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5. (a) ( ) ( )2f x x h = − − A1 

[1 mark] 

(b) ( ) 2exg x − = OR ( ) 3 23 eg − =  (may be seen anywhere) A1 

Note: The derivative of g  must be explicitly seen, either in terms of x  or 3. 

recognizing ( ) ( )3 3f g = (M1) 

( ) ( )3 22 3 e  h e−− − = =

6 2 eh− + =   OR  
e

3
2

h− = − A1 

Note: The final A1 is dependent on one of the previous marks being awarded. 

e 6

2
h

+
= AG 

[3 marks] 

(c) ( ) ( )3 3f g= (M1) 

( )
2 3 23 2 eh k k−− − + = +

correct equation in k

EITHER 

2

3 2e 6
3 2 e

2
k k−+ 

− − + = + 
 

A1 

2 2
6 e 6 e

e e
2 2

k
− − −   

= + +   


 
=

   



A1 

OR 

2
e 6

e 3
2

k
+ 

= + − 
 

A1 

2e 12e 36
e 9 3e 18

4
k

+ +
= + − − + A1 

THEN 
2e

e
4

k = + AG 

[3 marks] 
Total [7 marks] 
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8. (a) attempt to use quotient or product rule (M1) 

( )( )

( )

4 3

2
4

1
ln 4

d

d

x x x
y x

x x

 
− 

 = OR  ( )( ) ( )5 4 1
ln 4x x x

x

− −  
− +  

 
A1 

correct working A1 

( )3

8

1 4lnx x

x

−
=   OR  cancelling 3x OR 

5 5

4ln 1x

x x

−
+

5

1 4ln x

x

−
= AG 

[3 marks] 

(b) 
d

( ) 0
d

y
f x

x
 = = (M1) 

5

1 4ln
0

x

x

−
=

1
ln

4
x = (A1) 

1

4ex = A1 

substitution of their x  to find  y (M1) 

1

4

4
1

4

ln e

e

y =
 
 
 

11 1
e

4e 4

− 
= = 

 
A1 

1

4
1

P e ,
4e

 
 
 

[5 marks] 

continued… 
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Question 8 continued 

(c) 

1
1 4
4

6
1

4

20ln e 9
e

e

f
  −
 = 

  
 
 

(M1) 

1.5 1.5

5 9 4
   

e e

−  
= = − 

 
A1 

which is negative R1 

hence  P is a local maximum AG 

Note: The R1 is dependent on the previous A1 being awarded. 

[3 marks] 

(d) ln 0x  (A1) 

1x  A1 

[2 marks] 

(e) 

A1A1A1 

Note: Award A1 for one x -intercept only, located at 1 

A1 for local maximum, P , in approximately correct position 
A1 for curve approaching x -axis as x →  (including change in concavity). 

 [3 marks] 
Total [16 marks] 
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5. (a) ( )2ln 16 0x − = (M1) 

( )0 2e 16 1x= − =

2 17x =  OR 17x =  (A1) 

17a = A1 

[3 marks] 

(b) attempt to differentiate (must include 2x  and/or
2

1

16x −
) (M1) 

( ) 2

2

16

x
f x

x
 =

−
A1 

setting their derivative 
1

3
= M1 

2

2 1

16 3

x

x
=

−

2 16 6x x− = OR 
2 6 16 0x x− − = (or equivalent) A1 

valid attempt to solve their quadratic (M1) 

8x = A1 

Note:  Award A0 if the candidate’s final answer includes additional solutions 

(such as 2, 8x = − ). 

[6 marks] 

Total [9 marks] 
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8. (a) 6 6cos 0x+ = (or setting their ( ) 0f x = ) (M1) 

 cos 1x = −  (or sin 0x = ) 

π, 3πx x= = A1A1 

[3 marks] 

(b) attempt to integrate ( )
3π

π

6 6cos dx x+ (M1) 

 
3π

π
6 6sinx x= + A1A1 

substitute their limits into their integrated expression and subtract (M1) 

( ) ( )18π 6sin3π 6π 6sin π= + − +

( )( ) ( )6 3π 0 6π 0= + − +  ( )18π 6π= −  A1 

area 12π=  AG 

[5 marks] 

continued… 
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Question 8 continued 

(c) attempt to substitute into formula for surface area (including base) (M1) 

( ) ( )( )2π 2 π 2 12πl+ =  (A1) 

4π 2π 12πl+ =

2π 8πl =

4l =  A1 

[3 marks] 

(d) valid attempt to find the height of the cone (M1) 

e.g. ( )
22 22 theirh l+ =  

( )12 2 3h = = (A1) 

attempt to use 
21

3
V r h= with their values substituted M1 

( )( )21
π 2 12

3

 
 
 

4π 12 8π 3 8π
volume

3 3 3

 
= = =  

 
A1 

[4 marks] 

Total [15 marks] 
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9. (a) setting ( ) 0s t = (M1) 

28 0t t− =

( )8 0t t− =

8p =   (accept 8t = , ( )8,0 ) A1 

Note:  Award A0 if the candidate’s final answer includes additional solutions 

(such as 0, 8p = ). 

[2 marks] 

(b) (i) recognition that when particle changes direction 0v =  OR local maximum on 

graph of s OR vertex of parabola (M1) 

4q =   (accept 4t = ) A1 

(ii) substituting their value of q into ( )s t OR integrating ( )v t from 0t =  to 4t = (M1) 

displacement 16=  (m) A1 

[4 marks] 

(c) ( )10 20s = − OR ( )distance= s t OR integrating ( )v t from 0t =  to 10t = (M1) 

distance=20 (m) A1 

[2 marks] 

(d) 16 forward + 36 backward OR 16 16 20+ +  OR ( )
10

0

v t dt (M1) 

=52d  (m) A1 

[2 marks] 

continued… 
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Question 9 continued 

(e) METHOD 1

graphical method with triangles on ( )v t graph M1 

( )2
49

2

x x 
+  
 

(A1) 

249 52x+ = , 3x = (A1) 

7 3k = + A1 

[4 marks] 

METHOD 2 

recognition that ( )distance= dv t t M1 

( ) ( )
7

0 7

14 2 d 2 14 d

k

t t t t− + − 

7
2 2

0 7
14 14

k

t t t t   − + −    (A1) 

( ) ( ) ( )( )( )2 2 214 7 7 14 7 14 7 52k k− + − − − = (A1) 

7 3k = + A1 

[4 marks] 

Total [14 marks] 
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Section A 

1. (a) correct integration A1A1A1 

Note: Award A1 for , A1 for  and A1 for 

[3 marks] 
(b) recognition that (M1) 

 (A1) 
 

A1 
[3 marks] 

Total [6 marks] 

3x2 + 7x + c

23x 7x c+

( ) '( )df x f x x= ò

( ) ( )23 1.2 7 1.2 7.32c+ + =
5.4c = -

( ) 23 7 5.4f x x x= + -
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4 . amplitude is  (A1) 

 A1 

 A1 

  OR (M1) 

A1 

Total [5 marks] 

5. (a) recognising  (M1)

 

 (sec) A1 

Note: Do not award A1 if additional values are given. 

[2 marks] 

(b)  OR  (A1) 

 (m) A1 
[2 marks] 

(c) recognizing acceleration at  is given by  (M1) 

acceleration 

 (ms-2) A1 
[2 marks] 

Total [6 marks] 

110 55
2

=

55a = -

65c =

2 20
b
p
= −55cos(20b)+ 65= 10

( )0.314
10

b p
= =

0v =

t = 6.74416...

= 6.74

( )
10

0
dv t tò − v(t)

0

6.74416...

∫ dt + v(t)
6.74416...

9.08837...

∫ dt − v(t)
9.08837...

10

∫ dt

= 37.0968...

37.1=

t = 7 ′v (7)

= 5.93430...

5.93=
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9. (a) Attempt to find the point of intersection of the graph of  and the line  (M1) 
 

A1 

 [2 marks] 

(b)  A1 
attempt to set the gradient of  equal to (M1) 

Q has coordinates  (accept A1A1 

Note: Award A1 for each value, even if the answer is not given as a coordinate 
pair. 

Do not accept  as a final value for .  Do not accept 2.0 or 

2.00 as a final value for .

 [4 marks] 

(c) attempt to substitute coordinates of Q (in any order)
into an appropriate equation (M1) 

 OR A1 
equation of  is  AG 

[2 marks] 

(d) (i) A1 

(ii) appropriate method to find the sum of two areas using integrals of the difference of two
functions (M1)

Note: Allow absence of incorrect limits. 

(A1)(A1) 

Note: Award A1 for one correct integral expression including correct limits 
and integrand. 
Award A1 for a second correct integral expression including correct limits 
and integrand. 

A1 
[5 marks] 

(e) by symmetry  (M1) 
A1 

Note: Accept any answer that rounds to 3.0 (but do not accept 3). 

[2 marks] 
Total [15 marks] 

f y x=
x = 5.56619...

= 5.57

′f (x) = −45e−0.5x

f 1-
0.545e 1x-- = -

( )2ln 45,2 1( 2ln ,2)
45

-

1ln ln 4545  or 
0.5 0.5-

x

y

( )2 2ln45y x- = - - 2 2ln 45 c= - +
L 2ln 45 2y x= - + +

( )ln 45 1 4.81x = + =

x − −x + 2ln45+ 2( )( )dx
4.806...

5.566...

∫ + 90e−0.5x − −x + 2ln45+ 2( )( )dx
5.566...

7.613...

∫

= 1.52196...
= 1.52

2×1.52...
= 3.04
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2. recognition that
π

cos  d
4

y x x
 

= − 
 

 (M1) 

( )
π

sin   
4

y x c
 

= − + 
 

(A1) 

substitute both and x y values into their integrated expression including c (M1) 

π
2 sin

2
c= +

1c =

π
sin 1

4
y x

 
= − + 

 
A1 

[4 marks] 



Mathematics: analysis and approaches SL | Paper 1 | Nov 2021 | Q5 | 7 marks

Apollo | Original source crop | 14

– 13 – N21/5/MATHX/SP1/ENG/TZ0/XX/M 

5. (a) (4) 6f  = A1 

[1 mark] 

(b) (4) 6 4 1 23f =  − = A1 

[1 mark] 

(c) ( )(4) (4)h f g= (M1) 

2(4) (4 3 4) (4)h f f= −  =

(4) 23h = A1 

[2 marks] 

(d) attempt to use chain rule to find h (M1) 

( )( ) ( )f g x g x  OR  ( ) ( )2 23 3x x f x x
 −  −

( ) ( )2(4) 2 4 3 4 3 4h f =  − −  A1

30=

( )23 30 4y x− = − OR 30 97y x= − A1 

[3 marks] 

Total [7 marks] 
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Section B 

7. (a) (i) valid approach to find turning point ( 0v = , 
2

b

a
− , average of roots) (M1) 

4 6 0t− = OR 
( )
4

2 3
−

−
OR

2
2

3

2

− +

2

3
t = (s) A1 

(ii) attempt to integrate v (M1) 

( ) ( )2 2 3 d 4 4 3  d 4 2v t t t t t t t c= + − = + − +  A1A1 

Note: Award A1 for 24 2t t+ , A1 for 3t− .  

attempt to substitute their t into their solution for the integral (M1) 

distance 

2 3
2 2 2

4 2
3 3 3

     
= + −     

     

8 8 8

3 9 27
= + −  (or equivalent) A1 

88

27
=  (m) AG 

 [7 marks] 

continued… 
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Question 7 continued. 

(b) 

valid approach to solve 24 4 3 0t t+ − = (may be seen in part (a)) (M1) 

( )( )2 2 3t t− + OR 
4 16 48

6

−  +

−

correct x- intercept on the graph at 2t =  A1 

Note: The following two A marks may only be awarded if the shape is a 

concave down parabola. These two marks are independent of each 

other and the (M1).  

correct domain from 0 to 3 starting at ( )0,4 A1 

Note: The 3 must be clearly indicated. 

vertex in approximately correct place for 
2

3
t =  and 4v  A1 

[4 marks] 

continued… 
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Question 7 continued. 

(c) recognising to integrate between 0 and 2, or 2 and 3 OR

3

2

0

4 4 3  dt t t+ − (M1) 

( )
2

2

0

4 4 3  dt t t+ −

8= A1 

( )
3

2

2

4 4 3  dt t t+ −

5= − A1 

valid approach to sum the two areas (seen anywhere) (M1) 

2 3

0 2

 d  dv t v t−  OR 
2 3

0 2

 d  dv t v t+ 

total distance travelled 13=  (m) A1 

 [5 marks] 

Total [16 marks] 
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8. (a)
2

4
3

f
 

= 
 

 OR  

2

3 4a = (M1) 

3

24a =  OR  ( )
3

2 22a =  OR 2 64a =  OR 
3 2a = A1 

8a = AG 

[2 marks] 

(b) ( )1

8logf x x− = A1 

Note: Accept ( )1 logaf x x− = . 

Accept any equivalent expression for 
1f −

e.g. ( )1 ln

ln8

x
f x− = . 

[1 mark] 

(c) correct substitution (A1) 

8log 32   OR  

1

28 32x =

correct working involving log/index law (A1) 

8

1
log 32

2
  OR 8

5
log 2

2
OR 8

1
log 2

3
= OR 

5

2
2log 2 OR 2log 8 3= OR 

5

2

3

ln 2

ln 2
OR 

5
3 22 2x =

( )1 5
32

6
f − = A1 

[3 marks] 

 continued… 
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Special note: In this question if candidates use the word 'gradient' in 

their reasoning. e.g. gradient is positive, it must be clear whether this 

is the gradient of f or the gradient of f  to earn the R mark. 

9. (a) f increases when 0p x   A1 

f increases when ( )' 0f x    OR  f   is above the x-axis R1 

Note: Do not award A0R1. 

[2 marks] 

(b) 0x = A1 

[1 mark] 

(c) (i) f is minimum when  x p= A1 

because ( )' 0f p = , ( )' 0f x   when x p and ( )' 0f x  when x p

(may be seen in a sign diagram clearly labelled as f  ) 

OR because 'f changes from negative to positive at x p=

OR ( )' 0f p =  and slope of f  is positive at x p= R1 

Note: Do not award A0 R1 

(ii) f has points of inflexion when  x q= , x r= and x t= A2 

f  has turning points at x q= , x r= and x t=

OR 

( ) 0f q = , ( ) 0f r = and ( ) 0f t =  and f  changes from increasing to 

decreasing or vice versa at each of these x-values (may be seen in a sign

diagram clearly labelled as f  and f  ) R1 

Note: Award A0 if any incorrect answers are given. Do not award A0R1. 

[5 marks] 

continued… 
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Question 9 continued. 

(d) recognizing area from p to t  (seen anywhere)  M1 

( )' d

t

p

f x x

recognizing to negate integral for area below x-axis (M1) 

( ) ( )
0

0

' d ' d

t

p

f x x f x x−  OR  ( ) ( )
0 0

' d ' d
p t

f x x f x x+ 

( ) ( ) ( )' d

n

m

f x x f n f m= − (for any integral) (M1) 

( ) ( ) ( ) ( )0 0f f p f t f− − −   OR ( ) ( ) ( ) ( )0 0f f p f f t− + − (A1) 

( ) ( ) ( )2 0 20f f t f p− + =   , ( )2 0 4 20f − = (A1) 

( )0 12f = A1 

[6 marks] 

Total [14 marks] 



Mathematics: analysis and approaches SL | Paper 2 | Nov 2021 | Q7 | 14 marks

Apollo | Original source crop | 21

– 14 – N21/5/MATHX/SP2/ENG/TZ0/XX/M 

Section B 

7. (a) (i) 
AP

42
 OR 

215

84
 OR 

65 215

42 84
+ (M1) 

time = 4.10714… (hours) 

time = 4.11 (hours) A1 

(ii) ( )2 2AB 215 65 224.610...= + = (A1) 

time = 5.34787… (hours) 

time = 5.35 (hours) A1 

[4 marks] 

(b) (i) ( )
2 2AD 215 65x= − + (A1) 

( )
2 2215 65

42

x
t

− +
= (A1) 

( )
2 2 2215 65 430 50450

42 84 42 84

x x x x x
T

 − + − +
= + = + 

 
 

A1 

(ii) valid approach to find the minimum for T  (may be seen in (iii)) (M1) 

graph of T  OR ' 0T =  OR graph of 'T

177.472...x = km

177x = km A1 

(iii) 3.89980...T =

3.90T = (hours) A1 

Note: Only allow FT in (b)(ii) and (iii) for 0 215x   and a function T  that 

has a minimum in that interval. 

[6 marks] 

continue… 
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Question 7 continued. 

(c) (i)
( )

2 2215 65
200 150

42 84

x x
C

− +
=  +  (A1) 

valid approach to find the minimum for ( )C x (may be seen in (ii)) (M1) 

graph of C  OR ' 0C =  OR graph of 'C  

188.706...x = km 

189x = km A1 

Note: Only allow FT from (b) if the function T  has a minimum in 

0 215x  . 

(ii) 670.864C =

$671C =  A1 

Note: Only allow FT from (c)(i) if the function C  has a minimum in 

0 215x  . 

[4 marks] 

Total [14 marks] 
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3. (a) attempting to expand the LHS (M1) 
     2 2LHS 4 4 1 4 4 1n n n n       A1 

   28 2 RHSn    AG 
[2 marks] 

 
 (b) METHOD 1 

  recognition that 2 1n  and 2 1n  represent two consecutive odd  
integers (for n ) R1 

   2 28 2 2 4 1n n    A1 
  valid reason eg divisible by 2 (2 is a factor) R1 

  so the sum of the squares of any two consecutive odd integers is even AG 
[3 marks] 

 
  METHOD 2 

  recognition, eg that n  and 2n   represent two consecutive odd integers  
(for n )  R1 

     22 22 2 2 2n n n n      A1 

  valid reason eg divisible by 2 (2 is a factor) R1 

  so the sum of the squares of any two consecutive odd integers is even AG 
[3 marks] 

 
Total [5 marks] 

 
 
4. attempt to integrate (M1) 

 2 d2 1 4
d
uu x x
x

     

 
2

8 2d d
2 1

x x u
ux




   (A1) 

 
 EITHER 

  4 u C   A1 
 
 OR 

  24 2 1x C    A1 
 
 THEN 

 correct substitution into their integrated function (must have C ) (M1) 
 5 4 1C C     
   24 2 1 1f x x    A1 

Total [5 marks] 
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Section B 
 
7. (a) evidence of median position (M1) 
  80th employee 
  40 minutes A1 

[2 marks] 
 
 (b) valid attempt to find interval (2555) (M1) 
  18 (employees), 142 (employees) A1 
  124   A1 

[3 marks] 
 
 (c) recognising that there are 16 employees in the top 10% (M1) 
  144 employees travelled more than k minutes (A1) 
    A1 

[3 marks] 
 
 (d) 70b    A1 

[1 mark] 
 
 (e) (i) recognizing a is first quartile value (M1) 
   40 employees 
    A1 
 
  (ii) 47 33  (M1) 
   IQR 14  A1 

[4 marks] 
 
 (f) attempt to find 1.5 IQR their  (M1) 
  33 21  
  12    (A1) 

[2 marks] 
 

[Total 15 marks] 
 
 

8. (a) 2( ) 2 15f x x x     (M1)A1 
[2 marks] 

 
 (b) correct reasoning that ( ) 0f x   (seen anywhere) (M1) 
  2 2 15 0x x    
  valid approach to solve quadratic M1 
  ( 3)( 5)x x  , quadratic formula 
  correct values for x 
   3, 5 
  correct values for a and b 

  5a    and 3b   A1 
[3 marks] 

 
 

continued… 
  

56k 

33a 
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Question 8 continued 
 
 (c) (i)  

    A1 
 
  (ii) first derivative changes from positive to negative at x a  A1 
 
   so local maximum at x a  AG 

[2 marks] 
 
 (d) (i) ( ) 2 2f x x    A1 
 
   substituting their b into their second derivative (M1) 
   (3) 2 3 2f      
   ( ) 8f b   (A1) 
  
  (ii) ( )f b  is positive so graph is concave up R1 
   so local minimum at x  b  AG 

[4 marks] 
 
 (e) normal to  f  at x a  is 5x    (seen anywhere) (A1) 
  attempt to find y-coordinate at their value of b (M1) 
  (3) 10f    (A1) 
  tangent at x b  has equation 10y    (seen anywhere) A1 

  intersection at  5, 10   
  5p    and 10q    A1 

[5 marks] 
 

[Total 16 marks] 
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9. (a) attempt to use quotient rule (M1) 
  correct substitution into quotient rule 

   
 2

15 ln5
5

kx k x
xf x
kx

  
    (or equivalent) A1 

   2 2
ln 5 ,k k x k

k x


   A1 

  
2

1 ln 5x
kx


  AG 

[3 marks] 
 
 (b)   0f x   M1 

  
2

1 ln 5 0x
kx


  

  ln 5 1x   (A1) 

  e
5

x   A1 

[3 marks] 
 
 (c)   0f x   M1 

  
3

2 ln 5 3 0x
kx


  

  3ln 5
2

x   A1 

  
3
25 ex   A1 

  so the point of inflexion occurs at 
3
21 e

5
x   AG 

[3 marks] 
 
 

continued… 
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Question 9 continued 
 
 (d) attempt to integrate (M1) 

  d 1ln 5
d
uu x
x x

    

  
ln 5 1d  dx x u u

kx k
   (A1) 

 
  EITHER 

  
2

2
u
k

  A1 

  so 

3 3
22 2

1 1

1  d
2
uu u

k k
 

  
 

  A1 

 
  OR 

  
 2ln5

2
x

k
  A1 

  so  
33
22 11 ee 2 55

e e
5 5

ln 5ln 5 d
2

xx x
kx k

 
  
  

  A1 

 
  THEN 

  
1 9 1

2 4k
   
 

 

  5
8k

  A1 

  setting their expression for area equal to 3 M1 

  5 3
8k

  

  5
24

k   A1 

[7 marks] 
 

Total [16 marks] 
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5. (a) 1.29a   and 10.4b    A1A1 
[2 marks] 

 
 (b) recognising both lines pass through the mean point (M1) 
  28.7 , 30.3p q   A2 

[3 marks] 
 

Total [5 marks] 
 
 
6. (a) use of a graph to find the coordinates of the local minimum (M1) 
  16.513...s    (A1) 
  maximum distance is 16.5 cm (to the left of O) A1 

[3 marks] 
 
 (b) attempt to find time when particle changes direction eg considering the  

first maximum on the graph of s  or the first t – intercept on the graph of .s  (M1) 
  1.51986...t   (A1) 

  attempt to find the gradient of s for their value of t,  1.51986...s  (M1) 
  8.92   (cm/s2) A1 

[4 marks] 
 

Total [7 marks] 
  

 – 8 – SPEC/5/MATAA/SP2/ENG/TZ0/XX/M 

 

Section B 
 

7. (a) 
 
4.2
60

 45  A1 

 AB  3.15 (km)  A1 
[2 marks] 

 
 (b) (i)  or 180 114   A1 
   35 66 A1 
   ˆABC 101   AG 
 
  (ii) attempt to use cosine rule (M1) 
   2 22 4.6 cos 1AC 3.15 4.6 2 3.15 01      (or equivalent) A1 
   AC 6.05  (km) A1 

[5 marks] 
 
 (c) valid approach to find angle BCA  (M1) 
  eg sine rule 

  correct substitution into sine rule A1 

  eg 
sin BĈA 

3.15


sin101
6.0507...

 

  BĈA  30.7 A1 
[3 marks] 

 
 (d) BÂC  48.267  (seen anywhere) A1 
  valid approach to find correct bearing (M1) 
  eg 48.267  35 

  bearing  83.3  (accept 083) A1 
[3 marks] 

 

 (e) attempt to use time distance
speed

  M1 

  
 
6.0507

3.9
 or 0.065768 km/min (A1) 

  t  93 (minutes) A1 
[3 marks] 

 
Total [16 marks] 
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2. (a)

1

2
3 5

3 5
x

x
x

−−
= − A1 

1

2
p = −

[1 mark] 

(b) 

1

2
3 5

d 3 10 ( )
x

x x x c
x

−
= − + A1A1 

substituting limits into their integrated function and subtracting (M1) 

1 1

2 23(9) 10(9) 3(1) 10(1)
 

− − − 
 

 OR 27 10 3 (3 10)−  − −  

4= A1 

[4 marks] 

Total [5 marks] 
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5. evidence of using product rule (M1) 

( ) ( )
d

(2 1) e 2 e e (2 2)
d

kx kx kxy
x k kx k

x
= −  +  = − + A1 

correct working for one of (seen anywhere) A1 

d

d

y

x
 at 1 e 2ek kx k=  +

OR 

slope of tangent is  5ek

their 
d

d

y

x
 at 1x = equals the slope of 5eky x= (= 5ek

)  (seen anywhere) (M1) 

e 2e 5ek k kk + =

3k = A1 

[5 marks] 
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Section B 

7. (a) EITHER 

attempt to use 
2

b
x

a
= − (M1) 

3

12

2
q

−
= −



OR 

attempt to complete the square (M1) 

23 12( 2) px− +−

OR 

attempt to differentiate and equate to 0 (M1) 

( ) 6 12 0f x x = − =

THEN 

2q = A1 

[2 marks] 

continued… 
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Question 7 continued 

(b) (i) discriminant = 0 A1 

(ii) EITHER

attempt to substitute into 
2 4b ac− (M1) 

2 0( 12) 4 3 p− −   =  A1 

OR 

(2) 0f  = (M1) 

12 0p− + = A1 

THEN 

12p = A1 

[4 marks] 

(c) ( ) 6 12f x x = − A1 

attempt to find (0)f  (M1) 

26 0 1=  −

gradient = 12− A1 

[3 marks] 

continued… 
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Question 7 continued 

(d) 

A1A1 

Note:  Award A1 for line with positive gradient, A1 for correct intercepts. 

[2 marks] 

(e) (i) 2a = A1 

(ii) 2x  A1 

( ) 0f x   (for 2x  ) OR the f  is below the x-axis (for 2x  ) 

(sign diagram must be labelled f  ) R1 OR 

[3 marks] 

Total [14 marks] 
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9. (a) (i) EITHER

attempt to use binomial expansion (M1) 

2 33 3

1 21 1 ( ) 1 ( ) 1 ( )a a aC C  − +   − +  −+

OR 

(1 )(1 )(1 )a a a− − −

2)(1 )(1 2a a a= − − + (M1) 

THEN 

2 31 3 3a a a+= − − A1 

(ii) cos2a x= (A1) 

So, 
2 31 3cos2 3cos co2 s 2x xx − =− +  

3(1 cos2 )x− A1 

attempt to substitute any double angle rule for cos2x  into 
3(1 cos2 )x− (M1) 

2 3(2sin )x= A1 

68sin x= AG 

Note: Allow working RHS to LHS. 

[6 marks] 

continued… 
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Question 9 continued 

(b) (i) recognizing to integrate ( )64cos 8sin dx x x (M1) 

EITHER  

applies integration by inspection  (M1) 

( )6s3 cos ( in ) d2 x x x

7 )
32

sin
7

(x c+= A1 

0

732
sin

7

m

x
 
 
 

7 732 32
sin sin 0

7 7
m

 
= − 
 

A1 

OR 

d
sin cos

d

u
u x x

x
=  = (M1) 

6 6)32cos (sin d 32 dx x u ux = 

7 ( )
32

7
u c+= A1 

0

732
sin

7

m

x
 
 
 

  OR  

sin

0

732

7

m

u
 
 
 

  
7 732 32

sin sin 0
7 7

m
 
= − 
 

A1 

THEN 

732
s

7
in m= AG 

continued… 
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Question 9 continued 

(ii) EITHER

2
7 7 7

π

2
32 32 π 32

( ) d sin sin sin
7 7 2 7m

m

f x x x m

 
  = = −   

 

 M1 

7 732 π 32 127
sin sin

7 2 7 28
m− = OR ( )732 127

1 sin
7 28

m− = (M1) 

OR 

π π

2 2

0 0
( ) d ( ) d ( ) d

m

m
f x x f x x f x x= +   M1 

(M1) 

THEN 

7

7

1 1
sin

128 2
m

 
= = 

 
(A1) 

1
sin

2
m = (A1) 

π

6
m = A1 

[9 marks] 

Total [15 marks] 

32

7
=

32

7
sin7 m +

127

28
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Section B 

7. (a) 3x = A1 

Note:  Must be an equation in the form “ x =  ”.  Do not accept 3 or 3
2

b

a

−
= . 

[1 mark] 

(b) (i) 3h = , 4k = (accept ( )
2

3 4a x − + ) A1A1 

(ii) attempt to substitute coordinates of Q (M1) 

( )
2

12 5 3 4a= − + , 4 4 12a+ =  

2a = A1 

[4 marks] 

(c) recognize need to find derivative of  f (M1) 

( ) ( )4 3f x x = −   or  ( ) 4 12f x x = −  A1 

( )5 8f  =   (may be seen as gradient in their equation) (A1) 

( )12 8 5y x− = −  or 8 28y x= − A1 

Note:  Award A0 for 8 28L x= − . 

[4 marks] 

continued… 
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Question 7 continued 

(d) METHOD 1

Recognizing that for g  to be increasing, ( ) 0f x d−  , or 0g  (M1) 

The vertex must be above the x-axis, 4 0d−  , 4 0d −  (R1) 

4d  A1 

[3 marks] 

METHOD 2 

attempting to find discriminant of g (M1) 

( ) ( )( )
2

12 4 2 22 d− − −

recognizing discriminant must be negative (R1) 

32 8 0d− +   OR  0   

4d  A1 

[3 marks] 

(e) recognizing that for g to be concave up, 0g  (M1) 

0g  when 0f   , 4 12 0x−  , 3 0x−  (R1) 

3x  A1 

[3 marks] 

Total [15 marks] 
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8. (a)
1

1 3
4

x
x

+ = −
−

(M1) 

2 8 15 0x x− + = OR ( )
2

4 1x − = (A1) 

valid attempt to solve their quadratic (M1) 

( )( )3 5 0x x− − =   OR 
( )( )

( )

28 8 4 1 15

2 1
x

 −
= OR  ( )4 1x − = 

5x = ( )3, 5x x= = (may be seen in answer) A1 

( )B 5, 2 (accept 5x = , 2y = ) A1 

[5 marks] 

continued… 
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Question 8 continued 

(b) recognizing two correct regions from 3x = to 5x = and from 5x = to x k= (R1) 

5

triangle ( )d

k

f x x+  OR 

5

3 5

( )d ( )d

k

g x x f x x+  OR ( )
5

3 5

1
3 d 1 d

4

k

x x x
x

 
− + + 

− 
 

area of triangle is 2  OR 
2 2

2


 OR ( ) ( )

2 25 3
3 5 3 3

2 2

   
− − −   

   
(A1) 

correct integration (A1)(A1) 

( ) ( )
1

1 d ln 4
4

x x x C
x

 
+ = − + + 

− 


Note:  Award A1 for ln( 4)x −  and A1 for x. 

Note:  The first three A marks may be awarded independently of the R mark. 

substitution of their limits (for x) into their integrated function (in terms of x) (M1) 

( ) ( )ln 4 ln1 5k k− + − +

( ) ( )5ln 4 ln 4 5kx x k k− + = − + −   A1 

adding their two areas (in terms of k) and equating to ln 8p +  (M1) 

( )2 ln 4 5 ln 8k k p+ − + − = +

equating their non-log terms to 8 (equation must be in terms of k) (M1) 

3 8k − =  

11k =  A1 

11 4 p− =

7p = A1 

[10 marks] 

Total [15 marks] 
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5. (a) recognizing at rest 0v =  (M1) 

3.34692...t =

3.35t = (seconds) A1 

Note: Award (M1)A0 for additional solutions to 0v = eg 0.205t = −  or 6.08t = . 

[2 marks] 

(b) recognizing particle changes direction when 0v =  OR when 3.34692...t = (M1) 

4.71439...a = −

-24.71(ms )a = −  A2 

[3 marks] 

(c) distance travelled =
6

0
dv t  OR 

( ) ( )
3.34... 6

sin( ) sin( )

0 3.34...
e 4sin( ) d e 4sin( ) d ( 14.3104... 6.44300...)t tt t t t+ − + = +  (A1) 

20.7534...=

= 20.8 (metres) A1 

[2 marks] 

Total [7 marks] 
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2. METHOD 1

recognises that ( ) ( )23 5e dxg x x x= + (M1) 

( ) ( )3+5exg x x C= +  (A1)(A1) 

Note: Award A1 for each integrated term. 

substitutes 0x =  and 4y = into their integrated function (must involve C+ ) (M1) 

4 0 5 1C C= + +  = −  

( ) 3+5e 1xg x x= − A1 

METHOD 2 

attempts to write both sides in the form of a definite integral (M1) 

( )2

0 0

g'( ) d 3 5e  d

x x

tt t t t= +  (A1) 

3 0( ) 4 5e 5exg x x− = + − (A1)(A1) 

Note: Award A1 for ( ) 4g x −  and A1 for
3 05e 5exx + − . 

( ) 3+5e 1xg x x= − A1 

[5 marks] 
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6. (a) recognises the need to find the value of t  when 0v =  (M1) 

π
1.57079... 

2
t

 
= = 

 

π
1.57 

2
t

 
= = 

 
(s) A1 

[2 marks] 

(b) recognises that ( ) '( )a t v t=  (M1) 

1 2.26277...t = , 2 2.95736...t =

1 2.26t = , 2 2.96t = (s) A1A1 

Note:  Award M1A1A0 if the two correct answers are given with additional values 

outside 0 3t  . 

[3 marks] 

(c) speed is greatest at 3t =  (A1) 

1.83778...a = −

1.84a = −  (m s-2) A1 

[2 marks] 

Total [7 marks] 
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Section B 

7. (a) ˆABC 27=  (A1) 

attempt to substitute into cosine rule (M1) 

( )( )2 2175 230 2 175 230 cos27+ −  (A1) 

108.62308…

AC 109 (m)= A1 

[4 marks] 

(b) correct substitution into area formula (A1) 

1
175 230 sin 27

2
   

9136.55...

( )2area 9140 m= A1 

[2 marks] 

(c) attempt to substitute into sine rule or cosine rule (M1) 

ˆsin 27 sin A

108.623... 175


=  OR  

( )
2 2 2108.623... 230 175

cosA
2 108.623... 230

+ −
=

 
(A1) 

47.0049… 

ˆCAB 47.0=   A1 

[3 marks] 

continued… 
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8. (a) (i) 32 (cm) A1 

(ii) ( ) ( )0 sin 6 27Ah = + (M1) 

26.7205...=

26.7= (cm) A1 

[3 marks] 

(b) attempts to solve ( ) ( )A Bh t h t=  for t  (M1) 

4.00746...,4.70343...,5.88332...t =

4.01,4.70,5.88t =  (weeks) A2 

[3 marks] 

continued… 
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Question 8 continued 

(c) recognises that ( )Ah t and ( )Bh t  are required (M1) 

attempts to solve ( ) ( )A Bh t h t = for t  (M1) 

1.18879... and 2.23598... OR 4.33038... and 5.37758... OR 7.47197... and 8.51917...t = (A1) 

Note: Award full marks for 
4π 5π 7π 8π 10π 11π

3, 3, 3, 3, 3, 3
3 3 3 3 3 3

t
 

= − − − − − − 
 

. 

Award subsequent marks for correct use of these exact values. 

1.18879... 2.23598...t  OR 4.33038... 5.37758...t  OR 

7.47197... 8.51917...t  (A1) 

attempts to calculate the total amount of time (M1) 

( )
5π 4π

3 2.2359... 1.1887... 3 3 3
3 3

     
− = − − −     

     

( )3.14 π= = (weeks) A1 

[6 marks] 

Total [12 marks] 
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2. ( ) 2 12 exg x x +′ = (A2) 

substitute 1x = −  into their derivative (M1) 

( ) 22e1g′ −− = A1 

Note:  Award A0M0A0 in cases where candidate’s incorrect derivative is 

( ) 2 1exg x +′ = .

[4 marks] 
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5. recognizing need to integrate (M1) 

2
6 d

1
x x

x
∫

+
  OR  2 1u x= +   OR  d 2

d
u x
x
=

3 du
u
∫   OR  2

23 d
1

x x
x
∫

+
(A1) 

( )( ) ( )23ln 1  or  3lnx c u c= + + + A1 

correct substitution of 1 and  ( ) 5x f x= = or 1 and 2x u= =  into equation 

using their integrated expression (must involve c) (M1) 

5 3ln 2 c= +  

( ) ( ) ( )
2

2 2 13ln 1 5 3ln 2 3ln 1 5 ln8 3ln 5
2

xf x x x
  +

= + + − = + + − = +  
  

(or equivalent) A1 

Note: Accept the use of the modulus sign in working and the final answer. 

[5 marks] 
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3. (a) ( )0.708519...,0.639580...

( )0.709,0.640  ( 0.709, 0.640= =x y ) A1A1 

[2 marks] 

(b) 1.09885...

1.10=x  accept ( )1.10,0 A1 

[1 mark] 

(c) METHOD 1

( )
2

0∫ f x dx (A1) 

4.61117...  

area = 4.61 A2 

METHOD 2 

( )
2

1.09885...
f x dx−∫  OR ( )

2

1.09885...
f x dx∫  OR 4.17527… (A1) 

( ) ( )
1.09885... 2

0 1.09885...
−∫ ∫f x dx f x dx  OR 0.435901… + 4.17527… (A1) 

4.61117...  

area = 4.61 A1 

[3 marks] 

Total [6 marks] 
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Section B 

7. (a) initial displacement is ( )0s (M1) 

6 (m) A1 

[2 marks] 

(b) velocity is 's (M1) 

2.29920−

−2.30 (m/s) A1 

[2 marks] 

(c) attempting to find t  when the particle changes direction (M1) 

0.433007...AND 3.25575...AND6.33965...t =  (may be seen on a graph) (A1) 

particle travels away from P when 0v >  OR when ' 0s > (M1) 

0 0.433007...,  3.25575... 6.33965...t t≤ < < <

0 0.433,  3.26 6.34t t≤ < < < A1A1 

[5 marks] 

continued… 
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Question 7 continued 

(d) recognizing that acceleration is ( ) ( )a t v t′=  OR ( ) ( )a t s t′′= (M1) 

attempting to find max/min on graph of velocity OR finding zeros on graph of

acceleration (M1) 

1.23140...b = , 5.68959...c =

1.23b = , 5.69c = A1A1 

[4 marks] 

(e) METHOD 1 (using integral of velocity)

correct integral (accept absence of dt ) (A1) 

5.68959...

1.23140...
( ) dv t t∫ OR ( ) d

c

b
s t t′∫  OR

5.68959...

.1.23140.

3.25575...

3.25575.. ..
( ) d ( ) dv t t v t t− +∫ ∫  OR 

3.8560  15.696+   

19.5525…  

total distance = 19.6 (m) A2 

continued… 
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Question 7 continued 

METHOD 2 (using differences in displacement) 

finding displacement at ,b c  and local min on displacement graph (A1) 

,  4.43306 ,  ,  16.273 )( 4 3.2557 0) ( ), ( 5,  .577001b c OR 4.43306,0.577001,  16.2734

correct approach (A1) 

(4.43306−0.577001) + (16.2734−0.577001) OR towards P  3.85606 + away from 

P   15.696 

19.5525…  

total distance = 19.6 (m) A1 

[3 marks] 

Total [16 marks] 
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Section B 

7. (a) substitution of 0x = (M1) 

( )  3y =     (accept ( )0, 3 ) A1 

[2 marks] 

(b) evidence of using the product rule (M1) 

( ) 2e 2 ex xh x x′ = + A1 

[2 marks] 

(c) setting their derivative equal to zero (M1) 
correct working (A1) 

( )2e (1 ) 0x x+ =  OR  2 2x− =

1x = −  (seen anywhere, and must follow on from their derivative) A1 

substituting their value of x into ( )h x (M1) 

2 3
e

y = − +  ( )12e 3−= − + A1 

2A 1, 3
e

 − − + 
 

[5 marks] 
continued… 
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Question 7 continued 

(d) (i) ( ) 2e 2e 2 ex x xh x x′′ = + + OR 2e 2e (1 )x x x+ + A1A1 

Note:  Award A1 for ( )2e 2ex x′ =  , A1 for 2e 2 ex xx+ or ( )2 2 exx +

( )( ) 2 4 exh x x′′ = + AG 

(ii) recognition that 0h′′ >  OR attempt to find point of inflexion (M1) 

since e 0x > , 2 4 0x + >  OR ( )2 4 0 2x x+ = ⇒ = −

2x > − A1 

[4 marks] 
Total [13 marks] 
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9. (a) attempt to integrate v (integration of at least one term) (M1) 

( ) ( )4 3 21 7( ) 6  
4 6

s t t t t t C= − + − + + A2 

Note: Award A1 for at least two correct terms. 

substitution of 1t = into their integrated expression (M1) 

displacement = 
11 715
12 12

 = 
 

(m) A1 

[5 marks] 

(b) attempt to differentiate v  (differentiation of at least one term) (M1) 

( ) 23 7 2a t t t= − + − A1 

[2 marks] 

(c) setting their ( )' 0v t = (M1) 

23 7 2 0t t− + − =

valid attempt to solve quadratic (M1) 

( )( )3 1 2 0t t− − =   OR
( )( )7 49 4 3 2

6
− ± − − −

−

1 ,2
3

t =  (
1
3

t = may be omitted) (A1) 

substitute their largest positive t-value into v(t) (M1) 

greatest speed is 8 (ms-1) A1 

[5 marks] 
continued… 
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Question 9 continued 

(d) attempt to check other boundary value at 4t = (M1) 

( )(4) 64 56 8 6  10v = − + − + = −

greatest speed is 10  ms-1 A1 

[2 marks] 

(e) identifying correct intervals where speed increases (may be seen in integral) (A1)(A1) 

1
3

t = to 2t =  and t k=  to 4t =

( ) ( )
2 4
1
3

d d
k

v t t v t t+∫ ∫  OR 
2 4
1
3

d d
k

v t v t+∫ ∫  OR ( ) ( )
2 4
1
3

d d
k

v t t v t t−∫ ∫ A1 

Note: Condone missing dt . 

[3 marks] 
Total [17 marks] 
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5. 2
0

d
2

c xA x
x

=
+∫

EITHER 

attempts to integrate by inspection or substitution using 2 2u x= +  or 2u x= (M1) 

Note: If candidate simply states 2 2u x= +  or 2u x= , but does not attempt to 
integrate, do not award the (M1). 

Note: If candidate does not explicitly state the u-substitution, award the (M1) only 
for expressions of the form lnk u  or ( )ln 2k u + .

 
2 2

2

1 ln
2

c

u
+

 
  

 OR   ( )
2

0

1 ln 2
2

c

u +  
  OR ( )2

0

1 ln 2
2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

OR 
attempts to integrate by inspection (M1) 

Note: Award the (M1) only for expressions of the form ( )2ln 2k x + .

( )2

0

1 ln 2
2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

THEN 

correctly substitutes their limits into their integrated expression (M1) 

( )( ) ( )21 ln 2 ln 2 ln3
2

c + − =  OR ( ) ( )21 1ln 2 ln 2 ln3
2 2

c + − =

continued… 
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Question 5 continued 

correctly applies at least one log law to their expression (M1) 

( )
21 2ln ln3

2 2
c +

= 
 

 OR  ( )2ln 2 ln 2 ln3c + − =   OR  
2 2ln ln9
2

c +
= 

 
 

OR  ( )2ln 2 ln 2 ln 9c + − =   OR  ( )
2 2ln ln3
2

c +
=  OR  ( )

2 2ln ln3
2

c +
=

Note: Condone the absence of ln3  up to this stage. 

2 2 9
2

c +
=   OR 

2 2 3
2

c +
=  A1 

2 16c =

4c =  A1 

Note: Award A0 for 4c = ±  as a final answer. 

Total [6 marks] 
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9. (a) 2 29y x= −  OR 29y x= ± − A1 

(since 0y > ) 29y x⇒ = − AG 

[1 mark] 

(b) ( )22  2 9b y x= = −  or 3h x= + (A1) 

attempts to substitute their base expression and height expression into 1
2

A bh= (M1) 

29 ( 3)A x x= − +   (or equivalent) 
( ) 2

2 22 3 9
9 3 9

2
x x

x x x
 + −
 = = − + −
 
 

A1 

[3 marks] 

(c) attempts to use the product rule to find d
d
A
x

(M1) 

attempts to use the chain rule to find 2d 9
d

x
x

− (M1) 

( ) ( )
1 2

2 2 22
2

d 1 39 3 9 ( 2 ) 9
d 2 9
A x xx x x x x
x x

−  +   = − + + − − = − −    
    − 

 A1 

( )2 22 2

2 2 2

9 3d 9 3
d 9 9 9

x x xA x x x
x x x x

 − − +− +   = − =     − − − 
A1 

2

2

d 9 3 2
d 9
A x x
x x

− −
=

−
AG 

[4 marks] 

continued… 
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Question 9 continued 

(d) 
2

2

d 9 3 20 0
d 9
A x x
x x

 − −
= = 

− 
 (M1) 

attempts to solve 29 3 2 0x x− − =  (or equivalent) (M1) 

( )(2 3)( 3) 0x x− − + =   OR
23 ( 3) 4( 2)(9)

2( 2)
x

± − − −
=

−
(or equivalent) (A1) 

3
2

x = A1 

Note: Award the above A1 if 3x = −  is also given. 

substitutes their value of x  into either 29y x= −  or 29y x= − − (M1) 

Note:  Do not award the above (M1) if 0x ≤ . 

239
2

y  = − −  
 

27 3 3 27, , 6.75
2 2 4

 
= − = − = − = −  

 
A1 

[6 marks] 

Total [14 marks] 
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Section B 

7. (a) (i) 96 ( ) (exact) A1 

(ii) 79.9970...

80.0 ( )  (accept 80 ) A1 

[2 marks] 

(b) 4.71976...−

4.72−  (°C min-1) A2 

[2 mark] 

(c) 3 valid descriptors, in any order: A2 

• at 3 minutes (or when 3t = ) 

• cooling/decreasing (do not accept “changing”)

• 4.72 °C min-1 (must include units) (accept approximately 5 deg/min)

[2 marks] 

continued… 
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Question 7 continued 

(d) METHOD 1

valid attempt to solve ( ) 67H t =  (accept an inequality) (M1) 

eg intersection of graphs, use of logarithms. 

6.11058… (A1) 

7 (min) A1 

METHOD 2 

valid attempt to find crossover values (M1) 

(6, 67.4087…) and (7, 63.8406…) (A1) 

7 (min) A1 

[3 marks] 

(e) recognition that t →  (M1) 

21( )C  A1 

[2 marks] 

(f) METHOD 1 (working with slopes of H)

valid attempt to analyse progression of slopes of H (M1) 

lim ( ) 0
t

H t
→

 = A1 

METHOD 2 (working with H ) 

valid attempt to use H  and large values of t. (M1) 

lim ( ) 0
t

H t
→

 =  A1 

[2 marks] 

Total [13 marks] 
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6. (a) recognize that acceleration is zero when ( ) 0v t′ =   OR at a local maximum on the
graph of v (M1) 

1 0.394791...t =  

1
50.395 arctan

12
t   = =     

 (seconds) A1 

[2 marks] 

(b) recognition that 0v = (M1) 

sketch OR 4.71238...t =  OR 10.9955...t =

2 10.9955...t =

2
7π11.0
2

t  = = 
 

A1 

[2 marks] 

(c) 
2

1

 d
t

t

v t∫  OR 
10.9955...

0.394791...

 dv t∫   OR  ( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t+ = +∫ ∫

OR  ( )( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t− = − −∫ ∫ (A1) 

distance = 7.83118… 

= 7.83 (m) A1 
[2 marks] 

Total [6 marks] 
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Section B 

7. (a) (i) swapping x  and y , or ( )( )1h h x x− = (M1) 

( )
2

1 2
4

xh x− +
= A1 

recognizing range of h  is domain of 1h−  (M1) 

Domain: 0x ≥   A1 

(ii) range of 1h−  is
1
2

y ≥ A1 

[5 marks] 

(b) 
2 24 2
4

xx +
− =   OR  4 2x x− =   OR  

2 2
4

x x+
= (M1) 

0.585786...x = , ( )3.414213... 2 2x = = +

0.586x = , 3.41x =  A1A1 

[3 marks] 

(c) attempt to form integral of the difference between ( )h x and their 1h− , using their

limits from part (b) (M1) 

( ) ( )( )
3.414213...

1

0.585786...

dh x h x x−−∫  OR
3.414213... 2

0.585786...

24 2 d
4

xx x
 +

− − 
 

∫  OR  

6.5996632... 4.7140452...−  

1.88561...  
area 1.89=  A1 

[2 marks] 
continued… 
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Section A 

 

1. (a) (i) recognizing that f   is needed (M1) 

   ( (4) )f  = 2−  A1 

 

  (ii) 
1

2
 A1 

    [3 marks] 

 

 

 (b) 
1

24 ( 4)
2

y x+ = −  ( 0.5 26y x= − ) A1 

    [1 mark] 

 

 

 (c)     attempt to find intersection of curve and their normal either graphically or 

analytically (M1) 

  sketch showing intersection OR x2 -10x = 0.5x - 26 

  ( )6.5, 22.8−   (exact answer is ( )6.5, 22.75− ) A1A1 

    [3 marks] 

    Total [7 marks] 

 

 

 

 

 

 

 

 

 

 

 

 

 – 9 – 8823 – 7110M 

 

2. (a) BV = (8- 4)2 + (6 - 3)2 + (0 -10)2
 (A1) 

  11.1803...=  

  11.2 (= 125 5 5)= =  A1 

 

     [2 marks] 

 

 (b) METHOD 1 

  BV VC=  AND BC 6=  (seen anywhere) (A1) 

  attempt to use the cosine rule on triangle BVC for any angle (M1) 

Note: Recognition must be shown in context either in terms of labelled sides or side lengths.  

  

2 2 211.1... 11.1..

.
c

6

11 1

.ˆ
.

os
.

BV
. . 11.1

C
2 ..

+ −


=


OR  

  
2 2 2 ˆ6 cosBVC11.1.... 11.1... 2 11.1... 11.1...= + −    (A1) 

  ˆBVC 0.543314...=  

  ˆBVC 0.543=  (0.542 from 3 sf) (accept 31.1 ) A1 

 

    

   continued… 
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5. (a) recognizing at rest when 
d

0
d

s

t
= OR s is a minimum (M1) 

  4.05165...q =    

     4.05=  A1 

     [2 marks] 

 (b) METHOD 1 

  recognizing that integral of ( )v t  is required (M1) 

  
4.05...

0
( )dv t t  OR  

4.05...

0

d
( )d

d
s t t

t  OR  
4.05...

0
( )dv t t    OR   

4.05...

0
( )dv t t−  (A1) 

Note: Only accept 
0

( ) d
q

v t t  if their value of q does not result in the particle changing direction in the 

first q seconds. 

  8.51841...=   

  8.52 (m)=  A1 

 

  METHOD 2 

  recognition that total distance travelled is the difference between the initial 

displacement and the displacement at minimum (M1) 

  initial displacement is 3.31841...  AND at minimum is 5.2−  (A1) 

  total distance travelled = 3.31841... ( 5.2)− −  

  8.51841...=  

  8.52 (m)=  A1 

     [3 marks] 

     Total [5 marks] 
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6. 2 3E( ) 2.62 3 4k kX a k+ += =+                  (A1) 

 k + k2 + a+ k3 =1  (A1) 

Note: The first two A marks are independent of each other. 

 

 EITHER (finding intersections of functions) 

 attempt to make a the subject in both of their equations (M1) 

 a = 1- k - k 2 - k3  and a =
1

3
2.6 - k - 2k 2 - 4k3( ) 

use of graph or table to attempt to find intersection (M1) 

 OR (solving algebraically) 

 attempt to solve their equations algebraically to find a cubic in k (M1) 

 k3 - k2 - 2k + 0.4 = 0 OR 3 1- k - k2 - k3( ) = 2.6 - k - 2k2 - 4k3 (or equivalent) 

 attempt to solve their cubic in k (M1) 

 THEN 

 0.773073...a =  OR 0.185928...k =  

 (Other solutions to the cubic are: 1.92921..., 1.11514...k k= = − ) 

 0.773a =   A1 

     Total [5 marks] 
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Section B 

7. (a) 
2π 41x h =  (A1) 

  attempt to rearrange AND substitute their h into the expression for the total 

surface area (M1) 

  
2

2

41
2π 4π

π
S x x

x

 
= + 

 
 A1 

  282
4πS x

x
= +  AG 

     [3 marks] 

 

 

 (b) (i) 
2

d 82
8π

d

S
x

x x
= − +  (or equivalent) A1A1 

Note: Award A1 for each correct term.  

 Award A1A0 if additional terms are given. 

 

  (ii) 
d

0
d

S

x
=  (M1) 

   
2

82
8π 0a

a
− + =  (A1) 

    

1

382
( )

8π
a

 
=  
 

  A1 

     [5 marks] 

    continued… 
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Question 7 continued 

(c) (i)   
d2S

dx2
= 164x-3 + 8π      (or equivalent) A1A1 

Note: Award A1 for each correct term.  

  Award A1A0 if additional terms are given. 

 

  (ii) EITHER 

   substituting their value of x into their 

2

2

d

d

S

x
 (M1) 

                           
d2S

dx2
= 75.3982... 

   ( )75.4 =24π 0=       (75.7 from a=1.48) A1 

   OR 

   sketch of the graph of 

2

2

d

d

S

x
 with their value of x clearly indicated (M1) 

   

2

2

d
0

d

S

x
  at x a=  A1 

 

   THEN 

   therefore S is a minimum AG 

 

  (iii) attempt to substitute their value of a into S OR use of graph of S (M1) 

   82.9304...  

   minimum surface area = 82.9  (cm2) A1 

   

 

  [6 marks] 

                Total [14 marks] 
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8. 

Note: The first time an answer is not given to two decimal places in parts (a)(ii), (c)(i) or (d), the final 

A1 in that part is not awarded.  

 (a) (i) 4200 36  (A1) 

   151200=  

   )151000($=  A1 

 

  (ii) recognizing sum of a geometric sequence is required (M1) 

   
( )361500 1 1.04

1 1.04

−

−
 (A1) 

   116397.4707...=   

   ($)116397.47=  A1 

   

[5 marks] 

 

 

 (b) Sorin’s future value after n years = 

12
5

160000 1
100 12

n

 
+ 

 
  A1 

     [1 mark] 

     

 

    continued… 
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Section A 

1. (a) (i) recognizing that f   is needed (M1) 

   ( )(3) 2f  = −  A1  

  (ii) 
1

2
 A1 

    [3 marks] 

 

 (b) 
1

15 ( 3)
2

y x+ = −  ( 0.5 16.5y x= − ) A1 

    [1 mark] 

 

 (c) attempt to find intersection of curve and their normal either graphically or analytically (M1) 

  sketch showing intersection OR 2 8 0.5 16.5xx x− = −  

  (5.5, 13.8)−  (exact answer is (5.5, 13.75)− ) A1A1 

Note: Award A1 for 5.5 and A1 for -13.8. 

    [3 marks] 

    Total [7 marks] 
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2. (a) 
2 2 2(8B 4)V (6 ( )3) 0 9= + − + −−   (A1) 

  10.2956...=   

  10.3 (= 106)=  A1 

     [2 marks] 

 (b) METHOD 1 

  BV VC=  AND BC 8=  (seen anywhere) (A1) 

  attempt to use the cosine rule on triangle BVC for any angle (M1) 

Note: Recognition must be shown in context either in terms of labelled sides or in side lengths. 

  

2 2 210.2... 10.2..

.
c

8

10 2

.ˆ
.

os
.

BV
. . 10.2

C
2 ..

+ −


=


 OR  

  
2 2 2 ˆ8 cos BVC10.2.... 10.2... 2 10.2... 10.2...= + −    (A1) 

  ˆBVC 0.798037...=  

  ˆBVC 0.798=  (accept 45.7 ) A1 

 

  METHOD 2 

  let M be the midpoint of BC 

  BM 4=  (seen anywhere) (A1) 

  attempt to use sine or cosine in triangle BMV or CMV (M1) 

  
4

arcsin
106

 OR 
π 4

arccos
2 106
−   OR 0.399018 (A1) 

  ˆBVC 0.798037...=  

  ˆBVC 0.798=  (accept 45.7 ) A1 

  

     [4 marks] 

     Total [6 marks] 
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5. (a) recognizing at rest when 
d

0
d

s

t
= OR s is a minimum (M1) 

  5.73553...q =    

  5.74=  A1 

     [2 marks] 

 (b) METHOD 1 

  recognizing that integral of ( )v t  is required (M1) 

  
5.73...

0
( ) dv t t  OR 

5.73...

0

d
( ) d

d
s t t

t  OR 
5.73...

0
( )dv t t  OR 

5.73...

0
( )dv t t−  (A1) 

Note:  Only accept 
0

( ) d
q

v t t  if their value of q does not result in the particle changing direction 

in the first q seconds. 

  7.68302...=  

  7.68 (m)=  A1 

 

  METHOD 2 

  recognition that total distance travelled is the difference between the initial 

displacement and the displacement at minimum (M1) 

  initial displacement is 3.38302...AND at minimum is 4.3−  (A1) 

  total distance travelled = 3.38302... ( 4.3)− −  

  7.68302...=  

  7.68 (m)=  A1 

     [3 marks] 

     Total [5 marks] 
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6. 
2 3E( ) 2.32 3 4k kX a k+ += =+  (A1) 

 
2 3 1a kk k + ++ =  (A1) 

Note: The first two A marks are independent of each other. 

 

 EITHER (finding intersections of functions) 

 attempt to make a the subject in both of their equations (M1) 

 ( )332 21
2 41  and .3 2

3
a k k k a k kk= − − − = −− −  

use of graph or table to attempt to find intersection (M1) 

 OR (solving algebraically) 

 attempt to solve their equations algebraically to find a cubic in k (M1) 

 3 2 2 0.7 0k k k− − + =  OR ( )2 2 333 . 41 2 3 2k k k kk k− − − −− = −  (or equivalent) 

 attempt to solve their cubic in k (M1) 

 THEN 

 0.552839...a =  OR 0.315870...k =  (other solutions to cubic are 1.18538...,1.86951...k = −  ) 

 0.553a =   A1 

     Total [5 marks] 
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Section B 

7. (a) 2π 45x h =  (A1) 

  attempt to rearrange AND substitute their h into the expression for the total 

surface area (M1) 

  
2

2

45
2π 4π

π
S x x

x

 
= + 

 
  A1 

  290
4πS x

x
= +  AG 

     [3 marks] 

 

 (b) (i) 
2

d 90
8π

d

S
x

x x
= − +  (or equivalent) A1A1 

Note: Award A1 for each correct term.  

 Award A1A0 if additional terms are given. 

 

  (ii) 
d

0
d

S

x
=  (M1) 

   
2

90
8π 0a

a
− + =  A1 

    

1

390
( )

8π
a

 
=  
 

  A1 

     [5 marks] 

 

continued…  
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Question 7 continued 

 (c) (i) 

2
3

2

d
180 8π

d

S
x

x

−= +  (or equivalent) A1A1 

Note: Award A1 for each correct term.  

 Award A1A0 if additional terms are given. 

 

  (ii) EITHER 

   substituting their value of x into their 

2

2

d

d

S

x
 (M1) 

   

2

2

d
75.39822...

d

S

x
=   

   ( )75.4 =24π 0=   A1 

   OR 

   sketch of the graph of 

2

2

d

d

S

x
 with their value of x clearly indicated (M1) 

   

2

2

d
0

d

S

x
  at x a=  A1 

 

   THEN 

   therefore S is a minimum AG 

 

  (iii) attempt to substitute their value of a into S OR use of graph of S (M1) 

   88.2401...  

   minimum surface area = 88.2  (cm2) A1 

 

     [6 marks] 

    Total [14 marks] 
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8. 

Note: The first time an answer is not given to two decimal places in parts  

(a)(ii), (c)(i) or (d), the final A1 in that part is not awarded.  

 

 (a) (i) 5500 36   (A1) 

   )198000($=   A1 

 

  (ii) recognizing sum of a geometric sequence is required (M1) 

   
( )362000 1 1.06

1 1.06

−

−
  (A1) 

   238241.7333...=   

   ($)238241.73=  A1 

 

     [5 marks] 

 

 

 (b) Sorin’s future value after n years = 

12
4

120000 1
100 12

n

 
+ 

 
  A1 

     [1 mark] 

 

 

continued…  
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5. (a) recognising cos 2sin cosx x x=  (M1) 

  ( )cos 0x ≠  so 
1sin
2

x =   OR  one correct value (accept degrees) (A1) 

  x - coordinates 
π
6  and 

5π
6  A1 

Note: Award (M1)(A1)A0 for solutions of 30  and 150 .  

    [3 marks] 

 

 

 (b) METHOD 1 

  attempt to integrate ( )cos sin 2x x± −   (M1) 

  ( )π
2

5π
6 cos sin 2 dx x x−∫   OR  ( )6

5π

π
2

cos 2sin cos dx x x x−∫  

  
π

6

2

5π
1  sin cos2
2

x x = +  
  OR  6

5π
2

π
2

  sin sinx x = −   A1 

Note:  Award A1 for ±correct integration. Condone incorrect or absent limits up to this point. 

 

  attempt to substitute their limits into their integral and subtract M1 

 ( )5π 1 5π π 1sin cos sin cos π
6 2 3 22

        = + − +        
        

 OR 2 25π 5π π πsin sin sin sin
6 6 2 2

          − − −          
          

 

  
1 1 11
2 24

   = + − −   
   

  OR  ( )1 1 1 1
2 4

 = − − − 
 

 

  area 
1
4

=  A1 

 Note:  Award all corresponding marks as appropriate for finding the area between A and B.  

  Accept work done in degrees.  

 

    continued… 
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Question 5 continued 

  

  METHOD 2  

  [ ] 6
5π 5π

π π
6

2 2

cos d sinx x x=∫     and    
6

5π
5π

π
6

2
π
2

1sin 2 d cos 2
2

x x x = −  ∫  A1 

  Note:  Award A1 for correct integration. Condone incorrect or absent limits up to this point.  

 

  attempt to substitute their limits into their integral and subtract (for both integrals) M1 

  
5π πsin sin
6 2

   −   
   

    and    ( )1 5π 1cos cos π
2 3 2

 − + 
 

 

  attempt to subtract the two integrals in either order (seen anywhere) (M1) 

  ( )5π π 1 5π 1sin sin cos cos π
6 2 3 22

        − − − +        
        

 OR  
5π 5π

π π
6 6

2 2

cos d sin 2 dx x x x−∫ ∫  

  
1 1 1 11
2 2 44

     = − − − = −     
     

 

  area 
1
4

=  A1 

Note:  Award all corresponding marks as appropriate for finding the area between A and B.  

  Accept work done in degrees.  

    [4 marks] 

    Total [7 marks] 
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6. (a) 
10 1

9

n

nS −
=       A1 

  ( )10 , 9a b= =  

    [1 mark] 

 

 (b) METHOD 1 

  1 2 3 nS S S S+ + +…+  

  
210 1 10 1 10 1...

9 9 9

n− − −
= + + +  (A1) 

  
2 310 1 10 1 10 1 10 1

9

n− + − + − +…+ −
=   OR  

( )2 3

1
9 10 1 10 1 10

8
1 10 1n− + − + − +…+ −

 

  attempt to use geometric series formula on powers of 10, and collect -1’s together M1 

  
( )2 3

10 10 1
10 10 10 10

10 1

n
n

−
+ + …+ =+

−
 and 1 1 1... n− − − = −  A1 

  

( )10 10 1
10 1

9

n

n
−

−
−=  OR 

( )

1

10 10 1
9 9

10

8

1

n

n
 −
  −
 −   A1 

Note: Award A1 for any correct intermediate expression. 

  
( )10 10 1 9

81

n n− −
=  AG 

   

    
  continued… 
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Section B 

 

7. (a) (i) 2d 3 2 1
d
y x x
x
= − −  A1A1 

Note:  Award A1 for 23 2x x−  and A1 for 1− . 

 

  (ii) 
2

2
d 6 2
d

y x
x

= −  A1 

    [3 marks] 

  

 (b) setting their (quadratic) d
d
y
x

 to 0 and solve using valid method  (M1) 

  ( )( )3 1 1 0x x+ − =   OR  
( ) ( )( )

( )

22 2 4 3 1 2 4 12
2 3 6

x
± − − −  ± +

= =  
 

 

  1
3

x = −  ( OR  1x = ) A1 

  substituting one of their x  values into 
2

2
d
d

y
x

 M1 

  EITHER 

  at ( )
2

2
1 d 1,  6 2 4 0
3 d 3

yx
x

 = − = − − = − < 
 

 so local max R1 

  OR 

  at ( ) ( )
2

2
d1,   6 1 2 4 0
d

yx
x

= = − = >  so local min hence local max at 1
3

x = −  R1 

 

Note:  Award R1 only if the previous M1 has been awarded and there is reference to 0<  or 0> , 
as appropriate. 

 

    continued… 
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Question 7 continued 

 

  THEN 

  substituting their x-coordinate of A into y  (M1) 

  
3 21 1 1 1

3 3 3
y      = − − − − − +     

     
  

  32
27

y =  A1 

  so coordinates of A are 
1 32,
3 27

 − 
 

 

Note:  This (M1)A1 may be awarded independently of the previous M1R1. 

    [6 marks] 

     

 (c) setting their 
2

2
d
d

y
x

 to 0 (M1) 

  6 2 0x − =  

  1
3

x =  A1 

    [2 marks] 

 

 

 (d) gradient of tangent = –1  (A1) 

  negative reciprocal of their gradient (M1) 

  gradient of normal = 1  

  equation is 1y x= +     (accept point/slope form 1 ( 0)y x− = − ) A1 

   

 Note: Do not accept 1L x= + . 

    [3 marks] 

    Total [14 marks] 
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8. (a) 

    
   

  vertical asymptote 2x =  sketched and labelled with correct equation A1 

 

  horizontal asymptote 4y =  sketched and labelled with correct equation A1 

 

  For an approximate rational function shape: 

  labelled intercepts 
1
2

−  on x-axis, 1−  on y-axis A1A1 

  two branches in correct opposite quadrants with correct asymptotic behaviour A1 

Note:  These marks may be awarded independently.  

    [5 marks] 

 

 (b) 4y ≠   (or equivalent) A1 

    [1 mark] 

 

    continued… 
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8. (a) (i) METHOD 1
2 22 2 ( 1) 1x x x+ + = + +   A1 

2( 1) 0x + ≥  R1 

2( 1) 1 0x + + >  AG 

METHOD 2 

discriminant ( )4 8 4∆ = − = −  A1 

0∆ <  and concave up OR 0∆ <   and coefficient of 2 0x >  (may be seen in 
diagram) R1 

hence 2 2 2 0x x+ + >     AG 

(ii) 1x > −   (accept 1x ≥ − ) A1 

[3 marks] 

continued… 
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Question 8 continued. 

(b) (i)     1x=− A1 

(ii) attempt to use the quotient rule (M1) 

( ) ( ) ( )( )2

2 2

2 2 2 2 2 2 2
( 2 2)

x x x x
f x

x x
+ + − + +

′′ =
+ +

A1A1 

Note: Award A1 for first term in numerator, A1 for second term in numerator 
(including the minus sign).  If the numerator is correct, but the 
denominator is incorrect or missing, award M1A1A0. 

( )
2 2

2 2
44 4 8

( )
42

2 2
x xf

x x
xx x −′′

+
− −

+
+ +

=   OR  ( ) ( )2 2

2 2

2 4
( 2 2)

4 4 8 4x x
f x

x x
x x+ + +

+

+−
′′ =

+
A1 

( )
2

2 2
2 4

( 2 2)
x xf x

x x
− −′′ =
+ +

AG 

continued… 
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Question 8 continued. 

(iii) substituting 1x = − into ( )f x′′ , clearly leading to positive numerator A1 

( ) ( )2 4 2
1

1f − + ′′ = = 
 

−

( ) 01f ′′ − > R1 

therefore this is a local minimum point AG 

Note: Do not award A0R1. 

[7 marks] 

continued… 
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Question 8 continued. 

(c) recognition to integrate ( )f x′ (M1) 

( ) 2
2 2  d

2 2
xf x x

x x
+

=
+ +∫   OR  1  du

u∫  with 2 2 2u x x= + +

( ) ( )( )2ln 2 2f x x x c= + + + A1 

using initial conditions 2, 3 ln10x y= = +  to find c  (M1) 

( ) ( ) ( )2 ln 10 3 ln 10 3f c c= + = + ⇒ =

( ) ( )2ln 2 2 3f x x x= + + + A1 

[4 marks] 

(d) ( ) 62
10

f ′ = A1 

attempt to take the negative reciprocal of their ( )2f ′ M1 

gradient of normal 10
6

= −

( ) ( )5ln10 3   2
3

y x− + = − −   
5 19 ln10
3 3

y x = − + + 
 

  
ln10 3 5

2 3
y

x
− − = − − 

 A1 

[3 marks] 

Total [17 marks] 
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9. (a) attempt to find a difference (M1) 
,  2 ,d p a d q a d q p= − = − = −   OR  ,    2 ,p a d q a d q p d= + = + = +

correct equation  A1 

p a q p− = −    OR   ( )2q a p a− = −   OR
2

a qp +
=  (or equivalent) 

2 p q a− =  AG 

[2 marks] 

(b) attempt to find a ratio (M1) 

2,  ,s tr r
a a

= =  tr
s

=  OR  2, ,s ar t ar t sr= = =

correct equation A1 

2

  t
a a
s

 
 

=   OR   s
a

t
s

=   (or equivalent) 

2s at= AG 

[2 marks] 

continued… 
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5. (a) recognition that velocity is zero (M1) 

  ( )2sin 0.5 0.3 2 0v t t= + − =   

  1.68694t = …  

  1.69t =  A1 

    [2 marks] 

 

 (b) recognition that 0v >   (M1) 

  1.68694... 6.11857...t< <  

  1.69 6.12t< <  A1 

    [2 marks] 

 

 

 (c) attempt to substitute into the total displacement formula (condone missing or incorrect 
limits, and absence of dt ) (M1) 

  ( )( )10

0
2sin 0.5 0.3 2 dt t t+ −∫   OR  

10

0
( )dv t t∫  

  2.13464... = −  

  (m) A1 

Note:  Award (M1)A0 if 2.13 −  is followed by 2.13 . 

    [2 marks] 

    Total [6 marks] 

  



Mathematics: analysis and approaches SL | Paper 2 | May 2024 TZ1 | Q5 | 6 marks

Apollo | Original source crop | 89

 – 14 – 2224 – 7105M 

 

6. (a) 0.901017r = … 

  0.901r =  A2 

    [2 marks] 

 

 (b) Student 11 Test B:  should not extrapolate R1 

    [1 mark] 

 

 (c) (i) Student 12 Test A:  should not use line of y  on x  to predict x  from y  (or 
equivalent) R1 

 
  (ii) attempt to find the equation of the regression line of x  on y  (M1) 

   ( ) ( )0.987124 3.21970 ( ) 0.987 3.22x y x y= … − … = −  A1 

   ( ) ( ) ( )0.987124 90 3.21970 85.6214...x = … − … =  A1 

   86=  to nearest integer. AG 

Note:  Condone notation for x  and y  switched if values are correct.  

    [4 marks] 

    Total [7 marks] 
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2. (a) attempts to find an intersection point (M1) 

0.916562...a = −  or 0b =  

0.917a = − , 0b =  A1A1 

[3 marks] 

(b) let A  be the area of the region

EITHER

attempts to form the required  integral involving subtraction (in any order). Accept
absence of limits or incorrect limits. Accept absence of dx. (M1) 

OR

shows a graph with the required area shaded (M1) 

THEN

( ) ( )
0

2 2

0.916562...

( ) ( ) d 1 e d
b

x

a

A f x g x x x x
−

 
= − = − − 
 
∫ ∫  (or equivalent) (A1) 

0.239855...A =  

0.240A =  A1 

[3 marks] 

Total [6 marks] 
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3. (a) EITHER

2.1875 7 0.6875y = × + A1 

OR 

15.3125 0.6875y = +  A1 

THEN 

16y = AG 

[1 mark] 

(b) attempts to use 16
y

n
= ∑  to form a linear equation in p  and q (M1) 

( )9 13 2116  80 43 37
5
p q p q p q+ + + +

= = + + ⇒ + = (A1) 

attempts to solve two linear equations simultaneously for p  and q  (one of which is 
3q p= + )   (M1) 

9 13 3 2116  
5

p p+ + + + +
= ( )80 2 46p= +

17p =  and 20q =  A1 

[4 marks] 

Total [5 marks] 
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5. (a) 0.996114...v = −

0.996v = −  (ms-1) A1 

[1 mark] 

(b) 

considers ( ) 0v t′ = (M1) 

0.405833...t =  

max 1.18230...v =  

max 1.18v =  (ms-1) A1 

[2 marks] 

(c) recognizes that the particle changes direction when 0v = (M1) 

Note:  Award (M1) for 1.65840...t =  seen. 

finds acceleration for their value of t for which ( ) 0v t = (M1) 

( )' 1.65840...v

2.53487...a = −  

2.53a = −  (ms-2) A1 

[3 marks] 

Total [6 marks] 
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6. 

METHOD 1 

correct inequality or equation involving ( )P 0X = (A1) 

( )1 P 0 0.99X− = >  OR ( )P 0 0.01X = <  OR ( )1 P 0 0.99X− = = OR ( )P 0 0.01X = =

attempts to solve their inequality (equality) involving 0.75n  for n  (M1) 

1 0.75 0.99n− > OR 0.75 0.01n <  OR 0.75 0.01n =  OR 1 0.75 0.99n− =

Note:  Valid solving attempts include graphical, use of logarithms, tabular or trial 
and error. 

EITHER 

16.0078...n >   OR 16.0078...n =  (A2) 

the least value of n  is 17  A1 

OR 

( ) ( )P 0 0.010022... 0.01X = = >  (corresponding to 16n = ) (A1) 

( ) ( )P 0 0.0075169... 0.01X = = < (A1) 

corresponding to 17n =  (which is the least value of n ) A1 

continued… 
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8. (a) let RA  denote the area of the rectangle and SA  denote the area of the semicircle 

one correct area 2RA xh=  OR 21 π
2SA x= (A1) 

21 12 π 2 π
2 2

A xh x x h x  = + = +    
A1 

[2 marks] 

(b) attempts to find a correct expression for the total perimeter (M1) 

( )2 2 πP x h x= + + , base + 2×height + half circunference

2 2 π 10x h x+ + =  OR 2 10 2 πh x x= − − A1 

( )1 10 2 π
2

h x x= − − AG 

[2 marks] 

continued… 
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Question 8 continued. 

(c) ( ) 213 2 1 π
2

L xh x = +  
 

(M1)(A1) 

Note:  Award (M1) for multiplying 2xh  by 3  and award (A1) for a fully correct 
expression. 

substitutes ( )1 10 2 π
2

h x x= − −  into their expression for L M1 

( ) 21 16 10 2 π π
2 2

L x x x x = − − + 
 

2 2 2 21 5π30 6 3π + π  30 6
2 2

x x x x x x  = − − = − +    
A1 

2 2530 6 π
2

L x x x= − − AG 

[4 marks] 

continued… 
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Question 8 continued. 

(d) (i) ( )( )d 30 12 5π  30 12 5π
d
L x x x
x
= − − = − +  (accept d 30 27.7  

d
L x
x
= − ) (M1)A1 

(ii) recognition that d 0
d
L
x
=  (may be represented graphically) (M1) 

1.08272...x =

301.08 
12 5π

x  = = + 
 (m) A1 

correct reasoning to justify a maximum R1 

L  is a quadratic (function of x ) with a negative coefficient of 2x  (may be 
represented as a sketch indicating maximum point) OR 

a clearly labelled sign diagram showing the change in gradient OR 

( ) ( )
2

2
d 12 5π 27.7079...  0
d

L
x

= − − = − <  

(iii) attempts to substitute their value of x  into h (M1) 

2.21654...h =

30 10π2.22 
12 5π

h + = = + 
 (m) A1 

[7 marks] 

Total [15 marks] 
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9. (a) METHOD 1

let M  be the midpoint of [ ]AB  and so AB 2AM=

attempts to use Pythagoras’ theorem to find 2AM  OR AM (M1) 

( )2 2 2AM 20 14  204= − =  OR ( )2 2AM 20 14  14.2828... 204 2 51= − = = =

recognizes that AB 2AM= (A1) 

( ) ( )AB 2 14.2828... 28.5657...  2 204 4 51= × = = = A1 

AB 28.5657...=  

AB 28.57=  (m) AG 

METHOD 2 

let M  be the midpoint of [ ]AB  and so AB 2AM=

let ˆASMθ =

1 140.795398... cos
20

θ − = = 
 

(A1) 

attempts to use a valid trigonometric ratio (M1) 

EITHER 

( ) 1 14AM 14tan 0.795398...  14.2828... 14 tan cos
20

−  = = =     
A1 

OR 

( ) 1 14AM 20sin 0.795398...  14.2828... 20sin cos
20

−  = = =     
 A1 

THEN 

AB 28.5657...=  

AB 28.57=  (m) AG 

[3 marks] 

continued… 
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Section B 
 

7. (a) ( ) 2 12f x x= − +   (accept 2 12y x= − + , accept 2m = −   and 12c = )    A1A1 

Note:  Award A1 for correct gradient, A1 for correct y-intercept 

     [2 marks] 
 (b) METHOD 1 Axis of Symmetry 

  axis of symmetry is ( )2 6 2
2

− +
=  (A1) 

  equating 
2

b
a
−

 to their axis of symmetry (M1) 

  2
2
b−
=

−
 

  4b =   A1 

   
  METHOD 2 substitution 

  attempt to substitute (-2,0) or (6,0) into g (M1) 

  2( 2) 2 12 0b− − − + = or 2(6) 6 12 0b− + + =  (A1) 

  4b =   A1 

   
  METHOD 3 factored form 
  attempt to write g  in factored form (M1) 

  ( ) ( 2)(6 )g x x x= + −   

  2 4 12x x− + +  (A1) 

  4b =    A1 

    
  METHOD 4  quadratic formula 
  attempt to substitute into quadratic formula and set equal to -2 or 6 (M1) 

  
( )( )

( )

2 4 1 12
6

2 1
b b− ± − −

=
−

  OR  
( )( )

( )

2 4 1 12
2

2 1
b b− ± − −

− =
−

 

  2 224 144 48b b b− + = +   OR  2 28 16 48b b b+ + = +  (or equivalent, must not contain 
radical) (A1) 

  4b =   A1 

    [3 marks] 
    continued… 



Mathematics: analysis and approaches SL | Paper 1 | Nov 2024 TZ1 | Q7 | 16 marks

Apollo | Original source crop | 99

 – 14 – 8824 – 7104M 

 

Question 7 continued 

 

 (c) recognizing to subtract g f−  (in correct order) (M1)  

  ( ) ( )
6 2

0
4 12 2 12 dx x x x− + + − − +∫  A1 

  ( )6 2

0
6 dx x x− +∫  AG 

    [2 marks] 
 
 (d)  attempt to integrate (M1) 

  ( )3 21 3
3

x x C− + +  A1 

  attempt to substitute limits into their integrated function and find difference  (M1) 

  3 2 3 21 16 3 6 0 3 0
3 3

   − ⋅ + ⋅ − − ⋅ + ⋅   
   

  

  36  A1 
    [4 marks] 
 
 (e)  ( ) 2 4g x x′ = − +  A1 

  attempt to equate their derivative of g to their gradient of f (M1) 

  2 4 2x− + = −  A1 

  3x =   A1 

  15y =  A1 

    [5 marks] 
    Total [16 marks] 
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8. (a) (i) substitution of 2x =  in part (i) or 
1
8

x =  in part (ii) (M1) 

   ( )2log 8 2× OR ( )2log 16  

   ( )2log 16 4=  A1 

 

  (ii) 
1 0
8

f   = 
 

 A1 

    [3 marks] 
 

 (b) swap x and y (M1) 

  2log (8 )x y= OR 23 logx y= +  

  attempt to write as exponential (M1) 

  2 8x y=  (A1) 

  ( )( ) ( )1 3 32 22 accept or 2
8 8

x x
x xf x y y− − − 

= = = = 
 

 A1 

    [4 marks] 
 

 (c) 
1
8

  A1 

    [1 mark] 
     
    continued… 
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9. (a) outer curved surface area is ( )2 4r hπ   AND inner curved surface area is 2 rhπ  (A1)  

  area of each base (top and bottom) is ( )2 24r rπ π−   (A1)  

  ( ) ( )2 22 4 2 4 2S r r r h rhπ π π π = − + +    A1 

  230 10r rhπ π= +   AG 

    [3 marks] 
 

 (b) 230 10 240r rhπ + π = π  

  attempt to solve their equation for  h  or rh  in terms of r  (must isolate h  or rh ) (M1) 

  
2 2240 30 24 3

10
r rh

r r
 − −

= = 
 

OR ( )
2

2240 30 24 3
10

rrh r−
= = −   (or equivalent) A1 

 
  uses volume = large cylinder – small cylinder (M1) 

  ( )2 24V r h r hπ π= −   ( )2 2 216 15r h r h r hπ π π= − =  A1 

 

  attempt to substitute in for h  or rh  (M1) 

  
2

2 24 315 rV r
r

π
 −

=  
 

  OR  ( )( )
2

2240 3015 15 24 3
10

rV r r rπ π
 −

= = − 
 

 OR  

3 3384 48 24 3r r r rπ π π π− − +  A1 

 

  3360 45r rπ π= −  AG 

 

    [6 marks] 
 
 

 (c) 2d 360 135
d
V r
r
= π− π  A1A1 

    [2 marks] 
 
    continued… 
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Question 9 continued 

 

 (d) METHOD 1 (working with r) 

  recognition that (for a maximum) 
d 0
d
V
r
=  M1 

  2360 135 0rπ π− =  

  2 360 8
135 3

r  = = 
 

   

  
360 8
135 3

r
 

= =  
 

 A1 

  2p =  OR 
22
3

r =  A1 

  

  METHOD 2 (working with 
2
3

p ) 

  recognition that (for a maximum) d 0
d
V
r
=  M1 

  

2
2360 135 0
3

pπ π
 

− =  
 

 

  2360 90 0p− =  

  2 4p =  A1 

  2p =  OR 
22
3

r =  A1 

    [3 marks] 
 
    continued… 
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Question 9 continued 
 

 (e) attempt to substitute their value of r  into 3360 45V r r= π − π  M1 

  
3

2 2360π 2 45π 2
3 3

V
 

= × − ×  
 

 

  
2 2 2360π 2 45π 8
3 3 3

× − × × ×   
2 2720π 240π
3 3

 
= −  
 

 (A1) 

  
2480π
3

=   A1 

  ( )480q =   

    [3 marks] 
    Total [17 marks] 
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SECTION B 

 

7. (a) ( ) 2 8f x x= − +   (accept 2 8y x= − + , accept 2m = −   and 8c = )   A1A1 

Note:  Award A1 for correct gradient, A1 for correct y-intercept 

                [2 marks]  
 (b) METHOD 1 Axis of Symmetry 

  axis of symmetry is ( )2 4 1
2

− +
=                   (A1) 

  equating 
2

b
a
−  to their axis of symmetry      (M1) 

  1
2
b−
=

−
 

  2b =             A1 

     
  METHOD 2 substitution 

  attempt to substitute (-2,0) or (4,0) into g     (M1) 

  2( 2) 2 8 0b− − − + = or 2(4) 4 8 0b− + + =       (A1) 

  2b =                        A1 

    
  METHOD 3 factored form 

  attempt to write g in factored form      (M1) 

  ( ) ( 2)(4 )g x x x= + −  

  2 2 8x x− + +                     (A1) 

  2b =              A1 

    
  METHOD 4  quadratic formula 
  attempt to substitute into quadratic formula and set equal to -2 or 4  (M1) 

  
( )( )

( )

2 4 1 8
4

2 1
b b− ± − −

=
−

  OR  
( )( )

( )

2 4 1 8
2

2 1
b b− ± − −

− =
−

 

  2 216 64 32b b b− + = +   OR  2 28 16 32b b b+ + = +  (or equivalent, must not 
contain radical)          (A1) 

  2b =              A1 

                [3 marks] 
     

     continued… 
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Question 7 continued.  

 

 (c) recognizing to subtract g f−  (in correct order)               (M1)  

  ( ) ( )
4 2

0
2 8 2 8 dx x x x− + + − − +∫          A1 

  ( )4 2

0
4 dx x x− +∫           AG

                        [2 marks] 
 
 (d)  attempt to integrate        (M1) 

  ( )3 21 2
3

x x C− + +           A1 

attempt to substitute limits into their integrated function and find difference  (M1) 

  3 2 3 21 14 2 4 0 2 0
3 3

   − ⋅ + ⋅ − − ⋅ + ⋅   
   

  

  32
3

              A1 

               [4 marks] 
 

 (e)  ( ) 2 2g x x′ = − +             A1 

  attempt to equate their derivative of g to their gradient of f   (M1) 

  2 2 2x− + = −             A1 

  2x =               A1 

  8y =               A1 

               [5 marks] 
    Total [16 marks] 
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9. (a) outer curved surface area is ( )2 4r hπ   AND inner curved surface area is 2 rhπ  
             (A1)  

  area of each base (top and bottom) is ( )2 24r rπ π−                           (A1)  

  ( ) ( )2 22 4 2 4 2S r r r h rhπ π π π = − + +          A1 

  230 10r rhπ π= +      AG 

    [3 marks] 
 

 (b) 230 10 240r rhπ + π = π  

  attempt to solve their equation for  h  or rh  in terms of r  (must isolate h  or rh ) 

            (M1)  

  
2 2240 30 24 3

10
r rh

r r
 − −

= = 
 

OR ( )
2

2240 30 24 3
10

rrh r−
= = −   (or equivalent)  

              A1 

 

  uses volume = large cylinder – small cylinder             (M1) 

  ( )2 24V r h r h= π − π   ( )2 2 216 15r h r h r hπ π π= − =       A1 

 

 attempt to substitute in for h  or rh                (M1) 

 
2

2 24 315 rV r
r

 −
= π  

 
  OR  ( )( )

2
2240 3015 15 24 3

10
rV r r rπ π

 −
= = − 

 
 OR  

3 3384 48 24 3r r r rπ π π π− − +          A1 

 

  3360 45r r= π − π                   AG  

    [6 marks] 

 (c) 2d 360 135
d
V r
r
= π− π  A1A1 

    [2 marks] 
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Question 9 continued. 
   

 (d) METHOD 1 (working with r ) 

  recognition that (for a maximum) d 0
d
V
r
=   M1 

  2360 135 0rπ π− =    

  2 360 8
135 3

r  = = 
 

  

  
360 8
135 3

r
 

= =  
 

 A1 

  2p =  OR 
22
3

r =  A1 

 
 

  METHOD 2 (working with 
2
3

p ) 

  recognition that (for a maximum) d 0
d
V
r
=  M1 

  
2

2360 135 0
3

pπ π
 

− =  
 

 

  2360 90 0p− =  

  2 4p =  A1 

  2p =  OR 22
3

r =  A1 

    [3 marks] 
     

    continued… 
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Question 9 continued. 
 

 (e) attempt to substitute their value of r  into 3360 45V r rπ π= −  M1 

  
3

2 2360π 2 45π 2
3 3

V
 

= × − ×  
 

  

  
2 2 2360π 2 45π 8
3 3 3

= × − × × ×   
2 2720π 240π
3 3

 
= −  
 

 (A1) 

  
2480π
3

=    ( )480q =  A1 

   
    [3 marks] 
    Total [17 marks] 
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3. (a) 31 e 5
3

x x c+ + A1A1A1 

Note: Award A1 for each term. 

[3 marks] 

(b) recognition that ( ) ( )h x h x′= ∫ (M1) 

31( ) e 5
3

xh x x c= + +

( ) ( ) ( )3 2.11(2.1) e 5 2.1 185
3

h c= + + =  (A1) 

7.02397...c = −  

3 3 6.31 1 1( ) e 5 7.02 e 5 174.5 e
3 3 3

x xh x x x = + − = + + − 
 

 A1 

[3 marks] 
Total [6 marks] 
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4. (a) recognition of sum of probabilities equals 1 (M1) 

2 4 7 10 1
15 15 15 15

k k k k
+ + + =  

0.652173...k =  

150.652
23

k  = = 
 

 A1 

[2 marks] 

(b) correct probabilities: 2 4 7 10, , ,
23 23 23 23

 OR 0.0870,  0.174,  0.304,  0.435 (A1) 

substitution of their probabilities into formula for expected value (M1) 

2 4 7 102 4 7 10
23 23 23 23

× + × + × + ×   OR  169
15

k

7.34782...=  

169E( ) 7.35
23

X  = = 
 

   (same 3sf from previous 3sf answer) A1 

[3 marks] 
Total [5 marks] 
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8. (a) (i) 0.362a = (exact); 30.5b = (exact) A1A1 

Note:  Award A1A0 if the values of a and b are interchanged or not labelled. 

(ii) a represents the (average) rate of increase (change) in population (0.362 millions
of people per year).  (or equivalent) R1 

[3 marks] 

(b) It is unreliable because 2030 is outside the range of data (extrapolation). A1 
[1 mark] 

(c) (i) attempt to find (100)B (M1) 

61.4707… 
61.5 million OR 61,500,000  A1 

(ii) The annual growth rate of the population is 0.7%. A1 

Note: Description must include some reference to annual rate. 

[3 marks] 

(d) 58.1070…
58.1 million OR 58,100,000 A1 

[1 mark] 

(e) consideration of the difference function ( ) ( )C t tB−  or ( ) ( )B t tC−  or ( ) ( )C t tB− (M1) 

evidence of finding the maximum (or minimum) of this function. (M1) 
45.9583t =

2045 (accept 2046 ) A1 

[3 marks] 
continued… 
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Question 8 continued 

(f) (i) 0.282151…
(40)  0.282B′ =  A1 

(ii) 0.325546...

2(40) 0.3 6C′ = A1 

[2 marks] 

(g) (40) (40)B C′ ′<  (or equivalent in words) A1 

the population in Cecilia’s model is increasing at a faster rate than in Benoit’s model (in
2040) (or equivalent) R1 

Note: Do not award A0R1. 

[2 marks] 
Total [15 marks] 
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9. (a) (i) 3 A1 
(ii) attempt to find period (M1) 

2π
b

or 2π
4π

period = 1
2

A1 

[3 marks] 

(b) (i) evidence of considering the graph of 3sin(4π ) 4cos(4π )x x−  (seen in i, ii,or iii) (M1) 

5a = A1 

(ii) 4πb = A1 

(iii) 0.198792…

0.199c = A1 

[4 marks] 

(c) 19 (seconds) A1 

[1 mark] 

(d) 5 (speed bumps) A1 
[1 mark] 

(e) (i) attempt to use chain rule (multiplication by π
14

) (M1) 

( ) ( )π π3.5 sin 5
14 14

t   −   
   

 OR 0.785398… 

( ) ( )π π π( ) 0.785sin 5  sin 5
14 4 14

v t t t    ′ = − = −        
A1 

(ii) recognition that v a′ = (M1) 

( )20.785 ms− π
4

 = 
 

 A1 

[4 marks] 
continued… 
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3. (a) 41 e 6
4

x x c+ +  A1A1A1 

Note: Award A1 for each term. 

[3 marks] 

(b) recognition that ( ) ( )h x h x′= ∫ (M1) 

41( ) e 6
4

xh x x c= + +  

( ) ( ) ( )4 1.51(1.5) e 6 1.5 105
4

h c= + + =  (A1) 

4.85719...c = −  

4 4 61 1 1( ) e 6 4.86 e 6 96 e
4 4 4

x xh x x x = + − = + + − 
 

 A1 

[3 marks] 
Total [6 marks] 
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4. (a) recognition of sum of probabilities equals 1 (M1) 

3 5 8 11 1
20 20 20 20
k k k k
+ + + =  

0.740740k =  

200.741
27

k  = = 
 

A1 

[2 marks] 

(b) correct probabilities: 3 5 8 11, , ,
27 27 27 27

 OR 0.111,  0.185,  0.296,  0.407  (A1) 

substitution of their probabilities into formula for expected value (M1) 

3 5 8 113 5 8 11
27 27 27 27

× + × + × + ×   OR 219
20

k

8.11111...=  

219 73E( ) 8.11
27 9

X  = = = 
 

  (same 3sf from previous 3sf answer) A1 

[3 marks] 
Total [5 marks] 
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8. (a) (i) 0.358a = (exact); 30.5b =  (exact answer is 30.52 ) A1A1 

Note: Award A1A0 if the values of a and b are interchanged or not labeled. 

(ii) a represents the (average) rate of increase (change) in population (0.358 millions
of people per year).  (or equivalent) R1 

[3 marks] 

(b) It is unreliable because 2030 is outside the range of data (extrapolation). A1 
[1 mark] 

(c) (i)  attempt to find (100)B (M1) 

55.1633… 
55.2 million OR 55,200,000  A1 

(ii) The annual growth rate of the population is 0.5%. A1 

Note: Description must include some reference to annual rate. 

[3 marks] 

(d) 54.6094…
54.6 million OR 54,600,000 A1 

[1 mark] 

(e) consideration of the difference function ( ) ( )C t tB−  or ( ) ( )B t tC−  or ( ) ( )C t tB− (M1) 

evidence of finding the maximum (or minimum) of this function. (M1) 
58.6283t = …

2058  (accept 2059 ) A1 

[3 marks] 
continued… 
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Question 8 continued. 

(f) (i) 0.242876…
(75) 0.243B′ =  A1 

(ii) 0.184941...

( ) 0.18575C′ = A1 

[2 marks] 

(g) (75) (75)B C′ ′>  (or equivalent in words) A1 

the population in Benoit’s model is increasing at a faster rate than in Cecilia’s model (in
2075)  (or equivalent) R1 

Note: Do not award A0R1. 

[2 marks] 
Total [15 marks] 
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9. (a) (i) 6 A1 
(ii) attempt to find period (M1) 

2π
b

or 2π
π

period = 2 A1 

[3 marks] 

(b) (i) evidence of considering the graph of 6cos(π ) 8sin(π )x x−  (seen in i, ii, or iii)  (M1) 

10a = A1 

(ii) πb = A1 

(iii) 1.70483…

1.70c = A1 

[4 marks] 

(c) 23 (seconds) A1 
[1 mark] 

(d) 4 (speedbumps) A1 
[1 mark] 

continued… 
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Section A 
 

1. (a) ln12   A1 
    [1 mark] 
 

 (b) 3ln 2   (A1) 
  ln8=  A1 

    [2 marks] 
 

 (c) 
11ln

2

−
 
 
 

 OR ( )ln1 ln 2− −  OR 1ln 2−−   (A1) 

  ln 2=  A1 
    [2 marks] 
    Total [5 marks]  
 
 

2. 2'( ) 4 16f x x= −  A1 

 sets their derivative equal to zero  (M1) 

 24 16 0x − =  , ( 2x = ± ) 

 2p =  (accept  2x = ) A1 

 substitutes their positive p into ( )f x   (M1) 

 
( )34 2 32 6416(2) 32
3 3 3

y  = − = − = − 
 

 

 
64
3

q = −  (accept 
64
3

y −
= ) A1 

    Total [5 marks] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 – 9 – 2225 – 7109M 

 

3. (a) 4 1 0.01
400 100

k  = = = 
 

 A1 

    [1 mark] 
 
 (b) attempt to find binomial coefficients or multiply out brackets  (M1) 

  e.g. Pascal’s triangle down to correct row OR ( )221 2x x+ + OR substitute into  

  binomial expansion 

  ( )41 x+  

  2 3 41 4 6 4x x x x= + + + +  A1 

    [2 marks] 
 (c) METHOD 1 
  recognition that the expansion can be used with x replaced with k   (M1) 

  
411

100
 + 
 

 

  ( )2
4 61 ... 1 0.04 0.0006 ...

100 100
= + + + = + + +  (A1) 

  multiplies by 1000 (seen anywhere) (M1) 

  
411000 1

100
 + 
 

 

  ( )1000 40 0.6 ... 1040.6...= + + + =   

  1041=  (dinar)  A1 

   
  METHOD 2 

  attempt to find the value of ( )41 k+  by hand (M1) 

  ( ) ( ) ( ) ( ) ( )4 21.01 1.0201 1.01 1.030301 1.01= =  

  1.0406...=  (A1) 

  multiplies by 1000 (seen anywhere) (M1) 

  ( )41000 1.01  

  1040.6...=   

  1041=  (dinar) A1 

     [4 marks] 
    Total [7 marks] 
 
 



Mathematics: analysis and approaches SL | Paper 1 | May 2025 TZ1 | Q4 | 4 marks

Apollo | Original source crop | 120

 – 10 – 2225 – 7109M 

 

4. METHOD 1 

 attempt to set up integral ( )e e 2ex x x− − =  or ex and then double  (M1) 

 ( )( )e e dx x x− −∫  OR 2 e dx x∫  

 
1

1
2 e dx x

−
= ∫  

 
1

1
2 ex

−
 =     (A1) 

 attempt to substitute correct limits into their integrated function and subtract  (M1) 

 12 e
e

 = − 
 

 , 
22e
e

− , 12 2e e−−  A1 

  
 METHOD 2 

 
1 1

11
e dx xx e

−−
 =  ∫   and  

1 1

11
-e dx xx e

−−
 = − ∫  (A1) 

 attempt to substitute correct limits into both their integrated functions and subtract (M1) 

 1 1e e−−   and  1 1( )e e−− − −  

 subtracts their two integrals in correct order (M1) 

 ( )1 1 1 1e e e e− −− − − +  

 12 e
e

 = − 
 

 , 
22e
e

− , 12 2e e−−  A1 

    Total [4 marks] 
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5. (a) 
1P( )
4

A =  (A1) 

  attempt to use P( )P( )
P( )
B AB A

A
∩

=   (M1) 

  2 P( )
13
4

B A∩
=

 
 
 

 

  2 1P( )
3 4

A B  ∩ =  
 

 

  2 1
12 6

 = = 
 

 A1 

    [3 marks] 
 (b) attempt to use P( ) P( ) P( ) P( )A B A B A B∪ = + − ∩  OR a Venn diagram, with 

their values of P( )A  and P( )B A∩  M1 

  
3 1 1P( )
4 4 6

B= + −  

1 1P( ) +
2 6

B =  

  4 2
6 3
 = = 
 

 A1 

  P( ) P( )B A B=  OR 
1P( )P( )
6

A B = so P( ) P( )P( )A B A B∩ =  (hence A  and B are 

independent) R1 

Note:  The R1 is dependent on all previous marks 

    [3 marks] 
    Total [6 marks] 
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Section B 
 

7. (a) (i) attempt to find (1)v   (M1) 

   (1) 30 20 10v = + −  

   max velocity 40  (ms-1) A1 
 

  (ii) attempt to find ( )5v  (M1) 

   ( ) 25 30 20(5) 10(5) 120v = + − = −  

   max speed 120 (ms-1)   A1 
    [4 marks] 
 
 (b) (i) 3T =  A1 

 

  (ii) attempt to set up an integral of ( )v t to find area under velocity graph  (M1) 

   ( )
3

2

0

30 20 10 dt t t+ −∫  

   
33

2

0

1030 10
3
tt t 

+ − 
 

 A1 

   attempt to substitute their limits into their integrated function and subtract  (M1) 

   ( )
3

2 10(3)30(3) 10(3) 90 90 90
3

+ − = + −  

   distance 90  (metres) A1 

    [5 marks] 
     

    continued… 
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Question 7 continued. 

 
 (c) METHOD 1 

 attempt to find total displacement by setting up an integral of ( )v t  between     

 0t =  and 5t =   (M1) 

  ( )
5

2

0

30 20 10 dt t t+ −∫  

  
53

2

0

1030 10
3
tt t 

= + − 
 

  (A1) 

  
3

2 10(5)30(5) 10(5)
3

= + −  

  1250 50400
3 3

 = − = − 
 

  A1 

 total displacement is negative OR total displacement is not zero, (so the object    R1 
  does return to its initial position) 
  METHOD 2 
  attempt to find displacement after change in direction by setting up an integral 

  of ( )v t  between  3t =  and 5t =    (M1) 

  ( )
5

2

3

30 20 10 dt t t+ −∫  

  
53

2

3

1030 10
3
tt t 

= + − 
 

  (A1) 

  
3 3

2 210(5) 10(3) 125030(5) 10(5) 30(3) 10(3) 400 90
3 3 3

     = + − − + − = − −    
    

 

  50 32090
3 3

 = − − = − 
 

 A1 

  
320 90

3
>  compares to distance before change of direction, (so the object does 

  return to its initial position) R1 
    [4 marks]  
    Total [13 marks]  
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8. (a) METHOD 1 
  5a =   (A1)   

  attempt to use roots and symmetry to find h  (M1) 

  
( 1) ( 3)

2
h − + −
=  OR half the distance between the roots 

( 1) ( 3) 1
2

− − −
=  (may be 

seen on a diagram) 

  2h = − (accept 2x = − ) (A1) 

  ( ) ( )2 2( ) 5( 2 ) 5 5( 2) 5f x x x= − − − = + −  A1 

  ( 5,  2,  5a h k= = − = − )  

  METHOD 2 
  5a =   (A1) 
  attempt to expand   

  ( ) 21 ( 3) 4 3x x x x+ + = + +  OR ( ) 25 1 ( 3) 5 20 15x x x x+ + = + +  

  EITHER 
  uses their expansion to attempt to complete the square to the form (M1) 

   2( )p x q r+ + ,where q is half the coefficient of their x term  

  ( ) ( )( )2 222 2 3 2 1x x= + − + = + −  OR ( ) ( )2 225 2 2 3 ( 5 2 5)x x + − + = + −   (A1) 

  OR 
  uses their expansion to attempt to differentiate and sets equal to zero (M1) 

   
d 2 4 0
d
y x
x
= + =  OR  

d 10 20 0
d
y x
x
= + =  

  2h = − (accept 2x = − ) (A1) 

  OR 

  uses their expansion to attempt to find axis of symmetry using 
2

bh
a
−

=  (M1) 

  
4

2
h −
=  OR 

20
10

h −
=  

  2h = − (accept 2x = − ) (A1) 

  THEN 

  ( ) ( )2 2( ) 5( 2 ) 5 5( 2) 5f x x x= − − − = + −  A1 

  ( 5,  2,  5a h k= = − = − ) 

    [4 marks] 
     

    continued…  
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SECTION A 

1. (a) attempt to differentiate (at least one correct term seen) (M1) 

( ) 23 10f x x x+=′

3 10+   

( )1 13f ′ = A1 

[2 marks] 

(b) attempt to find ( )1f (M1) 

( )1 5 8     2+ − = −

( )2 13 1y x+ = −   OR   13 15y x= − A1 

[2 marks] 
Total [4 marks] 

2. recognises to integrate ( )g x′ (M1) 

( )dg x x′∫  OR ( )2cos e dxx x+∫

( ) ( )21sin e  
2

xg x x C= + + A1A1 

substitutes ( )0,7  into their integrated expression (must involve )C+ (M1) 

( ) 10 0 7    6.5
2

g C C= + + = ⇒ =  

( ) 21sin e 6.5
2

xg x x= + + A1 

[5 marks] 
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SECTION A 

1. (a) attempt to differentiate (at least one correct term seen) (M1) 

( ) 23 10f x x x+=′

3 10+   

( )1 13f ′ = A1 

[2 marks] 

(b) attempt to find ( )1f (M1) 

( )1 5 8     2+ − = −

( )2 13 1y x+ = −   OR   13 15y x= − A1 

[2 marks] 
Total [4 marks] 

2. recognises to integrate ( )g x′ (M1) 

( )dg x x′∫  OR ( )2cos e dxx x+∫

( ) ( )21sin e  
2

xg x x C= + + A1A1 

substitutes ( )0,7  into their integrated expression (must involve )C+ (M1) 

( ) 10 0 7    6.5
2

g C C= + + = ⇒ =  

( ) 21sin e 6.5
2

xg x x= + + A1 

[5 marks] 

– 8 – 2225 – 7114M 

3. 

(a) 2−  (accept ( )0,  2− ) A1 

[1 mark] 

(b) 
3
2

y =  (must be an equation) A1 

Note: Do not accept ≠  sign. 

[1 mark] 

(c) attempt to reflect the graph of f  in the x -axis OR one correct value seen (M1) 

both correct values 
3
2

− and 2  (seen anywhere) A1 

3 2
2

y− < ≤  A1 

[3 marks] 
Total [5 marks] 
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6. 
(a) correct substitution into distance formula A1 

2 2 2 2ln 4l x x x x= + − +   OR  ( ) ( )22 2 20 ln 4 0x x x x− + + − −  OR 

2 2 2ln 4x x x x+ + −

2 ln 4l x x= + AG 

[1 mark] 

(b) recognising
d 0
d

l
x
=   (seen anywhere) (M1) 

EITHER 

attempt to use chain rule with l (M1) 

( ) ( )
1

2 221 dln 4 ln 4
2 d

x x x x
x

−
+ × +

attempt to use product rule with ( )2d ln 4
d

x x
x

+ (M1) 

( )
1

2 221 1ln 4 ln 2
2

x x x x x
x

−  + × × + ×  
A1 

OR 

recognising to minimise 2 ln 4x x +   (M1) 

attempt to use product rule (M1) 

2 1 ln 2x x x
x

× + × A1 

THEN 

2 ln 0x x x+ =   (or equivalent) A1 

1ln
2

x⇒ = −

1
2 1e      

e
x

−  
= = 

 
 A1 

Note:  Award A0 for including 0x =  in the final answer. 

[6 marks] 
Total [7 marks] 
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Section B 

7. (a) recognise sum of probabilities is 1 (seen anywhere) (M1) 

2 2 23 2 1k k k k+ + + =  OR P( ) 1X x= =∑
26 1 0k k+ − =   OR  26 1k k+ =  A1 

valid attempt to solve their quadratic 0= (M1) 

( )( )3 1 2 1k k− +    OR   
( )( )

( )
1 1 4 6 1

2 6
k

− ± − −
=

1
3

k =   and 
1
2

k = − A1 

0 1k< <   (so, disregard 
1
2

k = − )  R1 

Note: accept 0k >  or 0k   or k  is a probability.

Do not award R1 unless the previous mark has been awarded. 

1
3

k = AG 

Note: If a candidate uses 1
3

k =  to verify that the probabilities sum to 1, award 

M1A0M0A0R0. 

[5 marks] 

(b) ( )1 P 3  X a− =   OR     ( ) ( ) ( )P 0 P P 2X X a X a= + = + = (M1) 

21 k−   
11
9

 = − 
 

OR    25k k+  
15

9 3
 = + 
 

 OR 
1 3 2
3 9 9
+ +

( ) 8P 3
9

X a< = A1 

[2 marks] 

continued… 
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4. (a)  

Note:  Award a maximum of M1A0A0  if the candidate manipulates both sides of the equation 
(such as moving terms from one side to the other). 

 

  METHOD 1 

  recognizing difference of two squares (M1) 

  ( ) ( ) ( )
2

2
2

4 24cos sin cos sinx xx x−=−  

  ( )( )2 2 2 2cos sin cos sinx xx x+ −  A1 

  1 cos 2x  A1 

  
4 4cos sin cos2x xx =−  AG 

Note:  Award a maximum of M1A1A0 if 
2 2 1cos sinx x+ =  not seen. 

 

  METHOD 2 

  expressing 
4cos xas ( )

2
2cos x  (M1) 

  ( ) ( )2
2

4 4 4cos sin cos sinx x xx− −=  

  ( )
2

2 41 sin sin xx −−  A1 

  
21 2sin x−  A1 

  
4 4cos sin cos2x xx =−  AG 

 

  METHOD 3 

  expressing 
4sin x as ( )

2
2sin x  (M1) 

  ( ) ( )
2

4 24 4cos sin cos sinx xx x−=−  

  ( )
2

4 2c oo 1s c sx x− −  A1 

  
21 2cos x− +  A1 

  
4 4cos sin cos2x xx =−  AG 

    [3 marks] 

 

 

    continued…  
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Question 4 continued 

 

 (b) ( )4 4 osincos d c s2 dx x xx x =−   

  EITHER 

  attempt to integrate cos 2x  by inspection (M1) 

Note:  A valid attempt must include 
1

2
 and/or sin 2x . 

  OR  

  
d

2 2
d

u
u x

x
=  =  (M1) 

  
1

cos 2 d cos d
2

x x u u=   

  THEN 

  
1

sin 2
2

x c= +   (must include c+ ) A2 

Note:  Award (M1)A1 for 
1

sin 2
2

x  as a final answer. 

    [3 marks] 

    Total [6 marks] 
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5. (a) equating 3y mx= −  and 
2 1y xx= − −  M1 

   
2 1 ( 3) 0x mxx − − − − =   OR  2 2 0mxx x− − + =  A1 

  
2 ( 1) 2 0x m x− + + =  AG 

    [2 marks] 

 

 (b) METHOD 1  (discriminant) 

  correct substitution into discriminant  (do not award if seen only in quadratic formula) (A1) 

  ( )
2

( 1) 4(1)(2)m− + −   OR  
2( 1) 4(1)(2)m + −   

  discriminant equals 0 (seen anywhere) A1 

  
2( 1) 8m + =  OR  2 2 7 0m m+ − =   A1 

  ( ) 1 2 2 , 1 2 2m = − − − +  A1A1 

 

  METHOD 2 (derivative) 

  
d

2 1
d

y
x

x
= −    A1 

  substituting 2 1m x= −  or  
1

2

m
x

+
=  into AG from part (a) (A1) 

  
2 (2 1 1) 2 0x x x− − + + =   OR  2 22 2 0xx − + =  OR  

2

(
1

2
2 0

1

2
1)m

m m+ + 
 − + +


=


  

  2x =    OR  2 2 7 0m m− − + =   OR  2 2 7 0m m+ − =  A1 

  ( ) 2 2 1, 2 2 1m = − − −    A1A1 

    [5 marks] 

    Total [7 marks] 
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Section B 

 

7. (a) 4 2 60x y =   OR  ( )
60

7.5
8

xy = =   (or equivalent) (A1) 

 

  
15

2
y

x
=  A1 

    [2 marks] 

 

 (b) ( ) 10 12T y x= +  (A1) 

 

  
15

10 12
2

x
x

 
+ 

 
 A1 

Note:  Award a maximum of (A1)A0FT if their answer to part (a) is incorrect. 

  

  
75

12T x
x

= +  AG 

     [2 marks] 

 

 (c) 
2

d 75
12

d

T

x x

 
= − 

 
( )212 75x−= −  A1A1 

Note:  Award A1 for each correct term. 

    [2 marks] 

 

continued… 
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Question 7 continued 

 

 (d) (i) 
2

75
12 0

k
− =  A1 

   
2 25

4
k =   OR  

5

2
k =    (or equivalent) (A1) 

   
5

2
k =    A1 

 

  (ii) substituting their value of k  into T  (M1) 

 

   ( ) 60 (m)T =  A1 

 

  (iii) substituting their value of k  into their y  or into their length equation  (M1) 

   
15

5
2

2

y =
 
 
 

  OR  
5

12 10 60
2

y
 

+ = 
 

  (or equivalent) 

 

   ( m)) 3 (y =  A1 

    [7 marks] 

 

continued… 
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Question 7 continued 

 

 (e) (i) 
3

2

2

d 150

d

T

x x

 
= 

 
  ( )3150x−=  A1 

 

  (ii) METHOD 1  (using second derivative) 

   (local) minimum since 
3

150
0

5

2


 
 
 

  (
48

0
5
 )  (curve is concave up)  R1 

Note:  Award R0 if candidate does not substitute their numerical values.   

  Award R1FT on their 

2

2

d

d

T

x
 and their positive value of k .   

   

   METHOD 2  (using first derivative from part (c)) 

   (local) minimum since the derivative is negative for a value of 
5

2
x  , and positive 

   for a value of 
5

2
x  . R1 

Note:  Award R0 if candidate does not substitute their numerical values.   

  Award R1FT on their 
d

d

T

x
 and their positive value of k .   

 

    [2 marks] 

    Total [15 marks] 
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8. (a) (i) METHOD 1 

   attempt to equate differences of consecutive terms (M1) 

   (3 2 ) ( 5) (5 3) (3 2 )k k k k− − − = + − −  OR ( 5) (3 2 ) (3 2 ) (5 3)k k k k− − − = − − +  A1 

   8 3 7k k− =  

   
4

( )
5

k =  A1 

   METHOD 2 (system of equations) 

   TWO correct equations involving k  and d   A1 

   5 3 2k d k− + = −   OR  3 2 5 3k d k− + = +  OR  5 2 5 3k d k− + = +   

   OR   ( )( )
3

2 5 2 5 3 2 5 3
2

k d k k k− + = − + − + +   (or equivalent) 

   valid attempt to solve their system of equations using substitution or elimination  (M1) 

   ( )5.6d =  

   
4

( )
5

k =  A1 

   METHOD 3 (in terms of k) 

   ( )
3

5 5 3 5 3 2 5 3
2

k k k k k− + + = − + − + +  (or equivalent) A1 

   combining like terms  (M1) 

   9 3 4 1k k− = +   OR  5 4k =   (or equivalent)  

   
4

( )
5

k =  A1 

   METHOD 4 (arithmetic mean) 

   attempt to find mean of 1u  and 3u  (M1) 

   
( 5) (5 3)

3 2
2

k k
k

− + +
= −  A1 

   3 1 3 2k k− = −  

   
4

( )
5

k =  A1 

 

  (ii) substituting their value of k  into expression for 3u  (A1) 

   ( )3

4
5 3

5
u = +  

   7=  A1 

    [5 marks] 

    continued…
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Section A 
1. (a) METHOD 1  
  attempt to expand brackets on the numerator M1 

  ( )2 21 2 1x x x− = − +  

  ( )2 2 21 2 1 2 1x x x x x
x x x x x
−  − +

= = − + 
 

  A1 

  
12x
x

= − +  AG 

 
  METHOD 2 
  attempt to express terms with a common denominator M1 

  
21 2 12 x xx

x x x x
− + = − +  

  
2 2 1x x

x
− +

=  A1 

  ( )21x
x
−

=  AG 

    [2 marks] 
 

 (b) ( )
2

( )d 2 ln
2
xf x x x x c= − + +∫   A1A1A1 

Note:  Award A1 for each correct term.  

    [3 marks] 
     Total[5 marks] 
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2. (a) EITHER  

  210 210π 7π 3.66519...
180 6

 = = = 
 

 radians  (A1) 

  attempt to use radian formula for area of sector  (M1) 

  area ( )21 7π19.5
2 6

 =  
 

  

  OR 
  attempt to use degree formula for area of sector   (M1) 

  area ( )2210 π 19.5
360

=   (A1) 

  THEN  

  area 
3549π 696.844...

16
= =  

  3549π697
16

 = = 
 

 (cm2) A1 

    [3 marks] 
   

 
 (b) EITHER 

  arc length 7π19.5
6

 =  
 

 OR ( )( )210 91π2π 19.5 71.4712...
360 4

 = = = 
 

  (A1) 

  attempt to set 2πr  equal to arc length  (M1) 

  2π 71.4712...r =  
 
  OR 
  attempt to set πrl  equal to their area from (a)  (M1) 

  19.5π 696.844...r =   (A1) 
 
  THEN 

  9111.4 11.375
8

r  = = = 
 

(cm)  A1 

    [3 marks] 
     Total[6 marks] 
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4. METHOD 1 
 attempt to find change in population using a definite integral  (M1) 
 4t =  at the start of 2026 (seen anywhere)   (A1) 

 
4 0.0145

0
104000e dt t−−∫   (A1) 

 404165.8...= −   (A1) 

 attempt to add initial population to their change in population from a definite integral  (M1) 

 population at the start of 2026 66.78 10 404165.8...= × −  

 6375834.1...=  

 ( )66380000 6.38 10= = ×   A1 

 
 METHOD 2 
 attempt to find population using an indefinite integral  (M1) 

 0.0145104000e dtP t−= −∫  

 ( )
0.0145

0.0145104000e 7172413.7...e
0.0145

t
tc c

−
−−

+ = +
−

  (A1) 

 attempt to substitute 60, 6.78 10t P= = × into equation with c.  (M1) 

 66.78 10 7172413.7... 392413.7...c c× = + ⇒ = −  

 0.01457172413.7...e 392413.7...tP −= −   (A1) 

 4t =  at the start of 2026 (seen anywhere)  (A1) 

 population at the start of 2026 0.0145(4)7172413.7...e 392413.7...− −  

 6375834.1...=  

 ( )66380000 6.38 10= = ×   A1 

     Total [6 marks] 
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5. (a) attempt to substitute 19.8F =  into the regression line for A  on F   (M1) 

  ( )2.89 19.8 99.3A = +  

  156.522=  (cm) 

  arm span = 157 (cm) A1 

Note:  Award M0A0 for choosing the wrong regression line to get 
156.417...A = so 156A = . 

    [2 marks] 
 
 (b)  recognition that the lines intersect at the mean point (may be seen on a sketch)  (M1) 

  
32.62.89 99.3

0.335
FF +

+ =  OR 
99.30.335 32.6

2.89
AA −

− =  

  159.686...  or  20.8948...  

 the mean arm span 160=  (cm) , the mean foot length 20.9=  (cm) A1A1 
    [3 marks] 
 
 (c) METHOD 1 
  recognition of symmetry of interval around mean (may be seen on a sketch) (M1) 

  ( 153) 0.06P H < =  OR ( 173) 0.94P H < =  OR equivalent 

  
153 163 1.55477...

σ
−

= −  OR 
173 163 1.55477...

σ
−

=   (A1) 

  6.43181...σ =  

  6.43σ = (cm) A1 

 
  METHOD 2 

attempt to find σ  by equating an appropriate correct normal CDF function to 0.88 
(or e.g. 0.06 or 0.94)   (M1) 

  6.43181...σ =  

  6.43σ = (cm) A2 

Note:  Accept use of calculator notation e.g. 
(153,173,163, ) 0.88normcdf σ =  

    [3 marks] 
     Total [8 marks] 



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ1 | Q6 | 6 marks

Apollo | Original source crop | 139

 – 13 – 2225 – 7110M 

 

6. (a) recognition of the need to differentiate         (M1) 

  
π π 15π π 3π π'( ) 15sin sin sin
50 50 50 50 10 50

x x xh x        = − = − = −              
  A1A1 

  
15π π 3π π'( ) sin sin
50 50 10 50

k kh k     = − = −        
  

Note:  Award A1 for π15sin
50

k −  
 

 and A1 for factor of 
π
50

. 

  Award A1A0 for a correct expression with additional terms or 
additional factors.   

    [3 marks] 

 (b) recognition that gradient of tangent = πtan
8

 −  
 

 OR 7πtan
8

 
 
 

  (M1) 

Note: Accept πtan
8

 
 
 

 OR 7πtan
8

 −  
 

 for the (M1) 

  setting their '( )h k  equal to πtan
8

 −  
 

 OR ( )7πtan 0.414213...
8

  = − 
 

  (A1) 

  15π π πsin tan
50 50 8

k   − = −   
   

 OR 15π π 7πsin tan
50 50 8

k   − =   
   

 

  7.24211...k =  , 42.7578...k =  

  7.24k = , 42.8k =  A1 

    [3 marks] 
    Total [6 marks] 
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Section B 
 

7. (a) P(scores 5 points)
10
36

=    A1A1 

Note: Award A1 for numerator of 10 and A1 for denominator of 36. 

   
5

18
=  AG 

    [2 marks] 
 
 (b) METHOD 1 
  attempts to list or count all outcomes with a difference of more than one (M1) 

( )4 3 3 3 3 4 20+ + + + + =  

  P(scores 0 points) 
20 5 0.555555... 0.556
36 9

 = = = = 
 

 A1 

  METHOD 2 

  attempts to subtract P(scores 5 points) and P(scores 10 points) from 1  (M1) 

  P(scores 0 points)
10 61
36 36

= − −  

  
20 5 0.555555... 0.556
36 9

 = = = = 
 

 A1 

    [2 marks] 
     

    continued… 

  



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ2 | Q3 | 6 marks

Apollo | Original source crop | 141

– 9 – 2225 – 7115M 

3. 
(a) one critical value (seen anywhere) (A1) 

recognizing that for f  to be decreasing 0f ′ < (M1) 

1.73554...x = −  or 0.517999...x =  

1.74x ≤ −  and 0.518x ≥  OR 1.74x < −  and 0.518x > A1 

[3 marks] 

(b) correct critical value 0.405465...x = − 2ln
3

 = 
 

( seen anywhere) (A1) 

attempt to find maximum of f ′  OR recognising that ( ) 0f x′′ >  OR sketching graph of 

f ′′  OR ( ) 2 3exf x′′ = − (M1) 

concave-up for 
2ln
3

x <  OR 0.405x < −  A1 

[3 marks] 
  Total [6 marks] 
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4. EITHER

attempt to use the binomial expansion of ( )102x k+ (M1) 

( ) ( ) ( )10 9 810 10 1 10 2
0 1 22 2 2 ...C x C x k C x k+ + +  OR ( ) ( )1 210 10 10 9 10 8

0 1 22 2 ...C k C k x C k x+ + +  

Note: Do not award any marks if there is clear evidence of adding instead of multiplying, 
for example ( )1010 2 r r

rC x k−+ + . 

identifying the correct term (M1) 

( )610 4
4 2C x k  OR ( )610 4

6 2C k x

OR 

attempt to use general term ( )1010 2 r r
rC x k− OR ( )10 10 2 rr

rC k x− (M1) 

4r =   OR 6r = (A1) 

THEN 
correct equation in terms of k only (A1) 
10 6 4 6

4 2 8.4 10C k = ×  OR ( )10 4 6 6
6 2 8.4 10 8400000C k = × =

5k = ±  A2 

Note: Award A1 for 5k =  only.

Total [5 marks] 
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5. 

(a) recognition that maximum speed occurs when v  is greatest (M1) 

one correct coordinate for minimum ( )4.71238..., 2.71828...−

( )2.72 e=   ( )1ms− A1 

Note: Award (M1)A0 for the answer 1, from working with degrees. 

[2 marks] 

(b) substitution of limits into correct formula (M1) 
5

0
dv t∫

3.84591...  

3.85  ( )metres A1 

[2 marks] 

(c) 0v =  (seen anywhere) (M1) 

3π2.35619...
4

t  = = 
 

 (A1) 

0.986137...a =  
1
20.986 2ea

− 
= =  

 
 ( )2ms− A1 

[3 marks] 
  Total [7 marks] 



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ2 | Q5 | 7 marks

Apollo | Original source crop | 144

– 12 – 2225 – 7115M 

6. 
METHOD 1 

recognising segment

triangle

a
5

rea
area

3
=  (or equivalent) (seen anywhere) (M1) 

triangle 21.3333...area = OR sec tor .a 1rea 34. 333..=  A1 

correct equation in r and θ  (A1) 

21 34.1333...
2

r θ = OR 21 sin 21.3333...
2

r θ = OR ( )21 sin 12.8
2

r θ θ− = (seen anywhere) 

correct equation in one variable A1 

2
2 2

1 68.2666... 68.2666...sin 12.8
2

r
r r

  − =    
OR 1 68.2666... sin 21.3333...

2
θ

θ
  = 
 

OR 

( )1 68.2666... sin 12.8
2

θ θ
θ

  − = 
 

attempt to solve their equation or use of graph (M1) 

1.59934...θ =  

6.53330...  

6.53r =  A1 

METHOD 2 

recognising segment

triangle

a
5

rea
area

3
=  (or equivalent)  (seen anywhere) (M1) 

areasegment ( )21 sin
2

r θ θ= −   (seen anywhere) (A1) 

( )2

2

1 sin 32
1 5sin
2

r

r

θ θ

θ

−
=

correct equation without r A1 

( )sin 3
sin 5

θ θ
θ

−
=

1.59934...θ =  (A1) 

continued… 
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6. (a) use of quotient rule or product rule (M1) 
 
  EITHER 
 

  

( )

2 3

2

2

2

3 (2 ) ( 5) 2(2 ) ( 5)2
( )

( 5)

x a x x a x
f x

x

+ + − + +

+

 
 =  (A1) 

 

  

2 3 2

3

2

4

6(2 ) ( 5) 2(2 ) ( 5) 2( 15)(2 )
( )

( 5) ( 5)

x a x x a x x a x a
f x

x x

 + + − + + − + +
 = = 

+ + 
 A1 

 
  OR 
 

  
2 2 3 32 ( 5( ) 3 (2 ) 2(2 ) ( 5))f x x a x x a x− − − ++= + +   (A1) 

 
 

  ( )2 2 3 3 2 3( ) 6(2 ) 2(2 ) ( (( 5 5) 2 15)(2 ) 5)) (f x x a x a x x a x ax x− − − += + − + + = − + + +  A1 

 [3 marks] 

 

 (b) recognizing (1)f   is equal to tan70 (=2.74747) (M1) 

2 32

4

6(2 ) 6 2(2 )
tan 70

6

6

a a
=

+ − +
 OR 

2 2 3 36(2 ) 6 2(2 n6) ta 70a a− −+ − + =  (A1) 

   

  2.72844… and 14.96968…  
   

  2.73,15.0a =  A1A1 

 
     [4 marks] 

     Total [7 marks] 
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Section B 

7. (a) (i) 0.636619… 

   (amplitude = ) 0.637
2

π

 
= 
 

 A1 

  (ii) 
2π

3
 OR 3  complete waves every 2  radians (A1) 

   (period = ) 0.667
2

3

 
= 
 

 A1 

    [3 marks] 

 

 (b) substituting to find (1.63)f  (M1) 

  ( )(1.63) 2.21564...f =  A1 

  2.21564... 2.16  lies below (the graph of f) R1 

    [3 marks] 

 

 (c) 
1

1
( ) 0.167

6
Lm

 
= = 

 
 A1 

    [1 mark] 

 

 (d) (i) substituting their 
1Lm  into 

1

1

Lm
−  (M1) 

   
2

( ) 6Lm = −  A1 

  (ii) 2 6( 1)y x− = − −  OR 6 8y x= − +  OR 6 8 0x y+ − =  A1 

    [3 marks] 

 

 (e) equating 1L  and f (M1) 

  B(1.64856..., 2.10809...)  

  B(1.65, 2.11)  A1 

 

    [2 marks] 

 

 

    continued… 
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Section B 

7. (a) (i) 0.636619… 

   (amplitude = ) 0.637
2

π

 
= 
 

 A1 

  (ii) 
2π

3
 OR 3  complete waves every 2  radians (A1) 

   (period = ) 0.667
2

3

 
= 
 

 A1 

    [3 marks] 

 

 (b) substituting to find (1.63)f  (M1) 

  ( )(1.63) 2.21564...f =  A1 

  2.21564... 2.16  lies below (the graph of f) R1 

    [3 marks] 

 

 (c) 
1

1
( ) 0.167

6
Lm

 
= = 

 
 A1 

    [1 mark] 

 

 (d) (i) substituting their 
1Lm  into 

1

1

Lm
−  (M1) 

   
2

( ) 6Lm = −  A1 

  (ii) 2 6( 1)y x− = − −  OR 6 8y x= − +  OR 6 8 0x y+ − =  A1 

    [3 marks] 

 

 (e) equating 1L  and f (M1) 

  B(1.64856..., 2.10809...)  

  B(1.65, 2.11)  A1 

 

    [2 marks] 

 

 

    continued… 
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Question 7 continued 

 

 (f) EITHER  

  Attempt to form the required integral involving subtraction in either order.  (M1) 

  

2

1

1 ( ) d

t

t

L f x x−  

  correct expression with limits 1 and their x value at B 

   

1.64856...

1

1 11 2
( ) sin3π 2 d
6 6 π

x x x
 

+ − + 
 

  (or equivalent) (A1) 

 

  OR 

  intersection point between A and B is (1.34287..., 2.05714...)  

  subtracting 1L  and f , in either order, and substituting into area of region formula for 

one area with correct limits. (M1) 

 

  Two correct expressions OR correct values (A1) 

  

1.34287...

1

1 11 2
( ) sin3π 2 d (0.144618...)
6 6 π

x x x
  

+ − + =  
  

  AND  

  

1.64856...

1.34287...

2 1 11
sin 3π 2 d (0.108585...)

π 6 6
x x x

    
+ − + =    

    
   

   

  THEN 

  0.253204 

  (area =) 0.253  A1 

 

    [3 marks] 

    Total [15 marks] 

 

  



Mathematics: analysis and approaches SL | Paper 2 | May 2025 TZ3 | Q7 | 15 marks

Apollo | Original source crop | 149

 – 13 – 2225 – 7120M 

 

8. (a)  fixed number of trials 

  each trial has two possible outcomes ( ,p q with P( ) P( ) 1p q+ = ) 

outcome of each trial is independent of all the others OR probability of success 
constant.  A1A1 

 

Note: Award A1 for each correct condition.  

    [2 marks] 

 

 (b) 1900 0.37  (A1) 

  703   (people) A1 

    [2 marks] 

 

 (c) (i) Let D be the number of people who will ride Daifong  

   recognition of binomial distribution (M1) 

   P( 712) 0.0172556...D = =  

   0.0173=  A1 

 

  (ii) recognizing the need to find P(684 712)D   (M1) 

   
( 712) 0.674739...

( 683) 0.177146...

P D

P D

 =

 =
 

    

   0.498=  A1 

    

Note: If the normal approximation to the binomial distribution is used, award marks as appropriate.  

 

    [4 marks] 

 

    continued… 

  

P(684 £ D £ 712) = 0.497593...
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9. (a) (i) 7.43076… 

   
1(1) 7.43 (ms )v −=   A1 

 

  (ii) equating ( )v t  and 5 (M1) 

   0.348114… 

   0.348 (seconds) A1 

    [3 marks] 

 

 (b) recognizing ( )a v t=  (M1) 

  0.590930… 

0.591 (seconds) A1 

    [2 marks] 

 

 (c) (i) considering large values of t (M1) 

 ( )( ) 1lim ( ) 8.14 (ms )
t

v t
→

−=  A1 

(ii) EITHER 

 the race lasts a finite time (e.g. it ends after (Fiona) crosses the line)  R1 

 OR  

 the graph approaches the limiting value but Fiona will never attain that speed  R1 

 OR 

 Fiona cannot maintain that speed for a long period of time R1  

  

Note: Award R1 for a valid reason that does not contradict their answer to part (c)(i). 

     [3 marks] 

 

    continued… 
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Question 9 continued 

 

 (d) Fiona takes 
ft  seconds to travel 200 m 

  EITHER 

  recognizing distance travelled by either athlete in the first t seconds is  

  
0

( ) d

t

v t t  OR 
0

( ) d

t

w t t  (seen anywhere) (M1) 

  equating distance travelled by Fiona to 200 (m) (M1)  

  

0

( ) d 200

ft

v t t =  

  OR 

attempt to integrate ( )v t   (M1) 

2( ) 8.14 0.2 3.64031...s t t= + −  

  equating 200 to their ( )s t  (must include a constant of integration)   (M1) 

  
28.14 0.2 3.64031... 200t + − =  

  THEN 

  25.0132...ft =  (accept 25) (A1) 

  recognition that a definite integral of ( )w t with 0 and their 
ft is required (M1) 

  (Lucy’s distance =)

25.0132...

0

( ) dw t t  ( 195.772...= )  

  distance from finishing line = 200 – their Lucy’s distance (M1) 

  4.22788… 

  4.23 (m) A1 

 

    [6 marks] 

    Total [14 marks] 
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4. (a) (i) 9 c =  A1 

  (ii) attempt to substitute ( )3,0  into 2y ax c= +  with their c (M1) 

   9 9 0a + =  

   1a = −  A1 

    [3 marks] 
 
 (b) METHOD 1 (single integral) 
  attempt to subtract areas (seen anywhere)  (M1) 

  ( ) ( )
3

2

0

9 9 3  dx x x− − −∫
3

2

0

 3  dx x x
 
= − 
 
∫   OR  ( )

3
2

0

9 d triangle areax x− −∫  

  correct integration 
3

2 3

0

3 1
2 3

x x −  
 OR  

3
3

0

19
3

x x −  
 (A1) 

 
attempt to substitute their limits into their integrated expression (condone 
absence of the 0 substitution)  (M1) 

  ( ) ( ) ( ) ( )2 3 2 33 1 3 13 3 0 0
2 3 2 3

 − − − 
 

  OR  ( ) ( )319 3 3
3

−  

  27 9
2
−   OR  2718

2
−  

  Area = 9
2

 (square units)  A1 

 
    continued… 
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Question 4 continued. 

 
  METHOD 2 (evaluating two integrals separately) 

  ( )
33

2 3

00

19  d 9
3

x x x x − = −  ∫   OR  ( )
33

2

00

39 3  d 9
2

x x x x − = −  ∫  (A1) 

Note: Award A1 for correct integration. Ignore absence of limits. 
 
attempt to substitute their limits into both of their integrated expressions (condone 
absence of the 0 substitution)  (M1) 

  ( ) ( ) ( ) ( )3 31 19 3 3 9 0 0
3 3

 − − − 
 

  and  ( ) ( )239 3 3
2

−  

  attempt to subtract the two integrals in any order (seen anywhere)  (M1) 

  ( ) ( ) ( ) ( )3 21 39 3 3 9 3 3
3 2

 − − − 
 

  OR  ( ) ( )29 d 9 3 dx x x x− − −∫ ∫  

  2718
2

−  

  Area = 9
2

 (square units)  A1 

     [4 marks] 
    Total [7 marks] 
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5. (a) attempt to factorize at least one expression  (M1) 

  ( 1)( 1)
( 7)( 1) 1

x x x
x x x

− +
×

− − +
  OR  

2

2

( 1)
( 7)( 1)

x x
x x

−
− −

  OR  
2( 1)

( 7)( 1)( 1)
x x

x x x
−

− − +
 A1 

  
7

x
x −

  AG 

     [2 marks] 
 
 (b) METHOD 1 (combines given log terms) 
  attempt to use the subtraction/quotient property of logs (M1) 

  
( )

( )
2

2 2

1
log

8 7 ( 1)

x x

x x x

 −
 
 − + + 

  

valid attempt to rewrite equation with (or without) logs on both sides (seen 
anywhere) (M1) 

  2
7

x
x

=
−

   OR  2 2log log 2
7

x
x

  = − 
   OR   

2log
172 2

x
x

 
 −  =  (A1) 

  14x =   A1 

     
  METHOD 2 (uses log laws with LHS) 

  attempt to use 21 log 2=   (seen anywhere) (M1) 

  attempt to use the subtraction/quotient property of logs (M1) 

  ( )( )
3

2
2 2log log 8 7 ( 1)

2
x x x x x

 −
= − + + 

 
  OR   

( ) ( )( )
2 1

1 7 ( 1)
2

x x
x x x

−
= − − +  (A1) 

  7
2
x x= −  

  14x =   A1 

    [4 marks] 
    Total [6 marks] 
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8. (a) recognition that ( ) 0f x′ =  (seen anywhere) (M1) 

  attempt to solve quadratic equation (condone not seeing =0) (M1) 

  5, 1a b= − =   A1 

    [3 marks] 
 
 (b) (local) maximum A1 

  ( ( )f x′ /gradient) changes from positive to negative (at x a= )  

  OR ( )f x  changes from increasing to decreasing (at x a= )  

  OR ( ) 18f a′′ = −  (accept ( ) 0f a′′ < ) R1 

Note: Do not award A0R1. 
    [2 marks] 
 

 (c) ( ) 6 12f x x′′ = +  (A1) 

  6 12 0c + =  (A1) 

  2c = −   A1 

    [3 marks] 
 

 (d) yes (there is a point of inflexion at x c= ) A1  

  ( ( )f x′′ /second derivative) changes sign at x c=  

  OR concavity (of f ) changes at x c=  

  OR ( )f x′ /gradient decreasing to the left of c, and increasing to the right of c  R1 

    [2 marks]  

Note: Award R0 if their only reason is that ( ) 0f c′′ = . Do not award A0R1. 

 

    continued… 
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Question 8 continued. 

 

 (e) recognize to find ( )df x x′∫  (M1)  

  ( )3 26 15x x x C+ − +  (A1) 

  substitution of ( )2,36−  into their integrated expression (must contain C+ ) (M1) 

  ( ) ( ) ( )3 236 2 6 2 15 2 C= − + − − − +  

  10C = −   A1 

  3 2( ) 6 15 10f x x x x= + − −   

    [4 marks] 
    Total [14 marks] 
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9. (a) attempt to substitute sin
cos

θ
θ

 for tanθ  (in numerator or denominator)  (M1) 

  uses 2 2cos sin 1θ θ+ =   or 2sin cos sin 2θ θ θ=  in their expression (seen anywhere) (M1) 

  correct working leading to given answer A1 

  sin 2θ   AG 

Note: Candidates perform substitutions in different orders. Use the above as a guide. 

 Award (M1)(M1)A0AG if a candidate substitutes sin
cos

θ
θ

 and with no other interim working 

writes 2sin cosθ θ  leading to the AG. 
    [3 marks] 

 

 (b) 1sin 2
2

θ =       (A1) 

  (2 )θ =  30,150  (accept π 5π,
6 6

 and condone extra values) (A1)(A1) 

  attempt to halve their angle(s) (M1) 

  15 ,75θ =       A1 

Note: Award final A0 for extra or missing values of θ . 

         Award (A1)(A1)(A1)(M1)A0 for π 5π,
12 12

θ = . 

Award (A1)(A1)A0(M1)A0 for only one of 15θ =    OR  75θ =   with no working. 
    [5 marks] 

 

    continued… 
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2. recognition to integrate 4cos sinx x− (M1) 

4cos sin dx x x−∫   (accept absence of dx )

( )4sin cosx x c= + + A1A1 

substitute πx =   and 3y =  into their integrated expression containing ' 'c+  : (M1) 

3 0 1 c= − +   or  4c =

( )4sin cos 4y x x= + + A1 

Note:  Award no marks for candidates who differentiate rather than integrate, 
(obtaining  4sin cosx x− − ). 

 [5 marks] 



Mathematics: analysis and approaches SL | Paper 1 | Nov 2025 TZ3 | Q2 | 5 marks

Apollo | Original source crop | 159

– 9 – 8825 – 7119M 

3. 
METHOD 1 
attempt to use ( )1 1nu u n d= + − (M1) 

1 6 6u d+ = (A1) 

1 15 11 24u d u d+ + + = (A1) 

12 16 24u d+ =   ( )1 8 12u d+ =
attempt to solve their equations simultaneously (M1) 

1 12u = −  and 3d = A1 

METHOD 2 
attempt to express 6u and 12u in terms of the 7th term and d (M1) 

6 6u d= − (A1) 

12 6 5u d= + (A1) 
setting their sum of 6u and 12u equal to 24 (M1) 
12 4 24d+ =  

3d =   and  1 12u = −  A1 

[5 marks] 



Mathematics: analysis and approaches SL | Paper 1 | Nov 2025 TZ3 | Q8 | 15 marks

Apollo | Original source crop | 160

– 15 – 8825 – 7119M 

8. (a)

Note:  In this question, the marks are independent and may be awarded in either order. 

finding correct discriminant 2 26k −    A1 
recognition that discriminant ( )2 4 0b ac− < M1 

2 4 0b ac− <   or  2 26 0k − <   or  2 26k <  

(since k +∈ ) 5k = AG 
[2 marks] 

(b) (i) 5x = −   (must be an equation) A1 

(ii) attempt to substitute their value of x  (from axis of symmetry) into 21 5 13
2

x x+ +

OR attempt to use completing the square (M1) 

( ) ( ) ( )21 15 5 5 13
2 2

y  = − + − + = 
 

  OR   ( ) ( )21 15
2 2

y x= + +

15,
2

 − 
 

A1 

[3 marks] 

(c) at 3,x = − 5
2

y =   (seen anywhere) A1 

d 5
d
y x
x
= + A1 

at 3x = − , d 2
d
y
x
= A1 

normal gradient is negative reciprocal of their d
d
y
x

 at 3x = −  (M1) 

gradient of normal 1
2

= −

( )5 1 3
2 2

y x− = − +    OR ( )5 1 3 1
2 2

c c= − − + ⇒ =  A1 

1 1
2

y x= − +  AG 

[5 marks] 

continued… 
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Question 8 continued 

(d) attempt to describe shaded area as the difference of two integrals or one integral and
the area of a trapezium (M1) 

( )
0 0

2

3 3

1 15 13  d 1  d
2 2

A x x x x x
− −

   = + + − − +   
   ∫ ∫   OR  

0
2

3

1 11 12  d
2 2

x x x
−

 + + 
 ∫

OR  
0

2

3

1 1 55 13  d 1 3
2 2 2

x x x
−

   + + − +   
   ∫   

 correct integration A2 

0 03 2 2

3 3

5 13
6 2 4
x x xx x

− −

   
+ + − − +   

   
  OR  

03 2

3

11 12
6 4
x x x

−

 
+ + 

 
 OR  

03 2

3

5 2113
6 2 4
x x x

−

 
+ + − 

 
 

Note:  If not completely correct, award A1 for at least two terms correctly integrated. 

substituting (0 and) 3−  into their integrated expression and subtracting (M1) 

( ) ( ) ( )
3 23 11 3

0 12 3
6 4

 − −
− + + − 
 
 

  OR  
( ) ( ) ( )

3 23 5 3 210 13 3
6 2 4

 − −
− + + − − 
 
 

 (or equivalent) 

63
4

= A1 

[5 marks] 
Total [15 marks] 
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9. (a)

(i) substituting 0x =  into
25e e( )

e 1

x x

xf x −
=

+
(M1) 

( )0,2 A1 

Note:  Award A1 for 0, 2x y= = . 
Award A0 if only 2 or 2y =  is seen. 

(ii) attempt to find root (M1) 
25e e 0

e 1

x x

x
−

=
+

  OR  25e e 0x x− =    OR  25e =ex x

EITHER

attempt to factorise 25e e 0x x− =  or divide it through by ex (M1) 

( )e 5 e 0x x− =   OR 5 e 0x− =  (since e 0x ≠ )

e 5x =   OR  ln5x = A1 

OR

take ln of both sides of 25e =ex x (M1) 

( ) 2ln 5e lnex x=

ln5 2x x+ =   OR  ln5x = A1 

THEN

( )ln5,0 A1 

Note: Award A1 for ln5, 0x y= = .  Award A0 if only ln5  or ln5x =  is seen. 

[6 marks] 

(b) ( ) 7 2 6f x ≤ −   OR 7 2 6y ≤ −   OR  ( ,7 2 6 −∞ −    (or equivalent) A1 

[1 mark] 
continued… 
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9. (a)

(i) substituting 0x =  into
25e e( )

e 1

x x

xf x −
=

+
(M1) 

( )0,2 A1 

Note:  Award A1 for 0, 2x y= = . 
Award A0 if only 2 or 2y =  is seen. 

(ii) attempt to find root (M1) 
25e e 0

e 1

x x

x
−

=
+

  OR  25e e 0x x− =    OR  25e =ex x

EITHER

attempt to factorise 25e e 0x x− =  or divide it through by ex (M1) 

( )e 5 e 0x x− =   OR 5 e 0x− =  (since e 0x ≠ )

e 5x =   OR  ln5x = A1 

OR

take ln of both sides of 25e =ex x (M1) 

( ) 2ln 5e lnex x=

ln5 2x x+ =   OR  ln5x = A1 

THEN

( )ln5,0 A1 

Note: Award A1 for ln5, 0x y= = .  Award A0 if only ln5  or ln5x =  is seen. 

[6 marks] 

(b) ( ) 7 2 6f x ≤ −   OR 7 2 6y ≤ −   OR  ( ,7 2 6 −∞ −    (or equivalent) A1 

[1 mark] 
continued… 
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Question 9 continued 

(c) EITHER

attempt to use quotient rule with 25e ex xu = −  and e 1xv = + (M1) 

( )( ) ( )
( )

2 2

2

e 1 5e 2e e 5e e
( )

e 1

x x x x x x

x
f x

+ − − −
′ =

+
A1 

( )
2 3 2 2 3

2
5e 2e 5e 2e 5e e( )

e 1

x x x x x x

x
f x − + − − +′ =

+
A1 

OR 

attempt to use product rule with 25e ex xu = −  and ( ) 1
e 1xv

−
= + (M1) 

( ) ( ) ( ) ( )2 12 2( ) 5e e e e 1 e 1 5e 2ex x x x x x xf x
− −

′ = − ×− × + + + − A1 

( )
2 3 2 3 2

2
5e e 5e 2e 5e 2e( )

e 1

x x x x x x

x
f x − + + − + −′ =

+
A1 

THEN 

( )
3 2

2
e 2e 5e( )

e 1

x x x

x
f x − − +′ =

+
AG 

[3 marks] 
continued… 
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Question 9 continued 

(d) setting ( ) 0f x′ =  (since Q is a maximum point) (M1) 
3 2e 2e 5e 0x x x− − + =

attempt to factorise by ex  or divide through by ex (M1) 
2e 2e 5 0x x+ − = A1 

attempt to solve their quadratic (M1) 

2 24e
2

x − ±
=  OR  e 1 6x = − ±   (or equivalent) A1 

(reject e 1 6x = − −  since e 0x >  for all x ) e 1 6x⇒ = − + A1 

( ) ( )ln 6 1q = − AG 

[6 marks] 
Total [16 marks] 
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Section B 
 

7. (a) (i) 2x =  A1 

  (ii) 
3
2

y =  A1 

Note: Award A1A0 for answers 2x ≠ and 
3
2

y ≠ . 

    [2 marks] 
 
 (b)  EITHER 
  attempt to use the quotient rule (M1) 

  2

(2 4) 3 (3 1) 2( )
(2 4)

x xf x
x

− × − + ×′ =
−

 A1A1 

Note: Award A1 for each term in the numerator with correct signs, provided correct 
denominator is seen. 

 
  OR 
  attempt to use the product rule (M1) 

  1 2( ) 3(2 4) ( 1)(3 1)(2 4) 2f x x x x− −′ = − + − + − ×  A1A1 

Note: Award A1 for each term. 

 
  THEN 

  2

14( )
(2 4)

f x
x
−′ =
−

  A1 

    [4 marks] 
 

    continued… 
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Question 7 continued. 

 

 (c) recognising ( ) 0f x′ <  (when f  is decreasing),  OR  2(2 4) 0x − >    

  OR  the gradient (function) is negative (may be seen on a labelled graph of f ′ )    A1 

  for all values of x  (with 2x ≠ )   OR  always (or equivalent)  A1 

  f  is never increasing AG 

Note:  Do not accept a sketch and argument based on the graph of f . 

    [2 marks] 
 

 (d) attempt to use the distance formula   (M1) 

  
2

2 3 1( 3) 5
2 4

xd x
x
+ = − + − − 

  A1 

Note: Accept ( ) ( )222 3 ( ) 5d x f x= − + − . 

    [2 marks] 
 

 (e)  attempt to find value of x  that gives minimum value of  d  (M1) 

  graph of  d , 0d ′ = ,  

  ( ) 0.305218...x = − , ( )( 0.305218...) 0.0182941...f − = −  

  P  has coordinates ( )0.305, 0.0183− −  A1A1 

Note: Award A1 for each value. 

    [3 marks] 
    Total [13 marks] 
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8. (a) correct substitution of 12t =  into ( )F t   (A1) 

  6130.82...   

  6130  (accept 6131) answer must be integer A1 

    [2 marks] 
 

 (b)  1850 1.105 35000x× ≥  (accept strict inequality or equality) (A1) 

  attempt to solve for x  using table, graph, or logarithms  (M1) 

  29.4471…OR ( ) 33471.7...29x ⇒=   OR  ( ) 36986.2...30x ⇒=  

  30x =  (months) A1 

Note: Condone use of t . 

    [3 marks] 
 

 (c) ( )( ) 51 = e e 1.10.105
tt k k =⇒  OR ( )1.105 e ln1.105t tkt kt =⇒=  (or equivalent)  (A1) 

  ln1.105k =  (do not accept 0.0998k = ) A1 

Note: Do not award any marks if the candidate substitutes an approximate value obtained from 
using ( ) 1850 1.105tF t ×=  into ( ) 1850 ektF t ×= , for example 

12(12) 1850 e 6130.82...kF =×= , as this will not lead to an exact value for k . 

    [2 marks] 
 

 (d)  recognizing the need to find F ′  or ( )15F ′  (M1) 

  825.911…  

  (15) 826F ′ =  (frogs per month) A1 

    [2 marks] 
 

 (e) setting (15)G  equal to 6995  (M1) 

  17.8890...  
  17.9A =   A1 
    [2 marks] 

 
    continued… 

 

 

 

 

 



Mathematics: analysis and approaches SL | Paper 2 | Nov 2025 TZ1 | Q8 | 14 marks

Apollo | Original source crop | 169

 – 16 – 8825 – 7110M 

 

8. (a) correct substitution of 12t =  into ( )F t   (A1) 

  6130.82...   

  6130  (accept 6131) answer must be integer A1 

    [2 marks] 
 

 (b)  1850 1.105 35000x× ≥  (accept strict inequality or equality) (A1) 

  attempt to solve for x  using table, graph, or logarithms  (M1) 

  29.4471…OR ( ) 33471.7...29x ⇒=   OR  ( ) 36986.2...30x ⇒=  

  30x =  (months) A1 

Note: Condone use of t . 

    [3 marks] 
 

 (c) ( )( ) 51 = e e 1.10.105
tt k k =⇒  OR ( )1.105 e ln1.105t tkt kt =⇒=  (or equivalent)  (A1) 

  ln1.105k =  (do not accept 0.0998k = ) A1 

Note: Do not award any marks if the candidate substitutes an approximate value obtained from 
using ( ) 1850 1.105tF t ×=  into ( ) 1850 ektF t ×= , for example 

12(12) 1850 e 6130.82...kF =×= , as this will not lead to an exact value for k . 

    [2 marks] 
 

 (d)  recognizing the need to find F ′  or ( )15F ′  (M1) 

  825.911…  

  (15) 826F ′ =  (frogs per month) A1 

    [2 marks] 
 

 (e) setting (15)G  equal to 6995  (M1) 

  17.8890...  
  17.9A =   A1 
    [2 marks] 

 
    continued… 
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Question 8 continued. 

 

 (f) recognize need for 0G′′ =  or maximum of G′  (M1) 

  28.8996...  
  28.9t =   A1 

    [2 marks] 
 
 (g) any one of the following reasons  (A1) 

  - ( )G t  accounts for frog deaths in the population. 

  - ( )G t  accounts for limited space/resources. 

  - ( )G t  has carrying capacity. 

  - ( )F t  has the population growing forever, without bound. 

    [1 mark] 
    Total [14 marks] 
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9. (a) (i) speed of airplane = 60  (ms−1) A1 

 

  (ii) speed of car = 0  (ms−1) A1 

    [2 marks] 
 

 (b) (i) recognizing air carv v=  when speeds are the same (M1) 

   6.35564...  
   6.36t =  (s) A1 

  

  (ii) 31.7782…  

   speed = 31.8  (ms−1)  A1 

    [3 marks] 

 (c) let air ( )s t  be the displacement of the airplane and car ( )s t  be the displacement of 
the car at time t  

  recognizing to integrate either velocity function (M1) 

  0.160e  d , 5  dt t t t−∫ ∫  

  correct integration (A1)(A1) 

  ( )0.1 25600e ,   
2

t t C−− +  (award A1 for each term)  

  recognize to subtract displacements (seen anywhere) (M1) 
 
  EITHER 
  substituting initial condition into their ( )d t  (M1) 

  ( 21 0) 5100 60 e 00
2

C−= ×− − +   OR  1(0) 25100 600e 0
2

C− + ×− = +  (or equivalent) 

 
  OR 

  substituting initial condition into their air ( )s t  (M1) 

  ( ) 1(0)
car (0) 0 100 600es C−−⇒= = +  

  
    continued… 
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9. (a) (i) speed of airplane = 60  (ms−1) A1 

 

  (ii) speed of car = 0  (ms−1) A1 

    [2 marks] 
 

 (b) (i) recognizing air carv v=  when speeds are the same (M1) 

   6.35564...  
   6.36t =  (s) A1 

  

  (ii) 31.7782…  

   speed = 31.8  (ms−1)  A1 

    [3 marks] 

 (c) let air ( )s t  be the displacement of the airplane and car ( )s t  be the displacement of 
the car at time t  

  recognizing to integrate either velocity function (M1) 

  0.160e  d , 5  dt t t t−∫ ∫  

  correct integration (A1)(A1) 

  ( )0.1 25600e ,   
2

t t C−− +  (award A1 for each term)  

  recognize to subtract displacements (seen anywhere) (M1) 
 
  EITHER 
  substituting initial condition into their ( )d t  (M1) 

  ( 21 0) 5100 60 e 00
2

C−= ×− − +   OR  1(0) 25100 600e 0
2

C− + ×− = +  (or equivalent) 

 
  OR 

  substituting initial condition into their air ( )s t  (M1) 

  ( ) 1(0)
car (0) 0 100 600es C−−⇒= = +  

  
    continued… 
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Question 9 continued. 

 
  THEN 
  700C =  (or 700− ) (A1) 

  0.1 25( ) 600e 700
2

td t t−= − − +  (accept 0.1 25( ) 600e 700
2

td t t−= + − ) A1 

    [7 marks] 
   

 (d) recognizing to solve their ( ) 0d t =  (M1) 

  15.0586...  
  15.1  (s) t =   A1 

    [2 marks] 
 
 (e) attempt to find the distance travelled by the car (M1) 

  
15.0586

0

5  dt t∫ , ( )25 15.0586
2

 (A1) 

  566.904…  

  567  (m)  (accept 570  (m) from 3 sf answer in (d))  A1 

Note: Award (M1)(A1FT)A0, where appropriate, if the candidate has an incorrect ( )d t  and/or 
incorrect value of t  which leads to their distance travelled by the car to be less than 
100 (m) . 

For example, where the candidate finds 0.1 25( ) 600e 500
2

td t t−= − −  in part (c), award 

(M1)(A1FT)A0 to 7.08 , or 7.06  from using 3 sf value. 

    [3 marks] 
    Total [17 marks] 
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9. (a) (i) attempt to find a maximum point (M1) 

( )0.718442...x = or ( )1.80645y = …or ( )3.71844...x = or ( )1.19181y = … etc

1.80645…  

(maximum displacement)  1.81= (cm) A1 

(ii) recognition that d
d
sv
t

= (M1) 

recognition that the gradient at   0t =  represents the maximum velocity (M1) 

d
d
sv
t

= at   0t =  

4π4.18879025...  
3

v  =  
 

4π4.19  
3

v  =  
 

(cms-1) A1 

[5 marks] 

(b) (i) attempt to find a minimum point (M1) 

( )2.21844...x = or ( ) 1.46729...y = − OR ( )5.21844...x = OR ( ) 0.968053y = − …

1.46729...−

1.47− A1 

(ii) ( )3.5 1.06620...t s= =

1.07s = A1 

[3 marks] 
continued… 
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Question 9 continued 

(c) METHOD 1
attempt to sum distances from O involving maximum, minimum and distance at

3.5t =  (M1) 

1.80645   2 1  .46729... 2  1.06620...…× + × + (A1) 

7.61369...=

7.61 (cm) A1 
METHOD 2

attempt to integrate the absolute value of d
d
s
t

(M1) 

3.5

0

1  5 d2π2 sin
3

td t
dt

t−  
  

  
∫ (A1) 

7.61369...=  

7.61 (cm) A1 

[3 marks] 

(d) ( )1.5T = A1 

[1 mark] 

continued… 
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Question 9 continued 

(e) 

(i) attempt to divide two of 1 2 3, , ...u u u (M1) 

2

1

1.46729...
1.80645...

u
u
 = 
 

or 3

2

1.19181...
1.46729...

u
u
 = 
 

or  2 3

1

1.19181...
1.80645...

ur
u
 = = 
 

0.812252...  

( )0.812r = A1 

(ii) attempt to use the sum to infinity of the GP (M1) 

( )1.80645... 9.62167...
1 0.812252...

S∞ = =
−

recognition that the total distance is double their S∞ (M1) 

1.80645...2 2
1 0.812252...

S∞× = ×
−

  OR  2 9.62167..×  

19.2433...  

( )19.2 cm A1 

Note: Award (M1)(M1)A0 for values of r that lead to an answer that is smaller than 
2 x first maximum displacement (3.6129). 

[5 marks] 
Total [17 marks] 


