APOLLO

Functions
HL

Mathematics: analysis and approaches
First assessment 2021
68 questions | mark schemes



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q1 | 5 marks

L. @ 0

(b)

Al
Al

-2

X
ik

M1A1A1

labelled.

Note: Award M1 for an attempt to apply any vertical stretch or vertical translation,
A1 for a correct horizontal line segment between —4 and 0
(located roughly at y=3),
Al for a correct concave down parabola including max point at (2,4) and for
correct end points at (0,3) and (6,0) (within circles). Points do not need to be
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[2 marks]

[3 marks]

Total [5 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q7 | 5 marks

7. a+pf+a+ =K

k
a+ﬁ=5
af(a+f)=-3k

(58>

3
attempting to solve —§+3k =0 (or equivalent) for k

k=26 (=~/24)(k>0)

Note: Award AO for k =+2/6 (J_r\/24).

(A1)

(A1)

M1

(M1)

Al

Apollo | Original source crop | 3

[5 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q11 | 20 marks

11. (a) attemptto solve 4x*> —1=0( e.g. by factorising 4x* —1 (M1)
1 1 :
=_ _g=—— Orvice versa A1l
p > »q >
[2 marks]
(b) attempt to use quotient rule or product rule (M1)
EITHER

3(4x* =1)-8x(3x+2)[  _12x% —16x—
()= (457 -1)=8x(3x+2)| __12x* 1623 A1A7

(x> 1) (x> 1)

Note: Award A1 for each term in the numerator with correct signs, provided correct
denominator is seen.

OR

£1(x)=-8x(3x+2)(4x* 1) +3(4x* 1) A1A1

‘ Note: Award A1 for each term. ‘

[3 marks]
(c) attempt to find the local min point on y :f'(x) OR solve f”(x) =0 (M1)
x=-1.60 A1

[2 marks]

continued...

Apollo | Original source crop | 4



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q11 | 20 marks

—-18 - M21/5/MATHX/HP2/ENG/TZ1/XX/M
Question 11 continued
(d)
x =— 05 x= 05
I
I 31 I
.
| 1] :
y=0 -0.667/ . |
3 53 =) s—+— 03 0 0.3 1 15 2 25 3
(-1.11,-0.339) ! | !
(-0.226,11.66) !

A1A1A1A1A1

Note: Award A1 for both vertical asymptotes with their equations, award A7 for
horizontal asymptote with equation, award A1 for each correct branch including
asymptotic behaviour, coordinates of minimum and maximum points (may be
seen next to the graph) and values of axes intercepts.

If vertical asymptotes are absent (or not vertical) and the branches overlap as a
consequence, award maximum AOA7TA0A1A1.

[5 marks]

continued...

Apollo | Original source crop | 5



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q11 | 20 marks

-19- M21/5/IMATHX/HP2/ENG/TZA/XXIM

Question 11 continued

2
e) x=—§(= —0.667) A1
(oblique asymptote has) gradient %(: 1.33) (A1)
appropriate method to find complete equation of oblique asymptote M1
4.8
3 9
3x+2i4x2 +0x—1
4x* + §x
3
—§x—l
3
8 16
__x__
379
7
9
A1

yzgx—g(:l.33x—0.889)

Note: Do not award the final A1 if the answer is not given as an equation.

[4 marks]

attempting to find at least one critical value (x =-0.568729..., x :1.31872...) (mM1)

f)
A1A1A1

—2<x<—0.569 OR -05<x<05 OR «x>132

Note: Only penalize once for use of < rather than <.

[4 marks]
Total [20 marks]

Apollo | Original source crop | 6



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q4 | 6 marks

4, (a) attempting to find the vertex (M1)
x=10R y=-5OR f(x)=6(x-1)"-5

rangeis y > -5 Al

[2 marks]

(b) METHOD 1

(9 F)(x) =—(6x* ~12x+1)+¢ (=—(6(x-1)" -5) +c] (A1)
EITHER
relating to the range of f OR attempting to find g (—5) (M1)
5+¢<0 (A1)
OR
attempting to find the discriminant of (g 0 f)(X) (M1)
144+24(c-1)<0 (120+24c <0) (A1)
THEN
c<-5 Al
[4 marks]
METHOD 2
vertical reflection followed by vertical shift (M1)
new vertex is (1, o+ C) (A1)
5+¢<0 (A1)
c<-5 Al
[4 marks]

Total [6 marks]

Apollo | Original source crop | 7



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q5 | 7 marks

5. (a) 100=Ag° Al
A, =100 AG
[1 mark]
(b) correct substitution of values into exponential equation (M1)
50=100e 5 OR g%k _1
EITHER
—5730k = In% Al
Inlz—lnz OR —In£=In2 Al
2 2
OR
e5730k — 2 Al
5730k =1In2 Al
THEN
_ In2 AG
5730

In2

Note: There are many different ways of showing that k = which involve showing different

steps. Award full marks for at least two correct algebraic steps seen.

[3 marks]

(c) if 25% of the carbon-14 has decayed, 75% remains ie, 75 units remain
In2t

75=100e 57% (A1)

EITHER
using an appropriate graph to attempt to solve for { (M1)

OR
manipulating logs to attempt to solve for { (M1)

IN0.75=— N2
5730

t=2378.164...

THEN
t =2380 (years) (correct to the nearest 10 years) Al

[3 marks]
Total [7 marks]

Apollo | Original source crop | 8



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q5 | 7 marks

-14 - M21/5/IMATHX/HP2/ENG/TZ2/XXIM

Apollo | Original source crop | 9



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q12 | 21 marks

12.

(@)

(b)

EITHER

e 2Ll 2

OR

a sketch graph of y = f (X) with line symmetry in the y-axis indicated
THEN

so f (X) is an even function

as x — o0, f(x)—>arcsinl L—%J

so the horizontal asymptote is y :g

Apollo | Original source crop | 10

R1

R1

AG

[1 mark]

Al

Al

[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q12 | 21 marks

- 26— M21/5/MATHX/HP2/ENG/TZ2/XX/IM
Question 12 continued
2
(c) () attempting to use the quotient rule to find i x -1 M1
dx | x* +1
d(x2-1) 2x(x*+1)-2x(x*-1 Ax
o ot 2 )ai( ) e N
dx | x"+1 (x2+1) (x2+1)
i he chain rule to find | arcsin K- M1
attempting to use the chain rule to find —
PHng dx x> +1
d 1
let y — X =1 and so y =arcsinu and Y
x?+1 du 1-y?
()=t 24X . M1
1- X2 -1 (X +1)
x? +1
4x 1
= > X7 Al
Joe (-1 (€41
_ 4x y 1 Al
4% (x2+1)
2X o
- A
\/x_z(x2+1)
2X
ii f'(X)=———
2 () |x|(x2+1)
EITHER
for x<0, [X|=—x (A1)
2
SO f' =— Al
() x> +1
OR
X>0and x2+1>0 Al
2x<0, x<0 Al
THEN
f'(x)<0 R1

Note: Award R1 for stating that in f'(X), the numerator is negative, and the
denominator is positive.

so f is decreasing for x<0 AG
INote: Do not accept a graphical solution|.

[9 marks]

Apollo | Original source crop | 11



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q12 | 21 marks

- 27— M21/5/MATHX/HP2/ENG/TZ2/XX/IM
Question 12 continued
y’ -1
(d x= arcsin( S J M1
y +1
y' -
sinx=<—= y*sinx+sinx=y*-1 Al
Y2+
> l4sinx Al
1-sinx

domain of g is xeR,x >0 and so the range of g‘l mustbe yeR,y>0

hence the positive root is taken (or the negative root is rejected) R1

Note: The R1 is dependent on the above Al.

_ 1+sinx
> (g () :) 1-sinx A

Note: The final Al is not dependent on R1 mark. \

[5 marks]
(e) domainis —EF<x<X Al
2 2
] ] T T T
Note: Accept correct alternative notations, for example, {—E,E{ or [—E,EJ
Accept [—1.57,1.57[ if correct to 3 s.f.
[1 mark]
continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q12 | 21 marks

31 M21/5/MATHX/HP2/ENG/TZ2/XXIM

Question 12 continued

(f)

o3

AlA1A1
Note: Al for correct domain and correct range and y-intercept at y =1

A1l for asymptotic behaviour x _>g
Alfor x=2

2
Coordinates are not required.
Do not accept x =1.57 or other inexact values.

[3 marks]

Total [21 marks]

Apollo | Original source crop | 13



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q2 | 9 marks

2. (@ @) x=3 Al
iy y=-2 Al

[2 marks]

b () (-2,0) (accept x=-2) Al

(ii (0,%] (accept y :% and f(0) :%) Al

[2 marks]

continued. ..

Apollo | Original source crop | 14



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q2 | 9 marks

-10- N21/5/MATHX/HP1/ENG/TZ0/XX/M
Question 2 continued.
(©)
y
A 1
154 ||
|
|
|
10 A :
|
[
[
51 |
|
[
|
[
[

T T T T T T x
_________________ 121015,
[
|
-5 [
|
|
|
|
—10 1 |
|
|
|
-15{ |
Al
Note: Award Al for completely correct shape: two branches in correct
guadrants with asymptotic behaviour.
[1 mark]
continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q2 | 9 marks

-11- N21/5/MATHX/HPL/ENG/TZ0/XXIM
Question 2 continued.
(d) METHOD 1
ax+4
X)= =
(9(9=)y=3=
attempt to find X in terms of y (M1)

OR exchange x and Yy and attempt to find Yy in terms of X

3y—-xy=ax+4 Al
ax+xy=3y—4

x(a+y)=3y-4

3y-4
y+a

X =

97 (x)= Al

Note: Condone use of y =

9(x)=97(x)

3—-X X+a
=a=-3 Al
[4 marks]
continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q2 | 9 marks

- 12 —

Question 2 continued.

METHOD 2
ax+4
(X) ©3-X

attempt to find an expression for ¢ (g (X)) and equate to X

ax+4
a( 3 x j+4
gg(X)=W=X
3-—

3—-X

a(ax+4)+4(3-x)

(9-3x)—(ax+4)

a(ax+4)+4(3-x)
5-(3+a)x

=X

a(ax+4)+4(3-x)=x(5-(3+a)x)

equating coefficients of x*> (or similar)

a=-3

Apollo | Original source crop | 17

N21/5/MATHX/HPL1/ENG/TZ0/XX/M

(M1)

Al

Al

Al

[4 marks]

Total [9 marks]



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q3 | 5 marks

3.  attempt to use change the base

log,2
log,v/x = 23 +log, (4x°)

attempt to use the power rule

log, v/x = log,~/2 + Iog3(4x3)

attempt to use product or quotient rule for logs, Ina+Inb=Inab

log,~/x = Iogs(4«/§x3)

Note: The M marks are for attempting to use the relevant log rule and may be

applied in any order and at any time during the attempt seen.

Ix =42%°

x =32x°
X =
32
1
X==
2

Apollo | Original source crop | 18

(M1)

(M1)

(M1)

(A1)

Al

[5 marks]



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q7 | 7 marks

7. (a) attempt to use discriminant b? —4ac(> 0) M1
(2p)"-4(3p)(1-p)(>0)
16p*-12p(>0) (A1)

p(4p-3)(>0)

, . 3
attempt to find critical values | p=0, p= 2 M1
recognition that discriminant >0 (M1)
3
p<0or p> 7 Al

Note: Condone ‘or’ replaced with ‘and’, a comma, or no separator

[5 marks]
(b) p=4=12x"+8x-3=0
— 2 —
valid attempt to use X = W (or equivalent) M1
_ —8++4/208
24
L —2%+13
6
a=-2 Al
[2 marks]

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q10 | 18 marks

10. (@) (i)
Note: In part (a), penalise once only, if correct values are given instead of

correct coordinates.

attempts to solve x> —x-12=0 (M1)
(-3,0) and (4,0) Al
4
ii 0,— Al
@ [of)

[3 marks]

15
b X=— Al

(b) >

Note: Award AO for X # E

Award A1l in part (b), if X :% is seen on their graph in part (d).

[1 mark]
(c) METHOD 1
(ax+b)(2x—15)=x*—x-12
attempts to expand (ax+b)(2x-15) (M1)
2ax® —15ax + 2bx —15b = x* —x—12
2
equates coefficients of X (M1)
-1= —E+2b
2
=E Al

Apollo | Original source crop | 20



Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q10 | 18 marks
—24 —

METHOD 2
x?—x-12

attempts division on
2x-15

X 13
.
2

a=

b=

B
2 4

METHOD 3

1
2

13
4

a==
2

X2 —x-12
2x-15

c
2x-15

XZ—X—].ZEM

X ibs
2

+(2x-15)b+c

equates coefficients of X:

—1=—§+2b
2

Apollo | Original source crop | 21

N21/5/MATHX/HP2/ENG/TZ0/XX/IM

M1

M1

Al

Al

Al

M1

(M1)

Al



Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q10 | 18 marks

- 25— N21/5/MATHX/HP2/ENG/TZO/XX/M
METHOD 4
_ x> —x-12
attempts division on — M1
2x-15
13x
X* —x-12 _§+7_12
2x—15 2 2x-15
a= 1 Al
2
D12 g
2 == M1
2x-15 4
b =E Al
4
-3
2 4
[4 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q10 | 18 marks

- 26— N21/5/MATHX/HP2/ENG/TZ0/XX/IM

(d)

X
two branches with approximately correct shape (for —30<x<30) Al
their vertical and oblique asymptotes in approximately correct positions with both branches

showing correct asymptotic behaviour to these asymptotes Al
their axes intercepts in approximately the correct positions Al

Note: Points of intersection with the axes and the equations of asymptotes
are not required to be labelled.

[3 marks]

Apollo | Original source crop | 23



Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q10 | 18 marks

(e)

- 27 - N21/5/MATHX/HP2/ENG/TZO/XX/M
() attempts to split into partial fractions: (M1)
2x-15 A B
= +
(x+3)(x—4) x+3 x-4
2x—-15= A(x—4)+B(x+3)
A=3 Al
=-1 Al
3 1
X+3 x-4
3
3 1
i ———d
® -!(x+3 x—4)
attempts to integrate and obtains two terms involving ‘In’ (M1)
=[3In[x+3~In|x-4[], Al
=3In6-In1-3In3+In4 Al
=3In2+In4 (=In8+In4)
=In32 (=5In2) Al
Note: The final Al is dependent on the previous two A marks. |
[7 marks]

Apollo | Original source crop | 24

Total [18 marks]



Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q4 | 5 marks

6

> X
3 2 -1 0 1 2 3 4

-1

-2
no y values below 1 A1
horizontal asymptote at y =2 with curve approaching from below as x — t A1
(£1,1) local minima A1
(0,5) local maximum A1
smooth curve and smooth stationary points A1

Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q5 | 5 marks

5. (a) attempt to form composition M1
correct substitution g(xTHJ = 8(x13j+5 A1
(gof)(x):2x+11 AG
[2 marks]

(b) attempt to substitute 4 (seen anywhere) (M1)
correct equation a =2x4+11 (A1)
a=19 A1

[3 marks]

Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q9 | 8 marks

9. (a) attempt to differentiate and set equal to zero M1
f(x)=2e" —6e" =2e*(e" -3)=0 A1
minimum at x=1n3
a=In3 A1
[3 marks]

(b) | Note: Interchanging x and y can be done at any stage.
y=(e"-3) -4 (M1)
e -3=+y+4 A1
as x£1n3,x=1n(3—\/m) R1
so f7(x)=In(3-x+4) A1

domainof f'is xeR,-4<x<5 A1

[5 marks]

Total [8 marks]

Apollo | Original source crop | 27



Mathematics: analysis and approaches HL | Paper 1 | Specimen 2021 | Q9 | 8 marks

-1 - SPEC/S/MATAA/HP1/ENG/TZ0/XX/M

Section B

Apollo | Original source crop | 28



Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q9 | 5 marks

9. METHOD 1
2
. X 9
sketching the graph of y=—= (y=x+3+——)
x=3 x-3

the (oblique) asymptote has a gradient equal to 1
and so the maximum value of M1 is 1

consideration of a straight line steeper than the horizontal line joining

(—3,0) and (0,0)
so m>0
hence O0<m<1

METHOD 2

attempting to eliminate y to form a quadratic equation in X
Xt = m(x2 —9)

:>(m—1)x2 -9m=0

EITHER

attempting to solve —4(m—1)(—9m) <0 for m

OR

attempting to solve x> <0ie om

0 1) f
— <0 (m=#1) for m

THEN

=0<m<l1

a valid reason to explain why m =1 gives no solutions eg if m =1,

(m—l))c2 -Im=0=>-9=0and so 0<m<l1

Apollo | Original source crop | 29

M1

R1

m1

R1
A1

M1

A1

m1

m1

A1

R1

Total [5 marks]



Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q9 | 5 marks

-1 - SPEC/S/MATAA/HP2/ENG/TZ0/XXIM

Section B

Apollo | Original source crop | 30



Mathematics: analysis and approaches HL | Paper 3 | Specimen 2021 | Q2 | 25 marks

2. (a) correctgraphof y= f(x) A1
correct graph of y = £,(x) A1
1.54V
] 4
Jf
-15 ' 1 1.5
—-1.5
[2 marks]
(b) (i) graphical or tabular evidence that n has been systematically varied M1
eg n=3, 1 local maximum point and 1 local minimum point
n=>5, 2 local maximum points and 2 local minimum points
n="7, 3 local maximum points and 3 local minimum points (A1)
n—1 . :
T local maximum points A1
N n—1 . .
(i) T local minimum points A1
| Note: Allow follow through from an incorrect local maximum formula expression. |
[4 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 3 | Specimen 2021 | Q2 | 25 marks

-8- SPEC/5/MATAA/HP3/ENG/TZ0/XX/M
Question 2 continued
(c) correct graph of y = f£,(x) A1
correct graph of y = £, (x) A1
1.54V
{f
-5 1 1.5
-1.5
[2 marks]
(d) (i) graphical or tabular evidence that n has been systematically varied M1

eg n=2, 0 local maximum point and 1 local minimum point
n=4, 1 local maximum points and 2 local minimum points

n==6, 2 local maximum points and 3 local minimum points (A1)
n—2 . .
local maximum points A1
(i) g local minimum points A1
[4 marks]

(e)  f,(x)=cos(narccos(x))

nsin(narccos(x
fl(x)= ( () M1A1
\/l—x2
| Note: Award M1 for attempting to use the chain rule. |
f,(x)=0=> nsin(narccos(x)) =0 M1
narccos(x)=kn (keZ") A1
leading to
kn .
x=cos— (k€Z and O0<k<n) AG
n
[4 marks]
continued. ..
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Mathematics: analysis and approaches HL | Paper 3 | Specimen 2021 | Q2 | 25 marks

-9- SPEC/5/MATAA/HP3/ENG/TZ0/XX/M
Question 2 continued
() f,(x)=cos(2arccosx)
= 2(cos(aurccosx))2 -1 m1
stating that (cos (arccos x)) = x A1
so f,(x)=2x"-1 AG
[2 marks]
(@  fa(x)=cos((n+1)arccos x)
= cos (narccos x +arccos x) A1
use of cos(A+ B)=cos Acos B—sin Asin B leading to M1
= cos(narccos x)cos (arccos x ) —sin (narccos x ) sin (arccos x) AG
[2 marks]
(hy () £ (x):cos((n—l) arccosx) A1
= cos(narccos x) cos (arccos x) +sin ( n arccos x ) sin (arccos x) m1
foa (x)+ f,_ (x) = 2cos(narccos x) cos (arccos x) A1
=2xf, (x) AG
(i) fi(x)=2x7(x)- £ (x) (M1)
=2x(2x" -1)-x
=4x* —3x A1
[5 marks]
Total [25 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q5 | 7 marks

5. (a) translation (shift) by 3?7[ to the right OR positive horizontal direction by B?E

translation (shift) by ( upwards OR positive vertical direction by (

Note: accept translation by 3
T

2
q

Do not accept ‘move’ for translation/shift.

[2 marks]
(b) METHOD 1
. : 3n) . .
minimum of 4sin X—; is =4 (may be seen in sketch) (M1)
—4+25+q9>7
g=>8.5 (accept q=8.5) Al
substituting X=0 and their q(=8.5) tofind r (M1)
(r=) 4sin(_—2nJ+2.5+8.5
4+25+85 (A1)
smallest value of r is 15 Al
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q5 | 7 marks

-13- M22/5/MATHX/HP1/ENG/TZ1/XX/IM
Question 5 continued
METHOD 2
substituting X=0 to find an expression (for r ) in terms of ( (M1)
. (-3
(9(0)=r=) 4sm[7nj+2.5+q
(r=) 6.5+q Al
- . 3t .

minimum of 4sin X—? is —4 (M1)
—-4+25+q>7
—-4+25+(r—6.5>7 (accept=) (A1)
smallest value of r is 15 Al
METHOD 3

. 3n
4sin x—? +2.5+(0=4cosx+2.5+( Al
y-intercept of 4cosx+2.5+(Q is a maximum (M1)
amplitude of g(x) is 4 (A1)
attempt to find least maximum (M1)
r=2x4+7
smallest value of r is 15 Al

[5 marks]

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q3 | 8 marks

3. @ (@0 x=-1 Al
(i) y=2 Al
[2 marks]
(b)
y
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q3 | 8 marks

-11- M22/5/MATHX/HPL/ENG/TZ2/XXIM

rational function shape with two branches in opposite quadrants, with two correctly

positioned asymptotes and asymptotic behaviour shown Al
: 1

axes intercepts clearly shown at X = 3 and y=-1 AlAl

[3 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q3 | 8 marks

-12- M22/5/MATHX/HP1/ENG/TZ2/XXIM
Question 3 continued
1
C X>— Al
(©) >

. . 1 1
Note: Accept correct alternative correct notation, such as (E ooj and }E oo[.

[1 mark]
(d) EITHER
2|x|-1
attempts to sketch y = (M1)
|x|+1
OR
attempts to solve 2|x|-1=0 (M1)
. 1 1 . g
Note: Award the (M1) if x= > and x= -5 are identified.
THEN
X< = or X> 1 Al
2 2
Note: Accept the use of a comma. Condone the use of ‘and’. Accept correct
alternative notation.
[2 marks]

Total [8 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q11 | 20 marks

11. (3

y=0 x=-1 =3
(o3
3
_ 1
Y- intercept 0,—§ Al
Note: Accept an indication of —% on the Y —axis.
vertical asymptotes X=-1 and X=3 Al
horizontal asymptote y =0 Al
uses a valid method to find the x- coordinate of the local maximum point (M1)

Note: For example, uses the axis of symmetry or attempts to solve f’(x) =0.

1
local maximum point (1,—Zj Al
Note: Award (M1)AO for a local maximum point at X =1 and coordinates not
given.

three correct branches with correct asymptotic behaviour and the key features in

approximately correct relative positions to each other Al
[6 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q11 | 20 marks

- 26 — M22/5/MATHX/HPL/ENG/TZ2/XXIM

Question 11 continued

. 1
()R ()] X Zm M1

Note: Award M1 for interchanging x and Y (this can be done at a later stage).

EITHER
attempts to complete the square M1
y2-2y-3=(y-1)° -4 Al
1
X= 2
(y-1) -4
1 1
(y-1)-4== ((y—1)2:4+—j Al
X X
y—1=i\/4+E [: i\/4x+1]
X X
OR
attempts to solve Xy> —2Xy—3Xx—1=0 for Y M1
yo —(—2X) +J(-2X)? + 4x(3x +1) AL
2X
Note: Award Al even if — (in +) is missing
_ 2x++16X° +4x AL

2X

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q11 | 20 marks

- 27 — M22/5/MATHX/HP1/ENG/TZ2/XX/M

Question 11 continued

THEN

VAX% + X
=1+— Al
X
VAP +x

y>3 and hence Y =1—T is rejected R1

Note: Award R1 for concluding that the expression for Y must have the ‘+’ sign.
The R1 may be awarded earlier for using the condition X>3.

VX% + X

X

y=1+

VX2 + X

-1 :1
97 (x)=1+—

(i) domainof g " is x>0
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AG

Al

[7 marks]

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q11 | 20 marks

- 28— M22/5/MATHX/HP1/ENG/TZ2/XXIM
Question 11 continued

(c) attempts tofind (hog)(a) (M1)

(hog)(a)=arctan 9(a) (hog)(a)=arctan 1 (A1)
2 2(a*-2a-3)
arctan| 93 |- | arctan 2; =z
2 | 4 2(a*-2a-3) ) 4
attempts to solve for g(a) M1
1
=g(a)= =2
9(a) [(#—Qa—ﬂ ]
EITHER
=a=0"(2) Al
attempts to find their g~ (2) M1
4(2)" +2
a=1l++———— Al
2

Note: Award all available marks to this stage if x is used instead of a.
OR
=2a*-4a-7=0 Al
attempts to solve their quadratic equation M1
o (4 +4(2)() (_4@} .

4 4

Note: Award all available marks to this stage if x is used instead of a.

THEN

a:1+g\/§ (as a>3) Al

(p=19g=3r=2)

Note: Award A1l for a:1+%\/1_8 (pzl, q=1 r:18).

[7 marks]
Total [20 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q6 | 6 marks

6. (a) attempt to replace X with —X

fx)=27
EITHER
1
== X =—f(x
> (X)
OR

:_(2&%)(:4(@)

M1

Al

Al

Note: Award M1AO for a graphical approach including evidence that either the
graph is invariant after rotation by 180°about the origin or the graph is
invariant after a reflection in the y -axis and then in the X -axis (or vice

versa).

so f is an odd function

(b) attempt to find at least one intersection point

X =-1.26686...,x =0.177935...,x =3.06167...
x=-1.27,x=0.178,x =3.06

-1.27<x<-1,

0.178<x<3,

x>3.06
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AG

[2 marks]

(M1)

Al
Al
Al

[4 marks]

Total [6 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2022 TZ1 | Q8 | 4 marks

2K+9
8. (@) product of roots =

(b) recognition that the product of the roots will be negative

2k +9
k

<0

" 9
critical valuesk =0, 3 seen

—g<k<0
2
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Al

[1 mark]

(M1)

(A1)

Al

[3 marks]

Total [4 marks]



Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ2 | Q2 | 27 marks

2.  (a) attempttoexpand(X—a)(X—LB)(X—7)
=(x*~(a+B)x+ap)(x-y) OR =(x—a)(X’~(B+y)x+py)

(x3+ pX® + X + r)=x3—(a+ﬁ+y)x2+(aﬁ’+,8y+ya)x—a,8y

comparing coefficients:

p=—(a+p+y)
q=(af+py+ya)
r=-afy

Note: For candidates who do not include the AG lines award full marks.

®) O p'-2q=(a+p+y) -2(ap+py+ra)
attempt to expand (o + £+ 7)?
=a’+ B +y* +2(af+ By + ya) - 2(af+ By + ya) or equivalent

=P+ B4y

Note: Accept equivalent working from RHS to LHS.
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M1

Al

Al

AG
AG
AG

[3 marks]

(A1)
(M1)
Al

AG

[3 marks]

continued...



Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ2 | Q2 | 27 marks

-17 - M22/5/MATHX/HP3/ENG/TZ2/XXIM

Question 2 continued

(i) EITHER
attempt to expand (a—£)*+(B—7)*+(y —a)’ (M1)
:(a2+ﬂ2—2aﬂ)+(ﬁ2+}/2—2ﬂ7/)+(7/2+a2—27/05) Al
=2(a"+f* +7") - 2(afp+ Py + yar)
= 2( p® - 2q)— 2q or equivalent Al
=2p*-6q AG
OR
attempt to write 2p> —6q in terms of a, 3,7 (M1)
=2(p*-2q)-29
=2(a* + B2+ 7)) =2(af + By + ya) Al
=(a’+ B -2aB)+(B° +7" -2y )+(r* +a’ - 2ya) Al
=(@=-py+(B-r)+(r-a) AG
Note: Accept equivalent working where LHS and RHS are expanded to identical
expressions.
[3 marks]
continued. ..
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Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ2 | Q2 | 27 marks

-18 - M22/5/MATHX/HP3/ENG/TZ2/XXIM
Question 2 continued
(c) p*<3q=2p°-60q<0
= (a=p) +(B-r)+(r-a)’ <0 Al
if all roots were real (a—B)°+(B-y)+(y—a)* =0 R1
Note: Condone strict inequality in the R1 line.
Note: Do not award AOR1.
= roots cannot all be real AG
[2 marks]
(d) p°=(-7)*=49 and 3q=51 Al
so p?<3g = the equation has at least one complex root R1
Note: Allow equivalent comparisons; e.g. checking 2p* < 6q
[2 marks]
(e) () useof GDC (eg graphs or tables) (M1)
g=12 Al
[2 marks]
(i) complex roots appear in conjugate pairs (so if complex roots occur the
other root will be real OR all 3 roots will be real).
OR
a cubic curve always crosses the X -axis at at least one point. R1
[1 mark]
continued. ..
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Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ2 | Q2 | 27 marks

-19- M22/5/MATHX/HP3/ENG/TZ2/XXIM

Question 2 continued

() (i) attemptto expand (0{+,B+;/+5)2
(a+L+y+0)Y =+ +y*+5° +2(af+ay+ad+ Ly + LS + D)

=+ + 7+ =(a+L+y+0) =2(af+ay+ad+ Py + S+ yO)

(=a®+p+y +5°=)p’-2q

(i) p®<2q OR p°-2q<0

\ Note: Allow FT on their result from part (f)(i). |

(90 4<6 OR 2°-2x3<0

hence there is at least one complex root.

Note: Allow FT from part (f)(ii) for the R mark provided numerical reasoning
is seen.
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(M1)

(A1)

Al

[3 marks]

Al

[1 mark]

R1
AG

[1 mark]

continued...



Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ2 | Q2 | 27 marks

-20- M22/5/MATHX/HP3/ENG/TZ2/XXIM
Question 2 continued

(h) () ( p® > 2q) (81>2x24) (so) nothing can be deduced R1

\ Note: Do not allow FT for the R mark. |
[1 mark]
@i -1 Al
[1 mark]
(i) attempt to express as a product of a linear and cubic factor M1
(x+1) (x* —10x* +34x —12) A1A1

Note: Award Al for each factor. Award at most A1AOQ if not written as a product.

since for the cubic, p* <3q (100 <102) R1
there is at least one complex root AG
[4 marks]

[Total: 27 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2022 | Q8 | 5 marks

8. (a)
a=" A2
2
Note: For sinusoidal graph through the origin seen with incorrect a, or use of
horizontal line test with incorrect a, award A1A0
(b) a=m A1
(c)
y
N
\ X
sketch showing sinusoidal shape decreasing as it crosses the y-axis
(below or above the origin) (A1)
a=k-m A1
[5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2022 | Q8 | 5 marks

-16 - N22/5/MATHX/HP1/ENG/TZO0/XX/M
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2022 | Q11 | 16 marks

1. (@ (@ 5 (A1)
=125 A1
iy "P,=5x4x3 (A1)
=60 A1
[4 marks]
(b) () METHOD1
x2+3x+2:(x+1)(x+2) (A1)
correct use of factor theorem for at least one of their factors (M1)
P(-1)=0or P(-2)=0
attempt to find two equations in a,b and ¢ (M1)
(—1) +a(-1) +b(-1)+c=0(=>-1+a-b+c=0)
(=2) +a(=2) +b(-2)+c=0
—8+4a-2b+c=0 and -1+a—-b+c=0 A1
attempt to combine their two equations in -8 +4a—2b+c =0 to eliminate ¢ (M1)
b=3a-17 A1
Note: Award at most ATMTM1AOM1AO for b=-3a—7 from P(1)=P(2)=0
continued...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2022 | Q11 | 16 marks

-23- N22/5/MATHX/HP1/ENG/TZ0/XX/M
Question 11 continued
METHOD 2
P(x):x3+ax2+bx+c:(x2+3x+2)(x+d) (M1)
=x’+(3+d)x* +(2+3d)x+2d (A1)
attempt to compare coefficients of x* and x (M1)
a=3+d and b=2+3d A1
attempt to eliminate d (M1)
=b=3a-7 A1
METHOD 3
attempt to divide x* +ax®> +bx+c by x> +3x+2 m1
3 2 _ _
X +2ax +bx+c:(x+a_3)+( 3a+b+27)x+(c 2a+6) ATATAT
X +3x+2 X +3x+2
Note: Award A1 for x+a—3, A1 for (—3a+b+7)x and A1for c—2a+6
recognition that, if (x2 +3x+ 2) is a factor of P(x), then -3a+b+7=0 (M1)
leading to b=3a—-7 A1
continued...

Apollo | Original source crop | 53



Mathematics: analysis and approaches HL | Paper 1 | Nov 2022 | Q11 | 16 marks

Question 11 continued

- 24— N22/5/MATHX/HP1/ENG/TZ0/XX/M
METHOD 4
x2+3x+2=(x+1)(x+2) (A1)
attempt to use Vieta’s formulae for a cubic with roots -1, -2 and “p” (M1)
(-D)+(2)+p=—a(=p=3-a) A1
(D(=2)+(=Dp+(=2)p=> A1
Attempt to eliminate “p” (M1)
2-B3-a)-2B3-a)=b
b=3a-7 A1

Note: Award at most ATM1AO0AOM1AO0 for b =—-3a—7 fromroots 1, 2 and “p”

(iif)

METHOD 1

a=1,2,5 lead to invalid values for b R1
a=3,b=2= c=0 so not possible R1
SO a=4,b=5,c=2 is the only solution AG
METHOD 2

c=2a-6 R1
correctly argues a =4 is the only possibility R1
SO0 a=4,b=5,c=2 is the only solution AG

x3+4x2+5x+2:(x2+3x+2)(x+1)

=(x+2)(x+1)(x+1) A1

continued...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2022 | Q11 | 16 marks

—-25— N22/5/MATHX/HP1/ENG/TZ0/XX/M
Question 11 continued
(iv)
Y
2
N X
2 -1 0
positive cubic shape with y-intercept at (0,2) A1
x-intercept at (—2,0)and local maximum point anywhere between x=-2 and x=-1 A1
local minimum point at (—1,0) A1

Note: Accept answers from an approach based on calculus.

[12 marks]

Total [16 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2022 | Q4 | 7 marks

4. recognition that initial population is 15000 (seen anywhere) (A1)

P(O)zlSOOO OR 0.11x15000 OR 0.89x15000

population after 11% decrease is 15000x0.89(=13350) (A1)

recognizing that ¢ =8 on 1 January 2022 (seen anywhere) (A1)

substitution of their value of ¢ for 1 January 2022 and their value of P(8) into the

model (mM1)
15000 x0.89 =15000e** OR 13350 =15000¢*

i =ln0.89

(—=0.014566) (A1)

substitution of ¢ =2041—-2014(=27) and their value for £ into the model (M1)

P(27) — 150008—0.0145...><27

10122.3...
P(27)=10100 (10122) A1

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ1 | Q1 | 7 marks

1. (a) recognizing f(x)=0 (M1)
x=-1 A1
[2 marks]
(b) (i) x =2 (must be an equation with x) A1
@iy y :% (must be an equation with y) A1
[2 marks]
(c) EITHER
interchanging x and y (M1)
2xy—4x=Ty+7
correct working with y terms on the same side: 2xy -7y =4x+7 (A1)
OR
2yx—4y=Tx+7
correct working with x terms on the same side: 2yx—7x=4y+7 (A1)
. . . . 4y +7
interchanging x and y OR making x the subject x = P (M1)
y —
THEN
f(x)= dxt7 (or equivalent) (x # Zj A1
2x—17 2
[3 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ1 | Q4 | 6 marks

4. recognition of quadratic in ¢*
(e)‘)2 —3¢" +Ink(=0) OR 4> -34+Ink(=0)
recognizing discriminant = 0 (seen anywhere)
(-3) —4(1)(Ink) OR 9—4Ink
9
Ink<-— (A1
nk<- (A1)

e”’* (seen anywhere)

O<k<e™”
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(m1)

(M1)

(A1)

A1
A1
[6 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ1 | Q8 | 7 marks

8. (a) attempttoreflectf inthe x OR y axis (M1)

A1A1A1
Note: For a curve with an approximately correct shaped right-hand
branch, award:
A1 for correct asymptotic behaviour at y =2 (either side)
A1 for correctly reflected RHS of the graph in the y-axis with
smooth maximum at (0, 3).
A1 for labelled x-intercept at (—a,0) and labelled asymptote
at y =2 with sharp points (cusps) at the x-intercepts.
[4 marks]
(b) k=0 A1
4<k<9 A2
Note: If final answer incorrect, award A1 for critical values 4 and 9 seen
anywhere.
Exception to FT:
Award a maximum of AOA2FT if their graph from (a) is not
symmetric about the y-axis.
[3 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ2 | Q2 | 5 marks
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A1

A1

[2 marks]

A1

A1

[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ2 | Q2 | 5 marks

-9- M23/5/MATHX/HP1/ENG/TZ2/XX/IM
Question 2 continued
(c)
Y
ix=2
)
2 |
______________ | i y=1
T T T T T T i / x
: (3,0
1 i i
=1- |
Y x—2 | :
two correct branches with correct asymptotic behaviour and intercepts clearly shown A1
[1 mark]
Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2023 TZ2 | Q5 | 7 marks

5.  attempts to form (go /)(x) (M1)
[f(O] +f(x)+3 OR (ax+b) +ax+b+3

a2x2+2abx+b2+ax+b+3(:4x2—14x+15) (A1)

equates their corresponding terms to form at least one equation (M1)

a’x*=4x* OR a’*=4 OR 2abx+ax=-14x OR 2ab+a=-14 OR

b*+b+3=15
a =12 (seen anywhere) A1
attempt to use 2ab+a =—14 to pair the correct values (seen anywhere) (M1)

f(x)=2x—-4 (accept a=2 with b=—4), f(x)=-2x+3 (accept a=-2 with b=3) A1A1

[7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2023 TZ1 | Q2 | 5 marks

2.  (a) attempt to substitute g into f (M1)
(f 0 g)(x) =2tan x—tan® x Al
[2 marks]
(b)
Yy
2
(0,685, 1.09)

(~0.685, —1.09)

=2 A1A1A1

Note: Al for approximately correct odd function passing through the origin with a

maximum above y =1 and a minimum below y =-1.

A1 for endpoints at X =x1and y in the intervals [0.6,0.8]and [-0.8,—0.6]
A1l for maximum in approximately correct position and labelled
(0.685,1.09) AND minimum in approximately correct position and labelled
(—0.685, —1.09). For approximate position, allow —0.8<x<-0.6,

-1.2<y<-1 for minimum and 0.6<x<0.8, 1<y<1.2 for maximum. If

the candidate gives the coordinates of extrema below their sketch, only

award this mark if extrema are marked in the correct interval (eg by a dot).

[3 marks]
Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2023 TZ2 | Q8 | 7 marks

8. (a) EITHER

attempts to find the y- coordinate of either the local minimum point or the local

maximum point (M1)
OR
attempts to find the discriminant of 2x -5 = y(x2 —3) (yx2 -2x+(5-3y)= O) (M1)

A=4-4y(5-3y)(=4-20y+12)")

THEN
y=1.43425... (local min.) and y =0.232408... (local max.) (A1)(A1)
g(x)<0.232 OR g(x)>1.43 (g(x)S@ OR g(x)= \/1—364_5) A1
Note: Accept other valid notations such as interval notation. ‘
[4 marks]
2|x|-5 _ n
(b) —5———=0 (since cost <0 for —<t<m) (R1)
x° =3 2
attempts to solve graphically or algebraically (M1)
xS—% OR —/3 <x<+3 (-1.73<x<1.73) OR ng A1
[3 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q1 | 5 marks

1. (a) attempttoform (gof)(x)

((gof)(x)=(x-3)+k& (=x’—6x+9+k")

(b) substituting x=2 into their (gof)(x) and setting their expression =10
(2-3) +k*=10 OR 2*-6(2)+9+k* =10

kK*=9
k=43
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(m1)
A1

[2 marks]

(M1)

(A1)

A1

[3 marks]
Total [5 marks]



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q10 | 15 marks

10. (@) x=0 A1
[1 mark]

(b) (i) setting In(2x-9)=2Inx—Ind M1
attempt to use power rule (M1)

2Inx =Inx’ ( seen anywhere )

attempt to use product/quotient rule for logs (M1)
2 2
1n(2x—9):1n% OR In—>—=Ind OR In(2x—-9)d =Inx’
x—
2 x’ 2
—=2x-9 OR =d OR (2x-9)d =x A1
d 2x-9
x> —=2dx+9d =0 AG
(i)  discriminant = (=2d)’ —4x1x9d (A1)
recognizing discriminant > 0 (M1)
(—2d)* —4x1x9d >0 OR (2d)’ =4x9d >0 OR 4d*>-36d >0 A1
d*-9d >0 AG

(i) setting d(d—9)>00R d(d—-9)=0 OR sketch graph
OR sign test OR d° >9d (M1)

d<0ord>9 butdeR"

d>9 (or 9,00 ) A1

[9 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q10 | 15 marks

-20- 8823 -7106M
Question 10 continued
(c) x>—20x+90 (= 0) A1
attempting to solve their 3 term quadratic equation (M1)

(x-10) ~10=0) or | (x=) 20+ /(—20) — 4x1x90

2
x=10-+/10(= p) or x=10+10(=¢q) (A1)
subtracting their values of x (M1)
distance =24/10 A1

(a=2,b=10)

Note: Accept 1/40 OR /40 .

[5 marks]
Total [15 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ1 | Q10 | 15 marks

-21- 8823 -7106M
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ2 | Q1 | 5 marks

1. (a) attempttoform (gof)(x)

((gof)(x)=(x-3)+k& (=x’—6x+9+k")

(b) substituting x =2 into their (gof)(x) and setting their expression =10
(2-3) +k*=10 OR 2*-6(2)+9+k* =10

kK*=9
k=43
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(m1)
A1

[2 marks]

(M1)

(A1)

A1

[3 marks]
Total [5 marks]



Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ2 | Q10 | 15 marks

10. (@) x=0 A1
[1 mark]

(b) (i) setting In(2x-9)=2Inx—Ind M1
attempt to use power rule (M1)

2Inx =Inx’ ( seen anywhere )

attempt to use product/quotient rule for logs (M1)
2 2
1n(2x—9):1n% OR In—>—=Ind OR In(2x—-9)d =Inx’
x—
2 x’ 2
—=2x-9 OR =d OR (2x-9)d =x A1
d 2x-9
x> —=2dx+9d =0 AG
(i)  discriminant = (-2d)’ —4x1x9d (A1)
recognizing discriminant > 0 (M1)
(—2d)* —4x1x9d >0 OR (2d)’ =4x9d >0 OR 4d*>-36d >0 A1
d*-9d >0 AG

(i) setting d(d—9)>00R d(d—9)=0 OR sketch graph
OR sign test OR d° >9d (M1)

d<0ord>9 butdeR"

d>9 (or 9,00 ) A1

[9 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ2 | Q10 | 15 marks

-20- 8823-7111M
Question 10 continued
(c) x>—20x+90 (= 0) A1
attempting to solve their 3 term quadratic equation (M1)

(x-10) ~10=0) or | (x=) 20+ /(—20) — 4x1x90

2
x=10-+/10(= p) or x=10+10(=¢q) (A1)
subtracting their values of x (M1)
distance =24/10 A1

(a=2,b=10)

Note: Accept 1/40 OR /40 .

[5 marks]
Total [15 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ2 | Q10 | 15 marks

-21- 8823-7111M
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ1 | Q2 | 5 marks

2. (@)

AlA1A1

Note: Award marks as follows:
A1 for approximately correct roots, in the intervals —2 < X< -1 and
2<x<3.
Al for y-intercept AND local minimum in approximately correct positions. Allow for y-
intercept —3.5 < y < —2.5, and for local minimum 0.5<x <15, 5<y<—4.
A1 for approximately correct endpoints, with the left end in the intervals
-45<x<-3.5 7.5<y<8.5 and the right end in the intervals 2.5<x<3.5, 6.5<y<7.5

[3 marks]
1
b k== Al
(b) 5
c =—3 (accept translate/shift 3 (units) down) Al
[2 marks]

Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ1 | Q11 | 19 marks

11. (a) (vertical asymptote equation) X =—3 Al
Note: Accept 2x+6=0 or equivalent.
[1 mark]
(b) (2,0) and (12,0) A1A1
Note: Award A1l for (2,0) and A1 for (12,0).
Award A1AO0 if only x values are given.
[2 marks]
(c) METHOD 1
a=1 Al
2
ttempt at ‘long division’ K LAx+ 24 (M1)
attempt at ‘long division’ on ——
P 9 2X+6
x? —14x+24
2X+6
=1x—£ + (A1)
2 2\ 2x+6
N Al
2
Note: Accept Y —Ex—E
; > >
continued...
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- 25— 8823-7107M
Question 11 continued
METHOD 2
a=l Al
2
X -14x+24 1 C
——————==X+b+ (A1)
2X+6 2 2X+6
x2—14x+24z%x(2x+6)+b(2x+6)+c
attempt to equate coefficients of x: (M1)
-14=3+2b
L Al
2
1 17
Note: Accept y=—=X——.
pty 5 >
METHOD 3
a=l Al
2
X* —14x+24 1 _-17x+24 A1
2x+6 2 2x+6
attempt to find the limit of f (x) —ax as X —> oo (M1)
b — lim —L/X*+24
x> 2X+6
__17 Al
2
Note: Accept Y —lx—E
: > >
[4 marks]
continued...

Apollo | Original source crop | 76



Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ1 | Q11 | 19 marks

- 26— 8823 -7107M

Question 11 continued

(d)

50

two branches with approximately correct shape (for —-50 < x <50) Al

Note: For this Al the graph must be a function.

their vertical and oblique asymptotes in approximately correct positions with both

branches showing correct asymptotic behaviour to these asymptotes AlAl
Note: Award Al for vertical asymptote and behaviour and A1l for oblique asymptote and

behaviour.

If only top half of the graph seen only award A1AO0 if both asymptotes and behaviour are

seen.

their axes intercepts in approximately the correct positions Al

Note: Points of intersection with the axes and the equations of asymptotes do not need to be
labelled. Ignore incorrect labels.

[4 marks]
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- 27— 8823-7107M

(e) (_10—5J§ :)—18.6602.... OR (—1o+5ﬁ :)—1.33974.... seen anywhere (A1)

attempt to write the range using at least one value in an interval or an inequality in y or f (x)

(M1)
y<-18.7, y>-1.34 A1A1
Note: Award A1l for each inequality. Award A1AO for strict inequalities in both.
Do not award FT from (d).
Accept equivalent set notation.
[4 marks]
® (-10-2@ :)—21.1355..__ OR (_10+2J?1 :)1.13552.___ seen anywhere (A1)
x<-211 -3<x<114 AlA1A1

Note: Award Al for x<-21.1, A1l for correct endpoints of a single interval -3 and 1.14 and A1 for
-3<x<1.14.
Do not award FT from (d).
Accept equivalent set notation.

[4 marks]

Total [19 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ2 | Q2 | 5 marks

2. (@)

AlA1A1

Note: Award marks as follows:
A1 for approximately correct roots, in the intervals —2 < X< -1 and
2<x<3.
Al for y-intercept AND local minimum in approximately correct positions. Allow for y-
intercept —3.5 < y < —2.5, and for local minimum 0.5<x <15, 5<y<—4.
A1 for approximately correct endpoints, with the left end in the intervals
-45<x<-3.5 7.5<y<8.5 and the right end in the intervals 2.5<x<3.5, 6.5<y<7.5

[3 marks]
1
b k== Al
(b) 5
c =—3 (accept translate/shift 3 (units) down) Al
[2 marks]

Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ2 | Q11 | 19 marks

11. (a) (vertical asymptote equation) X =—3 Al
Note: Accept 2x+6=0 or equivalent.
[1 mark]
(b) (2,0) and (12,0) A1A1
Note: Award A1l for (2,0) and A1 for (12,0).
Award A1AO0 if only x values are given.
[2 marks]
(c) METHOD 1
a=1 Al
2
ttempt at ‘long division’ K LAx+ 24 (M1)
attempt at ‘long division’ on ——
P 9 2X+6
x? —14x+24
2X+6
=1x—£ + (A1)
2 2\ 2x+6
N Al
2
Note: Accept Y —Ex—E
; > >
continued...
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- 25— 8823-7112M
Question 11 continued
METHOD 2
a=l Al
2
X -14x+24 1 C
——————==X+b+ (A1)
2X+6 2 2X+6
x2—14x+24z%x(2x+6)+b(2x+6)+c
attempt to equate coefficients of x: (M1)
-14=3+2b
b 17 Al
2
1 17
Note: Accept y=—=X——.
pty 5 >
METHOD 3
a=l Al
2
X* —14x+24 1 _-17x+24 A1
2x+6 2 2x+6
attempt to find the limit of f (x) —ax as X —> oo (M1)
b — lim —L/X*+24
x> 2X+6
__17 Al
2
Note: Accept Y —lx—E
: > >
[4 marks]
continued...
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- 26— 8823-7112M

Question 11 continued

(d)

50

two branches with approximately correct shape (for —-50 < x <50) Al

Note: For this Al the graph must be a function.

their vertical and oblique asymptotes in approximately correct positions with both

branches showing correct asymptotic behaviour to these asymptotes AlAl
Note: Award Al for vertical asymptote and behaviour and A1l for oblique asymptote and

behaviour.

If only top half of the graph seen only award A1AO0 if both asymptotes and behaviour are

seen.

their axes intercepts in approximately the correct positions Al

Note: Points of intersection with the axes and the equations of asymptotes do not need to be
labelled. Ignore incorrect labels.

[4 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ2 | Q11 | 19 marks

- 27— 8823-7112M

(e) (_10—5J§ :)—18.6602.... OR (—1o+5ﬁ :)—1.33974.... seen anywhere (A1)

attempt to write the range using at least one value in an interval or an inequality in y or f (x)

(M1)
y<-18.7, y>-1.34 A1A1
Note: Award A1l for each inequality. Award A1AO for strict inequalities in both.
Do not award FT from (d).
Accept equivalent set notation.
[4 marks]
® (-10-2@ :)—21.1355..__ OR (_10+2J?1 :)1.13552.___ seen anywhere (A1)
x<-211 -3<x<114 AlA1A1

Note: Award Al for x<-21.1, A1l for correct endpoints of a single interval -3 and 1.14 and A1 for
-3<x<1.14.
Do not award FT from (d).
Accept equivalent set notation.

[4 marks]

Total [19 marks]
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks

1. (a) varies the value of b with a=3 (M1)

Note: The (M1) in part (a) can also be awarded for a correct answer to either part (b)(i)
or (b)(ii).
Award (M1) for evidence that b =0 case is considered/determined.

b=-4,0 A1

[2 marks]

by () b<—4orb>0 A1

[1 mark]

iy —4<b<0 A1

[1 mark]

continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks

-8- 8823 -7103M
Question 1 continued
() (i) b=0,4 A1
[1 mark]
(i) b<0orb>4 A1
[1 mark]
(i) O0<b<4 A1
[1 mark]
continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks

-9- 8823 -7103M
Question 1 continued
(d) one point of zero gradient is located on either side (of the x- axis) (or equivalent) A1
[1 mark]
() METHOD 1
d—y:3x2+2ax (A1)
dx
. dy
attempts to solve their a =0 for x M1
—2a+4d’
x(3x+2a)(: O) OR x=_24ZNT OR x+%-+4
6 3 3
X = —za ,0 A1
3
when x=0, y=b and so P(0, b) is a point of zero gradient AG

Note: The following two marks are independent of the first three marks. |

substitutes their expression for x in terms of a into y:x3+ax2+b (M1)
2 Y 2 Y
=|——a | +a|——a| +b
g ( 3 j ( 3 )
4 12
yz—ia3+—a3+b yz—ia3+—a3+b A1
27 9 27 27
2 4 5 . . .
so Q —ga, Ea +b | is a point of zero gradient AG
[5 marks]
continued. ..
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks

-10 - 8823 -7103M
Question 1 continued
METHOD 2
d—y:3x2 +2ax (A1)
dx
, , 2 . . dy
substitutes either x=0 or x = —Ea into their — M1
when x=0, %: 0 and y=b so P (0, b) is a point of zero gradient AG
2
d—y=3(—£aj +2a(——aj
dx 3
:iaz—ia2 (=0) | =3 iaz —iaz(:O),zgaz—iaz(zm A1
3 3 9 3 9 3

and so d—y:O when x:—za AG

dx 3

Note: The following two marks are independent of the first three marks. ‘

substitutes xz—%a into y=x"+ax’+b (mM1)
2 Y 2 Y
=|-=a| +a|-=a| +b
g ( 3“’) a( 36’)
4 12
y:—ia3+—a3+b (yz—ia3+—a3+bj A1
27 9 27 27
2 4, . : :
so Q —Ea,2—7a +b | is a point of zero gradient AG
[5 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks
-11-=

Question 1 continued

2
® @) jx—f = 6x+2a

2
when x=0, g); =2a (a>0)and so (P)is a (local) minimum (point)

d2
when x = —%a , JJ; =—2a (a>0)and so (Q) is a (local) maximum
(point)

(i)  (Pand Q are) both above (the x- axis)

Note: Award A1 if it is made clear that both points are above (the x- axis).
Accept a labelled sketch that clearly shows this information.
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A1
R1
R1
[3 marks]
A1
[1 mark]
continued...



Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks

-12- 8823 -7103M
Question 1 continued
(@) () (P)isa (local) maximum (point) and is above (the x- axis) A1
[1 mark]
(i)  (Q is below the x- axis when) 2;47013 +bh<0 A1

Note: Award A1 for an equivalent correct inequality, eg. %cf <-b.

Accept a labelled sketch that clearly shows this information.

[1 mark]

continued. ..
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks

-13 - 8823 -7103M
Question 1 continued
(hy METHOD 1
attempts to factorize 4a’b+27b°(<0) (M1)
4
27b 2—7a +b (< 0) OR b(4a3+27b)(< 0) A1
4 4
b>0and —a’+b<0 or b<0 and —a’ +b>0 A1
27 27

Note: Only award this A7 if both cases are stated.
Award A1 for stating that exactly one of b and %cf + b is less than zero (or

equivalent).

when b and %cﬁ +b have opposite sign, P and Q are located on either side

(of the x-axis) (or equivalent) R1

‘ Note: Accept labelled sketches that clearly show this information.

P and Q are located on either side (of the x- axis) if (and only if) the curve has
exactly three x- axis intercepts R1

if 4a°b+27b* <0, then the graph of y =X’ +ax’ +b has exactly three x- axis
intercepts AG

Note: For proving the converse, award a maximum of 3 marks (likely to be similar
steps but presented in reverse; 2" A1 line not necessary in reverse method).

continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2023 | Q1 | 24 marks

—-14 — 8823 -7103M
Question 1 continued

METHOD 2
attempts to factorize 4a’b+27b°(<0) (M1)

4
27b 2—7a +b (< 0) OR b(4a3+27b)(< 0) A1

, 4 4

either >0 and Ea +b<0 or b<0 and Ea +b>0 A1

Note: Only award this A7 if both cases are stated.
Award A1 for stating that exactly one of b and %cf + b is less than zero (or

equivalent).

4
b>0 and 2;47a3+b<0, (:>O<b<—2—7a3j:>a<0 and hence three x- axis

intercepts R1

4
b<0 and 2i7a3+b>0, (:> —ch <b<0J:>a>0 and hence three x- axis

intercepts R1

Note: Accept labelled sketches that clearly show this information.

if 4a°h+27b% <0, then the graph of =X’ +ax’ +b has exactly three x- axis
intercepts AG

Note: For proving the converse, award a maximum of 3 marks (likely to be similar
steps but presented in reverse; 2" A1 line not necessary in reverse method).

[5 marks]

Total [24 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q2 | 5 marks

2. (a) log,l-log,a OR log,a"' =-log,a OR log,10* OR 1¢*=_!

: (A1)
103
1
:_5 A1
[2 marks]
log,,a 1 3 ! % . S\
®) 105 togp OR 3108010 OR log,y V1000° OR 10°=1000 =(10°) (A7)
10
log,,a 1 : ! 1
3 OR EloglooolOOO3 OR log,,, 1000° OR 3x:§ (A1)
1
25 A1
[3 marks]
Total [5 marks]
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-9- 2224 -7101M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q9 | 6 marks

9. (a)
Y
4_
X
—6 0 6

-4

reflection of all negative sections in x-axis (M1)

A1

approximately correct graph with sharp points (cusps) at x-intercepts

Note: Award A1 only if the heights of the maximum in the middle are lower than the heights of the
maximum at the ends.

[2 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q9 | 6 marks

-21- 2224 -7101M
Question 9 continued
(b)

Yy

4_
= T - .x
-6 0 6
—4.
A1A1

Note: Award A7 for right hand side unchanged and A1 for rotation 180° about the origin. ‘

[2 marks]

() () -L6 A1
@iy 3.2 A1

[2 marks]

Total [6 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q9 | 6 marks

- 22 - 2224 -7101M

Section B
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q10 | 16 marks

10. (a)
}}

vertical asymptote x =2 sketched and labelled with correct equation A1
horizontal asymptote ) = 4 sketched and labelled with correct equation A1
For an approximate rational function shape:
1
labelled intercepts —5 on x-axis, —1 on y-axis A1A1
two branches in correct opposite quadrants with correct asymptotic behaviour A1
Note: These marks may be awarded independently.
[5 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q10 | 16 marks

-23- 2224 -7101M
Question 10 continued
(b) y=4 (orequivalent) A1
[1 mark]
5 1 5 —_ 4
¢) 2+= OR |-=|+2x= OR 2 =2 OR —4=_p+ 1 A1
(©) 2 ( 2j 2 2 t=mry
pP= ) AG
2
[1 mark]
(d) METHOD 1
attempt to substitute both roots to form a quadratic (M1)
EITHER
1 9 ) 1 9 1 9
X+—||x——=]|OR x" —=| ——+— |x+| ——x—
2 2 2 2 2 2
9
=x2—4x—z A1A1

(b =—4,c= —2]
4

‘ Note: Award A1 for each correct value. They may be embedded or stated explicitly.

OR
(2x+1)(2x-9) =4[x2 _4x_%j

b:_4,c:_% A1A1

Note: Award A7 for each correct value. They must be stated explicitly.

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q10 | 16 marks

- 24— 2224 -7101M
Question 10 continued
METHOD 2
b
—5=2 OR 4+b=0=b=—4 A1
attempt to form a valid equation to find ¢ using their b (M1)
2 2
L +—4 L +¢=0 OR 2 +—4 2 +c=0
2 2 2 2
e A1
4
METHOD 3
attempt to form two valid equations in b and ¢ (M1)
2 2
—l +b —l +c=0, 2 +b 2 +c=0
2 2 2 2
be—de=—2 A1A1
4
METHOD 4

attempt to write g(x) in the form (x—h)2 +k and substitute for X,/% and g(x) (M1)

2
[-3-2] shm02k=2
2 4

=x2—4x—% A1A1

(b =—4,c= —2]
4

‘ Note: Award A1 for each correct value. They may be embedded or stated explicitly.

[3 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q10 | 16 marks

- 25— 2224 -7101M

Question 10 continued

(e)

attempt to substitute x =2 into their g(x) OR

complete the square on their g(x) (may be seen in part (d)) (M1)
25
= A1
=Ty
[2 marks]

4x+2 1 9 dx+2 9
= x+5 x—=| OR =X —4x—z

x-2 2 x-2
attempt to form a cubic equation (M1)
EITHER

4x+2:(x—2)[x+%)(x—%) OR 4x+2:(x2—4x—%j(x—2) OR
(x—2)(x+%)[x—%j—4x—2 OR (x—2)(x2—4x—%j—4x—2

5
x3+...+5(=0) OR 4x’ +..+10(=0) (A1)(A1)

Note: Award (A1) for each of the terms x* and = or 4x> and 10. Ignore extra terms.

2

(1) x> (-1)'x10
product of roots = % OR —

= A1
2

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q10 | 16 marks

— 26— 2224 -7101M
Question 10 continued
OR
4[x+—j = (x—2)(x+lj[x—2j
2 2
yod A1
5 (A1)

ord=x*4+..49=x*+...+45=0

product of roots of quadratic is 5 (A1)

product is therefore —5 X35

5
- _E A1
[4 marks]
Total [16 marks]
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- 27 - 2224 -7101M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q2 | 5 marks

2.  recognising a quadratic in 3* (M1)
3x(3') +5%3 ~2=0

valid attempt to solve a quadratic equation (factorising, use of formula, completing

square, or otherwise) (M1)
—-5++/25+24
(3x3"=1)(3*+2)=0 OR 3" = (or equivalent) (A1)
1
3*:5 (or 3*=-2) (A1)
x=-1 A1

Note: Award the final A1 if candidate’s answer includes x =—1 and
x=log,(-2). Award A0 if other incorrect answers are given.

[5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q2 | 5 marks

-9- 2224 -7106M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q3 | 7 marks

3. (@ () L%,%J (acceptx:% and y:3\/73) A1

(i) METHOD 1

h .
using m= m with their midpoint OR gradient perpendicular to AC
changein x
OR m=tan30" (M1)
] (A1)
3
3
y= Tx OR y —% = ?(x—%) (must be written as an equation) A1

METHOD 2

attempt to find the vector equation of the line using a direction and a point
on the line (M1)

9
2
W3

direction vector is \ 2 or equivalent/parallel vectors (A1)
9 9 o 9
r—[ojm 2 1 orr=4 %2 | OR xj— 2 144l 2 |(orequivalent) A1
0) |33 33 v) |33 33
2 2 2 2

X
Note: Vector equation must be in the form r = or [ j:.
y

9 33

Allow equivalent parametric forms such as x = Et’ y= Tz .

[4 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q3 | 7 marks

—-10 - 2224 -7106M
Question 3 continued.
(b) substituting x = 6 into their equation (M1)
soatB y=23 (A1)

area of triangle OAB =%x6><2\/§ =63

area of quadrilateral OABC :12\/§ A1

[3 marks]

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q3 | 7 marks

-1 - 2224 -7106M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q5 | 8 marks

5. (a) vy :% (must be written as equation with y =) A1
[1 mark]
() @@ 2 A1

(i) EITHER

2(x+3
(x ) =mx+1

3(x+ 2)

attempt to expand to obtain a quadratic equation (M1)

2x+6=3mx*+6mx+3x+6

3mx2+(6m+l)x:0 OR 3mx* +6mx+x=0 A1
recognition that discriminant A =0 for one solution (M1)
2
(6m + 1) =0
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q5 | 8 marks

—14 —

Question 5 continued.

=mx+1

attempt to expand to obtain a quadratic equation

2x+6=3mx’> +6mx+3x+6

3mx’ +(6m+1)x =0 OR 3mx* +6mx+x=0

attempt to solve their quadratic for x and equating their solutions

x(3mx+6m+l):0

x=0 OR x=-2"* ()
3m
_6m+1=0
3m
OR

attempt to find f"'(x) using the quotient rule

f'(x)zg((x+2)_()i+3)j:£ -2 2} OR 2(3x+6)—3(22x+6)
3L G+ 3(x+2) (226)
equivalent

recognition that m is the derivative of f(x)at x=0

THEN

=S>m=——
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2224 -7106M

(M1)

A1

(m1)

(M1)

A1

(mM1)

A1

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q5 | 8 marks

-15— 2224 -7106M

Question 5 continued.

(iif)

Note: In this part, FT may be awarded only for values of m between —1 and 0.

LIPS A2
6

Note: Award A7 foronly m > —% . Award A1 foronly m <0 .

[7 marks]
Total [8 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q3 | 6 marks

3. (@ I=2x10"°|= ! (units)
500000

(b) substitutes their doubled /-value from part (a) into L

L=10log,,(2x10°x10"?) (=63.0102...)

=63.0 (decibels)

A1

[1 mark]

(mM1)

A1

Note: Accept 60+10log,,2 (decibels) as a final answer.

Do not award the final A7 for L=0 (from 7 =10"").

(c) 115=10log,,(/x10")

attempts to solve for 1

11.5

ST

(or equivalent) (=0.316227...)

1=0.316 (units)

[2 marks]

(A1)

(M1)

A1

Note: Accept exact final answers such as 10™*° and

S‘_
(e
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Total [6 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q3 | 6 marks

-10 - 2224 -7107M
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q6 | 5 marks

6. (a) attempt to find critical values (M1)
X = 3 x=06 (A1)
2 b
3 <x<6 A1
2
‘ Note: Allow equivalent, and/or interval notation.
[3 marks]
3
b) k== A1
(b) >
since we require 2x° —15x+18>0 (and f must be one to one) R1
OR
Does not obey horizontal line test for x > E R1
[2 marks]
Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q1 | 7 marks

1. (@ O fO)=-11

(i)  —1.80650...
£(20)=—-1.81 (=11\/%—51 =22«/§—51)

(b) attempt to find at least one root
x=1.72622... and x=17.5237...
x=1.73 and x=17.5
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A1

A1

[2 marks]
(mM1)
A1

[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q1 | 7 marks

-8- 8824 -9701M

Question 1 continued.

(c)

> <

5 10 15 20

15

A1A1A1

Note: Follow through from their part (a).
Award A1 for endpoints at approximately (0,-11) and (20,-1.8). Allow for y-intercept
—12 < y <—10 and for the right endpoint in the interval x =20,-2< y<—1.
The following two A marks may only be awarded if the approximate shape is correct.

Award A1 for x-intercepts at approximately x=1.7 and x=17.5and award A7 for maximum
at approximately (7.6,4.1) . Allow for x-intercepts in the intervals 1<x<2,17<x <18, and

maximum in the intervals 6.5<x<8.5, 3.5<y<5.

[3 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q5 | 5 marks

5. METHOD1

recognition that 4x° —rx+ 7 —1 must be greater than zero (seen anywhere) R1
(discriminant =) (=r)’ —4(4)(r—1) (=r”~16r+16) (seen anywhere) (A1)
1.07179... (: 8— 4J§) AND 14.9282... (=8+43) (seen anywhere) (A1)
recognition that discriminant of 4x> —rx+r—1 is less than zero (M1)
1.07<r<149 (8-4V3 <r<8+443) A1

Note: Accept 1.08<r<14.9.

METHOD 2
recognition that 4x* —rx+ 7 —1 must be greater than zero (seen anywhere) R1
EITHER
r r 2 r
minimum when x=§:>(y=)4(§j —r(gjﬂf—l (>0) (A1)
attempt to solve their inequality for y (must be in terms of » and »*) (M1)
OR
2 2
x<1:>r>4x lORx>1:>r<4x ! (A1)
x—1 x—1
, . . 4x* -1
attempt to find local minumum AND local maximum of » = " (M1)
x_
THEN
(r>)1.07179... (:8—4\/5) AND (r<)14.9282.. (: 8+4J§) (seen anywhere) (A1)
107 <r <149 (8-4J3 <r<8+43) A1
Note: Accept 1.08 <r<14.9.
[5 marks]
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-14 - 8824 -9701M
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q12 | 21 marks

12. (a) attempt to use quotient rule
dy (x+k)(4x+6)—(2x’+6x-3)
dx (x+k)2
—(2x*+6x-3 L2
Note: Award A1 for = HOUEI+O) g e (2 * ) 2x —6x+3
(x+k) (x+k) (x+k)

_4x? +4kx+6x+ 6k —2x*—6x+3

> or equivalent leading to AG line
(x+k)

_ 2x* +4kx + 6k +3
(x+k)2

Note: Candidates may use product rule, give marks accordingly. ‘

(b) local min or max when % =0, when 2x’ +4kx + 6k +3 =0 has real solutions.

attempt to find the discriminant of numerator

(4k)" —4x2(6k+3)(=2k> -6k —-3<0)

attempt to find the critical values of their quadratic equation or inequality

34415

2

k =3.43649...0R k =-0.436491...0R k =

3+«/B

2

k> 3.44[: J (since k is positive)

Note: Accept k£ >3.44.
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m1

A1A1

A1

AG

[4 marks]

(M1)
(A1)

(M1)

A1

[4 marks]

A1
[1 mark]

continued...



Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q12 | 21 marks

- 27 — 8824 -9701M
Question 12 continued.
(d) METHOD 1
2 —
20 H6x=3 o (A1)
x+2
2 —_—
attempts division on M M1
x+2
2x* +6x-3 2x-3
——=2x+
x+2 x+2
=2x+2+... (A1)
asymptote is y =2x+2 A1
METHOD 2
let asymptote be y =ax+5b
2 J—
gz—igx——izax+b+ M1
x+2 x+2
2x2+6x—3:(ax+bﬂx+2)+c
equates coefficients of x*and x: (M1)
a=2 A1
6=2a+b
b=2 A1
(y =2x+ 2)
continued. ..
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q12 | 21 marks

- 28 — 8824 —-9701M
Question 12 continued.
METHOD 3
2
204683 A1
x+2
2x* +6x-3 2x-3
- ~ 2x=
x+2 x+2
attempt to find the limitas x »> « M1
lim2X=3 _» A1
¥ x 42
y=2x+2 A1
[4 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q12 | 21 marks

-29- 8824 -9701M
Question 12 continued.
(¢) METHOD1
EITHER
2
for k=2, d_y:2x+—8x-|2—15 A1
dr  (x+2)
attempt to write Y in the form p + q > OR to write d_y_2 in the form q 5 M1
dx (x+2) dx (x+2)
OR
y=2x+2- A1
x+2
Note: Follow through from their part (d).
attempt to find Y in the form d—y:p+ el 5 M1
dx dc U (x+2)
THEN
Yoge T or¥ T A1
dx (x+2) dx (x+2)
. dy
since >>0 for xeR, x#-2, —>2. R1
(x+2) dr

Note: Award a maximum of ATM1AORO for a graphical approach which includes a

horizontal asymptote at 2, showing that % >2.

A
v

continued...
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q12 | 21 marks

-30 - 8824 —-9701M
Question 12 continued.
METHOD 2
2
for k=2, d_y — 2x+—8x-|2—15 A1
dx (x+2)
2
clear assumption that 2x+—8xt15 < M1
(x+ 2)
(26 +8x+15<2(x+2)" =)15<8 A1
e dy
contradiction implies that a >2 R1
Note: Award ATMOAORO for solutions which work backwards from
2
2x+—8xtl'5>2 to arrive at 15 > 8.
(x+2)

[4 marks]

A

curve Cin approx correct place, with negative y-intercept and part of the curve in 4™
quadrant A1

Note: The following A7 marks should be awarded independently provided there is
an attempt to draw both branches of y = f(x).

vertical asymptote in approx correct place A1
oblique asymptote in approx correct place A1
approx correct asymptotic behaviour of C relative to both asymptotes A1
[4 marks]

Total [21 marks]
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

2. (a) (i) attemptsto solve (M1)
EITHER
x:—4i./4 2—4(1)(1)
OR
(x+2)"=3(=0)
OR
(x+2+\/§)(x+2—\/§)(=0)
THEN
x==2%3 A1A1

Note: Award A1 for —2+\/§ and A1 for —2—\/5.

[3 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

-17 — 8824 - 9702M
Question 2 continued.

(i) METHOD 1

1 x—2+J§
2-3 2+

Note: Only award (M1) if the roots are in the form si\/;.

attempts to find their

(m1)

—2+\/§ 2 2
=———— and (-2) - J3) =1 A1

hence the roots form a reciprocal pair AG

1
Note: Award as above for attempting to show that -2 —\/3 .

—2+\/§:

METHOD 2
considers the product of their roots (M1)

Note: Only award (M1) if the roots are in the form si\/;.

(2281 A

hence the roots form a reciprocal pair AG
METHOD 3

. cf 1

considers —(z —j (M1)
a\ 1

the product of roots is 1 A1

hence the roots form a reciprocal pair AG

[2 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

-18 —

Question 2 continued.

(.1 (.= 7
(b) roots are i | =1,-,=cis iz , =€
i

EITHER

| R
-1 1 -1

Note: Award as above for showing that l: —1 OR stating that l: —i.
1

1

OR

ix-i=1 OR ixl:l
i

OR
the product of roots is 1
THEN

hence the roots form a reciprocal pair

=ax’ +bx+a

=p(x)

Note: Award as above for showing that ——=

_ 1]_1
p X x2

b

+ —

X

+a
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(A1)

A1

A1

A1

AG
[2 marks]

(A1)

A1

AG

[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

19— 8824 —9702M
Question 2 continued.
(d) METHOD 1
p(a)=0:>a”p(é)=0 A1
EITHER
a”iO(asaiO):p(éjzo R1
OR
a #0 (hence a”¢0):>p(é):0 R1
THEN
SO é is also a root AG
Note: The R1 is dependent on the A1. ‘
[2 marks]

METHOD 2

B
(2o .

for o #0 (seen anywhere), p(a)=0= (ij p(a)=0 and so p(lj =0 R1
o a
1 .
so — is also a root AG
a

Note: The R1 is dependent on the A7. ‘

[2 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

Question 2 continued.

(e)

METHOD 1

p(X)=X"p(

—-20-—

g

ol

attempts to s

ubstitute for p(x) and ¢(x) into f(x)=p(x)q(x)

0ol )

i

(and n+m is the degree of f')

hence f is a palindromic polynomial.

METHOD 2

attempts to s

ubstitute for p(lj and q(lj into f(lj:p(qu(lj
X X X X X

i)
X

p(x)g(x) and f(x)=p(x)g(x) (and n+m is the degree of f)

hence f is a palindromic polynomial.
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(A1)

(mM1)

A1

A1

AG

(A1)

(mM1)

A1

A1

AG
[4 marks]

continued...



Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

— 21 —
Question 2 continued.

METHOD 3

for example, p(x)=a,x" +a, x"" +..+a, x+a, AND
q(x)=b,x"+b, x"" +..+b, x+b,

attempts to multiply out their p(x)g/(x)

Note: Only award (M1) for polynomials of degree n and m respectively with
different corresponding coefficients.

n-m-1

p(x)g(x)=a,b,x"" +(a, b, +ab, ) x""" +..+(a,_b, +ab, )x+ab,

Note: Award A1 for the first and second terms and A1 for the penultimate and last
terms.

hence f is a palindromic polynomial

()  METHOD 1

attempts to expand the product of two quadratic factors
EITHER

v v 237 Fux+vx+1
OR

x* +(u +v)x3 +(uv+2)x2 +(u +v)x+l

THEN

equates coefficients and forms a system of two equations in u and v
u+v=2and uv+2=-1 (uv:—3)

attempts to solve their system of two equations

u=-1,v=3 OR (f(x):)(x2 —x+1)(x2 +3x+l)

Note: Candidates must attempt to form and solve a system of equations in u and
v. Hence, award no marks for working backwards from either decimal or
exact values of roots given by a GDC.

Award A0 for u =—1,v=3 and u =3,v=-1 both specified.
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A1

(M1)

A1A1

AG
[4 marks]

(mM1)

(A1)

(A1)

(mM1)
A1
(m1)
A1

continued...



Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

-22- 8824 —9702M
Question 2 continued.
METHOD 2
attempts to divide one of (x2 +ux+1) or (x2 +vx+1) into f(x) (M1)
EITHER
for example, the quotient is x* +(2—u)x+u’ —2u—2 A1
sets their quotient equal to x* +vx +1 (M1)
x +(2—u)x+u2 —2u-2=x>+vx+1
u’'—2u-2=1and 2—u=v A1
attempts to solve their equations for u and then v (or vice versa) (M1)
OR
for example, the remainder is u (—uz +2u + 3)x + (—uz +2u+ 3) A1
sets their remainder equal to zero (M1)
attempts to solve for u (or v) (M1)
u=-1,3and u+v=2 A1
THEN
u=-1v=3 OR (f(x):)(xz—x+1)(x2+3x+l) A1
Note: Award A0 for u =—1,v=3 and u =3,v=—1 both specified.
continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

- 23 - 8824 - 9702M
Question 2 continued.
METHOD 3

considers f'(1), for example (M1)
(u+2)(v+2)=5 A1
considers f(2), for example (M1)
(2u+5)(2v+5)=33 A1
attempts to solve their system of two equations (M1)
u=-1v=3 OR (f(x)=)(x"—x+1)(x*+3x+1) A1

Note: Award A0 for u =—1,v=3 and u =3,v=—1 both specified.

[6 marks]
(g) attempts to solve x* +2x° —x* +2x+1=0 (M1)
‘ Note: Award (M1) for attempting to solve one of their quadratic equations.

liﬁi,—iiﬁ A1A1

2 2 2 2

Note: Award A1 for lJ_rﬁi and A1 for —ziﬁ.
2 2 2 2

[3 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q2 | 28 marks

- 24 — 8824 - 9702M
Question 2 continued.

(h) METHOD 1

consider p(x)=x"+ax"" +a,x" 7 +..+ a,x* +ax +a,(=0)

attempts to find p(-1) (M1)
p(=D)=(=1)"+a,(-1)"" +a,(=1)"" +.ta, (=1) +a (-1)+1 (A1)
=(-1)+a,—a,+..+a,—a, +1 A1

(since n is odd), p(x) has

EITHER
n+1 terms so all terms cancel giving p(—1)=0 R1
OR
an even number of terms so all terms cancel giving p(—1)=0 R1
THEN
hence —1 is always a root AG
METHOD 2
considers the product of roots of a polynomial equation of degree n
(M1)
(=) a,
al’l
product of roots is (1) (seen anywhere) A1
(for n odd) there are nT_l reciprocal pairs of roots A1
product of each reciprocal pair is 1 and (—1)" =—1 (since n is odd) R1
hence —1 is always a root AG
continued...
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- 25— 8824 —9702M

Question 2 continued.

METHOD 3

consider p (x) =x"+ax"" +a,x"7 +.+a,x +ax+a, (= 0)

considers p(x):x”p(lJ with x =-1 (M1)
X

p(=)=(-1)"p(-1) A1
p(-1)==p(-1) (2p(~1)=0) (since n is odd) A1
hence p(—1)=0 R1
hence —1 is always a root AG
[4 marks]

Total [28 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ1 | Q10 | 18 marks

10. (a) METHOD 1

a=>5 (A1)
attempt to use roots and symmetry to find 4 (M1)
h= (_I)erﬁ OR half the distance between the roots w =1 (may be
seen on a diagram)
h=-2 (accept x=-2) (A1)
[(x)=5(x—(-2))" =5(=5(x+2)* -5) A1
(a=5 h=-2,k=-5)
METHOD 2
a=5 (A1)
attempt to expand
(x+1)(x+3)=x"+4x+3 OR 5(x+1)(x+3)=5x"+20x+15
EITHER
uses their expansion to attempt to complete the square to the form (M1)
p(x+q)* +r where q is half the coefficient of their x term
=(x+2)" -2 +3(=(x+2)"~1) OR 5[(x+2)2 -2 +3}(= 5(x+2)"-5) (A1)
OR
uses their expansion to attempt to differentiate and sets equal to zero (M1)
d—y:2x+4:0 OR d—y:10x+20:0
dx dx
h=-2 (accept x =-2) (A1)
OR
uses their expansion to attempt to find axis of symmetry using / = ;— (M1)
a
h="2orn="2
2 10
h=-2 (accept x =-2) (A1)
THEN
f(x)=5(x=(-2)) =5(=5(x+2)" -5) A1
(a=5 h=-2,k=-5)
[4 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ1 | Q10 | 18 marks

-19 - 2225 -7106M
Question 10 continued.
(b)
y
15
y=f(x)
X

-3 1

(-2,-95)
M1A1A1A1

award M1 for a roughly symmetric curve which is concave up
award A1 for x intercepts at -3 and -1

award A1 for y intercept at 15
award A1 for vertex at (-2,-5)

[4 marks]
() 5(x+2)’-5<40 OR 5(x+1)(x+3)<40 OR (x+1)(x+3)<8leading to
(x+2)°<9 OR 5x>+20x-25<0 OR x>+4x-5<0 (A1)
valid attempt to find the critical values for their quadratic inequality (M1)
x+2=43 OR (x+5)(x—1)=0
x=5, x= (A1)
-5<x<1 A1
Note: Accept (x €)[-5,1] or equivalent.
[4 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ1 | Q10 | 18 marks

—-20-—

Question 10 continued.

d () (fog)x)=5(Inx+1)(Inx+3) OR 5(Inx+2)’-5 OR
5(Inx)* +20Inx+15

(i) attempt to replace x with Inx using their solution to part (c)

-5<lnx<l1

e <x<e

2225-7106M

A1

(mM1)

A1

Note: Accept (x €)[e”,e] or equivalent.

(€ (gof)(x)=In(f(x)
recognition that the domain requires £ (x)>0
(x+1)(x+3)>0

x<=3,x>-1

[3 marks]

(m1)

A1A1

Note: award A1 for critical values and A1 for correct inequalities.

accept (x e)(—oo,—3) U(-1,00) or equivalent.
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Total [18 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ1 | Q10 | 18 marks

-21- 2225-7106M

(M (1)
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q1 | 5 marks

1.
(@) —2 (accept (0,-2)) A1
[1 mark]
3 :
(b) y= E (must be an equation) A1

| Note: Do not accept # sign. ‘

[1 mark]

(c) attempt to reflect the graph of f in the x-axis OR one correct value seen (M1)

both correct values —% and 2 (seen anywhere) A1

3
——<y<2 A1
) y

[3 marks]
Total [5 marks]

-8- 2225-7111M
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q5 | 7 marks

(@) recognising A> 0 (seen anywhere)
A=k -4(15-k) (=k*+4k-60)
valid attempt to solve quadratic (in)equality

—4+ /4% —4(-60)
2

(k—6)(k+10) OR k=

two correct values —10 and 6 (seen anywhere)
k<-10, k>6

(b) recognising constant or product of roots is positive
15-k>0=> k<15
k<-10, 6<k<15
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(M1)
A1

(mM1)

A1

A1
[5 marks]

(mM1)

A1
[2 marks]
Total [7 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q5 | 7 marks

-13 - 2225-7111M
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q7 | 5 marks

7. METHOD 1 (product of quadratic factors)

attempt to write as product of two quadratic factors (M1)
x4 px’ = 2x +gx -3 :(x2 +2x+1)(ax2 +bx+c)

= (" +2x+1)(x" +bx—3) OR (¥ +2x+1)(x* =3) A1
attempt to compare their coefficients (M1)
p=b+2 OR g=b-6 OR -2=2h+1-3

b=0 (A1)
p=2,q=-6 A1

METHOD 2 (double root)
let f(x)=x"+px’ =2x" +¢gx-3

recognition that f'(-1)=0 (M1)
ptq=-4 A1
recognition that f'(x)=0 at x =—1 since it has a double root (M1)

f(x)=4x"+3px* —4x+q
3p+q=0 A1
p=2,q=-6 A1

METHOD 3 (division by (x+1) twice)

attempt to use division with (x+1) to find remainder (M1)
p+q=—4 A1
attempt to use division once again with (x+1) to find remainder (M1)
qg+3p=0 A1
p=2,q=-6 A1

METHOD 4 (division by x> +2x+1)

attempt to use division to find remainder (M1)
(¢+3p)x+2p—4(=0) (orequivalent) (A1)
equating the coefficients of their remainder to 0 (M1)
g+3p=0and 2p-4=0 OR g—p+2=2(1-2p) and -3=1-2p (or equivalent) A1
p=2,q=-06 A1

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q7 | 5 marks

-15— 2225-7111M
Question 7 continued.
METHOD 5 (sum and product of roots)
let the four roots be —1,—1, and
attempt to set sum of four roots equal to —p OR product of four roots equal to -3 (M1)
Note: Award M1 for expansion of (x—l)2 (x—a)(x— ) leading to a quartic
X +(2-a-B)X +(af -2 -2B+1)x" +(20B-a—-B)x+af (=0)
(-D)+(-)+a+p=-p (= a+p=-p+2) and (-1)(-1)aB=-3 (= af =-3) A1
sum of product of pairs and sum of product of roots taken three at a time
off—-a—a-pf-p+1==-2 (:> aﬂ—2a—2ﬂ=—3) and
—aff-af+pf+a=—q (:>—2aﬂ+ﬂ+a:—q) A1
‘ Note: Award A1 for any two correct equations.
attempt to solve their four equations to obtain the value of p and q (M1)
off=-3and ¢f-2a-2p=-3 = a+p=0
p= 2, q= -6 A1
[5 marks]
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10.
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(@) 4°=8 OR f7'(x)=log,x OR f7'(8)=log,8 (A1)
attempt to use indices with same base OR change of base of logs (M1)
3 3 _ log, 8
2722 4°=4 OR f'(8)=log,4> OR [(8)=—2"
log, 4
3
f(8)== A1
2
[3 marks]
(b) (i) interchanging x and y (seen anywhere) (M1)
x=1+log,y OR y—-1=log,x
x—1=log,y OR 2" =x
-1 x-1 .
g (x) =2"" (or equivalent) A1
(i) METHOD 1
a horizontal translation/shift by 1 unit to the left (do not accept ‘move’)
1
followed by a horizontal stretch/dilation with scale factor E (accept horizontal
compression by a factor of 2)
one correct transformation A1
two correct transformations in the correct order A1
METHOD 2
1
horizontal stretch/dilation with scale factor 5 (accept horizontal compression A1
by a factor of 2)
vertical stretch/dilation with scale factor 2 A1
Note: A7s can be awarded independently here as order is not important.
[4 marks]
continued...
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-23- 2225-7111M
Question 10 continued.

(c) attempt to find composite function (in any order) M1

f(1+log, x) (= 4l+l°g2")
4X4log2x OR 4X2210g2x OR 4log22x OR 2(2+2log2x) OR 4(log44+2log4x) (A1)

2 2 og,(4x*

_4x2¢ OR 2% oR 4] A1
= 4x2 AG
[3 marks]

1 (2x—-1)(2x+1)+1

d [ 2x—1+ = A1
@ 0 * 2x+1 2x+1 (A1)
2
_AxT-1+1 A1
2x+1
2
P Y RS . . AG
2x+1 2x+1
‘ Note: Accept working from RHS to LHS.
(i) METHOD 1
3 1
enclosed area is J‘ (2x—1+ de
1 2x+1
attempt to integrate (at least one correct term or ln(2x+l) seen) (M1)
:xz—x+%ln|2x+l|(+c) A1A1
Note: Award A1 for x’—x and A1 for %ln|2x+1|.
1
Accept Eln(2x+1).
substitute correct limits into their integrated expression and subtract (M1)
1 1
=19-3+—=In7 |-|1-1+—=1In3
2 2
A= 6+llnZ A1
2 3
continued...
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- 24 - 2225-7111M
Question 10 continued.
METHOD 2
attempt to use integration by substitution (M1)
etu=2x+1 orR u=2x-1=%_»
dx
1 1 —1? 1 1
:—J. u—-2+—|du OR lJ‘(“ D du OR —I u+ du A1
2 u 2 u 2 u+2
correct integration
1, 1 1, 1
==’ —u+—Inful(+c) OR —u’+—Infu+2|(+c) A1
4 2 4 2
substitution of their limits into their integrated expression and subtract (M1)
49 1 1 25 1 I 1
=|—-7+—In7 |- 2—3+—ln3 OR —5+—ln7 —| —+—In3
4 2 4 2 4 2 4 2
1., 7 .
A= 6+Eln§ (or equivalent) A1
[7 marks]
Total [17 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ3 | Q2 | 5 marks

2. (a f(3)=-1 A1
[1 mark]
(b) -3<x<5 A1

Note: Award A7 for answers using interval notation [-3, 5] .

[1 mark]

€ (f'@x-7)=-3=)2x-7=f(-3) OR f'(-1)=-3 (M1)

2x-7=-1 (A1)
x=3 A1
[3 marks]

Total [5 marks]

-8- 2225-7116M
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4, (a) equating y=mx-3 and y=x"—-x-1 M1
¥’ —x—1-(mx-3)=0 OR x*—mx—x+2=0 A1
x> —(m+1D)x+2=0 AG

[2 marks]

(b) METHOD 1 (discriminant)

correct substitution into discriminant (do not award if seen only in quadratic formula) (A1)
(—(m+ 1))2 —4(1)(2) OR (m+1)*—4(1)(2) A1
discriminant equals 0 (seen anywhere) A1
(m+1)>=8 OR m* +2m—-7=0

(m=) —=1-242, —1+2/2 A1A1
METHOD 2 (derivative)

d—y:2x—1 A1
dx

+1
substituting m =2x—-1 or x= m into AG from part (a) (A1)

2
¥ —(2x—141)x+2=0 OR x*-2x’+2=0 OR (’"T”j —(m+1)mT+1+2:O

x=%J2 OR —m’—2m+7=0 OR m’+2m-7=0 A1
(m=) 242-1, =242 -1 A1A1
[5 marks]

Total [7 marks]

—9- 2225 -7116M
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6. (a)

OSSN (N S DS S S R—(

T

right branch with minimum in approximately correct position AND showing

asymptotic behaviourto y =5x+5 A1
1
asymptotic behaviour on both branches at x = Y A1
left branch reflected in x-axis with minimum in approximately correct position M1
oblique asymptote ( y = -5x—5) drawn in approximately correct position
(equation is not required) AND left branch with correct asymptotic behaviour A1
[4 marks]
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-11- 2225-7116M
(b)

y

8

4

X

=8
axes intercepts in approximately correct positions A1
local extrema in approximately correct positions A1

asymptotic behavior to y =0 on both sides OR asymptote at y =0 indicated on

sketch (by line or label etc. equation not required) A1
[3 marks]
Total [7 marks]
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2. EITHER

use of the remainder or factor theorem (M1)

f(1)=0O0R f(3)=-2

f()=2-6+p+q-2=0 (= p+g=06) (A1)

f(3)=162-162+9p+3g-2=-2 (=3p+q=0) (A1)

OR

attempt to use synthetic division OR long division to find remainder (M1)

(2x4 _6’53;”;‘2 S SRR +(p—4)x+p+q—4+%ql_6:>jp+q—6:0 (A1)

(2X4 —6x" +pr’ +gr-2 =2x +px+3p+q+wz>j9p+3q—2:—2 (A1)

x-3 x-3

THEN

solving simultaneously their two equations in p and ¢ (M1)

p=-3.4=9 A1

[5 marks]

-8- 2225-7117M
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1. (a) (i) attempts to find an expression for f*(x)

Note: For example, award (M1) for f(mx+c) seen.

=m(mx+c)+c

=m’x+cm+c

A(x)=m’x+c(1+m)

(i)  attempts to find an expression for f>(x)

Note: For example, award (M1) for f*(mx+c) or f(m2x+c(1+m)) seen.

EITHER

1 (x)=m*(mx+c)+c(1+m) (: m3x+mzc+c+cm)
OR

1(x) =m(m2x+c(l+m))+c (= m3x+mc+m2c+c)
THEN

f3(x):m3x+c(l+m+m2)
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(M1)

A1

A1

AG
[3 marks]

(mM1)

A1

A1

AG

[2 marks]

continued...
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—-8—
Question 1 continued

b 0 fl@=mx+c(l+m+m’+m’)

Note: Award A1 for equivalent forms, for example:
3
fy=m'x+cd m
i=0

f4(x):m3(mx+c)+c(l+m+m2)

f4(x):m(m3x+mzc+mc+c)+c

(i) f"(x):m”x+c(1+m+(m2+)...+m"'1)

n—l1 ) 1 _ mn
for example: ¢Y m' or ¢
i=0 l1-m

correct constant term.

Note: Award A1 for m"x and A1 for c(1+m+m2 +...+m"‘1) or equivalent,

For alternative forms, award A1 for the correct term in x and A7 for the

(i) METHOD 1

attempts to substitute m =1 into their f"(x)

f"(xX)=x+c(l+1+1+...+1)

f'(x)=x+nc

METHOD 2

f(x)=x+c

attempts to find £ (x) with their f(x) and m=1
fA(x)=f(x+c)=x+2c

= f"(x)=x+nc
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A1

[1 mark]

A1A1

[2 marks]

(m1)

(A1)

A1

(A1)
(M1)

A1
[3marks]

continued...



Mathematics: analysis and approaches HL | Paper 3 | May 2025 TZ3 | Q1 | 27 marks
—9—
Question 1 continued

(c) consider n=1

1

m j:f(x):mx+c,

fl(x)zmlx+c[11

hence true for n =1

Note: The substitution n =1 must be explicit for the R1 to be awarded.
Award RO for only considering n=2.

Subsequent marks after this RT mark are independent of this mark and can
be awarded.

assumetrue for n=k  (p(k) is true)

k

fk(x):mkx+c(11 m

—m

J (for some keZ")

Note: The assumption of truth must be apparent. Do not award M1 for statements
such as “let n=k" or “n=Fk is true” or “assume n =k is true”. Subsequent
marks after this M7 are independent of this mark and can be awarded.

EITHER
Attempting to find f(f" (x))

= £ (x)

OR
Attempting to find /(£ (x))

[ =41 (x))

fk(mx+c)zmk(mx+c)+c(ll_mkj

—-m
_ k

=l m" x+em* +c I-m
1-m
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R1

M1

(m1)

A1

(mM1)

A1

continued...
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-10- 2225-7118M
Question 1 continued
THEN
EITHER
attempts to put ¢ over a common denominator (M1)
k
m"*'x+cm L=m + cl=m)
1-m I-m
1-m*)+(1-
= mk“x+c[m( m)+( m)J (or equivalent) A1
1-m
OR
attempts to put cm* over a common denominator (M1)
k k
. cm (1-m) te 1-m
1-m 1-m
ol m* (1—=m)+(1-m")
=m""x+c (or equivalent) A1
1-m
OR
ok
recognizes that n can be expressed as a geometric series (M1)
—m
mk”x+cm(1+m+m2 +...+mk"l)+c
=mk+'x+c(1+m+m2+m3+...+mk) A1
THEN
k+1
=m"'x+c L=m A1
1-m
since true for n =1 and true for n =k +1 if true for n =k, hence true for all n(eZ") R1

Note: To obtain the final R1, four of the previous seven marks must have been
awarded.

The statement ‘true for n =1’ may be seen anywhere in the proof.

[8 marks]

continued...
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—-11 -

Question 1 continued

(d)

attempts to apply m" — 0 (as n — ) to at least one term in expression

‘ Note: Award (M1) for an equivalent statement/conclusion in words.
; 1-m" c
m'x —0 c - (as n— )
1-m 1-m
Note: Award (A1) for the correct term in x and A1 for the correct constant term. ‘
<
7 1-m
, 1-(-1)"
e [ "X)=(D)"x+c| ——
(€ () f'x)=(-1 [1_(_1)]
Note: Award A1 here if the above is seen in part (e)(ii).
o ; ’ 1-(=1)"
Award A0 for a missing bracket, for example: f"(x)=-1"x+c¢ W :
(-1)" =—1 (when n is odd)
" 1-(=1)
X)=—Xx+c| ——
[f ) (1—(—1)n
Note: The A7 and R71 mark can be awarded in either order. AOR1 is possible.
Award RO for arguments based on specific numerical examples.
f'(x)=—x+c
(i)  evidence that an even n has been considered
for example, (=1)* =1
Si(x)=x
Note: Award (M1)A1 for answer of x (need not be an equation).
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(M1)

(A1)A1

A1

[4 marks]

A1

R1

AG
[2 marks]

(M1)

A1

[2 marks]

Total [27 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q2 | 6 marks

2. (a) attempt to factorize at least one expression (M1)
X y (x—D(x+1) OR x(x 21) R x(x”=1) A1
(x=7(x-1) x+1 (x=7)(x"-1 (x=7D(x-D(x+1)
al AG
x—=7
[2 marks]

(b) METHOD 1 (combines given log terms)
attempt to use the subtraction/quotient property of logs (M1)

| )c(x2 —1)
o8 (x* = 8x+7)(x+1)

valid attempt to rewrite equation with (or without) logs on both sides (seen

anywhere) (M1)
log, X
2=—2_ OR log, (%) =log,2 OR 2 ¢ (,«77] =2! (A1)
x_ —
x=14 A1

METHOD 2 (uses log laws with LHS)

attempt to use 1=1og, 2 (seen anywhere) (M1)
attempt to use the subtraction/quotient property of logs (M1)
3_ x(x* =1
log, ["2—XJ =log, ((x*~8x+7)(x+1)) OR % = (x=1)(x=7)(x+1) (A1)
T ox-7
2
x=14 A1
[4 marks]
Total [6 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q4 | 8 marks

4. (a) METHOD1

x-coordinate of the vertex at A is 2 (A1)
attempt to substitute their x-coordinate into equation of line (M1)
2(2)-1(=3)
3=—(2) +4(2)+p A1
METHOD 2
x-coordinate of the vertex at A is 2 (A1)
attempt to substitute their x-coordinate into /() (M1)
f(2) =p+4
p+4=2(2)-1 A1
p=-1 AG
METHOD 3
attempt to complete the square on f'(x) (M1)
—(x - 2)2 +p+4
x,=2 OR y, =p+4 (A1)
p+4=2(2)-1 A1
p=-1 AG
Note: Award no marks if x =0 is substituted into —x*> +4x+ p =2x-1 to show p=-1.
[3 marks]
continued...
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-12 - 8825 -7106M
Question 4 continued.

(b) METHOD 1 (equating g(x) and 2x—1)
x -coordinate is% (seen anywhere) (A1)

attempt to find intersection points, equating g(x) and 2x—1 (M1)

X Hgx—1=2x-1

attempt to substitute their x -coordinate (M1)
— 2 —
2 2 2
q>—49=0 (A1)
q=4 (since g #0) A1

METHOD 2 (find coordinates of B in terms of g)

x -coordinate is _7 (A1)
EITHER
attempt to substitute their x-coordinate into y =2x—1 (M1)
2(_—qj—1 :>B(_—q,—q—1)
2 2
attempt to substitute their coordinates of B into g(x) (M1)
-9 ’ —q
—q-1=|—| +q| — |-1
! ( 2 ) "[ 2 j
OR
attempt to substitute their x-coordinate into g(x) (M1)
2 2 2 4
attempt to substitute their coordinates of B into the line (M1)

2 —
A, | i
4 2

continued...
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-13- 8825—-7106M
Question 4 continued.
THEN
q=4 (since g#0) A1
METHOD 3 (completing the square)
attempt to complete the square on g(x) (M1)
2 2
(1)
2 2
—q q’
Xy :7 OR y, :_7_ (A1)
attempt to substitute their coordinates of B into equation of line (M1)
2 p—
A | i
4 2
q>—49=0 (A1)
g=4 (since g#0) A1
[5 marks]
Total [8 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q3 | 8 marks

3. (a)

Ax+ B
x—4

substitute P(-10,1) or Q(3,-12) into y =

—-14=-104+ B (or equivalent)
12=3A4+ B (or equivalent)

attempt to solve their equations simultaneously

A=2,B=6

EITHER

attempt to express y in the form P + Q4
x e

OR

(mM1)

(mM1)

A1
[3 marks]

(mM1)

attempt to find one or both asymptotes using x—4=0 or y = a4 (dividing coefficients) (M1)
C

THEN

recognizing vertical asymptote at x =4 (may be seen anywhere, including labeled

on graph orin part (a)) OR horizontal shift 4 units to the right

A1

recognizing horizontal asymptote at y =2 (may be seen anywhere, including labeled

on graph or in part (a)) OR vertical shift 2 units up

2x+6:2+ 14

x—4 x—4

EITHER
horizontal translation 4 units to the right;

vertical stretch scale factor 14 followed by vertical translation 2 up.

Note: Horizontal translation may be seen anywhere; y -axis transformations must

be seen in the order above.

OR

4
vertical stretch scale factor 14; followed by translation (through/by) [J

Note: In this question, the transformations may be described using terms such as
translate or shift, and dilate or stretch. Do not accept “move” to describe a

transformation.
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(A1)

A1

A1

[5 marks]
Total [8 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q4 | 5 marks

Note: Candidates may approach this problem in different ways and may do their
steps in many different orders.
The M marks are independent and may be awarded in any order. Use the
description of each mark to determine when the mark may be awarded.

3log,10x —log, x =1

attempt to apply power rule, quotient rule, or product rule (seen anywhere)
attempt to apply change of base rule (seen anywhere)

correct equation with same base in all logarithms

' log, (10x)’
1 log, (10+) —log, x=1 (or

correct equation without logarithms
10vx =2 or Jx= %(: é} (or equivalent)

X=—

25
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(mM1)

(M1)

A1

equivalent)

A1

A1

[5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q5 | 8 marks

5. (a) ()

attempt to reflect graph in y-axis for x >0 M1

intercepts with x-axis and y-axis and clear cusp on y-axis in approximately the
correct places A1

Note: Award A1 for roots between 2 to 2.5, —=2.5 to —2 and y-intercept from —1.5
to —1.

continued...
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13—

Question 5 continued

(ii)

attempt to reflect graph in x-axis for y <0

8825-7116M

M1

intercept with y-axis, maximum point and two cusps on x-axis in approximately

the correct places

Note: Award A7 for cusps on x-axis between 2 to 2.5, =5 to —4 and

y-intercept from 1 to 1.5 and maximum point x-coordinate between

-3 1o 2.5 with ¥ =3

(b) recognition that |f(x)| > (f(x))2 when |f(x)| <1
x>2-493 OR x<5
x<-4.270R x2>0.292 seen
—493<x<-427,0292<x<5
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A1

[4 marks]

(mM1)

(A1)

A1A1
[4 marks]
Total [8 marks]
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6.  attempt to use remainder theorem P(—1)=12 or to divide P(x)by (x+1) (M1)
2-q+r=12 A1
(r—q = 10)

EITHER
a+pf=—Land ap=" (A1)
2 2
2_ 2 2 . q r
attempt to use (05+,B) =a" + " +2afwith o+ B = —Eand aff =3 (M1)
> 37 r
SIESH
2 4 2
37=q"—4r
attempt to solve two simultaneous equations in g and 7 by rearranging/eliminating a
variable (M1)
q° -37 5
r=10+q and r = 2 OR ¢=r-10 and ¢ =+/37+4r OR 37=¢"—-4(g+10) OR
37 =(r—-10)" —4r
OR
recognition that & and f are both roots of P(x) and adding the two equations (M1)
20 +qa+r=0and 28° +qf+r=0 then 2(0{2 +,82)+q(a+,[3)+2r:0
wipo_d (A1)
2
q ) , 37 C
useof o+ f = —Eand a +p =Tto form equation in g (M1)
37 1 1 77
2x———q"+20+2g=0=>—-—¢q" +2q+—=0 A1
7 54 q 9 29+ (A1)
continued...

Apollo | Original source crop | 178



Mathematics: analysis and approaches HL | Paper 2 | Nov 2025 TZ3 | Q6 | 7 marks

-13 - 8825-7117M
Question 6 continued
THEN
q = —7’ ]" = 3 A1
Note:

Award A0 if extra values for ¢ and 7 given without any indication that ¢ ==7,r =3 are chosen
as their final answer.

Award a maximum of (M1)A1(A1)(M1)(A1)(M1)AO if final answer given as ¢ =11 =21

[7 marks]
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