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4. (a) 150 100e p− ×=    OR   10.5 e p− ×=   (M1) 
   
  OR 

   (M1) 
 
  0.693 (0.693147..., ln 2)   A1 

     [2 marks] 
 
 (b) 0.693147... 1.5(1.5) 100eR − ×=   (M1) 
 
  35.4(%) (35.3553...)  A1 

     [2 marks] 
 
 (c) ( ) 0R t >    OR   ( )R t has a horizontal asymptote  R1 

     [1 mark] 
 
 (d) Award A1 for one reasonable limitation of the domain: A1 
   small values of t produce unrealistic results  
   (0) 100%R =    
   large values of t are not possible 
   people do not live forever 
   model is not valid at small or large values of t 
    
  The reason should focus on the domain 0t ≥ . Do not accept answers such as: 
   recollection varies for different people 
   memories are discrete not continuous  
   the nature of the information will change how easily it is recalled 
   emotional/physical stress can affect recollection/concentration 

Note: Do not accept 0t ≥ as this is a limitation that has been given in the question. 
     [1 mark] 

 
     Total [6 marks]  
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5. (a)  (i)  
3

CA 4
1

− 
 = − 
 − 



 A1 

 

  (ii) 
3

CB 4
1

 
 = − 
 − 



 A1 

     [2 marks] 
 

 (b) 
0

CA CB 6
24

 
 × = − 
 
 

 

 (M1)A1 

Note: Do not award (M1) if less than 2 entries are correct. 
 
     [2 marks] 
 

  (c)  area is 2 2 21 6 24 12.4 m (12.3693..., 3 17)
2

+ =  (M1)A1 

     [2 marks] 
 
     Total [6 marks] 
 
 
6. attempt to find any relevant maximum value (M1) 
 largest sides are 56.5 and 82.5 (A1) 
 smallest possible angle is 102.5 (A1) 
  
 attempt to substitute into area of a triangle formula (M1)  

 
1 56.5 82.5 sin (102.5 )
2
× × ×   

 
 22280 m (2275.37...)=  A1 
     Total [5 marks] 
 
 
  



Mathematics: applications and interpretation HL | Paper 1 | May 2021 TZ1 | Q17 | 7 marks

Apollo | Original source crop | 4

 – 19 – M21/5/MATHY/HP1/ENG/TZ1/XX/M 

 

17.  new function is ( )( ) ln ( )f x a b x a b− + = − +  (M1) 
  (0) ln ( ) 1f a b= − + =  A1 
  3 3(e ) ln (e ) 1 ln 2f a b= − + = +  A1 
  3ln ( ) ln (e ) ln 2a a− = − −  (M1) 

  
3eln ( ) ln
2

aa
 −

− =  
 

 

  
3e
2

aa −
− =   

  32 ea a− = −   
  3e ( 20.0855...)a = − = −  A1 
  31 ln e 1 3 2b = − = − = −  (M1)A1 
     Total [7 marks] 
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1. (a) gradient 4 1AB
12 3

 =  
 

 (A1) 

  midpoint AB : (8, 22)  (A1) 
 

  gradient of bisector 1 3
 AB

= − = −
gradient

 (M1) 

  perpendicular bisector: 22 3 8 b= − × +   OR  ( 22) 3( 8)y x− = − −  (M1) 
    
  perpendicular bisector:  3 46y x= − +  A1 

[5 marks] 
 

 (b)  attempt to solve simultaneous equations (M1) 
  4 3 46x x+ = − +  
  (10.5, 14.5)    A1 

 [2 marks] 
      Total [7 marks] 

 
 

2. (a) ( )( 7) 8f − =  and ( )(7) 1f =  (A1) 
  range is ( ) 1,  ( ) 8f x f x≤ ≥   A1A1 

Note: Award at most A1A1A0 if strict inequalities are used. 
      [3 marks] 
 (b) interchanging x, y at any stage  (A1) 

  
122

5
y

x
= −

+
 

  12 2
5

y
x

= −
+

 

  12 5
2

x
y
= +

−
 (A1) 

  12 5
2

x
y
− =

−
 

  ( )1 12 2 5( ) 5
2 2

xf x
x x

− + = − = − − 
 A1 

[3 marks] 
 

 (c) range is 1 17 ( ) 7 , ( ) 5f x f x− −− ≤ ≤ ≠ −  A1 
[1 mark] 

 
      Total [7 marks]  
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6. (a) 3    A1 

Note: Accept (3, 0) seen. 
 [1 mark] 

 
 (b) METHOD 1 

  0 4 2a b c= − + , 0 9 3a b c= + + , 25 1 1
2 4 2

a b c− = + +   (M1)(A1) 

 
  (i) 2   A1 
 
  (ii)  2−     A1 
 
  (iii) 12−     A1 

Note: Award the (M1)(A1) if at least one correct value is seen. 
Do not apply FT form part (a) if workings are not shown. 

 
  METHOD 2 
 
  12.5 0.5 2) 0.5 – 3)( (a− = +   (M1) 
 
  (i) 2a =    A1 
 
   20 2 (3) 3x b c= + +    

   20 2 2)( ( 2)x b c= − + − +     (M1) 
 
  (ii)  2b = −   A1 
 
  (iii)  12c = −    A1 

[5 marks] 
 
 (c)  0.5x =    A1 

Note: Do not FT from their part (b), this is a contradiction with the diagram. 
[1 mark] 

 
      Total [7 marks] 
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4. (a)  5 7
8 2

y x= +       ( 0.625 3.5)y x= +  A1A1 

Note:  Award A1 for 0.625x, A1 for 3.5.  
  Award a maximum of A0A1 if not part of an equation. 

     [2 marks] 
 
 (b) (i) 20.975 9.56 16.7y x x= − + −  (M1)A1 
   ( 20.974630 9.55919 16.6569...y x x= − + − ) 
 
  (ii) gradient of curve is positive at 4x =   R1 

Note:  Accept a sensible rationale that refers to the gradient. 
   [3 marks] 

 
 (c)  METHOD 1 
  let 2y ax bx c= + +  

  differentiating or using 
2

bx
a
−

=  (M1) 

  8 0a b+ =  
   
  substituting in the coordinates  
  27.5 7.5 0a b c+ + =  (A1)  
  24 4 6a b c+ + =  (A1) 

   
  solve to get  

  224 192 90
49 49 49

y x x= − + −    OR  20.490 3.92 1.84y x x= − + −  A1 

Note:  Use of quadratic regression with points using the symmetry 
of the graph is a valid method. 

 
  METHOD 2 
  2( 4) 6y a x= − +  (M1) 
  20 (7.5 4) 6a= − +  (M1) 

  24
49

a = −   (A1) 

  224 ( 4) 6
49

y x= − − +    OR   20.490( 4) 6y x= − − +  A1 

     [4 marks] 

continued…  
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Question 4 continued 

 

  (d) (i) ( )
2 2

4 7.5 2

0 4

5 24π 3.5 d π 4 6 d
8 49

x x x x   + + − − +   
   ∫ ∫  (M1)(M1)(M1)A1 

Note:  Award (M1)(M1)(M1)A0 if π  is omitted but response is otherwise correct. 
Award (M1) for an integral that indicates volume, (M1) for their part (a) 
within their volume integral, (M1) for their part (b)(i) within their volume 
integral, A1 for their correct two integrals with all correct limits.  

 
   (ii) 3501 cm (501.189...)  A1 

     [5 marks] 
 

Total [14 marks] 
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1. (a) recognition that period 669=  (M1) 

  2
669

b π
=     OR     b = 0.00939190… A1 

Note: Award A1 for a correct expression leading to the given value 
or for a correct value of b to 4 sf or greater accuracy. 

 
  0.00939b ≈    AG 

[2 marks] 
 

 (b) length of day = 224
3

 hours (A1) 

Note: Award A1 for 2
3

, 0.666..., 0.6  or 0.667. 

 

  

2
224
3

π      (M1) 

Note: Accept 
360

224
3

 
 
 
 
 

. 

 

  0.255= radians  30.254723..., ,14.5945...
37
π = 

 
  A1 

[3 marks] 
 
 (c) (i) substitution of either value of δ  into equation  (M1) 
   correct use of arccos to find a value for ω  (M1) 
 

Note:  Both (M1) lines may be seen in either part (c)(i) or part (c)(ii). 
 
   cos 0.839 tan ( 0.440)ω = −   A1 
   1.97684...ω =   
 
   1.98≈    AG 

Note: For substitution of 1.98 award M0A0. 
 [3 marks] 

 
  (ii) 0.440δ =   
   1.16 (1.16474...)ω =  A1 

[1 mark] 
 

continued…  
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Question 1 continued 

 (d) (i) max
1.97684...
0.25472...

R =   (M1) 

 
   7.76=  hours   (7.76075...)  A1 

Note: Accept 7.70 from use of 1.98. 
 [2 marks] 

 

  (ii) min
1.16474...
0.25472...

R =    

   4.57=   hours   (4.57258...)  A1 
[1 mark] 

Note: Accept 4.55 and 4.56 from use of rounded values. 
 

 (e) 7.76075... 4.57258...
2

a −
=   M1 

  1.59408...≈   A1 

Note: Award M1 for substituting their values into a correct expression.   
Award A1 for a correct value of a from their expression which has at least 
3 significant figures and rounds correctly to 1.6. 

 
  1.6≈  (correct to 2 sf) AG 

[2 marks] 
 
 (f) EITHER 
 

  7.76075... 4.57258... 12.333...
2 2

c +  = = 
 

 (M1) 

 
  OR 
  4.57258... 1.59408...c = +  or 7.76075... 1.59408...c = −  
 
  THEN 
  6.17 (6.16666...)=   A1 

Note: Accept 6.16 from use of rounded values. 
Follow through on their answers to part (d) and 1.6. 

[2 marks] 
 
 (g) 18.65 6.16666...d = −   (M1) 
  12.5 (12.4833...)=  A1 

Note: Follow through for 18.65 minus their answer to part (f). 
[2 marks] 

continued…  
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Question 1 continued 

 (h) (i) at least one expression in the form ( )ieg tr   (M1) 
   ( )0.00939 2.83 i

1 1.5e tz += , ( )0.00939 i
2 1.6e tz =  A1A1 

[3 marks] 
 
  (ii) EITHER 
 
   ( ) ( )0.00939 2.83 i 0.00939 i

1 2 1.5e 1.6et tz z +− = −   
 
   ( )0.00939 i 2.83ie 1.5e 1.6t= −   (M1) 
 
   ( )0.00939 i 2.99086...ie 3.06249...et=  (A1)(A1) 
    
   
   OR 
   
   graph of L  or f   
   3.06249...p =   (A1) 
   0.150729...r = −    OR   2.99086...r =  (M1)(A1) 

Note: The p and r variables (or equivalent) must be seen. 
    
   THEN 
   ( ) 3.06sin (0.00939 2.99) 12.5L t t= + +  A1 
   ( )( ) 3.06248...sin (0.00939 2.99086...) 12.4833...L t t= + +  

Note: Accept equivalent forms, e.g. ( ) 3.06sin (0.00939 0.151) 12.5L t t= − + . 
 Follow through on their answer to part (g) replacing 12.5. 

[4 marks] 
 
  (iii) shortest time between sunrise and sunset 
   12.4833... 3.06249...−   (M1) 
   9.42=  hours (9.420843...)  A1 

Note: Accept 9.44 from use of 3 sf values. 
[2 marks] 

 
      [Total 27 marks] 
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1. (a) 6 0 3
4 2

m −
= =

−
   (M1)A1 

      [2 marks] 
 

 (b) 
1( ) ( 0.333, 0.333333...)
3

m = − − −  A1 

      [1 mark] 
 
 (c) an equation of line with a correct intercept and either of their  

gradients from (a) or (b) (M1)  

  e.g. 1 4
3

y x= − +   OR  14 ( 0)
3

y x− = − −  

Note: Award (M1) for substituting either of their gradients from parts (a) or (b) 
and point B or (3, 3) into equation of a line. 

 
  3 12 0x y+ − =  or any integer multiple A1 

[2 marks] 
 
 (d) ( ) 12x =    A1 

      [1mark] 
      Total: [6 marks] 

 
 
 
2. (a) attempt at using trapezoidal rule formula (M1) 
 

  ( )1 2 0 30 50 2(50 60 40 20)
2 5

−  + + + + + 
 

 A1 

 
  4( )  8=total carbon  tonnes A1 
      [3 marks] 
 

 (b) 84 72 100%
72
−

×   (M1) 

Note: Award (M1) for correct substitution of final answer in part (a) into 
percentage error formula.  

 
  16.7% (16.6666...%)=  A1 

      [2 marks] 
      Total: [5 marks] 
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3. (a) 2

640(4) 0.5
4

h = +    OR   2

640(14) 0.5
14

h = +  (M1) 

Note: Award (M1) for substituting 4 or 14 into h. This can be implicit from 
seeing 3.77 (3.76530…) or 40.5. 

 
  3.77 ( ) 40.5 (3.76530... ( ) 40.5)h x h x≤ ≤ ≤ ≤   A1A1 

Note: Award A1 for both correct endpoints seen, A1 for the endpoints in a correct interval.  
      [3 marks] 

 

 (b) (i) ( ) 10h x =    OR   1 640( )
0.5

h x
x

− =
−

   OR   1 640(10)
10 0.5

h− =
−

 (M1) 

   ( ) 8.21 cm (8.20782...)x =   A1 
 
  (ii) a tin that is 10 cm high will have a diameter of 8.21 cm (8.20782...) A1 

Note: Condone a correct answer expressed as the converse. 
 
  (iii) 14 14h−≤ ≤  A1 

Note: Accept 4 14y≤ ≤ . Do not FT in this part. 

      [4 marks] 
      Total: [7 marks] 

 
 
 
4. (a) (the best placement is either point P or point Q) 
   attempt at using the distance formula (M1) 
   2 2AP (10 6) (6 2)= − + −    OR  

   2 2BP (10 14) (6 2)= − + −   OR  

   2 2DP (10 10.8) (6 11.6)= − + −   OR  

  2 2BQ (13 14) (7 2)= − + −   OR  

  2 2CQ (13 18) (7 6)= − + −   OR  

  2 2DQ (13 10.8) (7 11.6)= − + −  
 
  (AP or BP or DP ) 32 5.66 (5.65685...)= =  AND 
  (BQ or CQ or DQ ) 26 5.10 (5.09901...)= =  A1 

  32 26>    OR   AP (or BP or DP) is greater than BQ (or CQ or DQ) A1 
 
  point P is the furthest away AG 

Note: Follow through from their values provided their AP (or BP or DP) is greater 
than their BQ (or CQ or DQ). 

      [3 marks] 
 
 

continued…  
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10. (a) (0) 16g =     M1A1 
      [2 marks] 

 
 (b) 

 
  y-asymptote ( 4)y =  A1 
  concave up decreasing curve and passing through (0, 16)  A1 

 
      [2 marks] 
      Total: [4 marks] 
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2. (a) (i) maximum 130h =  metres A1 
 
  (ii) minimum 50h = metres A1 

      [2 marks] 
 
 (b) (i) (60 12 ) 5÷ =  seconds A1 
 
  (ii) 360 5÷   (M1) 

Note: Award (M1) for 360 divided by their time for one revolution.  
 
   72=     A1 

      [3 marks] 
 
 (c) (i) (amplitude ) 40=  A1 
 

  (ii) (period 360
72

= =  )  5 A1 

      [2 marks] 
 
 (d) 

 
 
  Maximum point labelled with correct coordinates. A1 
  At least one minimum point labelled. Coordinates seen for any minimum  

points must be correct. A1 
  Correct shape with an attempt at symmetry and “concave up" evident as it  

approaches the minimum points. Graph must be drawn in the given domain. A1 
   [3 marks] 

continued…  
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Question 2 continued 

 (e) (i) 90 40cos (144 )h = −   (M1) 
   ( ) 122 (m) (122.3606.....)h =  A1 
 
  (ii) evidence of 100h =  on graph   OR   100 90 40cos (72 )t= −  (M1) 
   t coordinates 3.55 (3.54892...) OR 1.45 (1.45107...)  or equivalent (A1) 

Note: Award A1 for either t-coordinate seen. 
 
   = 2.10  seconds  (2.09784…) A1 

      [5 marks] 
 
 (f) METHOD 1 
  90 40cos ( ) 110a t− =  (M1) 
  cos ( ) 0.5a t = −   
  120at = , 240  (A1) 

  240 1201
a a

= −    (M1) 

  120a =    (A1) 

  period 360 3
120

= =  seconds   A1 

 
  METHOD 2 
 

     
 
  attempt at diagram  (M1) 

  20cos
40

α =   (or recognizing special triangle) (M1) 

  angle made by C, 2 120α =    (A1) 
  one third of a revolution in 1 second  (M1) 
  hence one revolution = 3 seconds A1 
 

continued…  
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Question 2 continued 

  METHOD 3 
  considering ( ) 110h t =  on original function (M1) 

  5
3

t =   or 10
3

  (A1) 

  10 5 5
3 3 3
− =     (A1) 

Note: Accept 1.67t =  or equivalent. 
 

  so period is 3
5

 of original period (R1) 

 
  so new period is 3 seconds A1 

      [5 marks] 
      Total: [20 marks] 
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1. (a) discrete  A1 
[1 mark] 

 (b) 
24 60 3 40 15 6 2

88
k

k
+ + + + +

=
+

 M1A1 

Note:  Award M1 for substitution into the formula for 
the mean, award A1 for a correct equation. 

  attempt to solve their equation (M1) 

  31k =   A1 
[4 marks] 

 (c) systematic  A1 
[1 mark] 

Total [6 marks] 

2. (a) 20   A1 
[1 mark] 

 (b)  

 
     (M1)A1A1 

Note: Award (M1) for reflection in the line P A= , award A1 for 
endpoint at (20 , 25), award A1 for passing through (16 , 16). 

[3 marks] 

 (c) when the perimeter is 8, the area is 4 A1 
[1 mark] 

Total [5 marks]  
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3. (a) (i) 1750  A1 

  (ii) 51350 400 (1.25)−+  (M1) 

   1480=   A1 

Note: Accept 1481. 
[3 marks] 

 (b) 1400 1350 400 (1.25) t−= +  (M1) 

  9.32 (days (9.31885…) (days)) A1 
[2 marks] 

 (c) 1350   A1 

Note: Accept 1351 as a valid interpretation of the model as   1  350P =  
is an asymptote. 

[1 mark] 

Total [6 marks] 

4. (a) 3 1
7 3

−
−

  (M1) 

  0.5=    A1 
[2 marks] 

 (b) 2 2( 5)y x− = − −  (A1)(M1) 

Note: Award (A1) for their 2−  seen, award (M1) for the correct substitution 
of (5 , 2) and their normal gradient in equation of a line. 

  2 12 0x y+ − =  A1 
[3 marks] 

 (c) every point in the cell is closer to E than any other snow shelter A1 
[1 mark] 

Total [6 marks]  
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1. (a) 1.2 metres   A1 
[1 mark] 

 
 (b) 24.8 21 1.2 0t t− + + =  (M1) 
  ( ) 4.43 s (4.431415... )t s=  A1 

Note:  If both values for t are seen do not award the A1 mark unless the negative 
is explicitly excluded. 

[2 marks] 
 
 (c) 0 4.43t≤ ≤    OR   [0, 4.43]  A1A1 

Note:  Award A1 for correct endpoints and A1 for expressing answer with correct 
notation. Award at most A1A0 for use of x instead of t. 

[2 marks] 
[Total 5 marks] 

 
 
 
2. (a) 600x y z+ + =    A1 
  15 10 12 7816x y z+ + =   A1 
  2x y=     A1 

Note:  Condone other labelling if clear, e.g. a (adult), c (child) and s (student). 
  Accept equivalent, distinct equations e.g. 2 600y y z+ + = . 

[3 marks] 
 
 (b) 308, 154, 138x y z= = =   A1A1 

Note:  Award A1 for all three correct values seen, A1 for correctly labelled as x, y or z. 
Accept answers written in words: e.g. 308 adult tickets. 

[2 marks] 
[Total 5 marks] 
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17. substitute coordinates of A  
 cos(0)(0) e 6.5qf p= =  
  6.5 eqp=      (A1) 
 
 substitute coordinates of B  
 cos(5.2 )(5.2) e 0.2q rf p= =  
 
 EITHER 
 cos( )( ) sin ( ) eq rtf t pqr rt′ = −  (M1) 
 minimum occurs when cos(5.2 )sin (5.2 )e 0q rpqr r− =  
 sin ( ) 0rt =   
 5.2r× = π      (A1) 
 
 OR 
 minimum value occurs when cos ( ) 1rt = −   (M1) 
 5.2r× = π     (A1) 
 
 OR 
 period = 2 5.2 10.4× =    (A1) 

 2
10.4

r π
=     (M1) 

 
 THEN 

 0.604152... (0.604)
5.2

r π
= =   A1 

 
 0.2 e qp −=     (A1) 
 
 eliminate p or q   (M1) 

 2 6.5e
0.2

q =    OR   
2

0.2
6.5
p

=   

 
 1.74 (1.74062...)q =   A1 
 1.14017... (1.14)p =    A1 

[Total 8 marks] 
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5. (a) Accept any one of the following (or equivalent):  
  one minimum and one maximum point  
  three x-intercepts or three roots (or zeroes) 
  one point of inflexion R1 

Note: Do not accept “S shape” as a justification. 
 [1 mark] 

 
 (b) (i) ( )   5d = −   A1 
 
  (ii) 8 a b c= + +  
   4 8 4 2a b c= + +  
   0 27 9 3a b c= + +  A2 

Note: Award A2 if all three equations are correct. 
Award A1 if at least one is correct. Award A1 for three correct equations that 
include the letter “d”. 

 
  (iii) 2,  12,  18a b c= = − =  A1 

[4 marks] 
 
 (c) equating found expression to zero (M1) 
  3 20 2 12 18 5t t t= − + −    
   t = 0.358216…, 1.83174…, 3.81003…  (A1) 
 
  (so total time in debt is 3.81003 1.83174 0.358216 )   …− …+ ≈  
  2.34 (2.33650 )…  years A1 

[3 marks] 
      Total [8 marks] 
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10.  (a) 1ln
2

y
x

 =  − 
 

  an attempt to isolate x (or y if switched) (M1) 

  1e
2

y

x
=

−
  

  2 e yx −− =  
  e 2yx −= +  
  switching x and y (seen anywhere) M1 
  1( ) e 2xf x− −= +   A1 

[3 marks] 
 
 (b) sketch of ( )f x  and 1( )f x−  (M1) 
  2.12 (2.12002 )x = …  A1 

[2 marks] 
      Total [5 marks] 
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4. (a) attempt to use chain rule, including the differentiation of 
1
T

 (M1) 

  2

d e
d

c
Tk cA

T T
−

= × ×  A1 

  this is the product of positive quantities so must be positive R1 

Note:  The R1 may be awarded for correct argument from their derivative. 
R1 is not possible if their derivative is not always positive. 

      [3 marks] 
 

 (b)  

   A1A1A1 

Note: Award A1 for an increasing graph, entirely in first quadrant, becoming 
concave down for larger values of T, A1 for tending towards the origin 
and A1 for asymptote labelled at k A= . 

 
      [3 marks] 

 

 (c) taking ln of both sides   OR   substituting lny x=  and 
1x
T

=  (M1) 

  ln ln ck A
T

= −    OR   lny cx A= − +  (A1) 

  
  (i) so gradient is c−  A1 
 
  (ii) y-intercept is ln A  A1 

Note: The implied (M1) and (A1) can only be awarded if both correct answers are 
seen. Award zero if only one value is correct and no working is seen. 

      [4 marks] 
 

 
 

continued…  
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Question 4 continued 

 (d) an attempt to convert data to 
1
T

 and ln k  (M1) 

  e.g. at least one correct row in the following table 
  

 1  
T

 
 ln k  

 31.69491 10−…×   7.60090− …  

 31.66666 10−…×   7.41858− …  

 31.63934 10−…×   6.90775− …  

 31.61290 10−…×   6.57128− …  

 31.58730 10−…×   6.21460− …  

 31.5625 10−×   5.84304− …  

 31.53846 10−…×   5.62682− …  
 

  line is 1 1ln 13400 15.0     13383.1 15.0107k
T T

 = − × + = − …× + … 
 

  A1 

      [2 marks] 
 

 (e) (i) 13400 (13383.1 )c = …  A1 
  
  (ii) attempt to rearrange or solve graphically ln 15.0107A = … (M1) 
   )(3300000 3304 258A = …  A1 

Note: Accept an A value of 3269017… from use of 3sf value. 
 [3 marks] 

Total [15 marks] 
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1. (a) The favourite breakfast/berry (of adults) is independent of (their) income (level). A1 
      [1 mark] 

 
 (b)  2 2.27 (2.26821...)χ =  A2 

      [2 marks] 
 
 (c) EITHER 
  2.27 7.78<   OR   2.27 < critical value R1 
  OR 
  0.687 0.1>    (using p-value) 
 
  THEN 
  (Do not reject 0H ) 
  Insufficient evidence (at the 10% significance level) that the favourite berry depends on 

income level.  A1 

Note: Do not award R0A1.  Accept “ 2χ ” in place of their “2.27”, provided an answer 
was seen in part (b).  Their conclusion must be consistent with their 2χ  (or a 
correct p-value) and their hypothesis. 

      [2 marks] 
Total [5 marks] 

 
 
2. (a) ( )0.0514 1671e 23− +   (M1) 
 
  ( )54.2 C 54.1956...°   A1 

       [2 marks] 
 
 (b) 23 C°    A1 

       [1 mark] 
 
 (c) 0.0514( )50 71e 23k−= +   (M1) 

  5000 2718.8 ln , 18.8101...
257 71

k  −  =     
  A1 

Note: Award M1 for a sketch showing a point of intersection between the 
exponential function and 50y = . 

      [2 marks] 
      Total [5 marks] 
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6. (a) 78    A1 
      [1 mark] 

 
 (b) (i)  65    A1 
 
  (ii)  EITHER 
   (period ) 16=    (could be seen on sketch) (M1) 

   2
16

b π
=    OR   360

16
b =



  

   ( ) 0.393 0.392699...,
8

b π =  
 

   OR   ( ) 22.5b =   A1 

 
   OR 
   143 65sin (4 ) 78b= +  (M1) 
   ( sin (4 ) 1b = ) 

   ( 4
2

b π
=    OR   4 90b =  ) 

   ( ) 0.393 0.392699...,
8

b π =  
 

   OR   ( ) 22.5b =   A1 

      [3 marks] 
 
 (c) 13    A1 

Note: Apply follow through marking only if their final answer is positive. 
      [1 mark] 

 

 (d) 4( 0.1963 9 .) 0.196 . .,
16

b π 
 
 

=    OR   )( (11.25) 11.3b =    A1 

      [1 mark] 
      Total [6 marks] 
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10. (a) 101 2.5log (0.0525)m = −  (M1) 
   4.20  4.19960 )(= …  A1 

      [2 marks] 
 
 (b)  attempt to solve 107 1 2.5log ( )b= −   (M1) 

Note: Accept a sketch from their GDC as an attempt to solve 107 1 2.5log ( )b= − . 

 
  0.00398 (0.00398107...)b =  A1 

      [2 marks] 
 
 (c)  ( ) ( )10 103.2 1 2.5log ( ) 1 2.5log ( )n pb b− = − − −  M1 

  103.2 2.5log n

p

b
b

 
− = −   

 
 A1 

  19.1 (19.0546...)n

p

b
b

=  A1 

      [3 marks] 
Total [7 marks] 

 
 
 
11. (a) 3 20.00855 0.234 0.225 3.20y x x x= − − − +  A2 
  3 2( 0.00854819... 0.234002... 0.224884... 3.20056...)y x x x= − − − +  

Note: Award A0A1 for at least two terms correct. 
      [2 marks] 

 
 (b) (2 )y x  (for horizontal stretch) (A1) 

  attempt to stretch vertically by factor 1
2

 (M1) 

  3 20.0332 0.15 0.58 ( 1.1)y x x x= − − +  A1 

Note: Award A0M1A0 for a vertical stretch, factor 2. Although a d value of 
1.1 is preferred, technically this value can be wrong/omitted and the 
question is still answered (hence it is presented in brackets). 

      [3 marks] 
      Total [5 marks] 
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10. (a) 101 2.5log (0.0525)m = −  (M1) 
   4.20  4.19960 )(= …  A1 

      [2 marks] 
 
 (b)  attempt to solve 107 1 2.5log ( )b= −   (M1) 

Note: Accept a sketch from their GDC as an attempt to solve 107 1 2.5log ( )b= − . 

 
  0.00398 (0.00398107...)b =  A1 

      [2 marks] 
 
 (c)  ( ) ( )10 103.2 1 2.5log ( ) 1 2.5log ( )n pb b− = − − −  M1 

  103.2 2.5log n

p

b
b

 
− = −   

 
 A1 

  19.1 (19.0546...)n

p

b
b

=  A1 

      [3 marks] 
Total [7 marks] 

 
 
 
11. (a) 3 20.00855 0.234 0.225 3.20y x x x= − − − +  A2 
  3 2( 0.00854819... 0.234002... 0.224884... 3.20056...)y x x x= − − − +  

Note: Award A0A1 for at least two terms correct. 
      [2 marks] 

 
 (b) (2 )y x  (for horizontal stretch) (A1) 

  attempt to stretch vertically by factor 1
2

 (M1) 

  3 20.0332 0.15 0.58 ( 1.1)y x x x= − − +  A1 

Note: Award A0M1A0 for a vertical stretch, factor 2. Although a d value of 
1.1 is preferred, technically this value can be wrong/omitted and the 
question is still answered (hence it is presented in brackets). 

      [3 marks] 
      Total [5 marks] 
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13. (a)  Gradient 14.9 1.3 ( 2.7)
6
+

= =  (M1) 

  10log 2.7 –1.3Q P=     (A1) 
  2.7 1.310 PQ −=    OR   2.7 2.70.0501 10 ( 0.0501187... 10 )P PQ = × = ×  A1 

      [3 marks] 
 
 (b)  ln R  on one axis and Q on the other axis A1 

      [1 mark] 
 
 (c) 10 4.3ln 1 3log ( 2. .2. –1) 7 1R P=+    OR   2.7 1.310 4.3ln 12.1P R− = +  (M1) 

  10log (4.3ln 12.1) 1.3
2.7
RP + +

=  A1 

      [2 marks] 
      Total [6 marks] 

 
 
 
14. (a) attempt to use product rule (M1) 
  2 2 22 cos ( ) sin ( )a t t t= +  A1 

      [2 marks] 
 
 (b)  graph of a   (M1) 
  2126 (ms ) (125.699...)−  A1 

      [2 marks] 
 
 (c)  attempt at integration by substitution or inspection (M1) 

  21 cos ( ) ( )
2

s t c= − +  A1 

   ( 0s =  when 0t = ) 1
2

c⇒ =  A1 

  21 1cos ( )
2 2

s t = − + 
 

 

      [3 marks] 
 
 (d)  2cos ( ) 1t ≤    A1 

  21 1cos ( )
2 2

t− ≥ −  

  so 21 1 cos ( ) 0
2 2

t− ≥  R1 

  hence the particle never has a negative displacement. AG 

Note: Do not accept reasoning based on a sketch of the graph. 
      [2 marks] 
      Total [9 marks] 
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17. (a) D S R= −  
 
  METHOD 1 
  (0.0165 2.97)i (0.0165 0.413)i )Re (1.15e ) Re(1.0 .8e ) ( 18.9 – 4 94t t− + += −  (M1)(A1) 
  ( )0.0165 i 2.97i 0.413i 13.96)Re e (1.15e 1.08e ) (t −= +−  (M1) 

  ( )0.0165 i 2.85310...iRe e (2.21379... )13.9) ( 6et − +=  (A1) 

  2.21cos (0.0165 2.85) 13.96t= − +   ( )2.21379...cos (0.0165 2.85310...) 13.96t − +  
      A1A1 
  ( 2.21, 2.85, 13.96)a b c= = − =  

Note: Award A1 for 2.21cos (0.0165 2.85)t −  and A1 for “ 13.96+ ”. The A1 for 13.96 is 
independent of the previous marks. 

 
  METHOD 2  
  13.9 4.94 13.96 c = − …=  A1 
  using a graph of   D  M1 
  maximum (172.915 , 16.1738 )… …   (A1) 
  minimum ( 17.4842 , 11.7462 )− … …  (A1) 
 
  EITHER 
  amplitude 16.1738 11.7462 4.4276…− …= …  
  2.21 (2.2138 )a = …  A1 
  OR 
  16.1738 13.96 2.21 (2.2138 )a = …− = …  A1 
 
  THEN 
  EITHER 
  when  0 t = , 11.8377D = … 
  11.8377 2.2138cos ( ) 13.96b…= +  
  2.85 b = −   (2.85309 )…  A1 
  OR 
  0.0165 172.915 2.85 b = − × …= −   (2.85309 )…  A1 

      [6 marks] 
 
 (b)  16.2 (16.1737…) hours on day 173 A1A1 

Note: Accept an answer of “day 172” for the second A1. 
      [2 marks] 
      Total [8 marks] 
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6.  (a) (i) METHOD 1 

   attempt to find change in height of the ball using gradient (M1) 

   ( )0.045
0.43

a
= −  

   ( )0.045 0.43a = − ×  

   ( )0.0194(m) (0.01935 (m))a = −  A1 

 

   METHOD 2 

 attempt to find height at back of home plate  (M1) 

horizontal distance to the front of the home plate 1  6.6666 (m)= …  
height at the back of the home plate  0.045(16.6666 0.43) 2= − …+ +  

( )1.23065  (m)=  

Note:  The M1 can be awarded for 16.6666 0.43 …+  seen at some point. 

( 1.25 1.23065 )a = − …     

 ( )( ) ( ) 0.0194 (m) 0.01935 (m)  a = −  A1 

    

  (ii) 1.25 – 0.01935 1.23065=   (may be seen in part (a)(i)) A1 

   0.53  1  .23065   1  .24< <  R1 

   therefore a strike  AG 

Note:  Do not award A0R1. 

     [4 marks] 

    continued… 
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Question 6 continued 

 

 (b) METHOD 1 
indication of 96d =  in the function ( )h d  or its graph  (M1) 
 
 EITHER 
 ( ) 2(96)   –0.01(96)   1  .04(96)   0.66h = + +      
 
 OR  
 
 

 
   
 
 
  THEN 
  ( )(96)   8.34 (m)h =  A1 
 
  8.34   5>  so the ball will go over the wall. A1 
 
 
  METHOD 2 
  indication of 5h =  in the function ( )h d  or its graph (M1) 
 

 EITHER 
 25    0.01 1.04 0.66d d=− + +  

 
   OR  

 
 

 
   
 
 
  THEN 
  ( ) ( )   99.6  (m)    99.6445  (m)        4.35548  (m)d d= … = … may also be seen  A1 
 
  96 < 99.6445… so the ball will go over the wall. A1 
      [3 marks] 
 
    [Total: 7 marks] 
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14. METHOD 1 Analytical approach 

 recognizing that the linear equation must be expressed in log form (M1) 

 log log logy m x c= +  (or log logy m x C= + ) 

 

  EITHER 
  use of slope formula (must involve logs) (M1) 

  log(34.822) log(13.1951) 1.4
log(4) log(2)

m −
= =

−
 A1 

  attempt to substitute a value (M1) 

  log log(13.1951) 1.4 log 2( 0.69897...)c = − =  

  5c⇒ =  A1 

 

  OR 

  . my c x=  (A1) 

  attempt to set up two equations involving power functions (M1) 

  13.1951 2mc= ×  and 34.822 4mc= ×  

  2
34.8222 2.639... log 2.639... 1.4
13.1951

m m= = ⇒ = =  A1 

  13.1951 5
2.639...

c = =  A1 

 

 THEN 

 (so the equation is)   1.45y x= ×  A1 

 

 METHOD 2 Regression analysis 
 recognizing that a log-log graph results in a power function model (M1) 

 by a x= ×  

 

 attempt to find a power regression model using the given two points (M1) 

 5a =  and 1.4b =   (A1)(A1) 

 

 (so the equation is) 1.45y x= ×  A2 

    [Total: 6 marks]  
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1.  (a) METHOD 1 
  correct sketch with some indication of maximum point (M1) 
 

 
    

  0.921  (seconds)  350.921052...,
38

 
 
 

 A1 

 
  METHOD 2 
  correct substitution into equation for line of symmetry (M1) 

  8.75( )
2 4.75

t = −
×−

  

  0.921  (seconds)  350.921052...,
38

 
 
 

 A1 

   
  METHOD 3 
  equating the correct derivative to 0 (M1) 
  9.5 8.75 0t− + =   

  0.921  (seconds)  350.921052...,
38

 
 
 

 A1 

Note: Award M1A0 for a final answer of 0.92 seen with no working. 
      [2 marks] 

 
 (b) METHOD 1 
  correct sketch with some indication of x-intercept   
 

 
      (M1) 

Note: May be seen in part (a). 
 
  2 (seconds)    A1 

continued…  
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Question 1 continued 

  METHOD 2 
  setting the equation to zero (M1) 
 
  24.75 8.75 1.5 0t t− + + =  
 
  2 (seconds)         A1 
   

Note: If both roots are given, with or without working, award (M1)A0. 
      [2 marks] 

 
 (c) METHOD 1 
  correct sketch of quadratic function and a straight line in approximate correct position 
      (M1) 

 
 
  1.88 (seconds)  (1.87577…(seconds)) A1 
 
  METHOD 2 
  setting the equation equal to 1.2 (M1) 
  24.75 8.75 1.5 1.2t t− + + =  
  1.88 (seconds)  (1.87577…(seconds)) A1 
 

Note: Award (M1)A0 if -0.0336702… seen as (part of) a final answer. 
 Award M1A0 for answer of 1.9 seen without working. 

      [2 marks] 
 
 (d)  Award R1 for a sensible reason in the context of the question: R1 
  e.g. 
  The model ignores air resistance (or wind) 
  The model treats the ball as a point 
  The model assumes gravity is constant 
  The model assumes that the ball continues to follow the trajectory even after 

hitting the ground  
  This model ignores the bouncing back of the ball after hitting the ground 

Note:  Do not accept generic criticisms of any mathematical model, such as: 
  There are assumptions being made 
  Models are never accurate / It is only a model 

      [1 mark] 

      Total [7 marks] 
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2. (a)
18 4

2

−
(M1) 

( ) 7a = A1 

[2 marks] 

(b) 
18 4

2

+
  OR  18 7−  OR  4 7+  (M1) 

( ) 11d =   A1 

[2 marks] 

(c) (time between high and low tide is) 6h15m  OR  375 minutes (A1) 

multiplying by 2 (M1) 

750 minutes A1 

[3 marks] 

(d) EITHER

360
750

b
= (A1) 

OR 

7cos( 375) 11 4b + =  (A1) 

THEN 

( ) 0.48b = A1 

Note: Award A1A0 for an answer of
2

0.00837758...
750 375

  
= = 
 

. 

[2 marks] 

(e) equating their cos function to 6  OR  graphing their cos function and 6 (M1) 

7cos(0.48 ) 11 6t + =  

282.468...t =  (minutes) (A1) 

4.70780...= (hr)  OR  4hr 42 mins  (4hr 42.4681… mins) (A1) 

so the time is 10 : 42  A1

 [4 marks] 

continued… 
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Question 2 continued 

(f) next solution is 467.531...t = (A1) 

467.531... 282.468...−

185 (mins) (185.063...) A1 

 [2 marks] 

[Total: 15 marks] 
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Question 1 continued 
 
 (d) attempt to use length of arc formula (M1) 
 

  135 2 12
360

× π×  (A1) 

 
  28.3(m) (9 , 28.2743...)π  (m) A1 

     [3 marks] 
     Total [13 marks] 
 
 
 
 
 
2.  (a) (i) 1200  A1 
 
  (ii) the initial population of the bacteria A1 

     [2 marks] 
 
 (b) 31200 18750k× =   (A1) 
 
  ( ) 2.5k =   A1 

     [2 marks] 
 
 (c) 1.51200 2.5×   (A1) 
 
  4740 (4743.41…)  A1 

Note: Do not penalize if final answer is not given as an integer. Award (A1)A0 for an answer 
of 3950 (3949.14…) from use of 1.3 in the exponent, but only if working is shown. 

     [2 marks] 
 
 (d) equating ( )P t  and ( )S t  OR equating each function to a common variable (M1) 
  1200 2.5 5000 1.65t t× = × ; 1200 2.5t x× =   and  5000 1.65t x× =  
 
  3.43 (hours) (3.43456...)t =  A1 

     [2 marks] 
 
 
 

continued…  
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Question 2 continued 
 
 (e) METHOD 1 
  5000 1.65 19000t× =    (M1) 
 
  ( ) 2.66586...t =    OR   ( 2 ) 0.66586...t − =  (seen) (A1) 
 
  multiplying by 60  seen to convert to minutes (M1) 
  ( 39.9521 )m = …  
 
  ( ) 40m =  (minutes) OR 2  hours and 40  minutes A1 
 

  METHOD 2 
  equating an expression for ( )S t to 19000 (M1) 

  expressing t as 2
60
m

+  (A1) 

  
2

605000 1.65 19000
m

+
× =  

  2 2.66586
60
m

+ = …  A1 

 
  ( ) 40m =  (minutes) OR 2  hours and 40  minutes A1 

Note: Award (M1)(A1)(M1)A0 for an answer of 39.9521...  or 39 with or without working. 
     [4 marks] 

     Total [12 marks] 
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2. (a)  4    A1 
[1 mark] 

  
 (b) 

   A1A1 
 

Note:   Award A1 for passing through (0, 0)  and (4, 2) ,  
    A1 for passing through (4, 2)  and (5, 5) . 

[2 marks] 
 
 (c) attempt to solve 3 1y x= −  for x  OR  changing variables (M1) 

  ( )1 1( )
3

xg x− +
=   A1 

[2 marks] 
 
 (d) sketch of ( )g x  or 1( )g x− , algebraic approach (M1) 

  1 1
2 3

xx +
=  

  ( ) 2x =    A1 
[2 marks] 

[Total 7 marks] 
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3. (a) (upper bound =)   0.525 (m) A1 
  (lower bound =)   0.515 (m) A1 

Note:   Accept an answer in interval notation or written as an inequality. 
 [2 marks] 

 
 (b)  METHOD 1   Convert REC to linear metres 
  attempt to convert REC to metres using their lower bound (M1) 
  440 0.515  ( 226.6)× =    OR   280 0.515 ( 144.2)× =  seen 
 
  attempt to use the formula for the volume of a right pyramid (M1) 
 

  21( )   (440 0.515) (280 0.515)
3

V = × ×  (A1) 

 
  3 62470000 (m )  (2468106.051 , 2.47 10 )… ×  A1 
 
  METHOD 2   Convert REC to cubic metres 
  attempt to use the formula for the volume of a right pyramid (M1) 
 

  21( )   (440) (280) ( 18069333.33...)
3

V = =  

  attempt to convert 1 cubic REC to cubic metres using their lower bound (M1) 
  (1 cubic REC = )  30.515  
 

  2 31( )   (440) (280) (0.515)
3

V = ×  (A1) 

  3 62470000 (m )  (2468106.051 , 2.47 10 )… ×  A1 
[4 marks] 

[Total 6 marks] 
 
 
 
4.  (a) recognizing supplementary angles or acute angles in right-triangles (M1) 
  ˆ(ABC ) 41 (180 112 )= + −   , 41 (90 22 )+ −    

Note:   Values may be seen on diagram. 
 
  ˆABC 109=     A1 

[2 marks] 
 
 (b) ˆACB 49=    (may be seen in part (a)) (A1) 
  attempt to substitute into the sine rule (or equivalent) (M1) 

  AC 100
sin109 sin 49

=
 

 (A1) 

 
  AC 125 (km) ( 125.282...)= =  A1 

[4 marks] 
[Total 6 marks] 
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5.  (a) 22.36 (3) (3)a b c= + +     OR    2.36 9 3a b c= + +   A1 
[1 mark] 

 
 (b) finding other equations to solve simultaneously (M1) 
 
  25 (10) (10)a b c= + +  AND 27.16 (17) (17)a b c= + +  
  OR  5 100 10a b c= + +  AND 7.16 289 17a b c= + +  
 
  any one coefficient in equation correct (A1) 
  2( ) 0.00490 0.441 1.08f x x x= − + +  A1 
 
  ( )2( ) 0.00489795 0.440816 1.08163f x x x= − … + … + …  

  26 108 53( )  
1225 245 49

f x x x = − + + 
 

 

Note:   Award at most (M1)(A1)A0 if answer is not expressed as an equation. 
 [3 marks] 

 
 (c) attempt to substitute 80  into their equation (M1) 
 
  ( )(80)   5f =   A1 
 
  5 4>    OR  therefore the ball will go over the fence R1 

Note:   Do not award A0R1; their value must be seen to credit a correct conclusion. 
 [3 marks] 

 
 (d) setting their equation equal to zero, graph (M1) 
 
  20 0.00489795 0.440816 1.08163x x= − … + … + …  OR  ( ) 0f x =  
 
  92.4  (92.3902 )…  (m)  A1 

[2 marks] 
[Total 9 marks] 
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6.  (a) (4, 8)    A1 
[1 mark] 

 
 (b) attempt to find the gradient of AC (M1) 

  13 3 10 5, , , (1.25)
8 0 8 4
−  

 −  
 

  attempt to substitute their coordinates and the negative reciprocal of  (M1) 
their gradient into the equation of a straight line 

  48 ( 4)
5

y x− = − −   OR  48 (4)
5

c= − +   OR  11.2c =  

  48 ( 4)
5

y x− = − −    ( 0.8 11.2, 4 5 56 0)y x x y= − + + − =  A1 

[3 marks] 
 
 (c) (i) attempt to find one distance from a farm to any closest vertex  M1 
   finding a correct distance from at least two distinct vertices A1 
   7.58968…, 4.472135… ( )20 , 5.830951…  ( )34  

 

   9 116,
11 11
 
 
 

 (is furthest) A1 

 
  (ii) 7.59 (km) ( 7.58968...)=  A1 

[4 marks] 
[Total 8 marks] 
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7.  (a) (i) 3m ah=   (M1) 
   364 0.8 ( 125)a a= × ⇒ =  (A1) 
 
   3125m h=    A1 

Note: The final answer must be written as m in terms of h to award the final A1. 
 
  (ii) 3(125(0.75) ) 52.7 (kg) (52.7343...)m = =  A1 

[4 marks] 
 
 (b) EITHER (finding the height of the lion) 
  ( 3220 125h= ) 
  3 1.76 (1.20736...)h =  (A1) 
  2

1E k h=    (seen anywhere) (A1) 

  
( )2

3

2

1.76

0.8
k =   (M1) 

  = 2.28  (2.27769…) A1 
 
  OR (finding a formula for E in terms of m) 
  ( )3125m h=    

  2
1E k h=    (A1) 

  
2
3

2E k m=    (A1) 

  

2
3

2
3

220

64
k =    (M1) 

  
  = 2.28  (2.27769…) A1 
 

[4 marks] 
[Total 8 marks] 
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8. (a) B and C   A1 
[1 mark] 

 
 (b) correct intervals seen ( 5x ≤  (or 5x < ) AND 5x ≥  (or 5x > )) A1 

Note: The case of 5x =  must be included for this A1 to be awarded. 
 
  attempt to add edges to 33 x+  (M1) 
  (If 5x <  (or 5x ≤ )  then repeat BC and) length is 33 2x+  A1 
  (If 5x >  (or 5x ≥ ) then repeat AB and AC and) length is ( )33 5  38x x+ + = +  
      A1 

Note: If the intervals are not explicit, award at most A0(M1)A1A1. 
[4 marks] 

[Total 5 marks] 
 
 
 

9. (a) attempt to integrate by substitution or inspection (M1) 
  4ln 2 3x c+ +    OR   4ln 1.5x c+ +  A1A1 

Note: Award M1 for ( )ln 2 3x +  or ( )ln 1.5x + , A1 for the 4 and A1 for 
c.  The A marks can only be awarded if the M mark is awarded.  
Condone absence of modulus signs. 

      [3 marks] 
 
 (b) recognizing that area is [ ]6

0
4 ln (2 3)x +   (M1) 

  4ln (15) 4 ln (3)= −   (A1) 
  use of log laws for their expression (M1) 
  = 4ln (5) ( 2 ln (25) 1ln (625))= =   A1 

Note: Award (M1)A0M0A0 for an unsupported final answer of 6.43775… 
Award at most (M1)A1FTM0A0 if their answer from part (a) does not include ln.   

[4 marks] 
[Total 7 marks] 
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14. (a) ( ) ( )4 2 3            3Bx t t= − ≥  A1A1 

Note: Award A1 for multiplying by 2 and A1 for 3t − .  Award A1A0 for 4 2 3t − . 
[2 marks] 

 
 (b) equating their Bx  to 4 t   (M1) 

  ( )4 2 3 4t t− =  
 
  6t =  (seconds)  A1 

Note:  Do not FT from part (a) to part (b). 
[2 marks] 

[Total 4 marks] 
 
 
 
15. (a) (i)&(ii) 

 
 

      A1A1A1 
 

Note: Award A1 for correct directions on eigenvectors, A1 for correct trajectories, A1 for 
correct arrows on trajectories. 

[3 marks] 
 

 (b) for Y not to die out 1
3

y x>  (R1) 

  as 252x = , 84y >  (M1) 
  (minimum number of new animals is)   25 A1 

Note: Award (R1)(M1)A0 for an unsupported 24. 
[3 marks] 

[Total 6 marks]  
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3.  (a) correct substitution of 0.0003 into the formula (A1) 
  10pH log 0.0003)(= −  
  3.52 (3.52287 )= …   A1 

[2 marks] 
 
 (b) EITHER 
  attempt to change to exponential form (M1) 
 
  6.6   H 10+ −  =   

  OR 
  attempt to solve 106.6 log H + = −    

  (graphically or using numerical solver) 

   
  THEN 
  H+   = 0.000000251 (moles per litre)     7(0.000000251188..., 2.51 10 )−×   A1 

Note: Award M1A0 for an answer of 2.51 (2.51188...) seen.   
 Award M0A0 if a substitution of 6.6 into the formula is seen without an answer 

or some indication of using numerical solver. 
 

[2 marks] 
 
 (c) ] [10 102 log H ,   4.5 log H+ + = − = −   

  210   (0.01)−     OR  4.510  (0.0000316227...)−  (A1) 
   
  substitution of their values into correct ratio (M1) 

  
2

4.5

10
10

−

−   OR 0.01
0.0000316227...

  

  316.227... 316= =  A1 

Note: Some candidates may subtract logs and hence look to solve  10log [H .] 2 5+ = . 

[3 marks] 
[Total: 7 marks] 
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4.  (a) recognizing that only way to score 7 is to achieve a head and a 6 on die  (M1) 

  e.g. 1
6

 and 1
2

 seen in an attempt to combine probabilities 

  1 1 1 (0.0833333...)
6 2 12

 × = 
 

 A1 

Note: Condone 0.0835 from the use of 0.167. 
 

[2 marks] 
 
 (b) there are two ways to score (e.g.) 5 
  achieve a head and a 4 on die, or a tail and a 5 on die (M1) 

  1 1 22
6 2 12

  × =    
   1 ,0.167,0.16666...

6
 
 
 

 A1 

Note: Award these marks for equivalent working for the 2, 3, 4 or 6 point scenarios. 
 

 
 
 
 A1 

Note: Award A1 for a completely correct table. Award at most (M1)A1A0 if their 
follow-through answer from part (a) leads to a total probability not equal to 1. 

[3 marks] 
 
 (c) EITHER 
  multiplying at least two columns from their table (M1) 

  1 1 1 11 2 ... 6 7
12 6 6 12

× + × + + × + ×   

 
  OR 
  recognizing the probabilities in the table are symmetric (M1) 
 
  OR (for HL markscheme and/or removed from SL at publication) 
  Considering the sum of two random variables (M1) 
  ( )E( ) E( ) E( ) 3.5 0.5X Y X Y+ = + = +   
  
  THEN 
  (expected value ) 4=  A1 

Note: Accept 4.01 (4.00640…) from use of their 3 sf values from (b). 
 Award at most M1A0 if their final answer is not in the range 1 – 7 

[2 marks] 
[Total: 7 marks] 

 
 
 
  

Final Score 1 2 3 4 5 6 7 
Probability 1

12
 1

6
 1

6
 1

6
 1

6
 1

6
 1

12
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1. (a) attempt to use the cosine rule to find CÂB    (M1) 

  
2 2 2

1 42 35 36(CAB )  cos
2 42 35

ˆ −  + −
=  × × 

   (A1) 

  (CAB )    54.8 (54.8407 )ˆ = …     OR  0.957  (0.957152…)   A1  
      [3 marks] 

 

 (b) 1(Area ) 42 35 sin 54.8407
2

= × × × …°     (A1) 

  2(Area ) 601  (600.903)  cm=    A1 

Note:  Correct units must be seen for the final A1 to be awarded. 

        [2 marks] 
       [Total 5 marks] 

 
 
 
2. (a) 120  (ng)     A1 

Note:  Only accept an exact answer of 120. 
       [1 mark] 

 
 (b) ( ) 0.000121 20 000(20 000)   1  20em − ×=  (A1) 
  10.7 (10.6705 ..)…  (ng) A1  

      [2 marks]  
 
 (c) attempt to write or solve an inequality (or equality) with a value of 60 seen (M1) 
  ( ) 0.000121( ) 1  20e 60tm t −= ≤     OR   sketch   OR  table of values 
  ( ) 5728.489 .t > …  (A1) 
  5729  (years) A1  

Note:  Do not accept 5728 or 5730 for the final A1.   

      [3 marks] 
      [Total: 6 marks] 
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3.   (a) recognizing need to find P( 3.5)W >   OR  1 P( 3.5)W− <  (M1) 

  (P( 3.5) )    0.994 (0.993790 )W > = …  A1 

Note:  Award M1A0 for an answer of 0.99 with no working. 
      [2 marks] 

 
 (b) (i)  appropriate use of the GDC to find either a or b seen in either (b)(i) or (b)(ii) (M1) 
   3.99   (3.98737 )a = …  A1 
  
  (ii)  5.01 (5.01262 )b = …  A1 

Note:  The working for (M1) may be seen and awarded in part (b)(ii) if part (b)(i) has not 
been answered. 

      [3 marks] 
 
 (c) multiplying two identical probabilities (M1) 
  P ( 3.5) P ( 3.5)W W< × <   OR  ( ) ( )1 their (a) 1 their (a)− × −  

Note:  Accept a lower bound of zero for W, given the context. 
 
  2(0.00620967)  
  50.0000386 (0.0000385601  3.86 10  )−… ×OR  A1 

Note:  Award M0A0 for an answer greater than 1 such as 3.86. 
Award M1A0 for 3.86E-5. 

      [2 marks] 
      [Total: 7 marks] 

 
 
 
 
4. (a) recognition that % increase gives the common difference (M1) 
  25000 0.05 1250× =  A1 

      [2 marks] 
 

 (b)   OR  25000  1  250( 1) 44000n+ − >   (accept equality) (A1) 
  attempt to solve their inequality OR equality (sketch OR cross-over values  

OR algebraic manipulation) (M1) 
    1  6k =    A1 

Note:  Award (A1)(M1)A0 for 15.2, 16.2 or 17 seen. 

       [3 marks] 
      [Total: 5 marks] 
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6. (a)  (i)     30a=  A1 
 
  (ii)   1  1p=     A1 

[2 marks] 
 
 (b) EITHER 

  substituting n = 11 and equating to 230   (or equivalent) (M1) 
  30(11) 230b+ =  
 
  OR 
  using an arithmetic sequence (M1) 
  200 30( 10)n+ −  
 
  THEN 
  100b = −  A1 

[2 marks] 
[Total 4 marks] 

 
 
 
7. (a) 60,  4.5,  400000,   3600,   / 12,  / 12N I PV PMT P Y C Y= = = + = − = =  (M1)(A1) 

Note:  Award M1 for use of Finance solver with any 2 entries correct, Award A1 
for all correct.   

 
  ( )   $259000  $258994FV =  A1 

[3 marks] 
 
 (b)    4.5,   400000,  3600,   0,   / 12,   / 12I PV PMT FV P Y C Y= = + = − = = =  (A1)(A1) 

Note:  Award A1 for    0FV = , award A1 for all correct.   
 
    1  44N =    A1 

[3 marks] 
[Total 6 marks] 
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8. (a)  16.63 7.83
2

d +
=   (A1) 

  ( ) 12.2   12.23)(d =  A1 
[2 marks] 

 
 (b) ( .4) 4a =    A1 

[1 mark] 
 
 (c)  period ( ) ( )2 356 173     366= − =  (A1) 

  2( ) ( 0.0171671...)
366 183

b π π
= = =   (Accept 360

366
b =  ( =0.983606…)) A1 

[2 marks] 
 
 (d)  EITHER 
  attempt to find midpoint of x values of max and min (M1) 

  10  1  73
2

c − +
=    

  OR  
  substitute values and solve (M1) 

  π(173 )
2

b c− =     OR ( )16.63 4.4 sin (173 ) 12.23b c= − +  

  THEN 
  (   )  81.5c=    A1 

Note:  Accept other possible positive values of    81.5   366c n= + . 
FT from their “c” consistent with their “a”. 

[2 marks] 
[Total 7 marks] 
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9. (a)  

    A1 
[1 mark] 

 
 (b)  (i)  3.61 (3.60555…, 13 ) A1 
 
  (ii)  0.983 0.982793 )(− − …  
      A1 

[2 marks] 
 
 (c) 3 2i+     A1 

[1 mark] 
 
 (d)  EITHER 

  rotation, (anticlockwise) 
2
π  (or 90°)  (about the origin) A1 

  OR 

  translation 
1
5
 
 
 

  A1 

[1 mark] 
[Total 5 marks] 
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10. (a)  vertical stretch scale factor 4 A1 

Note:  The vertical stretch can occur in any order. 
 
  EITHER 

  translation 
3
0
 
 
 

 followed by horizontal stretch scale factor 1
2

  A1A1 

  OR 

  horizontal stretch scale factor 1
2

 followed by translation 
1.5
0

 
 
 

 A1A1 

Note:  Award A1A0 in either approach, for correct transformations, but incorrect order. 
[3 marks] 

 
 (b)  (2) 5g =    (A1) 
 
  ( )(5) 7.78     7.78364 , 4 ln 7f = = …  A1 

[2 marks] 
 
 (c)  ( )4ln 2 ( ) 3 2ln 9g x − =  (M1) 
  ( ) 3g x =    (A1) 
  1x =     A1 

[3 marks] 
[Total 8 marks] 
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11.  (a) attempt to find λ−M I  (M1) 
  ( 4 )(3 ) 6 ( 0)λ λ− − − + =  (A1) 
  2, –3     A1 

[3 marks] 
 

 (b) (i) 
2 0
0 3
 
 − 

  OR  
3 0

0 2
− 
 
 

 A1 

  (ii)  EITHER 

   attempt to solve 2
x x
y y

   
=   

   
M   OR  3

x x
y y

   
= −   

   
M    (M1) 

   OR 

   attempt to use 
0

( )
0

x
y

λ
   

− =   
   

M I  (M1) 

   THEN 

   
1
3
 
 
 

 and 
2
1
 
 
 

   (or any multiple) (A1)(A1) 

   
1 2
3 1
 

=  
 

P   OR  
2 1
1 3
 

=  
 

P  A1 

Note:  Award A1 for correct eigenvectors in a matrix in the correct position for their D. 

[5 marks] 
[Total 8 marks]  
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12. (a)  
 

Bounce number, n Maximum height, h, according to the model 
1 0.613 
2 0.514 
3 0.431 (0.430988…) 
4 0.361 (0.361383…) 

      A1A1 
[2 marks] 

 
 (b)  2 2(0.430988... 0.439) (0.361383... 0.377)− + −  seen (A1) 
  43.08 10−×    ( 43.08055 10−…× ) A1 

[2 marks] 
 
 (c)  (i)  0.716 0.851nh = ×   (0.715766…, 0.850774…) A2 

Note:  Award A2 for 0.162   0.716 e nh −=    ( 0.1616080.715766 e )nh − …= …  
Award at most A1A0 for correct coefficients, with any error in notation (e.g. x instead 
of n, missing h=) 
Award at most A1A0 for    0.731 0.838nh= ×   from using the values from the model. 

 
  (ii) (   )     0.716h=  (metres) A1 

[3 marks] 
[Total 7 marks] 
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13. attempt to substitute 9t =  and 433P =  (OR 12t =  and 954P = ) (M1) 
 

 0.28(9)433
1 e

L
C −=

+
  and  0.28(12)954

1 e
L

C −=
+

 (A1)(A1) 

 
 attempt to rearrange into linear form or substitute for L 

 ( )0.28(9)433 1 eC L−+ =    and  ( )0.28(12)954 1 eC L−+ =   OR  
( )0.28(9)

0.28(12)

433 1 e
954

1 e
C

C

−

−

+
=

+
 (M1) 

 
 attempt to solve simultaneously (e.g. graph or eliminate L) (M1) 
    306.187C = …  
 
 11100 (11100.2 )L = …  A1 

Note:  Accept a correct decimal value. 
[6 marks] 

 
 
 
14. (a)  attempt to solve ( ) 0.25f x =  (M1) 
  0.302 (0.301928…)  A1 

[2 marks] 
 
 (b)  evidence of using chain rule (multiple of 4x−  seen with e something ) (M1) 
  

22( ) 1.2 e xf x x −′ = −  A1 
[2 marks] 

 
 (c)  (0.302) 0.302 ( 0.301928 )f = − − …′  (A1) 
  finding the negative reciprocal of their gradient (M1) 

  gradient of normal 1 ( 3.31)
0.302
−

= =
−

  (3.312104…) 

 
  recognition that gradient equals tan OR finding the x-intercept of the flagpole and  

using right-angled triangle to find tanθ . (M1) 
 
  arctan (3.31)θ =   
 
   = 1.28 (1.27757…) radians (=73.2°) (73.1994…°) A1 

[4 marks] 
[Total 8 marks] 
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13. attempt to substitute 9t =  and 433P =  (OR 12t =  and 954P = ) (M1) 
 

 0.28(9)433
1 e

L
C −=

+
  and  0.28(12)954

1 e
L

C −=
+

 (A1)(A1) 

 
 attempt to rearrange into linear form or substitute for L 

 ( )0.28(9)433 1 eC L−+ =    and  ( )0.28(12)954 1 eC L−+ =   OR  
( )0.28(9)

0.28(12)

433 1 e
954

1 e
C

C

−

−

+
=

+
 (M1) 

 
 attempt to solve simultaneously (e.g. graph or eliminate L) (M1) 
    306.187C = …  
 
 11100 (11100.2 )L = …  A1 

Note:  Accept a correct decimal value. 
[6 marks] 

 
 
 
14. (a)  attempt to solve ( ) 0.25f x =  (M1) 
  0.302 (0.301928…)  A1 

[2 marks] 
 
 (b)  evidence of using chain rule (multiple of 4x−  seen with e something ) (M1) 
  

22( ) 1.2 e xf x x −′ = −  A1 
[2 marks] 

 
 (c)  (0.302) 0.302 ( 0.301928 )f = − − …′  (A1) 
  finding the negative reciprocal of their gradient (M1) 

  gradient of normal 1 ( 3.31)
0.302
−

= =
−

  (3.312104…) 

 
  recognition that gradient equals tan OR finding the x-intercept of the flagpole and  

using right-angled triangle to find tanθ . (M1) 
 
  arctan (3.31)θ =   
 
   = 1.28 (1.27757…) radians (=73.2°) (73.1994…°) A1 

[4 marks] 
[Total 8 marks] 
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2. (a) 
23

5.75  
4

d d
 

= = 
 

              A1A1 

Note:  Award A1 for 5.75  seen, A1 for completely correct equation. 

  [2 marks] 
 

 (b) attempt to substitute into the axis of symmetry formula using their 5.75 OR 

  attempt to substitute the coordinates (3, 5.1)  or (8.5, 5.1)  into the function (M1) 

  5.75
2  ( 0.2)

b−
=

 −
   OR   

25.1 0.2(3) 3  b= − +  OR   
25.1 0.2(8.5) 8.5b= − +  

 

  ( ) 2.3b =  A1 

    [2 marks] 
 
 (c) indication of finding zero or attempt to use symmetry  (M1) 

( ) 0h d =    OR   
20 0.2 2.3d d= − +    OR   2 5.75    OR   3 0 8.5d− = −    OR    

resketch of graph with zero indicated 
 

  (   ) 11.5 (m)d =  A1 

Note:  Award A0 for a FT answer that is less than 8.5 (contradicts the given information). 

 
    [2 marks] 
 
 (d) EITHER 
  the dolphin is below the surface of the water / the dolphin is underwater / the dolphin R1 
  is in the water 
 
  OR 
 
  the value of h  cannot be negative since the definition of the model only applies  

to the jump R1 
    [1 mark] 
 
    [Total: 7 marks] 
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3. (a) (i) 72N =  

   % 7.15I =  

   42695PV =   

   0FV =  

   / 12P Y =  

   / 12C Y =   (M1)(A1) 

Note:  Award (M1) for attempt to use finance app in GDC and (A1) for the first five entries correct. 

 

   ) 730.99(PMT =  (USD) A1 

Note:  Do not award final A1 if answer is not given to 2  d.p. or if given as a 
negative value. 

 

  (ii) attempt to find 80% of 42 695 (M1) 

 

   72N =  

   % 6.40I =  

   34156PV =   

   0FV =  

   / 12P Y =  

   / 12C Y =   (A1) 

 

   ( )  572.54PMT =  (USD) A1 

Note:  Do not award final A1 if answer is not given to 2  d.p. or if given as a 
negative value. 

        [6 marks] 
 
 (b) (i) does not have (enough) money for initial payment / does not want 
   to make initial payment R1 
 
  (ii) lower monthly payments / will pay less over the life of the loan / less interest will  

be paid over life of loan R1 
      [2 marks] 
        [Total 8 marks] 
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4. (a) 15p   A1 

    [1 mark] 
 

 (b) ( 5)p−   or ( 15)n−  seen A1 

 

  adding a cost expression (multiplying a p  and an n ) to their 15p  (M1) 

 

  ( ) 15 ( 5)( 15)C n p p n= + − −    OR   ( )   – 5   75C n np n= +    (or equivalent) A1 

    [3 marks] 
 

 (c) (i) (25.73 100 )  2573 =  (EUR) A1 

  

Note: Answer must be exact. 

 
 
  (ii) correctly substituting their total cost and 100n =  into their cost function (A1) 

   2573 15 ( 5)(100 15)p p= + − −      

 

   ( )  29.98p =  (EUR) A1 

Note:  Answer must be written to 2 dp.  

    [3 marks] 
 
    [Total: 7 marks] 
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5. (a) (i) 170    (A1) 

 
   attempt to substitute into the cosine rule formula (M1) 
 

   
2 2 2(DC 2 13 2(2)(13)cos (170 )) = + −   (A1) 

 

   (DC ) 15.0 (14.9736 )=   (km) A1 

 Note:  Do not accept a 2sf answer of 15. Award M0A0A0 for a 2sf answer of 15 with no 

working shown  OR   2  1  3  1  5+ = .  

  
  (ii) correct substitution into sine rule or cosine rule (A1) 

   
ˆsin BDC sin170

13 14.9736


=


   OR   

2 2 214.9736... 2 13ˆcos (BDC)
2 14.9736... 2

+ −
=

 
 

 

   ˆ(BDC ) 8.67 (8.67097 )=       (A1) 

 

   (bearing ) 098.7 (098.6709 )=    A1 

        [7 marks] 
 

 (b) (distance between points D and E )  13=  (km) A1 

 

   points B, C, D, and E make a parallelogram OR DB and EC are parallel  

   and equal in length R1 

Note:   It is possible to award A1R0 for this question part. 

        [2 marks] 
        [Total 9 marks] 
  



Mathematics: applications and interpretation HL | Paper 1 | May 2025 TZ1 | Q6 | 6 marks

Apollo | Original source crop | 63

 – 12 – 2225 – 7306M 

 

6. (a) (i) ( ) 0.7f x x= OR ( ) 0.3f x x x= −   A1 

 

  (ii) ( ) 150g x x= −  A1 

      [2 marks] 
 
 (b) attempt to discuss the order in which the reduction/discount are applied (M1) 
 

  ( ) ( )f g x  describes when the 150 CAD reduction is applied before  

the 30% discount. A1 
      [2 marks] 
 
 (c) EITHER 

  evidence of solving ( ) ( )f g x  and ( ) ( )g f x  for a price at 450 CAD  R1 

 
  OR 

  ( )( ) 0.7 105f g x x= −  and ( )  ( ) 0.7 150g f x x= −  seen R1 

 
   OR 

   stating that it is better for 30%  to be deducted from a higher price R1 

 
  OR  

  the numbers 165, 210 are seen R1 

 
  THEN 

  ( ) ( )g f x  is better for the customer A1 

Note:   Do not award R0A1. 

        [2 marks] 
        [Total 6 marks] 
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7. (a) (i) correct general shape A1 

   curve begins at (0, 1.8)  and does not extend beyond   6t =  A1 

Note:   Do not award the second A1 if the first A1 is not awarded. 

 
 

   
 

  (ii) (0.524,2.40)  A1 

   (2.62, 2.80)−  A1 

 

   (4.71, 0.2)−   A1 

Note:   Award A1 for each correct coordinate. Award marks even if the labels are not shown 
on the graph near the points. 

        [5 marks] 
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10. (a) 3    
     A1 
      
      [1 mark] 
 
 (b) 1    
     A1 
      
      [1 mark] 
 
 (c)  

x  0 1 2 3 4 
1( )f x−  2 1 4 0 3 

      
        award A1 for 1 correct, A2 for 3 correct, A3 for all 5 correct     A1A1A1 
      
      
    [3 marks] 
   Total [5 marks] 
 
 
11. (a) 0,  1,  3   A2 

Note: Award A1 if either 1 or 3 is seen. Award A1 for 0, 1000, 3000 
       [2 marks] 
 
 (b)  sketching a graph or using calculus            (M1) 

  attempting to find the y  coordinate at the local maximum             (M1) 

  local max occurs at (0.451416...,  0.631130...)             (A1) 

  0.631w >  A1 
      [4 marks] 
      Total [6 marks] 
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10. (a) 3    
     A1 
      
      [1 mark] 
 
 (b) 1    
     A1 
      
      [1 mark] 
 
 (c)  

x  0 1 2 3 4 
1( )f x−  2 1 4 0 3 

      
        award A1 for 1 correct, A2 for 3 correct, A3 for all 5 correct     A1A1A1 
      
      
    [3 marks] 
   Total [5 marks] 
 
 
11. (a) 0,  1,  3   A2 

Note: Award A1 if either 1 or 3 is seen. Award A1 for 0, 1000, 3000 
       [2 marks] 
 
 (b)  sketching a graph or using calculus            (M1) 

  attempting to find the y  coordinate at the local maximum             (M1) 

  local max occurs at (0.451416...,  0.631130...)             (A1) 

  0.631w >  A1 
      [4 marks] 
      Total [6 marks] 
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12. (a) 1.5d
d
v kv
t
=  A1 

        [1 mark] 
 
 (b) using initial condition to find an equation in k  M1 

  3 8k− = ×   

  3
8

k = −  ( )0.375−  A1 

  attempt to separate variables M1 

  1.5 3d d
8

− = −∫ ∫v v t   

  0.5 32
8

v t c− = +    ( )0.52 0.375− = +v t c          A1A1 

Note: Allow negative signs on each side.  
Award A1 for each integral   

 
  using initial conditions to find constant of integration M1 

  1c =   A1 

Note: Might be a different value of c  depending on rearrangement.  
 

  
( )2 2

1 256       
3 83 1

16 2

v
tt

 
= = 

 +   + 
 

    
( )2

1       
0.1875 0.5

 
= 
 + t

   OE A1 

      [8 marks] 
      Total [9 marks] 
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Q10. (a) (i) 2

kF
d

= (A1) 

substitution of d and F into their equation (M1) 

240000
7000

k
=

121.96 10k = ×
12

2

1.96 10F
d
×

= A1  

(ii) 
12

2

1.96 10
3500

F ×
=

160000 (N) A1 
[4 marks] 

(b) (i) C A1 
D A1 

Note: Award at most A1A0 if an additional incorrect answer is given. 

(ii) for C the gradient is 121.96 10k = × A1 
for D the gradient is 2− A1 

[4 marks] 
Total [8 marks] 

Q11. (a) C A1 
[1 mark] 

(b) attempting to substitute values into the correct formulae (M1) 
( )1 0.1 3 2n n n nx x x y+ = + − , ( )1 0.1 4n n n ny y x y+ = + − (A1) 

( )1 0.1n nt t+ = +

any correct value for 1nx + and 1ny +  for 2,3,...n =  (A1)  

2.45 (2.45453...)x = A1 

Note: Accept 2.455x = from rounding to 4 sf. 

2.74 (2.73524...)y = A1 
[5 marks] 

Total [6 marks] 

n t x y 
0 5 1 0 
1 5.1 1.3 0.4 
2 5.2 1.61 0.88 
3 5.3 1.917 1.436 
4 5.4 2.2049 2.0592 
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Q2. 

(a) 360
12

M1 

30= AG 

Note: Award M0 for use of given value, 30. 

[1 mark] 
(b) substitution of 5t =  into model  ( )2.5cos(30 5) 4.5− × + (M1) 

( )(5) 6.67 6.66506...h = A1 

Note: Award M1A0 for 2.75187... (radian answer). 

[2 marks] 
(c) (i) 2.5 (m) A1 

Note: Award A0 for 2.5−  (m) 

(ii) ( ) 4.5h t = A1A1 

Note: Award A1 for an equation of a horizontal line h =  constant ( accept y =  constant), 
A1 for  that constant being 4.5. Second A1 is dependent on first A1. Do not award A0A1. 

[3 marks] 

(d) attempt at finding point of intersection between ( ) constanth t =  and the curve (M1) 
using ( ) 2.55h t =  or ( ) 0.1 2.65h t + =  to find intersection (A1) 

13.3 (13.2913…) (A1) 
13:17 (1:17 p.m.) A1 

Note: The final A1 can be awarded for correctly converting their value of t into a time. 

[4 marks] 

continued… 
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Question 2 continued. 

(e) using ( ) 2.75h t =  or ( ) 0.1 2.65h t − =  to find intersection (A1) 
22.4809 13.2913...  0.5…− − (A1)(M1)(M1) 

Note: Award A1 for 22.4809…  seen, M1 for subtracting their two times for harbour, M1 for 
subtracting 0.5 from their answer at any stage of the work. 

8.69 (hours) (8.68958… (hours)) A1 

Note: Accept minutes used in working, but the final answer must be in hours. 

[5 marks] 
Total [15 marks] 
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Q3. 

(a) attempt to substitute into trapezoidal formula (M1) 

(area of cross-section) ( )( )1.9 0 0 2 1.68 2.81 2.32
2

≈ + + + + (A1) 

= 12.9 (m2 )(12.939) A1 
[3 marks] 

(b) attempt to find the volume of water in one second, their (a) 0.3× (M1) 

12.939 0.3×

( )3.88 3.8817= (m3) A1 

Note: Accept 3.87 for use of 3sf answer to part (a)12.9. 

[2 marks] 

(c) ( )2.81 1.6 1.21− =  (m) A1 

[1 mark] 

(d) attempt to find maximum eg graphically or d 0
d
y
x
=  or using height at 3.8x =  (M1) 

3.07 (m) OR 3.066 (m) A1 

Note: Award M1A0 for coordinate pair (3.8, 3.066) 
[2 marks] 

continued... 



Mathematics: applications and interpretation HL | Paper 3 | May 2025 TZ3 | Q2 | 27 marks

Apollo | Original source crop | 71

– 10 – 2225 – 7318M 

2. (a) 310 million is the maximum no of EVs A1 
OR  

the carrying capacity is 310 million A1 

OR  
the long term behaviour of the system approaches 310 million A1 

Note: ‘Million’ needs to be seen to award the A1. 
[1 mark] 

(b) (i) correct substitution 3100.2
1 e kC −=
+

A1 

correct rearrangement which leads to correct final answer A1 

eg 1 e 1550kC −+ =  OR e 1549kC − =  OR 0.2 e 309.8kC − =  

1549ekC =  AG 

[2 marks] 

(ii) correct substitution 7

3103.1
1 e kC −=
+

A1 

correct first stage of rearrangement   (A1) 

eg 71 e 100kC −+ =  OR 73.1 3.1 e 310kC −+ =  

799e kC = A1 

Note: Allow any correct expression eg  7

99
e kC −= or 7

306.9
3.1e kC −= . 

[3 marks] 

continued… 
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Question 2 continued 

(c) valid method for finding either variable (M1) 

eg graphically or elimination of C , 6 1549e
99

k =

(i) 0.458 (0.458374...)k = A1 

Note: Award at most M1A0 if values other than at 1t =  or 7t =  are used. 

[2 marks] 

(ii) 2450 (2449.74...)C = A1 

Note: Do not award A1FT on a wrong value for 𝑘𝑘 if the method used is not clearly shown. 

Note: Accept 2440 (2443.33...)C =  from substitution of 3 sf value for 𝑘𝑘 in 
799e kC =

Note: Award A0 if values other than at 1t =  or 7t =  are used. 

[1 mark] 

0.458374...

310
1 2449.74...e tN −

 = + 

(d) substitution of 4t =   into their logistic function

0.458374... 4

310
1 2449.74...e

N − ×=
+

(M1) 

0.789606...a =  

Note: If using 3 sf values for k and C: 0.788346...a =  . If using 2440C =  then 0.792a = . 

0.8a =  A1 

Note: The answer must be given correct to 1 decimal place 

[2 marks] 
(e) calculation of a squared residual (M1) 

2 2 2 2 20 0.1 0.2 0.1 0.1+ + + +

sum of square residuals 0.07= A1 

[2 marks] 

continued… 
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Question 2 continued 

 (f) substitution of their values into the error function M1 

Note: For the M1 allow any integer value of n  being substituted, with their sum of square 
residuals. 

0.07 0.118 (0.118321...)
5

E
 

= =  
 

A1 

0.118 0.25<  (so can use the model) R1 

[3 marks] 

(g) number in 2035 is given by value of N when 20t = (A1) 

247 million (246.873…) A1 

Note: Accept 246 million from using 3 sf values for k and C. 

Award (A1)A0 for 247 or 246 without ‘million’. 

If using 19t =   award (A0)A1 for 220 or 221 million. If using 21t =  award (A0)A1 for 267 
million. 

[2 marks] 

(h) multiplication of their model by one of 0.2 or 0.1 M1 

Note: For the M1 ignore any extra incorrect multipliers. 

number of public charging points needed in year t is 

0.458374...

310 0.2 0.1
1 2449.74...e t− × ×
+ 0.458374...

6.2
1 2449.74...e t−

 = + 
(million) OR 

0.458374...

310,000,000 0.2 0.1
1 2449.74...e t− × ×
+ 0.458374...

6, 200,000
1 2449.74...e t−

 = + 
 A1 

[2 marks] 

(i)
0.54 0.22 0.16

2
− = 

 
(million) ( )160,000 A1 

[1 mark] 

continued… 
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Question 2 continued 

(j) attempt to express number of charging points at t as a linear function  (M1) 

linear function passes through ( )5,0.22 or ( )7,0.54 (A1) 

0.22 0.16( 5)t+ −  OR 0.54 0.16( 7)t+ − OR 0.16 0.58t − OR 160,000 580,000t − A1 

Note: Award at most (M1)(A1)A1 for an expression that has the variable in years, for 
example ( )0.22 0.16 2020x+ − .

attempt to solve their ( )0.458374...

6.2 0.22 0.16 5
1 2449.74...e t t− > + −
+

M1 

Note: Accept = in place of  > . 

15.1 (15.1492...)t = (A1) 

Note: Accept 15.1665… from use of 3 sf values for k and C. 

Year is 2031 A1 
[6 marks] 

Total [27 marks] 
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6. (a) recognizing the form of inverse variation  (M1) 
  𝑉𝑉 = 𝑘𝑘

𝑡𝑡
   OR   𝑉𝑉 ∝ 1

𝑡𝑡
 

  300 = 𝑘𝑘
5
 OR  𝑘𝑘 = 5 × 300 (the 𝑘𝑘 must be shown) A1  

  𝑉𝑉 = 1500
𝑡𝑡

   AG 

Note:  Award M0A0 for only verifying that 300 and 5 satisfy given equation, e.g 300 = 1500
5

 seen.  

      [2 marks] 
 
 (b) 150 seen   (A1) 
  150 = 1500

𝑡𝑡
  

  𝑡𝑡 = 10 (minutes)  A1 
      [2 marks] 
 
 (c)  

  
      A1A1 

Note:  Award A1 for an increasing curve from point (5, 0) . Award A1 for a smooth curve, with 
approximately correct shape, eg concave down, approximately passing through (10,150). 
Accept any endpoint in the range [150, 300]. 

      [2 marks] 
 
 (d) (𝑃𝑃(𝑡𝑡) =) 300− 1500

𝑡𝑡
  OR  300 − 𝑉𝑉(𝑡𝑡) A1 

      [1 mark] 
      Total [7 marks] 
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7. (a) (i) �𝐵𝐵′(𝑥𝑥) =�   −32
𝑥𝑥2 + 2   OR  �𝐵𝐵′(𝑥𝑥) =�   − 32𝑥𝑥−2 + 2 A1(M1)A1 

Note:  Award A1  for 2 seen, (M1) for expressing 1
𝑥𝑥
 as 𝑥𝑥−1 (this can be implied from, either 1

𝑥𝑥2
 or 

𝑥𝑥−2 seen in final answer), A1 for −32
𝑥𝑥2

.  Award at most A1(M1)A0 if additional terms are 
seen. 

  (ii) 𝐵𝐵′(𝑥𝑥) = 0     OR      0 = −32
𝑥𝑥2 + 2    OR     sketch of 𝐵𝐵′(𝑥𝑥) with root identified    M1 

Note:  It is specified that the student must use their derivative from part (i) to answer this 
question. 

 
   𝑥𝑥 = 4   (A1) 

Note:  FT marks can only be awarded if their x-value lies within the given domain of 𝑥𝑥 ≥ 1. 
 
   (𝐵𝐵(𝑥𝑥) =)36 (minutes) A1 
 
      [6 marks] 
 
 (b) 40 > 20 + 32

𝑘𝑘
+ 2𝑘𝑘  OR  2 and 8 seen   OR   sketch of T(n) and T(n) = 40 (M1) 

 
  2 < 𝑘𝑘 < 8   OR  3 ≤ 𝑘𝑘 ≤ 7   OR  3, 4, 5, 6, 7 A1 
      [2 marks] 
      Total [8 marks] 
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8. (a) 

 
  correct maximum of the graph at (−1, 5) A1 
  correct endpoints at (−4,  1) and (4,  − 1) A1 
      [2 marks] 
 
 (b) 

 
  maximum at (1

2
, 3)  A1 

Note:  Allow A1 if x coordinate of maximum is in the interval (0, 1). 
 
  correct endpoints at (−1,1) and (3,0) A1 
      [2 marks] 
      Total [4 marks] 
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9. (a) (for a 30 minute period,)  mean = 17 (A1) 
  recognize lower bound is 23 OR P(number of calls > 22) (M1) 
  0.0953     (0.0952720…) A1 
      [3 marks] 
 
 (b) recognition of binomial distribution  (M1) 
  with 10n =  and  0.0953p = … OR  0.904p = …  (A1) 
  ( )0.754       0.754360...  A1 
      [3 marks] 
      Total [6 marks] 
 
 
 
 
10. (a) attempt to use the chain rule or the quotient rule (M1) 
  e.g. (4 5)x +  seen as part of a product 

  
( )22

6 (4 5)

2 5 4

x

x x

− +

+ +
   OR ( )( ) 226 4 5 2 5 4x x x

−
− + + +  A1 

      [2 marks] 
 
 (b) recognize need to find max/min of graph of f ′OR zero of graph of f ′′  (M1) 
  1.63,  0.868 ( 1  .63188 , 0.86811 )− − − … − …  A1A1 
      [3 marks] 
      Total [5 marks] 
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3. (a)  4    A1 
      [1 mark] 
 
 (b)  (i) EITHER 
   Award M1 for attempting to substitute in (5,3.9) or (10,4) or (8,3.936)  
   in 2y ax bx c= + +  (M1) 
   23.9 5 5 4a b= × + × +   
   0.1 25 5a b− = +   ( 0.02 5 )a b− = +  A1 

Note:  Award at most M1A0 for an equation that is not simplified (e.g. 3.9 = 25𝑎𝑎 + 5𝑏𝑏 + 4). 
 
   OR 
   M1 for attempt at axis of symmetry at 𝑥𝑥 = 5 (M1) 
      

   5
2

b
a
−

=  OR 10 0a b+ =    OR   10b a= −  A1 

 
   OR 
   M1 for an attempt to find derivative equated to 0. (M1) 
   2 5 0a b× + =    
   10 0a b+ =    OR   10b a= −  A1 

 

  (ii) 
10.004  

250
a  =  

 
, 

10.04  
25

b − = −  
 

 A1A1 

      [4 marks] 
 

 (c) (i) 
d  0.008 0.04
d
y x
x

 = − 
 

    
1 1

125 25
x − 

 
 A1A1  

Note:  Award A1 for each correct term. Award at most A1A0 if additional terms are seen. 
 
  (ii) substituting 0 or 10 into their derivative (M1) 
   (steepest gradient=) 0.04  A1
      [4 marks] 

 
 (d) (i) 0.994 (0.994142...)r =   A2 
 
  (ii) (very) strong A1 
      [3 marks] 
 
 (e) (0.01889 represents) the (increase in) deflection (in m) for each person (on the bridge). A1 
      [1 mark] 
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 (f) 0.1954 seen  A1 
  0.1  seen  OR  R (5,  3.8046)  seen A1 
  Jenny’s model for the height of the walkway has the smaller estimate A1 

Note:  The final A1 is contingent on both preceding A1 marks being awarded. 
Accept an equivalent statement that identifies 𝑛𝑛 = 0 for the regression 
line, with comparison of deflections or bridge heights. 

      [3 marks] 
      Total [16 marks] 
 
 
 
 
4. (a) attempt to solve 6 = 3ln(5𝑡𝑡 + 1) (M1) 
  (𝑡𝑡 =)  1.28 (hours)   (1.27781 … , e

2−1
5

) A1 
      [2 marks] 
 

 (b) 9.02     (9.02376 … ) A1 
      [1 mark] 
 

 (c) attempt to eliminate 𝑑𝑑 M1 
  𝑝𝑝 =  20�1 − 𝑒𝑒−0.1×3ln(5𝑡𝑡+1)� A1 
  use of log law(s) to simplify (M1) 
  𝑝𝑝 =  20�1 − eln(5𝑡𝑡+1)−0.3� =  20(1 − (5𝑡𝑡 + 1)−0.3)  
  𝑝𝑝 =  20 �1 − 1

(5𝑡𝑡+1)0.3�      ( 0.3)n =  A1 
 

Note:  Award M0A0M0A1 for working backwards from the given equation and substituting 
values of p and t to find 𝑛𝑛 = 0.3. 

      [4 marks] 
 

 (d) 10.8 (points)   (10.8392…) A1 
      [1 mark] 
 

 (e) considers 𝑡𝑡 = 12  (M1) 
  𝑝𝑝 = 14.2  (14.1731…) A1 

Note:  Award M1A0 for 𝑝𝑝 = 15.2554 …  from using 𝑡𝑡 = 24.  
Award M1A0 for 𝑝𝑝 = 20 from considering the horizontal asymptote. 

      [2 marks] 
 
 (f) recognizes 120 = 7𝑝𝑝 +  𝑏𝑏  (M1) 
  recognizes 𝐷𝐷 = 7𝑑𝑑 (M1) 

  120 =  140 �1 − 1
(5𝑇𝑇+1)0.3� + 50 �1 − 1

21ln(5𝑇𝑇+1)+1
� A1 

  𝑇𝑇 =  1.91 (hours)  (1.91387…) A1 
      [4 marks] 
      Total [14 marks] 
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 (f) 0.1954 seen  A1 
  0.1  seen  OR  R (5,  3.8046)  seen A1 
  Jenny’s model for the height of the walkway has the smaller estimate A1 

Note:  The final A1 is contingent on both preceding A1 marks being awarded. 
Accept an equivalent statement that identifies 𝑛𝑛 = 0 for the regression 
line, with comparison of deflections or bridge heights. 

      [3 marks] 
      Total [16 marks] 
 
 
 
 
4. (a) attempt to solve 6 = 3ln(5𝑡𝑡 + 1) (M1) 
  (𝑡𝑡 =)  1.28 (hours)   (1.27781 … , e

2−1
5

) A1 
      [2 marks] 
 

 (b) 9.02     (9.02376 … ) A1 
      [1 mark] 
 

 (c) attempt to eliminate 𝑑𝑑 M1 
  𝑝𝑝 =  20�1 − 𝑒𝑒−0.1×3ln(5𝑡𝑡+1)� A1 
  use of log law(s) to simplify (M1) 
  𝑝𝑝 =  20�1 − eln(5𝑡𝑡+1)−0.3� =  20(1 − (5𝑡𝑡 + 1)−0.3)  
  𝑝𝑝 =  20 �1 − 1

(5𝑡𝑡+1)0.3�      ( 0.3)n =  A1 
 

Note:  Award M0A0M0A1 for working backwards from the given equation and substituting 
values of p and t to find 𝑛𝑛 = 0.3. 

      [4 marks] 
 

 (d) 10.8 (points)   (10.8392…) A1 
      [1 mark] 
 

 (e) considers 𝑡𝑡 = 12  (M1) 
  𝑝𝑝 = 14.2  (14.1731…) A1 

Note:  Award M1A0 for 𝑝𝑝 = 15.2554 …  from using 𝑡𝑡 = 24.  
Award M1A0 for 𝑝𝑝 = 20 from considering the horizontal asymptote. 

      [2 marks] 
 
 (f) recognizes 120 = 7𝑝𝑝 +  𝑏𝑏  (M1) 
  recognizes 𝐷𝐷 = 7𝑑𝑑 (M1) 

  120 =  140 �1 − 1
(5𝑇𝑇+1)0.3� + 50 �1 − 1

21ln(5𝑇𝑇+1)+1
� A1 

  𝑇𝑇 =  1.91 (hours)  (1.91387…) A1 
      [4 marks] 
      Total [14 marks] 
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5. (a) convenience  A1 

Note:  Accept opportunity. 

      [1 mark] 
 

 (b) (i) 𝑝𝑝 > 0.6  A1 
 

  (ii)  recognition to use binomial distribution (with 𝑛𝑛 =  80 and 𝑝𝑝 = 0.6) (M1) 
   recognize need to find P(𝑋𝑋 ≥ 54) (A1) 

   𝑝𝑝 -value =  0.104 (0.103731 … ) A1 
   since 0.104 > 0.05,  R1 
   insufficient evidence to reject H0  
   insufficient evidence that the new recipe is an improvement. A1 

Note:  FT from their p-value for the final R1A1. Award A1 only if reference is specifically made to 
the context. Do not accept “the new recipe is not an improvement”. Do not award R0A1.  

      [6 marks] 
 

  (c) (i)  
m P(𝑋𝑋 ≥ 𝑚𝑚) 
55 0.067464… 
56 0.041747… 

 
    a region with a lower bound of 56 e.g.[56,  80]  OR  𝑋𝑋 ≥ 56 A2 
 
   (ii)  attempt to find 𝑃𝑃(𝑋𝑋 ≤ 55) when 𝑝𝑝 = 0.65 M1 
    0.793 (0.792833…) A1 
      [4 marks] 

 
  (d) 𝐻𝐻0: buying snacks is independent of age 
   𝐻𝐻1: buying snacks is not independent of age A1 

Note: Award A1 for both hypotheses correct. 
    
   recognize need to combine cells as 𝑓𝑓𝑓𝑓 < 5 (M1) 

   new table is 
      (A1) 
    
 
 
 
   p-value =  0.0957 (0.0956988 … ) A2 
   0.0957 >  0.05 
   insufficient evidence to reject 𝐻𝐻0 A1 

Note:  Award at most A1M0A0A2(FT)A1(FT), if a candidate does not combine cells, obtaining a 
p-value of 0.123596 … 

  Award A1 for a p-value= 0.096 (2 s.f.) or 0.0956 (truncated). 
FT from their p-value for the final A1, providing 𝐻𝐻0 is stated. Award A1 for “Accept 𝐻𝐻0”. 

      [6 marks] 
      Total [17 marks] 

Age, x Will buy Will not buy 

20x <  22 8 

20 30x≤ <  18 5 

30 x≤  14 13 


