APOLLO

Calculus
SL

Mathematics: analysis and approaches
First assessment 2021
83 questions | mark schemes



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ1 | Q5| 7 marks

5. (@ f'(x)=-2(x-h) Al
[1 mark]
(b) g'(x)=e*? OR g'(3)=e** (may be seen anywhere) Al
Note: The derivative of g must be explicitly seen, either in terms of X or 3.
recognizing f'(3)=g'(3) (M1)
—2(3-h)=¢e*? (=e)
—6+2h=¢ OR 3—h=—§ Al
] Note: The final Al is dependent on one of the previous marks being awarded.
h-2t0 AG
2
[3 marks]
© f(3)=9(3) (M1)
~(3-h)’ +2k =" +k
correct equation in kK
EITHER
2
—(3—326] +2k =e*?+k Al
2 2
k:e+(6_e_6j :e+(_—ej Al
2 2
OR
2
k:e+(3——e+6J Al
2
2
k=e+9—3e—18+w Al
THEN
e2
k=e+— AG
4
[3 marks]

Total [7 marks]

Apollo | Original source crop | 2



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ1 | Q8 | 16 marks

8. (a) attempt to use quotient or product rule

o_* o) (o))

dx (X4)2 X
correct working
3
X*(1-4Inx _
:¥ OR cancelling x> OR 4I5nx+i5
X X X
1-4Inx

® =0

substitution of their X to find y
1
_Ine?

Apollo | Original source crop | 3

(M1)

Al

Al

AG
[3 marks]

(M1)

(A1)

Al

(M1)

Al

[5 marks]

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ1 | Q8 | 16 marks

—-15—

Question 8 continued

M21/5/MATHX/SPL/ENG/TZ1/XXIM

1
1
7|_20Ine*-9
(c) f"( “] - (M1)
4
= elS LZ_G_J Al
which is negative R1
hence P is a local maximum AG
\ Note: The R1 is dependent on the previous Al being awarded. \
[3 marks]
(d) Inx>0 (A1)
x>1 Al
[2 marks]
(e)
A
Y
P
X
] >
AlA1A1
Note:Award Al for one X-intercept only, located at 1
A1 for local maximum, P, in approximately correct position
A1 for curve approaching X-axis as X — o (including change in concavity).
[3 marks]

Apollo | Original source crop | 4

Total [16 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ2 | Q5 | 9 marks

5. (a)

(b)

|n(x2—16)=o
e’ =x*-16(=1)
x2=17 OR x=+/17

a=+17

attempt to differentiate (must include 2x and/or —; 16)
X —
2X
f'(x)=
(x) x* -16

. . L 1
setting their derivative = 3

2x 1
x*-16 3

x*-16=6x OR x*—6x—16=0 (or equivalent)

valid attempt to solve their quadratic
X=8

(M1)

(A1)
Al

[3 marks]

(M1)

Al

M1

Al
(M1)
Al

Note: Award AO if the candidate’s final answer includes additional solutions

(suchas x=-2,8).

Apollo | Original source crop | 5

[6 marks]
Total [9 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ2 | Q8 | 15 marks

8. (a) 6+6c0sx=0 (or setting their f'(x)=0)

cosx=-1 (or sinx=0)

X=m, X=37n

3n
(b) attempt to integrate I(6+6cos x Jdx
=[6x+6sin x]i"

substitute their limits into their integrated expression and subtract

=(18n+6sin3n)—(6m+6sinT)
:(6(3n)+0)—(6n+4n (=18n——6n)

area=12n

continued...

Apollo | Original source crop | 6

(M1)

AlAl

[3 marks]

(M1)

AlAl

(M1)

Al

AG
[5 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ2 | Q8 | 15 marks

-18 - M21/5/MATHX/SP1/ENG/TZ2/XXIM
Question 8 continued
(c) attempt to substitute into formula for surface area (including base) (M1)
n(2°)+m(2)(1)=12n (A1)
dn+27nl =12xn
2nl =8n
|1=4 Al
[3 marks]
(d) valid attempt to find the height of the cone (M1)
e.g. 22+h? =(theirl)’
h=+12 (: 23 ) (A1)
attempt to use V =%7zr2h with their values substituted M1
1 (5
volume = 4m12 = Sn\/§28_n Al
3 3 3
[4 marks]

Total [15 marks]

Apollo | Original source crop | 7



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ2 | Q9 | 14 marks

9. (a) setting s(t)=0 (M1)
8t—t*=0
t(8-t)=0
p=8 (accept t=8, (8,0)) Al

Note: Award AO if the candidate’s final answer includes additional solutions
(suchas p=0,8).

[2 marks]

(b) (i) recognition that when particle changes directionv =0 OR local maximum on
graph of s OR vertex of parabola (M1)

g=4 (acceptt=4) Al

(i)  substituting their value of g intos(t) OR integrating v(t)from t=0 to t =4 (M1)

displacement =16 (m) Al

[4 marks]

(c) s(10)=-20 OR distance=‘s(t)‘ OR integrating v(t)from t=0 to t=10 (M1)

distance=20 (m) Al

[2 marks]
10

(d) 16 forward + 36 backward OR 16+16+20 OR I ‘v(t)‘ dt (M1)
0

d=52 (m) Al

[2 marks]

continued...

Apollo | Original source crop | 8



Mathematics: analysis and approaches SL | Paper 1 | May 2021 TZ2 | Q9 | 14 marks

-20- M21/5/MATHX/SPL/ENG/TZ2/XXIM

Question 9 continued

(e) METHOD 1
graphical method with triangles on v(t) graph M1
49+(MJ (A1)
2

49+x* =52, x=+/3 (A1)

k=7+3 Al
[4 marks]

METHOD 2

recognition that distance :j|v(t)|dt M1

7 Kk

[(14—2t)dt+ [ (2t 14t

0 7

[14t-t2] +[t2 14t (A1)

14(7)-77 +((k* 14k ) -(7° ~14(7))) =52 (A1)

k=7++3 Al
[4 marks]

Total [14 marks]

Apollo | Original source crop | 9



Mathematics: analysis and approaches SL | Paper 2 | May 2021 TZ1 | Q1 | 6 marks

1. (@) correct integration 3x* +7x+c¢ A1A1A1

Note: Award A1 for 3x?, A1 for 7x and A7 for +¢

[3 marks]
(b) recognition that £ (x)= I £'(x)dx (M1)
3(12) +7(1.2)+¢=7.32 (A1)
c=-54
f(x)=3x"+7x—-5.4 A1
[3 marks]
Total [6 marks]

Apollo | Original source crop | 10



Mathematics: analysis and approaches SL | Paper 2 | May 2021 TZ1 | Q5 | 6 marks

5. (a) recognising v=0
t=06.74416...

=6.74 (sec)

Note: Do not award A1 if additional values are given.

(b) Iolo ‘v(t)‘dt OR _106‘74416“‘\,0) di+ -[6:(?4813;;‘}(0 de - -[91.(())8837mv(t) d
=37.0968...
=37.1 (m)

(c) recognizing acceleration at ¢ =7 is given by 1/(7)
acceleration =5.93430...

=5.93 (ms?)

Apollo | Original source crop | 11

(m1)

A1

[2 marks]

(A1)

A1
[2 marks]

(m1)

A1
[2 marks]
Total [6 marks]



Mathematics: analysis and approaches SL | Paper 2 | May 2021 TZ1 | Q9 | 15 marks

9. (@) Attempt to find the point of intersection of the graph of f/ and the line , = x (M1)

x=5.56619...
=5.57 A1
[2 marks]
(b) f/(x) — _45670.5,\' A1
attempt to set the gradient of /* equal to —1 (M1)
_45670.5x — _1
Q has coordinates (21n45,2) (accept (—21n4LS,2) A1A1
Note: Award A1 for each value, even if the answer is not given as a coordinate
pair.
1
IS n4s
Do not accept —42 or F as a final value for x . Do not accept 2.0 or
2.00 as a final value for V. '
[4 marks]
(c) attempt to substitute coordinates of Q (in any order)
into an appropriate equation (M1)
y-2=—(x-2In45) OR 2=-2In45+¢ A1
equation of Z is y=—x+2In45+2 AG
[2 marks]
(d) () x=In45+1(=4.81) A1

(ii) appropriate method to find the sum of two areas using integrals of the difference of two
functions (M1)

Note: Allow absence of incorrect limits. |

[ (e (~x+2In45+2))dx + j;_'::"'(90e-°-5x —(~x+2In45+2))dx  (A1)(A1)

4.806... .

Note: Award A1 for one correct integral expression including correct limits
and integrand.
Award A1 for a second correct integral expression including correct limits
and integrand.

=1.52196...
=1.52 A1
[5 marks]
(e) by symmetry 2x1.52... (M1)
=3.04 A1
’ Note: Accept any answer that rounds to 3.0 (but do not accept 3).
[2 marks]
Total [15 marks]

Apollo | Original source crop | 12



Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q2 | 4 marks
. I
2.  recognition that Y :J.COS X_Z dx

) T
y=sin| x—=| (+c)
4
substitute both x and y values into their integrated expression including c

2=ﬂn£+c
2

Apollo | Original source crop | 13

(M1)

(A1)

(M1)

Al

[4 marks]



Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q5 | 7 marks

5 (& f'(4)=6 Al
[1 mark]

(b) f(4)=6x4-1=23 Al

[1 mark]

() h(4)=1(g(4) (M1)

h(4) = f (4 -3x4)= f(4)

h(4) =23 Al
[2 marks]
(d) attempt to use chain rule to find h’ (M1)

f’(g(x))x g'(x) OR (x2 —3x)’ x f '(x2 —3x)
h'(4)=(2x4-3) f'(4*-3x4) Al

=30

y—-23=30(x-4) OR y=30x-97 Al
[3 marks]

Total [7 marks]

Apollo | Original source crop | 14



Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q7 | 16 marks

7. (@ () valid approach to find turning point (V' =0, —23, average of roots)
a

—E+2

4-6t=0 OR 4 OR

2(-3) 2

t=2 )

(i)  attempt to integrate v

[vdi=[(4+at-3t) dt =4t+2t° —t*(+c)

Note: Award A1 for 4t + 2t?, Al for —t°.

attempt to substitute their t into their solution for the integral

2 3
distance = 4(Zj+ 2(Ej _(gj
3 3 3

—§+§—£ (or equivalent)
3 9 27 q

88
=07 (m)

Apollo | Original source crop | 15

(M1)

Al

(M1)

AlAl

(M1)

Al

AG

[7 marks]
continued...



Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q7 | 16 marks

-17 - N21/5/MATHX/ISPL/ENG/TZO/XX/M
Question 7 continued.
(b)

"
4
0 | 2 8 t

valid approach to solve 4+4t—3t> =0 (may be seen in part (a)) (M1)
—-4+16+48

(2-t)(2+3t) OR ——— ——

correct x- intercept on the graph at t =2 Al

Note: The following two A marks may only be awarded if the shape is a
concave down parabola. These two marks are independent of each
other and the (M1).

correct domain from 0 to 3 starting at (0,4) Al

Note: The 3 must be clearly indicated.

. . 2
vertex in approximately correct place for t = 3 and V>4 Al

[4 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q7 | 16 marks

-18 — N21/5/MATHX/SPL/ENG/TZ0/XX/IM
Question 7 continued.
3
(c) recognising to integrate between 0 and 2, or 2 and 3 OR H4+4t —3t?| dt (M1)
0
2
[(4+at-3) dt
0
=8 Al
3
[(4+4t-3t%) dt
2
—_5 Al
valid approach to sum the two areas (seen anywhere) (M1)
2 3 2 3
fvdt—fvdt OR [vdt+|[vdt
0 2 0 2
total distance travelled =13 (m) Al
[5 marks]

Total [16 marks]

Apollo | Original source crop | 17



Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q7 | 16 marks

-19 - N21/5/MATHX/SP1/ENG/TZO/XXIM
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q9 | 14 marks

9. (@) f increases when p<x<0 Al

f increases when f (x) >0 OR f' is above the x-axis R1

‘ Note: Do not award AORL. ‘

[2 marks]
(b) x=0 Al
[1 mark]
() () f is minimum when X=p Al
because f'(p)=0, f'(x)<0 when X< Pand f'(x)>0 when X>p
(may be seen in a sign diagram clearly labelled as ")
OR because f' changes from negative to positive at X=
OR f'(p)=0 and slope of ' is positive at X=] R1
| Note: Do not award AO R1
(i)  f has points of inflexion when X=(, x=r and x =t A2
f’ has turning points at X=0, x=r and x =t
OR
f"(q)=0, f"(r)=0 and f"(t)=0 and f’ changes from increasing to
decreasing or vice versa at each of these X-values (may be seen in a sign
diagram clearly labelled as f"” and f') R1
’ Note: Award AO if any incorrect answers are given. Do not award AORL1. ‘
[5 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q9 | 14 marks

—-23 - N21/5/MATHX/SPL/ENG/TZO/XXIM
Question 9 continued.
(d) recognizing area from ptot (seen anywhere) M1
IR
p
recognizing to negate integral for area below x-axis (M1)

j'f )dx — _[f x)dx OR jf dx+j‘f‘(x)dx
t

=}

[ £(x)dx= £ ()=  (m) (for any integral) (M1)
(O 1(p) L1 10)] OR {(0)-(p)+(0)-1 (1) o
o)1)+ 1(p)]=20, 21 (0)-4-20 o
f(0)=12 AL
[6 marks]

Total [14 marks]

Apollo | Original source crop | 20



Mathematics: analysis and approaches SL | Paper 2 | Nov 2021 | Q7 | 14 marks

r @0 Aordogte o
42 84 42 84

time =4.10714... (hours)

time = 4.11 (hours) Al
(i)  AB=+215%+65% (=224.610...) (A1)
time = 5.34787... (hours)
time = 5.35 (hours) Al
[4 marks]
(b) () AD= \/(215— x)2 + 65 (A1)
215—x)° +657
t= \/( ) (A1)
42
215—x)’ +65° 2_
T X ) L X[ _x*-430x+50450 x L
42 84 42 84
(i)  valid approach to find the minimum for T (may be seen in (i) (M1)

graphof T OR T'=0 OR graphof T"'

X=177.472...km

X=177 km Al
(i) T =3.89980...

T =3.90 (hours) Al

Note: Only allow FT in (b)(ii) and (iii) for 0< X <215 and a function T that
has a minimum in that interval.

[6 marks]

continue...
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2021 | Q7 | 14 marks

—-15- N21/5/MATHX/SP2/ENG/TZ0/XX/IM
Question 7 continued.
J(215-x)’ +65° X
() () C=200- +150-— (AL)
84
valid approach to find the minimum for C(x) (may be seen in (ii)) (M1)
graph of C OR C'=0 OR graph of C'
x=188.706...km
X=189km Al
Note: Only allow FT from (b) if the function T has a minimum in
O0<x<215.
(i) C=670.864
C=8%671 Al
Note: Only allow FT from (c)(i) if the function C has a minimum in
0<x<215.
[4 marks]

Total [14 marks]

Apollo | Original source crop | 22



Mathematics: analysis and approaches SL | Paper 1 | Specimen 2021 | Q4 | 5 marks

4. attempt to integrate (M1)

u=2x2+1:%=4x

8x 2
—dx=|—d A1
J.\/2x2+1 J-\/u ! (A7)
EITHER

= dJu (+C) A1

OR

= 442x" +1(+C) A1
THEN

correct substitution into their integrated function (must have C ) (M1)
5=4+C=C=1

f(x)=4\/2x2+1+1 A1

Total [5 marks]

Apollo | Original source crop | 23



Mathematics: analysis and approaches SL | Paper 1 | Specimen 2021 | Q8 | 16 marks

8. (a) f’(x)=x2 +2x—15 (M1)A1
[2 marks]
(b) correct reasoning that f'(x) = 0 (seen anywhere) (M1)
X' +2x-15=0
valid approach to solve quadratic M1
(x —3)(x +5), quadratic formula
correct values for x
3,-5
correct values for a and b
a=-5and b=3 A1
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | Specimen 2021 | Q8 | 16 marks

-9- SPEC/5/MATAA/SP1/ENG/TZO/XX/M
Question 8 continued
() ()
y
N
20+
101
} ; > X
-10 45 0 10
101
-1
—201 A1
(i)  first derivative changes from positive to negative at X=ad A1
so local maximum at X=d AG
[2 marks]
(@ @)  f"(x)=2x+2 A1
substituting their b into their second derivative (M1)
f"(3)=2x3+2
S'(b) =8 (A1)
(i)  f"(b) is positive so graph is concave up R1
so local minimum at x = b AG
[4 marks]
(e) normalto f at X=d is x =—5 (seen anywhere) (A1)
attempt to find y-coordinate at their value of b (M1)
F(3)=-10 (A1)
tangent at x =b has equation y = —10 (seen anywhere) A1
intersection at (-5, —10)
p=-5and ¢ =-10 A1
[5 marks]
[Total 16 marks]
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Mathematics: analysis and approaches SL | Paper 1 | Specimen 2021 | Q9 | 16 marks

9. (a) attempt to use quotient rule (M1)
correct substitution into quotient rule
1
Skx(j—klnSx
' 5x .
f'(x)= > (or equivalent) A1
(kx)
k—kin5x .
= W,(k (S R ) A1
_ 1—;125)6 AG
[3 marks]
(b) f'(x)=0 m1
1- 1n25x _0
kx
In5x=1 (A1)
x=2 A1
5
[3 marks]
(€ f(x)=0 m1
21n 5)§ -3 _0
kx
In5x = 3 A1
2
3
S5x =e? A1l
1 3
so the point of inflexion occurs at X dez AG
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | Specimen 2021 | Q9 | 16 marks

—-11 -

Question 9 continued

(d) attempt to integrate
du 1
u=InsS5x=—=—
X

JIHSX

o dx=%.|.u du

EITHER

Llw

(9

2 75¢
. J- lnSxdx:[(IHSx) }
5

W | —

kx 2k

w | o

THEN

_L(S_lj
2k\ 4
5

8k
setting their expression for area equal to 3

SPEC/5/MATAA/SP1/ENG/TZ0/XX/IM

(mM1)

(A1)

A1

A1

A1

A1

A1
M1

A1
[7 marks]

Total [16 marks]
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Mathematics: analysis and approaches SL | Paper 2 | Specimen 2021 | Q6 | 7 marks

6. (a) use of a graph to find the coordinates of the local minimum (M1)
s=-16.513... (A1)
maximum distance is 16.5 cm (to the left of O) A1

[3 marks]

(b) attempt to find time when particle changes direction eg  considering the

first maximum on the graph of s or the first  — intercept on the graph of s’. (M1)
t=1.51986... (A1)
attempt to find the gradient of s’ for their value of t, s"(1.51986...) (M1)
=-8.92 (cm/s?) A1

[4 marks]

Total [7 marks]

-8- SPEC/5/MATAA/SP2/ENG/TZ0/XX/M

Section B

Apollo | Original source crop | 28



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q2 | 5 marks

3WX—5

JIx

p=—z

2. (a) _3-5x2

(b) j —d _3x_10x? (+¢)
substituting limits into their integrated function and subtracting
1 1
3(9) -10(9)? —[3(1) —10(1)2] OR 27-10x3-(3-10)

=4

Apollo | Original source crop | 29

Al

[1 mark]

AlAl

(M1)

Al
[4 marks]
Total [5 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q5 | 5 marks

5.  evidence of using product rule

dy k k k
—=(2x-1)x(ke")+2xe”™ (=e“(2kx—k+2
correct working for one of (seen anywhere)

dy at x=1= ke* + 2¢*
dx

OR

slope of tangent is 5e"

their . at x =1 equals the slope of y=5ex (= 5¢") (seen anywhere)

ke* + 2e* =5
k=3

Apollo | Original source crop | 30

(M1)
Al

Al

(M1)

Al

[5 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q7 | 14 marks

7. (a) EITHER

attempt to use X = —E (M1)
2a
-12
=_2x3
OR
attempt to complete the square (M1)

3(x—2)*-12+p

OR
attempt to differentiate and equate to 0 (M1)
f"(x)=6x-12=0
THEN
q=2 Al
[2 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q7 | 14 marks
-16 —
Question 7 continued
(b) (i) discriminant=0

(i) EITHER
attempt to substitute into b® —4ac

(-12)* -4x3x p=0

OR
f(2)=0
~12+p=0

THEN
p=12

(c) f"(x)=6x-12
attempt to find f"(0)
=6x0-12
gradient = —12

Apollo | Original source crop | 32

M22/5/MATHX/SP1/ENG/TZ1/XXIM

Al

(M1)
Al

(M1)
Al

Al

[4 marks]

Al
(M1)

Al
[3 marks]

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q7 | 14 marks

-17 - M22/5/MATHX/SP1/ENG/TZ1/XXIM

Question 7 continued

(d)

"/

AlAl
Note: Award Al for line with positive gradient, A1 for correct intercepts. |

[2 marks]
(e () a=2 Al
(i) x<2 Al

f"(x)<0 (for x<2) OR the f"is below the x-axis (for x<2)

— + " . . "
OR < /" (sign diagram must be labelled f") R1

2

[3 marks]

Total [14 marks]

Apollo | Original source crop | 33



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q9 | 15 marks

9. (a) () EITHER

attempt to use binomial expansion (M1)
1+ %C, x1x (—a) + °C, x1x (—a)* +1x (-a)°’

OR

(l1-a)l-a)l-a)

=(1-a)(1-2a+a’) (M1)

THEN

=1-3a+3a°-a’ Al
(i) a=cos2x (A1)

S0, 1—3c052X +3c0s° 2X —C0S* 2X =

(1-cos2x)® Al
attempt to substitute any double angle rule for cos2x into (1—cos 2X)3 (M1)
= (2sin*x)* Al
=8sin®x AG

Note: Allow working RHS to LHS. \

[6 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q9 | 15 marks

— 24—

Question 9 continued

M22/5/MATHX/SP1/ENG/TZ1/XXIM

(b) () recognizing to integrate j(4cosxx8sin6 x)dx (M1)
EITHER
applies integration by inspection (M1)
32j(cosx><(sin X)° )dx
:%SW X (+¢) Al
{gsiﬂx} (:gsiﬂm—gsinmj Al
7 0 7 7
OR
u:sinx:>d—u:cosx (M1)
dx
_[ 32cosx (sin® x) dx = ISZuedu
=327 (4) Al
2
{gsiﬂx} OR {guﬂ (:gsin7m—3—23in7oj Al
7 0 7 0 7 7
THEN
:gsin7 m AG
7
continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ1 | Q9 | 15 marks

—-25—- M22/5/MATHX/SP1/ENG/TZ1/XXIM

Question 9 continued

(i) EITHER
J'Ef(x) ax| =| Zsin'x |° [=22sin" E-32sin"m M1
n 7 T 27
i T 2 m=127 or g(1—sin7m):E (M1)
7 2 7 28 7 28
OR
joff(x)olxzj0 f(x)dx+jmff(x)dx M1
32 32 ., 127
—==Sn m+—
7 7 28 (M1)
THEN
. 1 1
sinf'm=— | == Al
128( 27j (A1)
. 1
sinm== Al
> (A1)
m=2 Al
6
[9 marks]

Total [15 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ2 | Q7 | 15 marks

7. (@ x=3

a

Note: Must be an equation in the form “x = ”. Do not accept 3 or ;—b =3.

() () h=3, k=4 (accept a(x—3)"+4)
(i)  attempt to substitute coordinates of Q
12=a(5-3)"+4, 4a+4=12

a=2

(c) recognize need to find derivative of f
f'(x)=4(x-3) or f'(x)=4x-12
f'(5) =8 (may be seen as gradient in their equation)

y—12=8(x-5) or y=8x-28

Note: Award A0 for L =8x—-28.
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Al

[1 mark]

AlAl

(M1)

Al
[4 marks]

(M1)
Al

(A1)

Al

[4 marks]

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ2 | Q7 | 15 marks

- 16— M22/5/MATHX/SP1/ENG/TZ2/XXIM

Question 7 continued

(d METHOD 1

Recognizing that for § to be increasing, f(x)-d>0,o0r g'>0

The vertex must be above the x-axis, 4—d >0, d -4<0
d<4

METHOD 2
attempting to find discriminant of g’

(-12)°" —4(2)(22-d)
recognizing discriminant must be negative

-32+8d<0 OR A<O
d<4

(e) recognizing that for g to be concave up, g" >0
g’>0 when f'>0, 4x-12>0, x-3>0

X>3
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(M1)

(R1)
Al

[3 marks]

(M1)

(R1)

Al

[3 marks]

(M1)
(R1)

Al
[3 marks]
Total [15 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ2 | Q8 | 15 marks

8. (a L+1:x—3 (M1)
X—4
x?—8x+15=0 OR (x-4)’=1 (A1)
valid attempt to solve their quadratic (M1)

(x—=3)(x-5)=0 OR x=8iV822_(f)(1)(15) OR (x-4)=11

Xx=5 (x=3, x=5) (may be seen in answer) Al
B(5, 2) (accept X=5,y=2) Al
[5 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2022 TZ2 | Q8 | 15 marks

-18 - M22/5/MATHX/SP1/ENG/TZ2/XXIM

Question 8 continued

(b) recognizing two correct regions from X=3 to X=5 and from X=5 to Xx=Kk

(R1)

k 5 k 5 k
triangle+jf(x)dx OR jg(x)dx+]f(x)dx OR I(X—B)dx+j(ﬁ+l)dx
5 3 5 3 5 -

. 2 2
area of triangle is 2 OR 2—22 OR [%—3(5))—(%—3(3))

correct integration

j(iujdx:m(x_zx)ﬂ (+C)

X—4

(A1)

(AL)(AL)

Note: Award Al for In(x—4) and A1l for X.

Note: The first three A marks may be awarded independently of the R mark.

substitution of their limits (for X) into their integrated function (in terms of X)
In(k—4)+k—(In1+5)

[In(x-4)+x]b=In(k-4)+k-5

adding their two areas (in terms of k) and equating to In p+8
2+In(k—4)+k-5=Inp+8

equating their non-log terms to 8 (equation must be in terms of k)

k-3=8

k=11

11-4=p

p=7
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(M1)

Al

(M1)

(M1)

Al

Al

[10 marks]
Total [15 marks]



Mathematics: analysis and approaches SL | Paper 2 | May 2022 TZ1 | Q5| 7 marks

5. (&) recognizing atrest v=0 (M1)
t =3.34692...
t =3.35 (seconds) Al

Note: Award (M1)AO for additional solutions to v=0 eg t=—0.205 or t =6.08.

[2 marks]

(b) recognizing particle changes direction when v=0 OR when t =3.34692... (M1)
a=-4.71439...

a=-4.71(ms?) A2

[3 marks]

6
(c) distance travelled = jo v|dt OR

[T (e 4 asin()dt— [ (e +4sin(t))dt (=14.3104...+6.44300..) (A1)
O C 3104...+ 6.44300...

=20.7534...
= 20.8 (metres) Al

[2 marks]

Total [7 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2022 TZ2 | Q2 | 5 marks

2. METHOD 1

recognises that g(x)= J.(3X2 +5ex) dx

g(x)=x’+5e*(+C)

\ Note: Award A1 for each integrated term.

substitutes x=0 and y =4 into their integrated function (must involve +C)
4=0+5+C=C=-1
g(x)=x*+5e" -1

METHOD 2

attempts to write both sides in the form of a definite integral

Ig'(t) dt = i(st2 +5e') dt

0

g(x)—4=x>+5¢e* —5¢°

Note: Award A1 for g(x)—4 and A1 for x*+5e* —5¢°.

g(x)=x*+5e" -1
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(M1)

(A1)(AL)

(M1)

Al

(M1)

(A1)

(A1)(AD)

Al

[5 marks]



Mathematics: analysis and approaches SL | Paper 2 | May 2022 TZ2 | Q6 | 7 marks

6. () recognises the need to find the value of t when v=0 (M1)
t=157079... (: E]
2
t=157 (: Ej (s) Al
2
[2 marks]
(b) recognises that a(t) =v'(t) (M1)

t, =2.26277..., t, = 2.95736...
t, =2.26, t,=2.96 (s) AlAL

Note: Award M1A1AO if the two correct answers are given with additional values
outside 0<t<3.

[3 marks]

(c) speedis greatestat t=3 (A1)
a=-1.83778...

a=-1.84 (ms? Al

[2 marks]

Total [7 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2022 TZ2 | Q6 | 7 marks

-16 - M22/5/MATHX/ISP2/ENG/TZ2/XXIM

Section B
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Mathematics: analysis and approaches SL | Paper 2 | May 2022 TZ2 | Q8 | 12 marks

8. (@ () 32(m)
(i)  h,(0)=sin(6)+27
=26.7205...
=26.7 (cm)

(b) attempts to solve h,(t)=hg(t) fort
t =4.00746...,4.70343...,5.88332...
t=4.01,4.70,5.88 (weeks)
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Al
(M1)

Al
[3 marks]

(M1)

A2

[3 marks]

continued...



Mathematics: analysis and approaches SL | Paper 2 | May 2022 TZ2 | Q8 | 12 marks

-20- M22/5/MATHX/SP2/ENG/TZ2/XXIM

Question 8 continued

(c) recognises that h,'(t)and h,’(t) are required (M1)
attempts to solve h,’(t)=h,'(t) fort (M1)
t=1.18879... and 2.23598... OR 4.33038... and 5.37758... OR 7.47197... and 8.51917... (A1)
4 5
Note: Award full marks for t:—n—3,—n—3, 7_n_3’8_n_3’@_3’ﬁ_3 .
3 3 3 3 3 3
Award subsequent marks for correct use of these exact values.
1.18879...<t1<2.23598... OR 4.33038...<t <5.37758...0R
7.47197...<t <8.51917... (A1)
attempts to calculate the total amount of time (M1)
3(2.2359...-1.1887...) LzS((s—n—SJ—(él—n—?,jU
3 3
=3.14 (=n) (weeks) Al
[6 marks]
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2022 | Q2 | 4 marks

2. g'(x)= 2xe" ! (A2)
substitute x =—1 into their derivative (M1)
g'(-1)=-2¢ A1

Note: Award AOMOAO in cases where candidate’s incorrect derivative is

g'(x)=e

x4+

[4 marks]
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2022 | Q5 | 5 marks

5.  recognizing need to integrate (M1)
9% 4 OR u=x+1 OR ¥ -2x
x“+1 dx
Pdu OR 3] - d (A1)
u x +1
=3ln(x2+1)(+c) or 3lnu(+c) A1

correct substitution of x=1and f(x)=5o0or x=1andu =2 into equation

using their integrated expression (must involve c) (M1)

5=3In2+c

2
f(x):3ln(x2+1)+5_3ln2 (=31n(x2 +1)+5—1n8:31n[x 2+1j+5J

(or equivalent) A1

‘ Note: Accept the use of the modulus sign in working and the final answer. ‘

[5 marks]
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2022 | Q3 | 6 marks

3. (a) (0.708519...,0.639580...)

(0.709,0.640) (x=0.709, y =0.640) A1A1
[2 marks]
(b) 1.09885...
x=1.10 accept (1.10,0) A1
[1 mark]

(c) METHOD 1

o1 ()] (A1)
4.61117...
area = 4.61 A2
METHOD 2
2 2
_J.1.098854..f(x)dx OR .[1.09885...|f(x)|dx OR 4.17527... (A1)
1.09885... 2
[ f(x)ax=[" = f(x)dx OR0.435901... +4.17527... (A1)
4.61117...
area = 4.61 A1
[3 marks]
Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2022 | Q7 | 16 marks

7. (a) initial displacementis s(0)

6 (m)

(b) velocity is s'
-2.29920

—2.30 (m/s)

(c) attempting to find ¢ when the particle changes direction

t =0.433007...AND 3.25575...AND 6.33965... (may be seen on a graph)

particle travels away from P when v >0 OR when s'>0

0<7<0.433007..., 3.25575...<t < 6.33965...

0<¢r<0433, 3.26<r<6.34
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(mM1)

A1

[2 marks]

(mM1)

A1

[2 marks]

(mM1)
(A1)

(mM1)

A1A1

[5 marks]

continued...



Mathematics: analysis and approaches SL | Paper 2 | Nov 2022 | Q7 | 16 marks

-16 - N22/5/MATHX/SP2/ENG/TZ0/XX/M

Question 7 continued

(d) recognizing that acceleration is a(z) =v'(z) OR a(t) =s"(¢) (M1)

attempting to find max/min on graph of velocity OR finding zeros on graph of

acceleration (M1)
b=1.23140..., ¢ =5.68959...
b=1.23, c=5.69 A1A1

[4 marks]

() METHOD 1 (using integral of velocity)

correct integral (accept absence of dz) (A1)

, 3.25575... 5.68959...
s'(¢)| dr OR —j v(7) dt+f3‘25575m v(¢) dt OR

1.23140...

J-5468959...| v(l‘) | dt OR J~bc

1.23140...

3.8560 + 15.696

19.5525...
total distance = 19.6 (m) A2

continued...
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2022 | Q7 | 16 marks

-17 - N22/5/MATHX/SP2/ENG/TZ0/XX/M

Question 7 continued
METHOD 2 (using differences in displacement)
finding displacement at 4, ¢ and local min on displacement graph (A1)

(b, 4.43306), (c, 16.2734),(3.25575, 0.577001) OR 4.43306,0.577001, 16.2734

correct approach (A1)

(4.43306-0.577001) + (16.2734-0.577001) OR towards P 3.85606 + away from

P 15.696
19.5525...
total distance = 19.6 (m) A1
[3 marks]
Total [16 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ1 | Q7 | 13 marks

7. (a) substitution of x=0 (M1)
(y=) 3 (accept (0,3)) A1

[2 marks]

(b) evidence of using the product rule (M1)
h'(x)=2¢" +2xe" A1

[2 marks]

(c) setting their derivative equal to zero (M1)
correct working (A1)

2¢*(1+x) (=0) OR —2x=2

x =—1 (seen anywhere, and must follow on from their derivative) A1

substituting their value of x into /(x) (M1)
2 o

y=—=+3 (=-2¢"+3) A1
e

A(—l,—g+3j
e

[5 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ1 | Q7 | 13 marks

-14 - M23/5/MATHX/SP1/ENG/TZ1/XXIM

Question 7 continued

(d)y (@) A"(x)=2e"+2e"+2xe"OR 2¢" +2e"(1+x) A1A1

Note: Award A1 for (2¢") =2¢" , Af for 2¢” +2xe*or (2x+2)e"

B'(x)=(2x+4)e" AG

(i)  recognition that 2" >0 OR attempt to find point of inflexion (M1)
since e* >0, 2x+4>0 OR 2x+4=0 (= x=-2)
x>-2 A1

[4 marks]
Total [13 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ1 | Q9 | 17 marks

9. (a) attempt to integrate v (integration of at least one term)

(s(2) =)—%t4 +%t3 —*+6t (+C)

Note: Award A1 for at least two correct terms.

substitution of 7 =1into their integrated expression

displacement = 51—1 :7—1 (m)
120 12

(b) attempt to differentiate v (differentiation of at least one term)

a(t)=-3+7t-2

(c) setting theirv'(z)=0
3> +7t-2=0

valid attempt to solve quadratic

(3t-1)(-2)=0 OR ~7+./49 —_:(—3)(—2)

1 1

t=—,2 (t=—may be omitted)

3 3

substitute their largest positive #-value into v(?)

greatest speed is 8 (ms™)
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(mM1)

A2

(m1)
A1

[5 marks]

(M1)
A1

[2 marks]

(mM1)

(M1)

(A1)
(mM1)

A1

[5 marks]

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ1 | Q9 | 17 marks

-18 - M23/5/MATHX/SP1/ENG/TZ1/XXIM
Question 9 continued
(d) attempt to check other boundary value at r =4 (M1)
v(4)=-64+56—-8+6 (=—10)
greatest speed is 10 ms™ A1
[2 marks]
(e) identifying correct intervals where speed increases (may be seen in integral) (A1)(A1)
1
t:§to t=2and t=k tor=4
fv(t)dt+ : v(r)|dt OR fvdt+ :vdl OR fv(t)dt— :v(t)dt A1
3 3 3
Note: Condone missing dr .
[3 marks]
Total [17 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ2 | Q5 | 6 marks

X

——dx
X +2

s a-
0

EITHER

attempts to integrate by inspection or substitution using u = x> +2 or u = x’

Note: If candidate simply states u = x*+2 or u = x°, but does not attempt to
integrate, do not award the (M1).

Note: If candidate does not explicitly state the u-substitution, award the (M17) only
for expressions of the form klnu or kln(u + 2).

c

) 2
[llnu} OR {lln(u+2)} OR Fln(x2 +2)}
2 2 2

2 0 0

\ Note: Limits may be seen in the substitution step.

OR

attempts to integrate by inspection

Note: Award the (M1) only for expressions of the form kln(x2 + 2) :

c

Bm(f +z)}

‘ Note: Limits may be seen in the substitution step.

0

THEN

correctly substitutes their limits into their integrated expression

%(m(c2 +2)-In2)(=In3) OR %m(c2 +2)—%ln2(= In3)
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(mM1)

A1

(mM1)

A1

(mM1)

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ2 | Q5 | 6 marks

-13- M23/5/MATHX/SP1/ENG/TZ2/XX/M
Question 5 continued
correctly applies at least one log law to their expression (M1)
1 42 2
Eln(c ; j(:ln3) OR ln\/cz+2—ln\/5(:1n3) OR ln(c ;2j21n9
c+2 c+2
OR In(c’+2)-In2=m9 OR In (=1n3) OR In (=1n3)

V2

‘ Note: Condone the absence of In3 up to this stage. ‘

2 2

2
+2_9 or JSF2 3 A1
? =16

Note: Award AO for ¢ =14 as a final answer. ‘

Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ2 | Q9 | 14 marks

9. (@ »'=9-x"OR y=+4/9-%’ A1
(since y>0) = y=4/9-x" AG
[1 mark]
(b) b=2y (=2 9—x2) or h=x+3 (A1)
aﬂempmtosubﬁﬁmethekbaseexmesﬁonandhe@htexmesﬂoniMO14:%bh (mM1)

2(x+3)Vv9-x’
A=+9—-x*(x+3) (orequivalent) | = ( é :x\/9—x2+3\/9—x2 A1
[3 marks]

., d4

(c) attempts to use the product rule to find o (M1)
attempts to use the chain rule to find %\/9—93 (M1)

dx 9—x*

— 52 2 9—x"—(x* +3x
(dA )9 X X" +3x [: )} A1

(%ZJW+(3H)@(9—)&)3(—zx) (:W—xz”’“J A1

a:

Jo-x* No-x V9 —x?
a4 _ 9—3x—2x" AG
dx V9—x?
[4 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2023 TZ2 | Q9 | 14 marks

—-22 - M23/5/MATHX/SP1/ENG/TZ2/XX/M
Question 9 continued
d4 9—3x—2x
@ ——=0|—F——= (m1)
dx 9—x?
attempts to solve 9—3x—2x> =0 (or equivalent) (M1)
+./(=3)? =4(-
—-(2x-3)(x+ 3)(: 0) OR x= 3t \/( 32)( ;)t( 20) (or equivalent) (A1)
=2 A1
2

Note: Award the above A1 if x =-3 is also given. |

substitutes their value of x into either y =+/9—x*> or y=—/9—x" (M1)

Note: Do not award the above (M1) if x <0 . ‘

:_@ :_ﬁ’:_ 2,:—«/6.75 A1
2 2 4

[6 marks]

Total [14 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2023 TZ1 | Q7 | 13 marks

7. (@ () 96 (°) (exact) Al
(i)  79.9970...
80.0 (°) (accept 80) Al
[2 marks]
(b) —-4.71976...
—4.72 (°C min) A2
[2 mark]
(c) 3 valid descriptors, in any order: A2

e at 3 minutes (or when t=3)
e cooling/decreasing (do not accept “changing”)
e 4.72°C min? (must include units) (accept approximately 5 deg/min)

[2 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 2 | May 2023 TZ1 | Q7 | 13 marks

- 17 —

Question 7 continued

(d)

(e)

(f)

METHOD 1

valid attempt to solve H(t) =67 (accept an inequality)

eg intersection of graphs, use of logarithms.
6.11058...
7 (min)

METHOD 2

valid attempt to find crossover values
(6, 67.4087...) and (7, 63.8406...)

7 (min)

recognition that t — oo
21(°C)

METHOD 1 (working with slopes of H)
valid attempt to analyse progression of slopes of H

lim H'(t) =0

METHOD 2 (working with H")

valid attempt to use H' and large values of t.
limH'(t)=0

t—>wo

Apollo | Original source crop | 62
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(M1)

(A1)
Al

(M1)
(A1)
Al

[3 marks]

(M1)
Al

[2 marks]

(M1)
Al

(M1)
Al

[2 marks]
Total [13 marks]



Mathematics: analysis and approaches SL | Paper 2 | May 2023 TZ2 | Q6 | 6 marks

6. (a) recognize that acceleration is zero when v’(t) =0 OR at a local maximum on the

graph of v

t, =0.394791...

t, = 0.395(: arctan [%D (seconds)

(b) recognition that v=0
sketch OR ¢#=4.71238... OR #=10.9955...

1, =10.9955...

z2=11.o(=77”)

10.9955... 4.71238... 10.9955...

(c) f|v|dz OR [ pfdt oR [ wde+ [ [vde(=6.53806..+1.29313..)

4 0.394791... 0.394791... 4.71238...
4.71238... 10.9955...

OR [ wvdi— [ vde(=6.53806..—(~1.29313..))
0.394791... 4.71238...

distance = 7.83118...

= 7.83 (m)
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(mM1)

A1

[2 marks]

(M1)

A1

[2 marks]

(A1)

A1
[2 marks]

Total [6 marks]



Mathematics: analysis and approaches SL | Paper 2 | May 2023 TZ2 | Q6 | 6 marks

-13 - M23/5/MATHX/SP2/ENG/TZ2/XXIM

Section B
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ1 | Q1 | 7 marks

1. (@ (i) recognizingthat f’ is needed (M1)
(f'(4)=) -2 Al

(i = Al

[3 marks]

(b) y+24:%(x—4) (y=0.5%—26) Al

[1 mark]

(c) attempt to find intersection of curve and their normal either graphically or
analytically (M1)

sketch showing intersection OR x* -10x = 0.5x - 26
(6.5,—22.8) (exact answer is (6.5,-22.75)) A1A1

[3 marks]

Total [7 marks]

-9- 8823 -7110M
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ1 | Q5 | 5 marks

5. (a) recognizing at rest when %:OOR Sis a minimum (M1)
g=4.05165...

=4.05 Al

[2 marks]

(b) METHOD 1

recognizing that integral of v(t) is required (M1)

J04'°5"'|v(t)|dt OR j04'05"'|%s(t)}dt OR U:'OS"'v(t)dt‘ OR —j:'os”'v(t)dt (A1)

Note: Only accept quv(t) dt‘ if their value of g does not result in the particle changing direction in the

first g seconds.

=8.51841...

=8.52 (m) Al
METHOD 2

recognition that total distance travelled is the difference between the initial

displacement and the displacement at minimum (M1)
initial displacement is 3.31841... AND at minimum is —5.2 (A1)

total distance travelled = 3.31841...—(-5.2)

=8.51841...
=8.52 (m) Al

[3 marks]

Total [5 marks]
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ1 | Q5 | 5 marks

-14 - 8823 -7110M
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ1 | Q7 | 14 marks

7. (@ wx’h=41 (A1)
attempt to rearrange AND substitute their h into the expression for the total

surface area (M1)

41
S= 2nX(—2j+4nX2 Al

X
s=-82, Anx’ AG

X
[3 marks]
) @ 2—8 = —% +8nx (or equivalent) AlAl
X X

Note: Award Al for each correct term.
Award A1AOQ if additional terms are given.

(ii) a=0 (M1)
—2—§+8na=0 (A1)
1
82 )3
T
[5 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ1 | Q7 | 14 marks

-16 - 8823 -7110M
Question 7 continued
s 3 ,
() (i) F =164x"+8n (orequivalent) A1A1
X
Note: Award A1l for each correct term.
Award A1AQ if additional terms are given.
(i) EITHER
2
substituting their value of x into their o (M1)
X
d’s
— =175.3982...
dx
=75.4 (=24m)>0  (75.7 from a=1.48) Al
OR
2
sketch of the graph of F with their value of x clearly indicated (M1)
X
d’s
- >0 at X=a Al
dx
THEN
therefore S is a minimum AG
(i)  attempt to substitute their value of a into S OR use of graph of S (M1)
82.9304...
minimum surface area = 82.9 (cm?) Al
[6 marks]

Apollo | Original source crop | 69

Total [14 marks]



Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ1 | Q7 | 14 marks

-17 - 8823 -7110M

Apollo | Original source crop | 70



Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ2 | Q1 | 7 marks

1. (@) () recognizing that f’ is needed (M1)
(f'})=)-2 Al
.. 1
(i) > Al
[3 marks]
(b) y+15=%(x—3) (y=05x—165) Al
[1 mark]

(c) attempt to find intersection of curve and their normal either graphically or analytically (M1)
sketch showing intersection OR x* —8x =0.5x—16.5

(5.5,—13.8) (exact answer is (5.5,—13.75)) AlA1

Note: Award A1l for 5.5 and A1l for -13.8.

[3 marks]

Total [7 marks]

-9- 8823 -7115M

Apollo | Original source crop | 71



Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ2 | Q5 | 5 marks

5. (a)

(b)

recognizing at rest when %:0 OR sis a minimum (M1)

q=5.73553...

=5.74 Al
[2 marks]

METHOD 1

recognizing that integral of v(t) is required (M1)

5.73.. 573. d 5.73.. 5.73...
[ vt or | ‘as(t)‘dt OR ‘ [ v(t)dt‘ oR -] v(t)dt (A1)

Note: Only accept quv(t) dt‘ if their value of g does not result in the particle changing direction

in the first g seconds.

=7.68302...
=7.68 (m) Al

METHOD 2

recognition that total distance travelled is the difference between the initial
displacement and the displacement at minimum (M1)

initial displacement is 3.38302... AND at minimum is -4.3 (A1)
total distance travelled = 3.38302...— (—4.3)

=7.68302...
=7.68 (M) Al
[3 marks]

Total [5 marks]

Apollo | Original source crop | 72




Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ2 | Q5 | 5 marks

-13- 8823 -7115M

Apollo | Original source crop | 73



Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ2 | Q7 | 14 marks

7. (@ wx*h=45 (A1)

attempt to rearrange AND substitute their h into the expression for the total
surface area (M1)

45
S =2nx (—2)+4nxz Al
X
S = 90 + 47x? AG
X
[3 marks]
b @ 3—8 = —2 +8nx (or equivalent) AlAl
X
Note: Award A1l for each correct term.
Award A1AO0 if additional terms are given.
(i) g3 =0 (M1)
dx
9 era=0 Al
1
90 \s
8n
[5 marks]
continued...

Apollo | Original source crop | 74




Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ2 | Q7 | 14 marks

-15- 8823 -7115M
Question 7 continued
o ass 3 .
© Vg =180Xx"" +8m (or equivalent) A1A1
Note: Award A1l for each correct term.
Award A1AOQ if additional terms are given.
(i) EITHER
’S
substituting their value of X into their d7 (M1)
d’s
— =75.39822...
dx
=754 (:24n) >0 Al
OR
2
sketch of the graph of W with their value of x clearly indicated (M1)
d’s >0 at X=2a Al
dx?
THEN
therefore S is a minimum AG
(iii) attempt to substitute their value of a into S OR use of graph of S (M1)
88.2401...
minimum surface area = 88.2 (cm?) Al
[6 marks]

Apollo | Original source crop | 75

Total [14 marks]




Mathematics: analysis and approaches SL | Paper 2 | Nov 2023 TZ2 | Q7 | 14 marks

-16 - 8823 -7115M

Apollo | Original source crop | 76



Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ1 | Q5| 7 marks

5. (a) recognising cosx = 2sin xcosx (M1)
(cosx * 0) so Sinx :E OR one correct value (accept degrees) (A1)
d u d o A1

X - coordinates —~ and —/—

6 6

Note: Award (M1)(A1)A0 for solutions of 30" and 150°.

[3 marks]
(b) METHOD 1
attempt to integrate *(cosx —sin2x) (M1)
sn sn
J.,f (cosx—sin2x)dx OR If (cosx—2sinxcosx)dx
2 2
St
. 1 O . R
= smx+§cos2x OR :[smx—sm x],f A1
z 2

Note: Award A1 for fcorrect integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into their integral and subtract M1

({5 o2 oo 2 o)
(g o i

|
area =— A1

4

Note: Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.

continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ1 | Q5| 7 marks

11— 2224 —7104M
Question 5 continued
METHOD 2
5n s5n n 1 %n
If cosxdx =[sinx]|¢ and If sin 2xdx = [_ECOS 2x} A1
2 2 2 >

‘ Note: Award A1 for correct integration. Condone incorrect or absent limits up to this point.

attempt to substitute their limits into their integral and subtract (for both integrals) M1
L (@ 1 Sm) 1
sin| — |-sin| = | and ——=cos| — |+—=cos(n)
6 2 2 3 2
attempt to subtract the two integrals in either order (seen anywhere) (M1)

Sn Sn
sin 5—ﬁj—sin - —lcos(s—n +lcos(n) OR Lf cosxdx—.[f sin 2xdx
6 2 2 \3 )72 = :

L)

4

Note: Award all corresponding marks as appropriate for finding the area between A and B.

Accept work done in degrees.

[4 marks]
Total [7 marks]

Apollo | Original source crop | 78



Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ1 | Q5| 7 marks

-12 - 2224 -7104M

Apollo | Original source crop | 79



Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ1 | Q7 | 14 marks

7. (@ () %:3)8_2)5—1 A1A1

Note: Award A1 for 3x> —2x and A1 for —1.

. dzy
(ii) 2 =6x—2 A1
[3 marks]
(b) setting their (quadratic) % to 0 and solve using valid method (M1)

(3x+1)(x-1)=0 OR x= 2+ (-2)' -4(3)(-1) [: 2i\/4+12J

2(3) 6
x:_%(OR x=1) A1
2

substituting one of their x values into — M1
EITHER

1 & 1
at x=——, —526(——]—2(: —4) <0 so local max R1

37 dx 3
OR

2

at x=1, 3;; =6(1)—2(=4) >0 solocal min hence local max at x = _é R1

Note: Award R17 only if the previous M1 has been awarded and there is reference to <0 or >0,
as appropriate.

continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ1 | Q7 | 14 marks

-15- 2224 -7104M
Question 7 continued
THEN
substituting their x-coordinate of A into y (M1)
(Y (LAY (D),
7 3 3 3
32
=== A1
Y
_ 1 32
so coordinates of Aare | ——,—
327
Note: This (M1)A1 may be awarded independently of the previous M1R1.
[6 marks]
2
(c) setting their jx{ t0 0 (M1)
6x—-2=0
M A1
3
[2 marks]
(d) gradient of tangent = —1 (A1)
negative reciprocal of their gradient (M1)
gradient of normal = 1
equationis y=x+1 (accept point/slope form y—1=(x-0)) A1
Note: Do not accept L=x+1.
[3 marks]
Total [14 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ1 | Q7 | 14 marks

-16 - 2224 -7104M

Apollo | Original source crop | 82



Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ2 | Q8 | 17 marks

8. (a) (i) METHOD 1

X A2x+2=(x+1)+1 A1
(x+1)°>0 R1
(x+1)°+1>0 AG
METHOD 2

discriminant A =4-8(=—4) A1

A <0 and concave up OR A<0 and coefficient of x> >0 (may be seen in

diagram) R1
hence x*+2x+2>0 AG

(i) x>-1 (accept x=>-1) A1
[3 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ2 | Q8 | 17 marks
—-21 =

Question 8 continued.

(i)  attempt to use the quotient rule

2(x* +2x+2)—(2x+2)(2x+2)

(x* +2x+2)°

S"(x)=

Note: Award A1 for first term in numerator, A1 for second term in numerator
(including the minus sign). If the numerator is correct, but the
denominator is incorrect or missing, award M1A1AO0.

_2x2+4x+4—4x2—8x—4 _2x2+4x+4—(4x2+8x+4)

/(%)

OR f"(x)

(x> +2x+2) (x> +2x+2)°

neoN —2x* —4x
(%)= (x* +2x+2)

Apollo | Original source crop | 84

2224 -7109M

A1

(M1)

A1A1

A1

AG

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ2 | Q8 | 17 marks

-22- 2224 -7109M
Question 8 continued.
(i)  substituting x =—1linto f"(x), clearly leading to positive numerator A1
" —2+4

=22 )
f"(-1)>0 R1
therefore this is a local minimum point AG

Note: Do not award AOR1.

[7 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ2 | Q8 | 17 marks
—23—

Question 8 continued.
(c) recognition to integrate f'(x)

[ 2x+2 1 . o
f(x)—J.—x2+2x+2dx OR Iudu with 2 = x% +2x +2

f(x) = ln(x2 +2x+ 2)(+c)
using initial conditions x=2,y=3+1In10 to find ¢
£(2)=In(10)+c=3+In(10)=>c=3

f(x):ln(x2+2x+2)+3

attempt to take the negative reciprocal of their f"(2)

gradient of normal = —%0

y—(ln10+3)=—§(x—2) (y:—§x+%+ln10j (

Apollo | Original source crop | 86

2224 -7109M

(M1)

A1

(M1)

A1

[4 marks]

A1

M1

y-In10-3 5

—— A1
x—2 3]

[3 marks]

Total [17 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2024 TZ2 | Q8 | 17 marks

- 24 - 2224 -7109M

Apollo | Original source crop | 87



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ1 | Q5 | 6 marks

5. (a) recognition that velocity is zero
V= 25in(0.5t)+ 03t-2=0
t=1.68694...
t=1.69

(b) recognition that v >0
1.68694...<t<6.11857...
1.69<t<6.12

(m1)

A1
[2 marks]

(mM1)

A1
[2 marks]

(c) attempt to substitute into the total displacement formula (condone missing or incorrect

limits, and absence of dr)
10 . 10

jo (2sin(0.5¢)+0.3t-2)dr OR jov(z)dt

=-2.13464...

=-2.13 (m)

Note: Award (M1)A0if —2.13 is followed by 2.13.

Apollo | Original source crop | 88

(m1)

A1

[2 marks]

Total [6 marks]



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ1 | Q5 | 6 marks

-14 - 2224 -7105M

Apollo | Original source crop | 89



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q2 | 6 marks

2. (a) attempts to find an intersection point (M1)
a=-0.916562... or b=0
a=-0917, b=0 A1A1

[3 marks]

(b) let 4 be the area of the region

EITHER
attempts to form the required integral involving subtraction (in any order). Accept
absence of limits or incorrect limits. Accept absence of dx. (M1)
OR
shows a graph with the required area shaded (M1)
THEN
b 0
A= U(f(x) —g(x))dx] = j (1 —x’ —ezx)dx (or equivalent) (A1)
a ~0.916562...
A=0.239855...
A=0.240 A1
[3 marks]
Total [6 marks]

Apollo | Original source crop | 90



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q2 | 6 marks

-9- 2224 -7110M

Apollo | Original source crop | 91



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q5 | 6 marks

5. (a) v=-0.996114..

v=-0.996 (ms™) A1
[1 mark]
(b)
considers Vv'(1)=0 (M1)
t=0.405833...

v =1.18230...

v .. =1.18 (ms”) A1
[2 marks]
(c) recognizes that the particle changes direction when v =0 (M1)

Note: Award (M1) for t =1.65840... seen.

finds acceleration for their value of t for which v(t) =0 (M1)
v'(1.65840...)
a=-2.53487...
a=-2.53 (ms?) A1
[3 marks]
Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q5 | 6 marks

-12 - 2224 -7110M

Apollo | Original source crop | 93



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q8 | 15 marks

8. (a) let 4, denote the area of the rectangle and A4, denote the area of the semicircle

one correct area A, =2xh OR A, :%n:x2

A=2xh +lTDC2 = x(2h+lnxj
2 2

(b) attempts to find a correct expression for the total perimeter

(P=)2x+2h+mx, base + 2xheight + half circunference

2x+2h+mx =10 OR 2h=10-2x—mx

h=%(10—2x—nx)

Apollo | Original source crop | 94

(A1)

A1

[2 marks]

(m1)

A1

AG

[2 marks]

continued...



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q8 | 15 marks

-18 - 2224 -7110M

Question 8 continued.

© L =3(th)+16an} (M1)(A1)

Note: Award (M1) for multiplying 2x4 by 3 and award (A1) for a fully correct
expression.

substitutes # =%(10—2x—m) into their expression for L m1

L= 6x(l(10—2x—nx)j+lnx2
2 2

:30x—6x2—37cxz+%nx2 [: 30x—(6+57njx2j A1
2 5 2

L=30x—-6x —Enx AG

[4 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q8 | 15 marks

-19- 2224 -7110M
Question 8 continued.
. dL dL
) (i) - 30—-12x—5mx (=30—(12+5m)x) (accept - 30-27.7x ) (M1)A1
(i)  recognition that a =0 (may be represented graphically) (M1)
x=1.08272...
x=1.08 [: 30 j (m) A1
12+ 57
correct reasoning to justify a maximum R1

L is a quadratic (function of x ) with a negative coefficient of x* (may be
represented as a sketch indicating maximum point) OR

a clearly labelled sign diagram showing the change in gradient OR

2
‘;xf ——12-51 (=-27.7079...) (<0)

(iii) attempts to substitute their value of x into & (M1)
h=2.21654...
h=2.22 (: M] (m) A1
12+ 57
[7 marks]
Total [15 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ2 | Q8 | 15 marks

-20- 2224 -7110M

Apollo | Original source crop | 97



Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q7 | 16 marks

7. (@) f(x)=—-2x+12 (accept y=—-2x+12,accept m=-2 and c=12) A1A1
Note: Award A1 for correct gradient, A1 for correct y-intercept
[2 marks]
(b) METHOD 1 Axis of Symmetry
-2
axis of symmetry is 2+6 (=2) (A1)
. —b o
equating ™ to their axis of symmetry (M1)
a
—b_,
-2
b=4 A1
METHOD 2 substitution
attempt to substitute (-2,0) or (6,0) into g (M1)
—(=2)*=2b+12=00r —(6)> +6b+12=0 (A1)
b=4 A1
METHOD 3 factored form
attempt to write g in factored form (M1)
g(x) = (x+2)(6-x)
—x+4x+12 (A1)
b=4 A1
METHOD 4 quadratic formula
attempt to substitute into quadratic formula and set equal to -2 or 6 (M1)
—b+.,/b* —4(-1)(12 —b+,[b* —4(-1)(12
b oaE(2) L b -a()(12)
2(-1) 2(-1)
b*—24b+144=b"+48 OR b’ +8b+16=5b" +48 (or equivalent, must not contain
radical) (A1)
b=4 A1
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q7 | 16 marks

- 14 - 8824 - 7104M
Question 7 continued
(c) recognizing to subtract g — f* (in correct order) (M1)
[[(= +4x+12) ~ (-2x +12) dx A1
0
60 2
IO (—x + 6x)dx AG
[2 marks]
(d) attempt to integrate (M1)
—§x3+3x2 (+C) A1
attempt to substitute limits into their integrated function and find difference (M1)
1 1
(——~63 +3-62J—(——-03 +3-02]
3 3

36 A1
[4 marks]
(e) g'(x)=-2x+4 A1
attempt to equate their derivative of g to their gradient of /' (M1)
2x+4=-2 A1
x=3 A1
y=15 A1
[5 marks]
Total [16 marks]
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q7 | 16 marks

- 15— 8824 —7104M

Apollo | Original source crop | 100



Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q9 | 17 marks

9. (a) outer curved surface area is 27 (4r)h AND inner curved surface area is 277h (A1)
area of each base (top and bottom) is 7r(4r)2 —r’ (A1)
S=2[7r(4r)2—7zr1+27r(4r)h+27zrh A1
=307r" +107zrh AG

[3 marks]

(b) 307 +10mrh =240n

attempt to solve their equation for /% or 7/ in terms of » (must isolate / or rh) (M1)
—_30;2 _ 32 240-307"
p= 28023071 24737 \oR rh :—(: 24—37”2) (or equivalent) A1
107 r 10
uses volume = large cylinder — small cylinder (M1)
V=n(4r) h-zr’h (=16zr’h—zr’h=157r"h) A1
attempt to substitute in for /4 or rh (M1)
24377 240-30r7
vV =157r — | OR ¥ =15zr| Z—="— |(=157r(24-3")) OR
r 10
384xr — 4871’ —24xr + 371 A1
=3607zr — 45711’ AG
[6 marks]
(c) d—V=360n—135nr2 A1A1
dr
[2 marks]
continued...

Apollo | Original source crop | 101



Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q9 | 17 marks

-18 - 8824 - 7104M
Question 9 continued
(d) METHOD 1 (working with r)
" . dv
recognition that (for a maximum) . =0 M1
r

3607 —1357r* =0

1350 3
[360( (8
r= =/ A1
135 \3
2
p=2 OR rzz\g A1

2
METHOD 2 (working with p\/; )

recognition that (for a maximum) d—V =0 M1
r
2
2
36071—1357{])\EJ =0
360-90p° =0
pZ — 4 A1
2
p=20Rr= 2\/; A1
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q9 | 17 marks

—19—

Question 9 continued

(e) attempt to substitute their value of » into V =360mr — 45

3
V:360nx2\/§—45n>< 2\/§
3 3
360nx2\/§—45nx8xgx\/§ :7207t\/§—2407r\/2
3 3 3 3 3
=4807t\/2
3

(¢ =480)

8824 —7104M

M1

(A1)

A1

[3 marks]
Total [17 marks]
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ2 | Q7 | 16 marks

7. (@  f(x)=-2x+8 (accept y=—-2x+8,accept m=-2 and c =8) A1A1
Note: Award A1 for correct gradient, A7 for correct y-intercept
[2 marks]
(b) METHOD 1 Axis of Symmetry
axis of symmetry is _2+4(=1) (A1)
. =b L
equating o to their axis of symmetry (M1)
a
by
-2
b=2 A1
METHOD 2 substitution
attempt to substitute (-2,0) or (4,0) into g (M1)
—(-2)>-2b+8=00r —(4)’ +4b+8=0 (A1)
b=2 A1
METHOD 3 factored form
attempt to write g in factored form (M1)
g(x)=(x+2)(4-x)
—x" +2x+8 (A1)
b=2 A1
METHOD 4 quadratic formula
attempt to substitute into quadratic formula and set equal to -2 or 4 (M1)
b+, [b* —4(-1)(8 ~b+./b* —4(-1)(8
e e e G R N e e[
2(-1) 2(-1)
b*—16b+64=b*+32 OR b*+8b+16=>b"+32 (or equivalent, must not
contain radical) (A1)
b=2 A1
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ2 | Q7 | 16 marks

Question 7 continued.

(c) recognizing to subtract g — f (in correct order) (M1)
[7(~>* +2x+8)—(~2x+8)dx A1

0
J:(—xz +4x)dx AG
[2 marks]
(d) attempt to integrate (M1)
—%x3+2x2(+C) A1

attempt to substitute limits into their integrated function and find difference  (M1)

(—1-43+2-42j—(—1.o3+2-02)
3 3

2 A1

[4 marks]

(e) g'(x)=-2x+2 A1
attempt to equate their derivative of g to their gradient of /' (M1)
-2x+2=-2 A1

x=2 A1

y=38 A1

[5 marks]

Total [16 marks]
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ2 | Q9 | 17 marks

9. (a)

(c)

outer curved surface area is 27[(4r)h AND inner curved surface area is 2zrh

(A1)
area of each base (top and bottom) is 7z(4r)2 —r’ (A1)
S=2[7z(4r)2—7rrﬂ+27r(4r)h+27zrh A1
=307zr> +10zrh AG

[3 marks]

30 +107mrh = 2407

attempt to solve their equation for & or rh in terms of » (must isolate 4 or rh)

dr

(mM1)
— 3072 —37? 240307
h= 24030~ = 24-3r OR rh :—r(: 24—3r2) (or equivalent)
107 r
A1
uses volume = large cylinder — small cylinder (M1)
V=7'C(47‘)2h—ﬂ:7"2h (=167zr2h—7rr2h:157zr2h) A1
attempt to substitute in for 4 or rh (M1)
—35? 240-307°
v =15m?| 2223 | OR po15g| 22030 (=157rr(24—3r2)) OR
r 10
3847y — 4871 = 2471 + 3717 A1
=360mr — 451 AG
[6 marks]
— =360n—1357" A1A1
r
[2 marks]
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ2 | Q9 | 17 marks

Question 9 continued.

(d) METHOD 1 (working with 7)

recognition that (for a maximum) (;—V =0 M1
r

3607 —1357r* =0

1350 3
360 8
r= == A1
135 3
2
p=2 OR r=2\g A1

2
METHOD 2 (working with p\/;)

recognition that (for a maximum) (;—V =0 M1
r
2
2
3607[—1357{19\/;] =0
360-90p° =0
p2 — 4 A1
2
p=20R r= 2\/; A1
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ2 | Q9 | 17 marks

Question 9 continued.

(e) attempt to substitute their value of 7 into V' =3607zr—457zr

3
V:360nx2\/§—45nx 2\/2
3 3
=3607IX2\/§—457IX8X%X\/§ :72011\/2—240%\/Z
3 3 3 3 3
2
=480n\/; (q=480)
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m1

(A1)

A1

[3 marks]
Total [17 marks]



Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ1 | Q3 | 6 marks

3. (a) %e3x+5x+c A1A1A1

| Note: Award A7 for each term. ‘

[3 marks]
(b) recognition that h(x) = j ' (x) (M1)
1 3x
h(x) :§e +5x+c
(h(2.1) :)§e3(2")+5(2.1)+c:185 (A1)
c=-7.02397...
h(x):le3x+5x—7.02[=le3x+5x+174.5—le6'3j A1
3 3 3
[3 marks]
Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ1 | Q3 | 6 marks

-1 - 8824 -7105M

Apollo | Original source crop | 110



Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ1 | Q8 | 15 marks

8. (a) (i) a =0.362 (exact); b =30.5(exact) A1A1

Note: Award A7AO0 if the values of a and b are interchanged or not labelled.

(i) a represents the (average) rate of increase (change) in population (0.362 millions

of people per year). (or equivalent) R1

[3 marks]

(b) Itis unreliable because 2030 is outside the range of data (extrapolation). A1

[1 mark]

(c) (i) attemptto find B(100) (M1)
61.4707...

61.5 million OR 61,500,000 A1

(i)  The annual growth rate of the population is 0.7%. A1

| Note: Description must include some reference to annual rate. ‘

[3 marks]
(d) 58.1070...
58.1 million OR 58,100,000 A1
[1 mark]
(e) consideration of the difference function C(¢)-B(r) or B(t)-C(z) or |C(t)—B(t)| (M1)
evidence of finding the maximum (or minimum) of this function. (M1)
t=459583
2045 (accept 2046 ) A1
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ1 | Q8 | 15 marks

-18 —

Question 8 continued

f () 0.282151...
B'(40)= 0.282

(i)  0.325546...
C'(40)=0.326

(g) B'(40)<C'(40) (or equivalent in words)

8824 -7105M

A1

A1
[2 marks]

A1

the population in Cecilia’s model is increasing at a faster rate than in Benoit's model (in

2040) (or equivalent)

‘ Note: Do not award AOR1.

Apollo | Original source crop | 112

R1

[2 marks]

Total [15 marks]



Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ1 | Q8 | 15 marks

-19 - 8824 -7105M

Apollo | Original source crop | 113



Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ2 | Q3 | 6 marks

3. (a) %e4x+6x+c A1A1A1

| Note: Award A7 for each term. ‘

[3 marks]
(b) recognition that h(x) = j ' (x) (M1)
1 4x
h(x)=—e" +6x+c
4
(h(1.5) z)%e“("s)+6(l.5)+c=105 (A1)
c=-4.85719...
1 4x 1 4x 1 6
h(x)=—e" +6x—4.86| =—e* +6x+96——¢ A1
4 4 4
[3 marks]
Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ2 | Q3 | 6 marks

-1 - 8824 -7110M

Apollo | Original source crop | 115



Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ2 | Q8 | 15 marks

8. (a) (i) a=0.358 (exact); b=30.5 (exact answer is 30.52) A1A1

Note: Award A7AQ if the values of @ and b are interchanged or not labeled.

(i) a represents the (average) rate of increase (change) in population (0.358 millions

of people per year). (or equivalent) R1
[3 marks]
(b) Itis unreliable because 2030 is outside the range of data (extrapolation). A1
[1 mark]
(c) (i) attemptto find B(100) (M1)
55.1633...
55.2 million OR 55,200,000 A1
(i)  The annual growth rate of the population is 0.5%. A1
| Note: Description must include some reference to annual rate. ‘
[3 marks]
(d) 54.6094...
54.6 million OR 54,600,000 A1
[1 mark]
(e) consideration of the difference function C(¢)-B(r) or B(t)-C(z) or |C(t)—B(t)| (M1)
evidence of finding the maximum (or minimum) of this function. (M1)
t=58.6283...
2058 (accept 2059) A1
[3 marks]
continued...
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Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ2 | Q8 | 15 marks

-18 —

Question 8 continued.

f () 0.242876...
B'(75)=0.243

(i)  0.184941...
C'(75)=0.185

(@) B'(75)>C'(75) (or equivalent in words)

8824 -7110M

A1

A1
[2 marks]

A1

the population in Benoit's model is increasing at a faster rate than in Cecilia’s model (in

2075) (or equivalent)

‘ Note: Do not award AOR1.
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R1

[2 marks]

Total [15 marks]



Mathematics: analysis and approaches SL | Paper 2 | Nov 2024 TZ2 | Q8 | 15 marks

-19 - 8824 -7110M

Apollo | Original source crop | 118



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q2 | 5 marks

2. [f'(x)=4x"-16 A1
sets their derivative equal to zero (M1)
4x° -16=0, (x=%2)
p=2 (accept x=2) A1
substitutes their positive p into f'(x) (M1)

4(2°) 32 64
=———-1612)| =—-32=——
y=—3 ( )( 3 3 j
64 —64
=—— (accept y=— A1
9=73 (accept y 3 )
Total [5 marks]
-9- 2225-7109M
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Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q4 | 4 marks

4. METHOD1

attempt to set up integral e* — (—e") =2e" or e"and then double (M1)

j(e" —(—e"))dx OR 2je"dx

=2 B e dx
1

- [e L (A1)

attempt to substitute correct limits into their integrated function and subtract (M1)

2

=2(e—1j, 2e—=, 2e—2¢" A1
e e

METHOD 2

1 1 1 1
Le dx = [e ]_1 and L -e'dx = [—e ]_] (A1)
attempt to substitute correct limits into both their integrated functions and subtract (M1)

e —e' and —e'—(—e)

subtracts their two integrals in correct order (M1)

e —e —(—el +e"1)

:2(e—1j , 26—2, 2e—2e! A1
e e

Total [4 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q4 | 4 marks

-1 - 2225-7109M

Apollo | Original source crop | 121



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q7 | 13 marks

7. (a) (i) attemptto find v(1) (M1)
v(1)=30+20-10

max velocity 40 (ms™) A1

(i)  attempt to find v(5) (M1)

v(5)=30+20(5)-10(5)* = 120

max speed 120 (ms™) A1

[4 marks]

(b) () T=3 A1
(i)  attempt to set up an integral of v(¢)to find area under velocity graph (M1)

(30+20t—10t2)dt

S C—y

3 3
{30”10#—1? } A1

0

attempt to substitute their limits into their integrated function and subtract (M1)
3
30(3)+10(3)° —@(z 90+90— 90)

distance 90 (metres) A1
[5 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q7 | 13 marks

-15 - 2225 -7109M
Question 7 continued.

(c) METHOD 1

attempt to find total displacement by setting up an integral of v(¢) between

t=0and t=5 (M1)

(30+20t—10t2)dt

O Sy 1

3 5
- [30t+10t2 Lo } (A1)
3 0
3
= 30(5)+ 10(5): — 0O
:400_@(2 _ﬂj A1
3 3
total displacement is negative OR total displacement is not zero, (so the object R1

does return to its initial position)

METHOD 2

attempt to find displacement after change in direction by setting up an integral

of v(¢) between =3 and t=5 (M1)

(30+20t—10t2)dt

W ey 1

3 5
={3Ot+10t2 - 1(: } (A1)

3

=(30(5>+10(5>2 —@J—(somﬂom ——10(33)3]:(400-@}90

:_ﬂ_go(z_ﬁj A1
3 3
320 . N .
T >90 compares to distance before change of direction, (so the object does
return to its initial position) R1
[4 marks]
Total [13 marks]
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Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q7 | 13 marks

-16 - 2225-7109M

Apollo | Original source crop | 124



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ2 | Q1 | 4 marks

1. (a) attempt to differentiate (at least one correct term seen)
f'(x) =3x> +10x
3+10

£(1)=13

(b) attempt to find f(l)
1+5-8 (=-2)

y+2=13(x-1) OR y=13x-15

Apollo | Original source crop | 125

(mM1)

A1
[2 marks]

(mM1)

A1

[2 marks]
Total [4 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ2 | Q2 | 5 marks

2.  recognises to integrate g'(X)

Ig’(x)dx OR I(cosx+ezx)dx
g(x)= sinx+%e“ (+C)
substitutes (0,7) into their integrated expression (must involve +C)

g(O)=O+%+C=7 =C=6.5

g(x)= sinx+%e2’“ +6.5
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(M1)

A1A1

(m1)

A1

[5 marks]

2225-7114M



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ2 | Q6 | 7 marks

(a) correct substitution into distance formula

2
P=x*Inx+4-x*+x*> OR \/(x—0)2+(\/x21nx+4—x2—0) OR

\/x2 +xX°Inx+4-x°

[=+x*Inx+4

(b) recognising % =0 (seen anywhere)
EITHER

attempt to use chain rule with /

1
l()czlnx+4) 2xi(x2 lnx+4)
2 dx
attempt to use product rule with %(x2 lnx+4)

1
l(xz lnx+4) 2 x[xle+lnxx2x}
2 X

OR
recognising to minimise x*Inx+4

attempt to use product rule

1
Xx—+Inxx2x
X

THEN

x+2xInx=0 (or equivalent)

1
=>hx=——
2

Note: Award A0 for including x =0 in the final answer.
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A1

AG
[1 mark]

(mM1)

(M1)

(M1)

A1

(M1)
(mM1)
A1

A1

A1

[6 marks]
Total [7 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ2 | Q6 | 7 marks

-12 - 2225-7114M

Section B
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Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ3 | Q4 | 6 marks

4. (@)

(such as moving terms from one side to the other).

Note: Award a maximum of M1AOAO if the candidate manipulates both sides of the equation

METHOD 1

recognizing difference of two squares
(cos* x—sin*x =) (cos’ x)2 —(sin? x)2
(cos® x+sin® x)(cos” x—sin® x)
1xcos2x

cos* x—sin* x = cos 2x

Note: Award a maximum of M1A1AO if cos® X +sin? x =1 not seen.

METHOD 2

expressing cos* xas (cos x)’

oo w-sin x =) (s sin’
(1-sin? x)" —sin*x

1-2sin” x

cos* X—sin® x = Cos 2x

METHOD 3

expressing sin‘ xas (sin x)’

oo x-sin =) cos* (s
cos* x—(1-cos? )

—1+2cos® X

cos* x—sin* x = cos 2x
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(M1)

Al

Al
AG

(M1)

Al

Al
AG

(M1)

Al

Al
AG

[3 marks]

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ3 | Q4 | 6 marks

-10-

Question 4 continued

(b) j(cos“ x—sin* x) dx = jcos 2x dx

EITHER
attempt to integrate cos2X by inspection

. . 1 .
Note: A valid attempt must include > and/or SIn 2x.

OR

u:2x:>d—u:2
dx

cos2x dx = 1 cosu du
J ;

THEN

= %sin 2X+C (must include +c)

1. ,
Note: Award (M1)A1 for Esm 2x as a final answer.
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2225-7119M

(M1)

(M1)

A2

[3 marks]
Total [6 marks]



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ3 | Q4 | 6 marks

-11- 2225-7119M

Apollo | Original source crop | 131



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ3 | Q7 | 15 marks
ou .
7. (@ 4xx2y=60 OR Xy:E (=7.5) (or equivalent)

15
2X

() (T=)10y+12x

10(E)+12x
2X

Note: Award a maximum of (A1)AOFT if their answer to part (a) is incorrect.

T=12x+2

©) [i—lzjﬂ—% (=12-75x7)

Note: Award Al for each correct term.
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(A1)

Al

[2 marks]

(A1)

Al

AG

[2 marks]

AlAl

[2 marks]

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ3 | Q7 | 15 marks

- 14—

Question 7 continued

. 75
@ O 12-7=0

kzz% OR kzig (or equivalent)

k=2
2

(i)  substituting their value of k into T
(T=) 60 (m)

(ili)  substituting their value of k into their y or into their length equation

y= i OR 12 [Ej+10y =60 (or equivalent)
)
2
(y=)3(m)
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2225-7119M

Al

(A1)

Al

(M1)

Al

(M1)

Al

[7 marks]

continued...



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ3 | Q7 | 15 marks

—-15—

Question 7 continued

gl ]@

@ (i) (d7_ X3 (=150x*)

(i) METHOD 1 (using second derivative)
150

3

3
2

(local) minimum since

>0 (4?8 >0) (curve is concave up)

2225-7119M

Al

R1

Note: Award RO if candidate does not substitute their numerical values.

2
Award R1FT on their d_2 and their positive value of k .
X

METHOD 2 (using first derivative from part (c))

(local) minimum since the derivative is negative for a value of X < E , and positive

5
for a value of X>E' R1
Note: Award RO if candidate does not substitute their numerical values.
dT
Award R1FT on their d_ and their positive value of K .
X
[2 marks]
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Total [15 marks]




Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ3 | Q7 | 15 marks

-16 - 2225-7119M

Apollo | Original source crop | 135



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ1 | Q1 | 5 marks

1. (a) METHOD 1

attempt to expand brackets on the numerator
(x—U2=x2—2x+1

(x—ly__x2—2x+1[ Xt 2x lj

X X X X X

=x-2+—
X
METHOD 2
attempt to express terms with a common denominator
2

x—=2+ 1 =X _ 2x + 1

X X X X
X1 -2x+1

X
_(x=1)

X

(b) j F(x)dx 2%2—2x+ln|x|(+c)

| Note: Award A1 for each correct term.
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m1

A1

AG

M1

A1

AG

[2 marks]

A1A1A1

[3 marks]

Total[5 marks]
2225-7110M



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ1 | Q4 | 6 marks

4. METHOD1

attempt to find change in population using a definite integral (M1)

t =4 at the start of 2026 (seen anywhere) (A1)
4

jo ~104000e """ (A1)

=-404165.8... (A1)

attempt to add initial population to their change in population from a definite integral (M1)

population at the start of 2026 =6.78 x10° —404165.8...

=6375834.1...

= 6380000(=6.38x10°) A1

METHOD 2

attempt to find population using an indefinite integral (M1)

P= j —104000e**'*'d¢

~104000e "'+

0I5 +c(=7172413.7..¢ " +¢) (A1)
attempt to substitute ¢ =0, P = 6.78 x10° into equation with c. (M1)
6.78x10° =7172413.7...4+ ¢ = c = -392413.7...

P=7172413.7..e """ =392413.7... (A1)
t =4 at the start of 2026 (seen anywhere) (A1)
population at the start of 2026 7172413.7... """ ~392413.7...

=6375834.1...

:6380000(: 6.38><106) A1

Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ1 | Q4 | 6 marks

-12 - 2225-7110M

Apollo | Original source crop | 138



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ1 | Q6 | 6 marks

6. (a) recognition of the need to differentiate (M1)

h'(x)=1 —ISSin(Ej =—15—nsin[ﬂ)=—3—nsin(EJ A1A1
50 50 50 50 10 50

h'(k)= —lﬁsin (ﬁj = —3—nsin (ﬁj
50 50 10 50

Note: Award A1 for —ISSin[:—gj and A1 for factor of %

Award A1AO0 for a correct expression with additional terms or
additional factors.

[3 marks]
(b) recognition that gradient of tangent = —tan(gj OR tan(%) (M1)

o n

Note: Accept tan(gj OR —tan(?j for the (M1)
setting their 4'(k) equal to —tan[%) OR tan[%)(: —0.414213...) (A1)
—w—nsin(ﬁj = —tan(ﬁ) OR —w—nsin(ﬁj = an[7—nj
50 50 8 50 50 8

k=724211... , k=42.7578...
k=724, k=42.8 A1
[3 marks]
Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ1 | Q6 | 6 marks

-14 - 2225-7110M

Section B

Apollo | Original source crop | 140



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ2 | Q3 | 6 marks

(@) one critical value (seen anywhere) (A1)

recognizing that for f* to be decreasing ' <0 (M1)

x=-1.73554... or x=0.517999...

x<-1.74 and x>0.518 OR x<-1.74 and x> 0.518 A1
[3 marks]
(b) correct critical value x =-0.405465... (: ln%) ( seen anywhere) (A1)

attempt to find maximum of f’ OR recognising that f"(x) >0 OR sketching graph of

f" OR f"(x)=2-3¢" (M1)
2

concave-up for x < lng OR x<-0.405 A1

[3 marks]

Total [6 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ2 | Q3 | 6 marks

-10 - 2225-7115M

Apollo | Original source crop | 142



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ2 | Q5| 7 marks

(a) recognition that maximum speed occurs when |v| is greatest

one correct coordinate for minimum (4.71238...,—2.71828...)

272 (=¢) (ms’l)

Note: Award (M1)AO0 for the answer 1, from working with degrees.

(b) substitution of limits into correct formula

5
[ e
0

3.84591...
3.85 (metres)

() v=0 (seen anywhere)
t:2.35619...(:3—n)
4

a=0.986137...

1

a=0.986 (: Zeﬁj (ms_z)

Apollo | Original source crop | 143

(M1)

A1

[2 marks]

(mM1)

A1
[2 marks]

(mM1)

(A1)

A1

[3 marks]
Total [7 marks]



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ2 | Q5| 7 marks

-12 - 2225-7115M
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Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q6 | 7 marks

6. (a) use of quotient rule or product rule (M1)
EITHER
2 2 3
f,(X)=3><2><(2x+a) (x+5) 22(2x+a) (x+5) (A1)
((x+5)2)
, 6(2x+a)’(x+5)* —2(2x+a)*(x+5) [ 2(x—a+15)(2x+a)’
f'(x) = - = - Al
(x+5) (x+5)
OR
f'(x) =3x2x(2x+a)*(x+5) > —2(2x+a)*(x+5)"° (A1)
f/(x) =6(2x+a)*(x+5)* —2(2x+a)*(x+5)* (=2(x—a+15)(2x+a)*(x+5)°) Al
[3 marks]
(b) recognizing f'(1) is equal to tan 70" (=2.74747) (M1)
2n2 3
6(2+2a)’6 g42(2 *3) X6 _1an70° OR 6(2+a)°6°—2(2+a)’x6° =tan 70° (A1)
2.72844... and 14.96968...
a=2.73,15.0 AlAl
[4 marks]

Total [7 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q6 | 7 marks

-11- 2225-7120M

Section B

Apollo | Original source crop | 146



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q7 | 15 marks

7. (a)

(b)

(©)

(d)

(e)

() 0.636619...

(amplitude =) 0.637 (: E]
T

(i) ? OR 3 complete waves every 2 radians
1

(period =) 0.667 (: gj

substituting to find f (1.63)
(f(1.63) =) 2.21564...

2.21564...> 2.16 = lies below (the graph of f)

1
(le =) 0167 (= E)

. _— . . 1
(i)  substituting their m_ into —
1 mL
1

(mL2 =)—6

(i) y-2=-6(x-1) OR y=—6x+8 OR 6x+y—-8=0

equating L, and f
B(L.64856..., 2.10809...)
B(L.65, 2.11)
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Al

(A1)

Al

[3 marks]

(M1)
Al

R1

[3 marks]

Al

[1 mark]

(M1)

Al

Al

[3 marks]

(M1)

Al

[2 marks]

continued...



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q7 | 15 marks

-12- 2225-7120M
Question 7 continued
(H EITHER
Attempt to form the required integral involving subtraction in either order. (M1)

j|L1— f (x)| dx

correct expression with limits 1 and their x value at B
1.64856...

(%x+%1)—(gsin 3nx+2j dx (or equivalent) (A1)
T

1

OR
intersection point between A and B is (1.34287..., 2.05714...)

subtracting L, and f, in either order, and substituting into area of region formula for
one area with correct limits. (M1)

Two correct expressions OR correct values (A1)

1.34287...
j ((%H%)—[Esin 3nx+2n dx = (0.144618...) AND
T

1

1.64856...
| ((gsin 3nx+2)—(%x+%D dx = (0.108585...)

1.34287... T

THEN
0.253204...
(area =) 0.253 Al

[3 marks]
Total [15 marks]
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Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q7 | 15 marks

-13- 2225-7120M

Apollo | Original source crop | 149



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q9 | 14 marks

9. (@ @) 7.43076...

v(1)=7.43 (ms™) Al
(i)  equating v(t) and 5 (M1)
0.348114...
0.348 (seconds) Al
[3 marks]
(b) recognizing a =V'(t) (M1)
0.590930...
0.591 (seconds) Al
[2 marks]
(c) (i) considering large values of t (M1)
(!im(v(t)) =)8.14 (ms™) Al
(i) EITHER
the race lasts a finite time (e.g. it ends after (Fiona) crosses the line) R1
OR
the graph approaches the limiting value but Fiona will never attain that speed R1
OR
Fiona cannot maintain that speed for a long period of time R1

Note: Award R1 for a valid reason that does not contradict their answer to part (c)(i).

[3 marks]

continued...
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Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q9 | 14 marks
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Question 9 continued

(d)

Fiona takes t, seconds to travel 200 m

EITHER
recognizing distance travelled by either athlete in the first t seconds is

t t
.[v(t) dt OR Jw(t) dt (seen anywhere)
0 0

equating distance travelled by Fiona to 200 (m)
t

j v(t) dt =200

OR
attempt to integrate V(t)

s(t) = 8.14+/t? + 0.2 —3.64031...

equating 200 to their s(t) (must include a constant of integration)

8.14+4/t* +0.2 —3.64031...= 200
THEN
t, =25.0132... (accept 25)

recognition that a definite integral of w(t) with 0 and their t is required

25.0132...
(Lucy’s distance =) j w(t) dt (=195.772...)

0
distance from finishing line = 200 — their Lucy’s distance
4.22788...
4.23 (m)

2225-7120M

(M1)

(M1)

(M1)

(M1)

(A1)

(M1)

(M1)

Al

[6 marks]
Total [14 marks]
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4. (@) () c¢=9 A1
(i)  attempt to substitute (3,0) into y =ax’ +c with their ¢ (M1)
9a+9=0
a=-1 A1
[3 marks]

(b) METHOD 1 (single integral)
attempt to subtract areas (seen anywhere) (M1)

i(9—x2)—(9—3x) dx (=i3x—x2 de OR j(9—x2)dx—trianglearea
0 0 0

3 3
correct integration [%xz—%xﬂ OR [9x—%x3} (A1)

0 0

attempt to substitute their limits into their integrated expression (condone

absence of the 0 substitution) (M1)
3. 1,3 (3,2 1,33 1,3
—(3) —=(3) —=| =(0) —=(0 OR 9(3)—-—=(3
26500 (307500 ] R 9()-3)
2—9 OR 18—2
2 2
9 .
Area =E (square units) A1
continued...
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Question 4 continued.

METHOD 2 (evaluating two integrals separately)

j)-(9—x2)dx=[9x—%x3}

| Note: Award A1 for correct integration. Ignore absence of limits. |

3 3

OR [(9-3x) dx=[9x—%x2} (A1)

0 0

attempt to substitute their limits into both of their integrated expressions (condone

absence of the 0 substitution) (M1)
9(3)-1 () ~(20)-3(0) | ana 9(3)-2(3)
attempt to subtract the two integrals in any order (seen anywhere) (M1)
9(3)-L(3) —(9(3)_3(3)2J OR [(9-x")dr-[(9-3x)dx
3
18 _27
2
9 .
Area =E (square units) A1
[4 marks]
Total [7 marks]
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8. (a) recognitionthat f'(x)=0 (seen anywhere) (M1)
attempt to solve quadratic equation (condone not seeing =0) (M1)
a=-5 b=1 A1

[3 marks]
(b) (local) maximum A1
( f'(x)/gradient) changes from positive to negative (at x=a)
OR f(x) changes from increasing to decreasing (at x=a)
OR f"(a)=-18 (accept "(a)<0) R1
| Note: Do not award AOR1. |
[2 marks]
() f"(x)=6x+12 (A1)
6c+12=0 (A1)
c=-2 A1
[3 marks]
(d) vyes (there is a point of inflexion at x =c¢) A1
( " (x)Isecond derivative) changes sign at x =c¢
OR concavity (of /') changes at x=c¢
OR f'(x)/gradient decreasing to the left of ¢, and increasing to the right of ¢ R1
[2 marks]
‘ Note: Award RO if their only reason is that f"(c)=0. Do not award AOR1. ‘
continued...
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Question 8 continued.
(e) recognize to find If’(x)dx (M1)
x3+6x2—15x(+C) (A1)
substitution of (—-2,36) into their integrated expression (must contain +C') (M1)

36=(-2) +6(-2)" -15(-2)+C
C=-10 A1
f(x)=x"+6x"-15x-10

[4 marks]
Total [14 marks]
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2.  recognition to integrate 4cosx —sinx

j4cosx —sinxdx (accept absence of dx)

=4sinx+cosx (+c)

substitute x =7 and y =3 into their integrated expression containing '+c¢" :

3=0-14+c¢ or c=4

(y=)4sinx+cosx+4

Note: Award no marks for candidates who differentiate rather than integrate,
(obtaining —4sinx—cosx ).
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8. (a)

| Note: In this question, the marks are independent and may be awarded in either order.

finding correct discriminant k> —26 A1
recognition that discriminant (b2 - 4ac) <0 M1

b*—4ac<0 or k*=26<0 or k*<26

(since keZ") k=5 AG
[2 marks]
(i) x=-5 (must be an equation) A1

(i)  attempt to substitute their value of x (from axis of symmetry) into %xQ +5x+13

OR attempt to use completing the square (M1)

1

(-5)° +5(—5)+13(= 5] OR (y=)

2
& At
2

1
5 4=
(x+)+2

N | =

[3 marks]
5
at x=-3, y= 5 (seen anywhere) A1
Yorvs A1
dx
at x=-3, Y =2 A1
dx
normal gradient is negative reciprocal of their % at x=-3 (M1)
gradient of normal = —%
5 1 5 1
——=——(x+3) OR—-—=——(3)+c=>c=1 A1
yoy= ) ORI=—()
= —lx +1 AG
YT
[5 marks]
continued...
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Question 8 continued

(d) attempt to describe shaded area as the difference of two integrals or one integral and
the area of a trapezium (M1)

0 0 0
(4=) j(1x2+5x+13jdx—j(—lx+1jdx OR I[lx2+ﬂx+12jdx
2\ 2 A 22 2
0
OR j(lx2+5x+13jdx—l(§+1j3
2 22

correct integration A2

X 5x7 ’ x’ ’ X 11x? ’ X 5x° ’ 21
—4+—+13x| —|——+x OR | —+ +12x| OR |—+—+13x| ——
6 2 _3 4 _3 6 4 R 6 2 , 4

Note: If not completely correct, award A7 for at least two terms correctly integrated. ‘

substituting (0 and) —3 into their integrated expression and subtracting (M1)
-3)" 11(=3) -3)" 5(=3)
0-— (=3) + (=3) +12(-3)| OR 0- (3) + (-3) +13(-3) 22l (or equivalent)
6 4 6 2 4
:Q A1
4
[5 marks]
Total [15 marks]
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9. (a)

X \2x
(i)  substituting x =0 into f(x) =5ex—e
e +1

(0.2

Note: Award A7for x=0, y=2.
Award AOifonly 2 or y =2 is seen.

(i)  attempt to find root
Sex _ er

e +1
EITHER

=0 OR 5¢*—e* =0 OR 5¢*=¢**

attempt to factorise 5e* —e* =0 or divide it through by e*
ex(S—ex):O OR 5—-¢"=0 (since e"#0)

e"=5 OR x=In5

OR

take In of both sides of 5¢*=¢**

ln(Sex) =Ine*

InS5+x=2x OR x=1In5

THEN

(In5,0)

Note: Award A7 for x=1In5,y=0. Award AOif only In5 or x =1In5 is seen.

(b) f(x)<7-246 OR y<7-2.6 OR (—oo,7—2J€] (or equivalent)

Apollo | Original source crop | 163

(M1)

A1

(mM1)

(mM1)

A1

(mM1)

A1

A1

[6 marks]
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continued...
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Question 9 continued
(c) EITHER

attempt to use quotient rule with u = 5e¢* —e”* and v=¢* +1

(ex + 1)(56" —262")— e" (Sex - e“)

f'(x)=

(e" + 1)2
ooy 5e¥—2eM +5e" —2e* —5e* + e
S (e" + 1)2
OR

attempt to use product rule with u =5¢* —e** and v = (ex + 1)71
fl(x)= (Se“ —e™ ) x —* x (e‘“ + 1)72 + (e"' + 1)71 (Sex - 262")

—5e* +e’ +5e* —2e™ +5e* —2e*

f(x)= 2
(e" + l)

THEN

() = —e** —2e* +5¢"

(e" +1)2
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(m1)

A1

A1

(m1)

A1

A1

AG

[3 marks]

continued...
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Question 9 continued
(d) setting f'(x)=0 (since Q is a maximum point)
—e —2e" +5e" =0
attempt to factorise by e* or divide through by e*
e +2e" -5=0
attempt to solve their quadratic

2+
e"zz—T@ OR e'=-1£/6 (or equivalent)

(reject e” =—1-+/6 since e* >0 for all x)=>e¢e =—1++/6

(q =) ln(\/g—l)

8825-7119M

(m1)

(mM1)
A1
(mM1)

A1

A1
AG

[6 marks]
Total [16 marks]
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7 (@ (@ x=2 A1
3
i == A1
(i) >
Note: Award A71A0 for answers x#2and y # % .
[2 marks]
(b) EITHER
attempt to use the quotient rule (M1)
f,(x)=(2x—4)x3—(3zc+1)x2 A1A1
(2x—-4)
Note: Award A1 for each term in the numerator with correct signs, provided correct
denominator is seen.
OR
attempt to use the product rule (M1)
F(x)=32x=4)"+(=DBx+1)(2x—4)*x2 A1A1
| Note: Award A1 for each term. |
THEN
-14
! X)=——— A1
S (2x—4)
[4 marks]
continued...
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Question 7 continued.
(c) recognising f'(x)<0 (when f is decreasing), OR (2x—4)> >0
OR the gradient (function) is negative (may be seen on a labelled graph of ') A1
for all values of x (with x#2) OR always (or equivalent) A1
f is never increasing AG
| Note: Do not accept a sketch and argument based on the graph of f. |
[2 marks]
(d) attempt to use the distance formula (M1)
2
d=|(x—3y2+ XL 5 A1
2x—-4
Note: Accept d* = (x—3)2 +(f(x)—5)2.
[2 marks]
(e) attempt to find value of x that gives minimum value of d (M1)
graphof d, d' =0,
(x =) —-0.305218..., (f(—0.305218...) =)—0.0182941...
P has coordinates (—0.305, —0.0183) A1A1
| Note: Award A1 for each value. |
[3 marks]
Total [13 marks]
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8. (a) correct substitution of =12 into F(¢) (A1)
6130.82...

6130 (accept 6131) answer must be integer A1

[2 marks]

(b) 1850x1.105" >35000 (accept strict inequality or equality) (A1)

attempt to solve for x using table, graph, or logarithms (M1)

29.4471...0R (x=29=)33471.7... OR (x=30=)36986.2...

x =30 (months) A1

| Note: Condone use of ¢. |
[3 marks]

(c) (1.105f=(e" ) :)ek =1.105 OR (1.105' =¢" =) kt = In1.105" (or equivalent) (A1)
k =In1.105 (do not accept k£ =0.0998) A1

Note: Do not award any marks if the candidate substitutes an approximate value obtained from
using F(t)=1850x1.105" into F(¢)=1850x¢", for example

F(12)=1850x¢e"" =6130.82..., as this will not lead to an exact value for k.

[2 marks]

(d) recognizing the need to find F’ or F'(15) (M1)
825.911...

F'(15) =826 (frogs per month) A1

[2 marks]

(e) setting G(15) equal to 6995 (M1)
17.8890...

A=179 A1

[2 marks]

continued...
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Question 8 continued.

(f)  recognize need for G" =0 or maximum of G’
28.8996...
t=28.9

(g) any one of the following reasons

- G(t) accounts for frog deaths in the population.
- G(t) accounts for limited space/resources.

- G(t) has carrying capacity.

- F(¢) has the population growing forever, without bound.
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(m1)

A1
[2 marks]

(A1)

[1 mark]
Total [14 marks]
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9. (a)

(c)

(i)  speed of airplane = 60 (ms ') A1
(i)  speedofcar =0 (ms ') A1
[2 marks]
(i) recognizing v, = v, when speeds are the same (M1)
6.35564...
t=6.36 (s) A1
@iy  31.7782...
speed = 31.8 (ms ') A1
[3 marks]

let s, (¢) be the displacement of the airplane and s, (¢) be the displacement of
the car at time ¢

recognizing to integrate either velocity function (M1)
I 60e " dt, I 5¢ dt
correct integration (A1)(A1)

—600e™", %tz (+C) (award A1 for each term)

recognize to subtract displacements (seen anywhere) (M1)
EITHER
substituting initial condition into their d(¢) (M1)

100 = —600e"'© _%X 0°+C OR —100=600e'® +%x 0° + C (or equivalent)

OR
substituting initial condition into their s, (¢) (mM1)

(856 (0)=0=)100=-600e"" +C

car

continued...
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Question 9 continued.
THEN
C =700 (or —=700) (A1)
d(t) =—-600e™"" —%tz +700 (accept d(t)=|600e " +%t2 —700]) A1
[7 marks]
(d) recognizing to solve their d(¢)=0 (M1)
15.0586...
t=15.1 (s) A1
[2 marks]
(e) attempt to find the distance travelled by the car (M1)
15.0586 5 5
5t dt, E(15.0586) (A1)
0
566.904...
567 (m) (accept 570 (m) from 3 sf answer in (d)) A1

Note: Award (M1)(A1FT)A0, where appropriate, if the candidate has an incorrect d(¢) and/or
incorrect value of ¢ which leads to their distance travelled by the car to be less than
100 (m).

For example, where the candidate finds d(¢) = 600e " —%tz —500 in part (c), award

(M1)(A1FT)A0 to 7.08, or 7.06 from using 3 sf value.

[3 marks]
Total [17 marks]
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9. (a) (i) attemptto find a maximum point (M1)
(x :)0.718442...or (y :)1.80645...or (x :)3.71844...or (y :)1.19181... etc

1.80645...
(maximum displacement)= 1.81(cm) A1
. " ds
(ii)  recognition that v :d— (M1)
t
recognition that the gradient at ¢ = 0 represents the maximum velocity (M1)
v=§at t =20
dt
V= 4.18879025...(4?% j
v:4.19(43—7t j(cms4) A1
[5 marks]
(b) (i) attempt to find a minimum point (M1)

(x=)2.21844...0r (y =)—1.46729...0R (x=)5.21844...OR (y =)—0.968053...
-1.46729...
-1.47 A1
(i) (r=3.5)s=1.06620...
s=1.07 A1
[3 marks]

continued...
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Question 9 continued

(c) METHOD 1

attempt to sum distances from O involving maximum, minimum and distance at

t=3.5 (M1)

1.80645...x2 +1.46729...x2+1.06620... (A1)
=7.61369...

7.61 (cm) A1
METHOD 2

. ds
attempt to integrate the absolute value of T (M1)
ss|ld( 1-L . (2t

—| 2 Ssin| = ||dt A1
=7.61369...

7.61(cm) A1

[3 marks]

d (T=)L5 A1

[1 mark]

continued...
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Question 9 continued
(e)
(i)  attempt to divide two of u,u,,u,... (M1)
uz( 1.46729...] u3( 1.19181...} : u3( 1.19181...}
—2|=————lor 2| =——"|or r=—=—"—"-—=
u, \ 1.80645... u, \ 1.46729... u, \ 1.80645...
0.812252...
(r=)0.812 A1
(i)  attempt to use the sum to infinity of the GP (M1)
. :ﬂ(: 9.62167...)
1-0.812252...
recognition that the total distance is double their S (mM1)
2><sz2x% OR 2x9.62167..
1-0.812252...
19.2433...
19.2(cm) A1

Note: Award (M1)(M1)AO0 for values of r that lead to an answer that is smaller than
2 x first maximum displacement (3.6129).

[5 marks]
Total [17 marks]
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