  and  D  respectively on an 
Argand diagram. 

(c)	 Plot the points  A ,  B ,  C  and  D  on an Argand diagram.� [3]

The equation  v4 = a + bi , where  v ∈   and  a , b ∈   has roots z1
* , z2

* , z3
*  and  z4

* .

(d)	 Determine the value of  a  and the value of  b .  � [3]

The midpoint of  [AB]  is  A′ , the midpoint of  [BC]  is  B′ , the midpoint of  [CD]  is  C′  and the 
midpoint of  [DA]  is  D′ .

Consider the equation  w p = 2q , where  w ∈   and  p , q ∈ + . 

Four of the roots of  w p = 2q  are represented by the points  A′ ,  B′ ,  C′  and  D′ . 

(e)	 Find the least possible value of  p  and the corresponding value of  q .� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �11 2 11 , where  0 ≤ x ≤ 20 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (20) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x

55

55 15151010 202000

−5−5

−15−15

−10−10

(This question continues on the following page)
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2.	 [Maximum mark: 4]

Find the coefficient of  x6  in the expansion of  (2x - 5)9 .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �11 2 11 , where  0 ≤ x ≤ 20 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (20) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x

55

55 15151010 202000

−5−5

−15−15

−10−10

(This question continues on the following page)
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7.	 [Maximum mark: 6]

A self-service sushi restaurant has a row of  12  available seats, as shown in the following diagram.

Anvi, Vanya and Parita decide to go to the restaurant for lunch.

(a)	 Find the number of possible ways that they can be seated in this row, if they decide not 
to sit together as a group of  3 . � [3]

The next day, Anvi, Vanya and Parita are joined by  3  additional people in the same 
restaurant, and they sit in the same row of  12  available seats. Anvi, Vanya and Parita now 
decide to sit next to each other as a group of  3 .

(b)	 Find the number of possible ways that these 6 people can be seated. � [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �11 2 11 , where  0 ≤ x ≤ 20 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (20) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]

y

x
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55 15151010 202000

−5−5
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−10−10
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8.	 [Maximum mark: 6]

(a)	 Given that  w ∈  , prove that  ww* = | w |2 .� [2]

Two complex numbers  z  and  w  satisfy the following equations:

5w* = (1 - 2i) z2

zw = 10 + 10i .

(b)	 Given that  | w | w = 2 5 , find  z  expressing your answer in the form  a + bi , where  a , b ∈   .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 7]

Consider the function f x x x( ) � � �11 2 11 , where  0 ≤ x ≤ 20 .

(a)	 Find the value of

(i)	  f (0) ;

(ii)	  f (20) .� [2]

(b)	 Find the two roots of  f (x) = 0 .� [2]

(c)	 Sketch the graph of  y = f (x)  on the following grid.� [3]
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(This question continues on the following page)
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9.	 [Maximum mark: 7]

The sum of the first  n  terms of a geometric sequence is given by S cn
r
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log . 

(a)	 Given that  Sn  converges, find the range of possible values of  c . � [3]

(b)	 In the case where  c = 1.5 , find the least value of  n  such that  | S∞ - Sn | < 0.1 .� [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 15]

The following table shows the population of Canada  t  years after the year 2000. 

t  (years after 2000) 0 5 10 15 20

p  (population in 
millions) 30.7 32.2 34.0 35.7 37.9

A student uses linear regression to model the population of Canada using these data.   
The student model is  p = at + b .

(a)	 (i)	 Write down the value of a and the value of  b .

(ii)	 Interpret, in context, the value of  a .� [3]

The student uses this model to predict the population of Canada in the year 2030, 
where  t = 30 , and calculates a population of approximately  41.3  million people.

(b)	 Comment on the reliability of the student’s prediction. � [1]

A data scientist, Benoit, uses additional information to develop an exponential model for 
Canada’s future population.

In this model,  B (t ) = 33.5(1.005)t  represents the millions of people in Canada  t  years after 
the year 2000, where  25 ≤ t ≤ 100 .

(c)	 (i)	 Use Benoit’s model to predict the population of Canada in the year 2100.

(ii)	 Interpret, in context, the value  1.005  in Benoit’s model.� [3]

(This question continues on the following page)
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1.	 [Maximum mark: 27]

This question asks you to investigate models for the population of trout in a lake.

Trout is a type of fish. At the start of a year, a lake is estimated to contain  6000  trout.

The owner of the lake estimates that the number of trout will increase by  10 %  per year.

At the end of each year, the owner proposes to remove  500  trout from the lake to 
prevent overpopulation.

Therefore, the relationship between  Tn  , the predicted number of trout at the start of year  n , 
and  Tn + 1 , the predicted number of trout at the start of year  n + 1 , is given by

Tn + 1 = 1.1Tn - 500  and  T1 = 6000 .

For example, the predicted number of trout at the start of the second year is given by

T2 = 1.1T1 - 500 .

(a)	 Use this formula to verify that  T2 = 6100 .� [2]

(b)	 (i)	 Verify that  T3 = 6210 .� [1]

(ii)	 Find  T4 .� [2]

It is also known that Tn
n
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1 1 1
1

1

.
.

.
.

(c)	 (i)	 Show that  Tn = 1000 (1.1)n - 1 + 5000 .� [2]

(ii)	 Hence, or otherwise, find  T6 . Give your answer to the nearest whole number.� [2]

(This question continues on the following page)
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(Question 1 continued)

After deciding that the trout population would increase too quickly, the lake owner proposes 
instead to remove  750  trout at the end of each year.

The relationship between  Dn , the predicted number of trout at the start of year  n , and  Dn + 1 , 
the predicted number of trout at the start of year  n + 1 , is now given by

Dn + 1 = 1.1Dn - 750  and  D1 = 6000 .

It is also known that  Dn = -1500 (1.1)n - 1 + 7500 .

(d)	 (i)	 Show that  Dn + 1 - Dn = -150 (1.1)n - 1 .� [3]

(ii)	 Use the result in part (d)(i) to deduce that the predicted number of trout at the 
start of any year will be greater than the predicted number at the start of the next 
year.� [1]

(e)	 Determine the first year during which there will be no trout remaining in the lake.� [4]

The lake owner now considers a more general approach where  d  trout are removed at the 
end of each year.

Let  Cn  denote the predicted number of trout in the lake at the start of the  nth  year where

Cn = 6000 (1.1)n - 1 - 10d ((1.1)n - 1 - 1).

(f)	 Find the value of  d  such that the predicted number of trout at the start of each year 
is constant.� [3]

To model predicted numbers of trout, the lake owner has been using sequences generated by

un + 1 = run - d , where  d , r ∈ +  and  r ≠ 1 .

(g)	 Use mathematical induction to prove that u u r
d r
rn

n
n

� �
�� �

�
�

�

1
1

1 1
1

, for  n ∈ + .� [7]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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2.	 [Maximum mark: 7]

Bob invests  1000  dinar in an account which pays a nominal annual interest rate of  4 %  
compounded quarterly.  

The amount of money in the account after one complete year can be written as  1000 (1 + k)4  
where  k ∈  .

(a)	 Write down the value of  k .� [1]

(b)	 Expand and simplify  (1 + x)4 .� [2]

(c)	 Hence or otherwise, find the amount of money in the account after one complete year, 
giving your answer correct to the nearest dinar.� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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5.	 [Maximum mark: 8]

Consider a sequence of ten rectangular picture frames  F1 , F2 , ... , F9 , F10 .

Picture frame  F1  has width  4 cm  and height  5 cm .

The width and height of picture frame  Fn , are each increased by  50 %  to generate the width 
and height of the next picture frame  Fn+1 , for  n ∈ + ,  1 ≤ n ≤ 9 .

(a)	 (i)	 Show that the area of picture frame  Fn  is 20 9
4

1
�
�
�

�
�
�

�n

cm2 .

(ii)	 Hence, find the mean area of the ten picture frames, giving your answer in the 

form p
a9

4
1�

�
�

�
�
� �

�

�
��

�

�
�� cm2 , where  p ∈ + ,  a ∈ + .� [5]

(b)	 Find the median area of the ten picture frames, giving your answer in  

the form q 9
4

4
�
�
�

�
�
� cm2 , where  q ∈ + .� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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7.	 [Maximum mark: 5]

Consider the complex number  z = 3i-1 .

(a)	 Write the integer  3  in the form  ea  where  a ∈  .� [1]

(b)	 Hence, giving your answers in the form  p cos (ln q)  where  p , q ∈ + , find 

(i)	  Re (z) ;

(ii)	 Re 1
z

�
�
�

�
�
� .� [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Consider the function f x x x( ) � �
4
3

16
3

, where  x ∈  .

The graph of  y = f (x)  has a local minimum point at  (p , q)  where  p > 0 .

Find the value of  p  and the value of  q .
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8.	 [Maximum mark: 7] 

Seema claims that  n > log 2 n  for  n ∈ + .

(a)	 Show that  1 + log 2 n ≥ log 2 (n + 1)  for  n ∈ + .� [2]

(b)	 Use mathematical induction and the result from part (a) to prove that Seema’s claim 
is valid.� [5]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The function  f  is defined by f x x
x

� � � �
�

3 2
2 1

 for  x ∈  , x � � 1
2

.

The following diagram shows part of the graph of  y = f (x) .

y

x

(a)	 Write down the value of  f (0) .� [1]

(b)	 Write down the equation of the horizontal asymptote.� [1]

The function  g  is defined by  g (x) = - f (x)  for  x ≥ 0 .

(c)	 Find the range of  g .� [3]

(This question continues on the following page)
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9.	 [Maximum mark: 6]

Prove by contradiction that 
1

1
4

x x�� �
�  for  x ∈  , 0 < x < 1 .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

The function  f  is defined by  f (x) = 4x , where  x ∈  .

(a)	 Find  f -1(8) . Express your answer in the form 
p
q

 where  p , q ∈  .� [3]

The function  g  is defined by  g (x) = 1 + log2 x  , where  x ∈ + .

(b)	 (i)	 Find an expression for  g-1(x) .

(ii)	 Describe a sequence of transformations that transforms the graph of  y = g-1(x)  to 
the graph of  y = f (x) .� [4]

(c)	 Show that  ( f  g)(x) = 4x2 .� [3]

The function  h  is defined by h x x
x

x� � �
�

� �
4

2 1
1
2

2

,  . 

The following diagram shows part of the graph of  h . Let  R  be the region enclosed by the 
graph of  h  and the  x-axis, between the lines  x = 1  and  x = 3 . 

R

y

x

h

1 3

(d)	 (i)	 Show that 2 1 1
2 1

4
2 1

2

x
x

x
x

� �
�

�
�

.

(ii)	 Hence or otherwise, find the area of  R , giving your answer in the form  p + q ln r , 
where  p , q , r ∈ + .� [7]

16EP12
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

The function  f  is defined by  f (x) = 4x , where  x ∈  .

(a)	 Find  f -1(8) . Express your answer in the form 
p
q

 where  p , q ∈  .� [3]

The function  g  is defined by  g (x) = 1 + log2 x  , where  x ∈ + .

(b)	 (i)	 Find an expression for  g-1(x) .

(ii)	 Describe a sequence of transformations that transforms the graph of  y = g-1(x)  to 
the graph of  y = f (x) .� [4]

(c)	 Show that  ( f  g)(x) = 4x2 .� [3]

The function  h  is defined by h x x
x

x� � �
�

� �
4

2 1
1
2

2

,  . 

The following diagram shows part of the graph of  h . Let  R  be the region enclosed by the 
graph of  h  and the  x-axis, between the lines  x = 1  and  x = 3 . 

R

y

x

h

1 3

(d)	 (i)	 Show that 2 1 1
2 1

4
2 1

2

x
x

x
x

� �
�

�
�

.

(ii)	 Hence or otherwise, find the area of  R , giving your answer in the form  p + q ln r , 
where  p , q , r ∈ + .� [7]

16EP12
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11.	 [Maximum mark: 17] 

(a)	 Find the first four terms in the binomial expansion of 1 5+ x  in ascending powers of  x .� [4]

Consider the expression  (1 + px)(1 + qx)-1 , where  p , q ∈  . 

(b)	 Find the expansion of  (1 + px)(1 + qx)-1  in ascending powers of  x , up to and including 
the term in  x2 .� [3]

The expansions found in parts (a) and (b) are identical up to the first three terms, for a value 
of  p  and a value of  q .

(c)	 Show that q =
5
4

. � [4]

(d)	 The expression 1
1
+
+
px
qx

, with p =
15
4

 and q =
5
4

, can be used as an approximation  

for 1 5+ x  where x <
1
5

.

(i)	 Hence, by finding a suitable value for  x , find the approximation for 1 2.  in the 

form 
m
n

, where  m , n ∈  .

(ii)	 Now consider the approximation for 
5

2
. Explain why the approximation for 

5
2

 

is not as accurate as the approximation for 1 2. .� [6]
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12.	 [Maximum mark: 19]

(a)	 Solve z2 1 3� � � i , giving your answers in the form  z = r (cos q + i sin q) .� [4]

Let  z1  and  z2  be the square roots of - -1 3 i , where  Re (z1) > 0 .

Let  z3  and  z4  be the square roots of � �1 3 i , where  Re (z3) > 0 .

(b)	 Expressing your answers in the form  z = a + bi , where  a , b ∈  ,

(i)	 find  z1  and  z2 ;

(ii)	 deduce  z3  and  z4 .� [4]

The four roots  z1 , z2 , z3  and  z4  are represented by the points  A , B , C  and  D  respectively on 
an Argand diagram.

(c)	 (i)	 Plot the points  A ,  B ,  C  and  D  on an Argand diagram.

(ii)	 Find the area of the polygon formed by these four points. � [4]

The four roots  z1 , z2 , z3  and  z4  satisfy the equation  z4 + 2z2 + 4 = 0 . 

The four roots 
1 1 1 1

1 2 3 4z z z z
, , and     satisfy the equation  pw4 + qw2 + r = 0  where  p , q , r ∈  .

(d)	 Find the value of  p ,  q  and  r .� [3]

The four roots 
1 1 1 1

1 2 3 4z z z z
, , and     are represented by the points  E ,  F ,  G  and  H  

respectively on an Argand diagram. 

(e)	 (i)	 Find 
1

1z
 in the form  z = a + bi , where  a , b ∈  .

(ii)	 Hence, deduce the area of the polygon formed by these four points.� [4]

�
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

The function  f  is defined by  f (x) = 4x , where  x ∈  .

(a)	 Find  f -1(8) . Express your answer in the form 
p
q

 where  p , q ∈  .� [3]

The function  g  is defined by  g (x) = 1 + log2 x  , where  x ∈ + .

(b)	 (i)	 Find an expression for  g-1(x) .

(ii)	 Describe a sequence of transformations that transforms the graph of  y = g-1(x)  to 
the graph of  y = f (x) .� [4]

(c)	 Show that  ( f  g)(x) = 4x2 .� [3]

The function  h  is defined by h x x
x

x� � �
�

� �
4

2 1
1
2

2

,  . 

The following diagram shows part of the graph of  h . Let  R  be the region enclosed by the 
graph of  h  and the  x-axis, between the lines  x = 1  and  x = 3 . 

R

y

x

h

1 3

(d)	 (i)	 Show that 2 1 1
2 1

4
2 1

2

x
x

x
x

� �
�

�
�

.

(ii)	 Hence or otherwise, find the area of  R , giving your answer in the form  p + q ln r , 
where  p , q , r ∈ + .� [7]

16EP12
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12.	 [Maximum mark: 19]

(a)	 Solve z2 1 3� � � i , giving your answers in the form  z = r (cos q + i sin q) .� [4]

Let  z1  and  z2  be the square roots of - -1 3 i , where  Re (z1) > 0 .

Let  z3  and  z4  be the square roots of � �1 3 i , where  Re (z3) > 0 .

(b)	 Expressing your answers in the form  z = a + bi , where  a , b ∈  ,

(i)	 find  z1  and  z2 ;

(ii)	 deduce  z3  and  z4 .� [4]

The four roots  z1 , z2 , z3  and  z4  are represented by the points  A , B , C  and  D  respectively on 
an Argand diagram.

(c)	 (i)	 Plot the points  A ,  B ,  C  and  D  on an Argand diagram.

(ii)	 Find the area of the polygon formed by these four points. � [4]

The four roots  z1 , z2 , z3  and  z4  satisfy the equation  z4 + 2z2 + 4 = 0 . 

The four roots 
1 1 1 1

1 2 3 4z z z z
, , and     satisfy the equation  pw4 + qw2 + r = 0  where  p , q , r ∈  .

(d)	 Find the value of  p ,  q  and  r .� [3]

The four roots 
1 1 1 1

1 2 3 4z z z z
, , and     are represented by the points  E ,  F ,  G  and  H  

respectively on an Argand diagram. 

(e)	 (i)	 Find 
1

1z
 in the form  z = a + bi , where  a , b ∈  .

(ii)	 Hence, deduce the area of the polygon formed by these four points.� [4]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Let  log10 2 = p  and  log10 3 = q .

(a)	 Find an expression for  log10 24  in terms of  p  and  q .� [3]

(b)	 Find an expression for  log3 8  in terms of  p  and  q .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Let  log10 2 = p  and  log10 3 = q .

(a)	 Find an expression for  log10 24  in terms of  p  and  q .� [3]

(b)	 Find an expression for  log3 8  in terms of  p  and  q .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

Let  log10 2 = p  and  log10 3 = q .

(a)	 Find an expression for  log10 24  in terms of  p  and  q .� [3]

(b)	 Find an expression for  log3 8  in terms of  p  and  q .� [2]
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8.	 [Maximum mark: 8]

Consider the complex number z1 3 3� � i .

(a)	 Express  z1  in the form  reiq , where  r > 0  and  -p < q  ≤ p .� [3]

Consider the complex number z2
5
62 3� e
i �

.

The cube roots of 
z
z
2

1

 are denoted by  u ,  v  and  w .

(b)	 Find  u ,  v  and  w .� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16]

Consider the sequence  {un} , with  nth  term given by  un . The first three terms are

 u1 = k − 5 ,  u2 = 3 − 2k  and  u3 = 5k + 3 , where  k ∈  .

(a)	 Consider the case when  {un}  is arithmetic.

(i)	 Find the value of  k .

(ii)	 Hence, or otherwise, find  u3 .� [5]

(b)	 Consider the case where  k = 12 .

(i)	 Show that the first three terms of  {un}  form a geometric sequence.

(ii)	 Given that  {un}  is geometric, state a reason why the sum of an infinite number of 
terms of this sequence does not exist.� [4]

(c)	 The sequence,  {un} , is geometric for a second value of  k .

(i)	 Show that  k2 − 10k − 24 = 0 .

(ii)	 Find the first three terms of  {un}  for this second value of  k .

(iii)	 Hence, write down the value of  S2m , the sum of the first  2m  terms, for this second 
value of  k .� [7]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16]

Consider the sequence  {un} , with  nth  term given by  un . The first three terms are

 u1 = k − 5 ,  u2 = 3 − 2k  and  u3 = 5k + 3 , where  k ∈  .

(a)	 Consider the case when  {un}  is arithmetic.

(i)	 Find the value of  k .

(ii)	 Hence, or otherwise, find  u3 .� [5]

(b)	 Consider the case where  k = 12 .

(i)	 Show that the first three terms of  {un}  form a geometric sequence.

(ii)	 Given that  {un}  is geometric, state a reason why the sum of an infinite number of 
terms of this sequence does not exist.� [4]

(c)	 The sequence,  {un} , is geometric for a second value of  k .

(i)	 Show that  k2 − 10k − 24 = 0 .

(ii)	 Find the first three terms of  {un}  for this second value of  k .

(iii)	 Hence, write down the value of  S2m , the sum of the first  2m  terms, for this second 
value of  k .� [7]
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11.	 [Maximum mark: 18]

The points  A (1 , −4 , 0) ,  B (−3 , −6 , 2) ,  C (−1 , −2 , 4)  and  D  form a parallelogram,  ABCD , 
where  D  is diagonally opposite  B .

(a)	 Find the coordinates of  D .� [2]

The diagonals of the parallelogram,  [AC]  and  [BD] , intersect at point  E .

(b)	 Find the coordinates of  E .� [2]

(c)	 (i)	 Given that AB AD
� �

� �
�

�

�

�

�
�
�

�

�

�
�
�

m
1
1
1

, where  m ∈ + , find the value of  m .

(ii)	 Hence, find the area of parallelogram  ABCD .� [4]

The plane,  P1 , contains the parallelogram  ABCD .

(d)	 Find the Cartesian equation of  P1 .� [2]

A second plane,  P2 , has Cartesian equation  5x + y − 7z = 1 . 

The acute angle between  P1  and  P2  is  q . 

(e)	 Show that cos� � 1
5

.� [3]

The line  L  passes through  E  and is perpendicular to  P1 . 

The line  L  intersects the plane  P2  at point  F .

(f)	 Find the coordinates of  F .� [5]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16]

Consider the sequence  {un} , with  nth  term given by  un . The first three terms are

 u1 = k − 5 ,  u2 = 3 − 2k  and  u3 = 5k + 3 , where  k ∈  .

(a)	 Consider the case when  {un}  is arithmetic.

(i)	 Find the value of  k .

(ii)	 Hence, or otherwise, find  u3 .� [5]

(b)	 Consider the case where  k = 12 .

(i)	 Show that the first three terms of  {un}  form a geometric sequence.

(ii)	 Given that  {un}  is geometric, state a reason why the sum of an infinite number of 
terms of this sequence does not exist.� [4]

(c)	 The sequence,  {un} , is geometric for a second value of  k .

(i)	 Show that  k2 − 10k − 24 = 0 .

(ii)	 Find the first three terms of  {un}  for this second value of  k .

(iii)	 Hence, write down the value of  S2m , the sum of the first  2m  terms, for this second 
value of  k .� [7]
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12.	 [Maximum mark: 21]

Consider the complex number  z = x + yi , where  x , y ∈  , such that  | z − (2 + i) | = 3 .

(a)	 Show that  x2 + y2 − 4x − 2y − 4 = 0 .� [3]

The argument of 
z p
z
�
�1

 is 
p
4

, where  p ∈  .

(b)	 Show that  x2 + y2 + (p − 1) x + (p + 1) y − p = 0 .� [7]

Two roots of the equation  z4 + az3 + bz2 + cz + d = 0  are  z1  and  z2 , where  z ∈   
and  a , b , c , d ∈  .

Both  z1  and  z2  satisfy the conditions  | z − (2 + i) | = 3  and Re z
z
4

1
Im

z
z
4

1
.

(c)	 Use the results from parts (a) and (b) to find  z1  and  z2 .� [7]

(d)	 Find the value of  a .� [4]

�



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ3 | Q12 | 21 marks

Apollo | Original source crop | 120

Please do not write on this page.

Answers written on this page  
will not be marked.

16EP16



Mathematics: analysis and approaches HL | Paper 2 | May 2025 TZ1 | Q8 | 7 marks

Apollo | Original source crop | 121

– 2 – 2225 – 7107

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 6]

The points  A  and  B  lie on a circle, with centre  O  and radius  19.5 cm , such that BOA
� �= 210 .

A piece of paper is cut into the shape of the sector  BOA .

A hollow cone with no base is constructed from the sector by joining the points  A  and  B . 
The sector forms the curved surface of the cone.

This is shown in the following diagrams.

A

O

O
B

A, B

210˚

19.5 cm 

19.5 cm 19.5 cm 

Find

(a)	 the area of the sector  BOA ;� [3]

(b)	 the radius of the cone.� [3]

(This question continues on the following page)
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8.	 [Maximum mark: 7]

Consider the functions  f , g  and  h  defined as follows for  t ∈  .

 f (t ) = sin (2t + 1)

g (t ) = sin (2t + 3)

h (t ) = f (t ) + g (t ) 

(a)	 Show that  h (t ) = Im (e2ti(ei + e3i)) .� [2]

(b)	 Write  ei + e3i  in the form  reiq , where  r > 0  and  -p < q ≤ p .� [2]

(c)	 	Hence or otherwise, write  h (t )  in the form  p sin (2t + q) , where  p > 0  and  0 < q < 2p .� [3]
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16] 

Rectangular playing cards are stacked in the shape of a pyramid with  n  rows, where  n ≥ 1 .

Some cards are placed horizontally and some cards are stacked at an angle of  60°  to 
the horizontal.

The following diagrams represent pyramid stacks for  n = 1 ,  n = 2  and  n = 3 .

n = 1 n = 2 n = 3

Let  tn  represent the number of cards used to create a pyramid stack with  n  rows.

(a)	 Write down  t3 .� [1]

(b)	 Find  t4 .� [2]

(c)	 Show that t n n
n �

�( )3 1
2

 .� [3]

There are  52  cards in a full pack of playing cards.

(d)	 A complete pyramid stack is created using playing cards taken from  14  full packs. 
Find the maximum number of rows in this stack.� [3]

(e)	 A complete pyramid stack is created using playing cards taken from full packs with no 
cards left over. Find the minimum number of rows in this stack.� [2]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16] 

Rectangular playing cards are stacked in the shape of a pyramid with  n  rows, where  n ≥ 1 .

Some cards are placed horizontally and some cards are stacked at an angle of  60°  to 
the horizontal.

The following diagrams represent pyramid stacks for  n = 1 ,  n = 2  and  n = 3 .

n = 1 n = 2 n = 3

Let  tn  represent the number of cards used to create a pyramid stack with  n  rows.

(a)	 Write down  t3 .� [1]

(b)	 Find  t4 .� [2]

(c)	 Show that t n n
n �

�( )3 1
2

 .� [3]

There are  52  cards in a full pack of playing cards.

(d)	 A complete pyramid stack is created using playing cards taken from  14  full packs. 
Find the maximum number of rows in this stack.� [3]

(e)	 A complete pyramid stack is created using playing cards taken from full packs with no 
cards left over. Find the minimum number of rows in this stack.� [2]

(This question continues on the following page)
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(Question 10 continued)

The long edge of each playing card measures  88 mm  as illustrated in the following diagram.

88 mm

(f)	 Find the minimum number of cards needed to create a complete pyramid stack with a 
vertical height of more than  2  metres. The thickness of the cards may be ignored.� [5]
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11.	 [Maximum mark: 19]

In a marathon race, the random variable  T  represents the time, in hours, taken for a runner 
to complete the race. No runner completes the race in less than  2.25  hours, and no runner 
completes it in more than  7.5  hours.

The probability density function for  T  is modelled by  f , defined by

f t

t t

t( )

cos . , . .

cos�

� �� ��
�
�

�
�
�

�

�
�

�

�
� � �

�

4
21

1 4
9

2 25 2 25 4 5

4
21

1
3

�

�
��� ��

�
�

�
�
�

�

�
�

�

�
� � �

�

�

�
�
��

�

�
�
�
�

4 5 4 5 7 5

0

. , . .

,

t

otherwise.

The graph of  f  has a maximum point at  t = 4.5  as shown in the following diagram:

2.25 4.5 7.5

0.4

t

y

y = f  (t )

(a)	 (i)	 Find the value of f t t( )
.

.

 d
2 25

4 5

∫ .

(ii)	 Write down the mode of  T .

(iii)	 Determine which is greater, the mode of  T  or the median of  T , justifying 
your answer.� [4]

(This question continues on the following page)
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 16] 

Rectangular playing cards are stacked in the shape of a pyramid with  n  rows, where  n ≥ 1 .

Some cards are placed horizontally and some cards are stacked at an angle of  60°  to 
the horizontal.

The following diagrams represent pyramid stacks for  n = 1 ,  n = 2  and  n = 3 .

n = 1 n = 2 n = 3

Let  tn  represent the number of cards used to create a pyramid stack with  n  rows.

(a)	 Write down  t3 .� [1]

(b)	 Find  t4 .� [2]

(c)	 Show that t n n
n �

�( )3 1
2

 .� [3]

There are  52  cards in a full pack of playing cards.

(d)	 A complete pyramid stack is created using playing cards taken from  14  full packs. 
Find the maximum number of rows in this stack.� [3]

(e)	 A complete pyramid stack is created using playing cards taken from full packs with no 
cards left over. Find the minimum number of rows in this stack.� [2]

(This question continues on the following page)
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12.	 [Maximum mark: 20]

Consider the family of functions  f n  defined by f x xn

r

r

n

( ) � �� �
�
� 2 2

0

, where  x ∈   and  n ∈  .

(a)	 Show that  f n is an even function for all values of  n .� [3]

(b)	 (i)	 Show that  f3 (x) = 1 - 2x2 + 4x4 - 8x6 .

(ii)	 Write down a similar expression for  f 4 (x)  in ascending powers of  x .� [2]

Consider the function f x f x
n n( ) lim ( )�
��

 defined over the domain  -k < x < k  where  k > 0 . 

The largest possible value of  k  is  K .

(c)	 (i)	 Find the value of  K , giving your answer in exact form.

(ii)	 Express  f (x)  as a rational function in the form 
1

2a bx+
, where  a  and  b  are 

constants to be determined.� [5]

The function  g  is defined as  g (x) = f (x)  for  0 ≤ x < K .

(d)	 (i)	 Justify that  g-1  exists.

(ii)	 Find  g-1 (x) , giving its domain.� [6]

The region  R  is completely enclosed by the curves   y = g (x) ,  y = g-1 (x)  and  
the  x- and  y-axes, as shown on the following diagram.  

R

y

x

y = g (x)

y = g−1(x)

(e)	 Find the area of  R .� [4]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 4]

The following table shows the number of hours of play time,  x , and sleep time,  y , for a group 
of six children, over the period of one week.

Play time ( x ) 11 13 14 17 22 24

Sleep time ( y ) 62 65 68 75 84 87

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Use the equation of the regression line to estimate the sleep time of a child whose 
weekly play time is  20  hours.� [2]
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4.	 [Maximum mark: 6]

Alex purchases a car for  €30 000 . The value of the car depreciates at  15 %  per annum. 

(a)	 Find the value of the car after ten years. Give your answer to two decimal places.� [2]

Alex invests  €50 000  in a bank account that pays a compound interest rate of  1.5 %  per month. 

Inflation over the same time period was  0.8 %  per month.

(b)	 Find the number of months required for the real value of the investment to first 
exceed  €55 000 .� [4]

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������

16EP05



Mathematics: analysis and approaches HL | Paper 2 | May 2025 TZ2 | Q7 | 7 marks

Apollo | Original source crop | 127

– 2 – 2225 – 7112

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1.	 [Maximum mark: 4]

The following table shows the number of hours of play time,  x , and sleep time,  y , for a group 
of six children, over the period of one week.

Play time ( x ) 11 13 14 17 22 24

Sleep time ( y ) 62 65 68 75 84 87

The regression line of  y  on  x  for this data can be written in the form  y = ax + b .

(a)	 Find the value of  a  and the value of  b .� [2]

(b)	 Use the equation of the regression line to estimate the sleep time of a child whose 
weekly play time is  20  hours.� [2]
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7.	 [Maximum mark: 7]

A geometric sequence has first term  80  and fourth term  0.74088 .

(a)	 Find the second term.� [3]

The first two terms of this geometric sequence are also the first term and eleventh term 
respectively, of an arithmetic sequence. 

Let  Sn  denote the sum of the first  n  terms of the arithmetic sequence.

(b)	 Find the greatest value of  Sn , giving your answer to two decimal places. � [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a triangle  ABC , with  AB = 7 ,  AC = 12  and  BÂC = 116°.

diagram not to scale
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(a)	 Find  BC .� [3]

(b)	 Find  AĈB .� [3]
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7.	 [Maximum mark: 6]

In the expansion of 
1

2q x−
, where  q ∈ + , the coefficient of  x6  is  5120 .

Find the value of  q .
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a triangle  ABC , with  AB = 7 ,  AC = 12  and  BÂC = 116°.

diagram not to scale
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(a)	 Find  BC .� [3]

(b)	 Find  AĈB .� [3]
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Turn over

8.	 [Maximum mark: 5]

A class of students plays a tic-tac-toe competition among themselves. Each individual game 
in the competition involves only two students.

Every student in the class is to play every other student twice. However, Stephen left the 
class after he had played only seven games. All other games, not involving Stephen, were played. 

By the end of the competition a total of  513  games had been played.

Determine the number of students that were originally in the class.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The 1st and 5th terms of an arithmetic sequence are  36  and  12  respectively.

(a)	 Find the  13th  term of this arithmetic sequence.� [4]

The sum of the first  n  terms of this arithmetic sequence is zero. 

(b)	 Find the value of  n .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The 1st and 5th terms of an arithmetic sequence are  36  and  12  respectively.

(a)	 Find the  13th  term of this arithmetic sequence.� [4]

The sum of the first  n  terms of this arithmetic sequence is zero. 

(b)	 Find the value of  n .� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The 1st and 5th terms of an arithmetic sequence are  36  and  12  respectively.

(a)	 Find the  13th  term of this arithmetic sequence.� [4]

The sum of the first  n  terms of this arithmetic sequence is zero. 

(b)	 Find the value of  n .� [2]
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6.	 [Maximum mark: 6]

A linear system of equations is given by

x - z = 4

2x + 2y + z = 14

x + 2y + αz = β

Find the value of  α  and the value of  β , where  α , β ∈  , for which the system has an infinite 
number of solutions.
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

9.	 [Maximum mark: 14]

The function  f  has a derivative given by  f ′(x) = 3x2 + 12x - 15 .

The graph of  y = f (x)  has horizontal tangents at the points where  x = a  and  x = b ,  a < b .

(a)	 Find the value of  a  and the value of  b .�  [3]

The following diagram shows three intervals along the  x-axis defined by  a  and  b . The sign 
of the first derivative of  f  is shown in each interval.

x+ +−
a b

(b)	 State, with a reason, whether there is a local maximum point or a local minimum point 
on the graph of  y = f (x)  at  x = a .� [2]

The second derivative  f ″(x)  is zero at  x = c .

(c)	 Find the value of  c .� [3]

The following diagram shows two intervals along the  x-axis defined by  c . The sign of the 
second derivative is shown in each interval.

x
c

+−

(d)	 State, with a reason, whether there is a point of inflexion on the graph of  y = f (x)   
at  x = c .� [2]

(e)	 Given that  f (-2) = 36 , find  f (x) . � [4]
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Do not write solutions on this page.

11.	 [Maximum mark: 22]

Consider the complex number w �
�
4

1 3
i
i

.

(a)	 Show that w � �3 i .� [2]

(b)	 Find 

(i)	  | w | ;
(ii)	  arg w .� [3]

(c)	 Use De Moivre’s theorem to find the two square roots of  w . Give your answers in the 
form  reiθ , where  r > 0  and  -π < θ ≤ π .�  [4]

The complex number  w  can be expressed in the form  (a + bi)2 , where  a , b ∈ +.  

(d)	 (i)	 Show that a2 3
2

1� � .

(ii)	 Find the value of  b2 .�  [8]

(e)	 Hence, express tan π
12

 in the form p q+ 3 , where  p , q ∈  .� [5]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  7th  term of an arithmetic sequence is  6 .

The sum of the  6th  term and the  12th  term is  24 .

Find the first term and the common difference.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

The  7th  term of an arithmetic sequence is  6 .

The sum of the  6th  term and the  12th  term is  24 .

Find the first term and the common difference.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9.	 [Maximum mark: 15]

Consider the function defined by f x x kx� � � � �
1
2

132 , where  x ∈   and  k ∈ + .

(a)	 Given that the equation  f (x) = 0  has no real roots, show that the greatest possible 
value of  k  is  5 .� [2]

For the remainder of this question, consider the case  k = 5 .  

(b)	 (i)	 Write down the equation of the axis of symmetry of the graph of  f .

(ii)	 Hence, or otherwise, determine the coordinates of the minimum point on the 
graph of  f .� [3]

The following diagram shows the graph of  f  and a line  L  which is normal to the curve 
at  x = -3 . The shaded area shown is bounded by the curve, the line  L  and the  y-axis.

10

10

−10

20

0

y

x

L

(c)	 Show that the equation of  L  is given by y x� � �
1
2

1 .� [5]

(d)	 Hence, find the shaded area.� [5]
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11.	  [Maximum mark: 20] 

(a)	 It is given that w � �1 3i .

(i)	 Express  w  in the form  w = reia, where  r > 0  and -p < a ≤ p.

(ii)	 Show that 1 3 1 3 256
8 8

�� � � �� � � �i i .� [6]

It is given that 1�� � �
�i itan cos sin

cos
� � �

�
n

n
n n

for  cos q ≠ 0 ,  n ∈ + . 

(b)	 Show that 1 1 2 44 4
4�� � � �� � �i tan tan cos

cos
� � �

�
i .� [3]

(c)	 Hence, determine the four roots of the equation  (1 + z)4 + (1 − z)4 = 0 , giving your 

answers in the form z k
� �

�
�

�
�
�i tan �

8
, where  k ∈ + .� [4]

(d)	 By considering the binomial expansion of  (1 + z)4 + (1 − z)4 , show that tan �
8

3 2 2� � .� [7]

�
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a regular pentagon inscribed in a circle with centre  O  and 
radius  r cm . 

The angle  AÔB  is  θ , where  θ  is measured in radians. 

The arc  AB  is  12 cm .

diagram not to scale

A

B

r

O

θ

12

(a)	 Find 

(i)	 θ ;

(ii)	 r .� [3]

(b)	  Find the area of the shaded region.� [3]

(This question continues on the following page)
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2.	 [Maximum mark: 4]

A particular service group at a school has ten members. 

The group intends to select a committee of seven by first choosing a chairperson, a vice-
chairperson and a treasurer, then selecting four additional members to complete the committee. 

Determine the number of ways in which this committee can be chosen.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 6]

The following diagram shows a regular pentagon inscribed in a circle with centre  O  and 
radius  r cm . 

The angle  AÔB  is  θ , where  θ  is measured in radians. 

The arc  AB  is  12 cm .

diagram not to scale

A

B

r

O

θ

12

(a)	 Find 

(i)	 θ ;

(ii)	 r .� [3]

(b)	  Find the area of the shaded region.� [3]

(This question continues on the following page)
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6.	 [Maximum mark: 5]

Consider the infinite series

53
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(a)	 Find the exact value of  S∞ .� [3]

Let 0 253.  represent the repeating decimal  0.2535353... .

(b)	 Use your answer from part (a) to express 0 253.  as a fraction such that the numerator 
and denominator have no common factors.� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

(a)	 Show that  3cos 2x + 11sin x = 3 + 11sin x − 6sin2 x .� [2]

(b)	 Hence, or otherwise, solve the equation  3cos 2x + 11sin x − 6 = 0  for  0° ≤ x ≤ 180°.� [3]
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7.	 [Maximum mark: 6] 

Consider the following two equations.

2x + 6y − 8z = 13

3x - y + 3z = 12

(a)	 Determine the general solution giving the answer in parametric form.� [2]

Consider a third equation  ax + 12y − 16z = k , where  a , k ∈  .

(b)	 In the case where  a = 3  and  k = -3 , determine the unique solution to the system of 
three equations.� [2]

(c)	 (i)	� Write down the value of  a  for which there is no unique solution to the system of 
three equations. 

(ii)	 Hence, write down the corresponding value of  k  for which there is an infinite 
number of solutions to the system of three equations.� [2]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

(a)	 Show that  3cos 2x + 11sin x = 3 + 11sin x − 6sin2 x .� [2]

(b)	 Hence, or otherwise, solve the equation  3cos 2x + 11sin x − 6 = 0  for  0° ≤ x ≤ 180°.� [3]
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8.	 [Maximum mark: 7] 

Malik owns  15  recipe books which he bought while travelling. 

(a)	 Find the number of different ways of arranging the books in a line on a shelf.� [1]

Malik’s books were bought in three continents. 

Six books are from Asia, five from Europe and four from Africa. 

Malik decides to arrange the books on the shelf so that the books from each of the continents 
are grouped together.

(b)	 Determine the number of different ways that Malik can do this.� [3]

Malik chooses four books, all from the same continent.

(c)	 Determine the number of different choices Malik could make.� [3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 5]

(a)	 Show that  3cos 2x + 11sin x = 3 + 11sin x − 6sin2 x .� [2]

(b)	 Hence, or otherwise, solve the equation  3cos 2x + 11sin x − 6 = 0  for  0° ≤ x ≤ 180°.� [3]
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9.	 [Maximum mark: 5] 

Prove by contradiction that 2 1
2

2xy x y� �� �  for all  x , y ∈ + . 
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10.	 [Maximum mark: 17]

A particle  P  moves in a straight line so that its displacement,  s cm , from a fixed point  O  at 

time  t  seconds is given by  s (t ) s t tt
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, where  t ≥ 0 .

The following diagram shows part of the graph of  y = s (t ) .

s (t )

t

(a)	 Find

(i)	 the maximum displacement of  P  from  O ;

(ii)	 the maximum velocity of  P .� [5]

(b)	 Find

(i)	 the minimum value of the displacement function  s (t ) ;

(ii)	 the displacement of  P  from  O  when  t = 3.5 .� [3]

(c)	 Hence, determine the total distance travelled by  P  in the first  3.5  seconds.� [3]

The first time that  P  returns and passes through  O  is when  t = T . 

(d)	 Write down the value of  T .� [1]

(This question continues on the following page)


