APOLLO

Number and algebra
HL

Mathematics: analysis and approaches
First assessment 2021
102 questions | mark schemes



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q2 | 5 marks

2 METHOD 1 (finding u, first, from Sg)
4(u,+8)=8
U, =-6
U, +7d =80R 4(2u,+7d)=8 (may be seen with their value of u,)

attempt to substitute their v,
d=2

METHOD 2 (solving simultaneously)
u,+7d=38
4(u,+8)=8 OR 4(2u,+7d)=8 OR U, =-3d

attempt to solve linear or simultaneous equations

U =-6,d=2
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(A1)
Al
(A1)
(M1)
Al

(A1)
(A1)
(M1)
A1A1

[5 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q7 | 8 marks

7. METHOD 1
other two roots are a—bi and b—ai
sum of roots = —4 and product of roots =400

attempt to set sum of four roots equal to —4 or 4 OR
attempt to set product of four roots equal to 400
a+bi+ta-bi+b+ai+b—-ai=-4

2a+2b=-4(=>a+b=-2)

(a+bi) (a—bi) (b+ai)(b—ai)=400
(a+b?) =400

a’+b*=20

attempt to solve simultaneous equations
a=2ora=-4

METHOD 2

other two roots are @ —bi and b—ai
(z—(a+bi))(z-(a-bi))(z-(b+ai))(z-(b—ai))(=0)

((z-a)* +b*)((z—b)*+a*)(=0)

(22 —2az+a’ +b2)(z2 —2bz +b? +a2)(= 0)

Attempt to equate coefficient of 7*and constant with the given guartic equation
~2a-2b=4 and (a?+b?) =400

attempt to solve simultaneous equations
a=2ora=-4
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Al
Al

M1

Al

Al

(M1)
A1A1

Al
Al

Al

M1
Al

(M1)
A1A1

[8 marks]

[8 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q9 | 8 marks

9. (a)

(b)

METHOD 1
B has one less pen to select
EITHER

A and B can be placed in 6x5 ways
C, D, E have 6 choices each

OR

A (or B), C, D, E have 6 choices each
B (or A) has only 5 choices

THEN

5x6* (= 6480)

METHOD 2

total number of ways =6

number of ways with Amber and Brownie together =6’
attempt to subtract (may be seen in words)

6° —6*

=5x6"* (: 6480)

METHOD 1

total number of ways = 6!(=720)

number of ways with Amber and Brownie sharing a boundary
= 2><7><4!(= 336)

attempt to subtract (may be seen in words)
720—-336 =384

METHOD 2
case 1: number of ways of placing A in corner pen

3x4x3x2x1
Four corners total no of ways is 4x(3x4x3x2x1)=12x4!(=288)

case 2: number of ways of placing A in the middle pen
2x4x3x2x1

two middle pens so 2x(2x4x3x2x1)=4x41(=96)

attempt to add (may be seen in words)
total no of ways = 288-+96

=16x4!(=384)
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(M1)

(A1)
(A1)

(A1)
(A1)

Al

(A1)
(A1)
(M1)

Al
[4 marks]

(A1)

(A1)
(M1)
Al

(A1)

(A1)
(M1)

Al

[4 marks]
Total [8 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ1 | Q9 | 8 marks

-17 - M21/5/MATHX/HPL/ENG/TZ1/XXIM

Section B
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Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q1 | 4 marks

1. attempt to subtract squares of integers (M1)
2 2
(n+1)"—n
EITHER

correct order of subtraction and correct expansion of (n +1)2 , seen anywhere AlAl
=n*+2n+1-n’(=2n+1)

OR
correct order of subtraction and correct factorization of difference of squares A1A1l

=(n+1-n)(n+1+n)(=2n+1)

THEN
=n+n+1 =RHS Al

Note: Do not award final A1 unless all previous working is correct.

which is the sum of n and n+1 AG

Note: If expansion and order of subtraction are correct, award full marks for
candidates who find the sum of the integers as 2n+1 and then show that
the difference of the squares (subtracted in the correct order) is 2n+1 .

[4 marks]

Apollo | Original source crop | 6



Mathematics: analysis and approaches HL | Paper 1 | May 2021 TZ2 | Q3 | 5 marks

3. EITHER
attempt to use the binomial expansion of (x + k)7 (M1)
1T XK+ TCXCKE 4+ TC,xCKE 4., (0F TCKTXC + TCKOXE + TCK5X +...)
identifying the correct term "C,x°k? (or "C.k?x®) (A1)
OR
attempt to use the general term 'C x'k"™" (or 'C k"x"™") (M1)
r=2 (orr=5) (A1)
THEN
'C, =21 (or 'C, =21) (seen anywhere) (A1)
21x°k? = 63x° (21k* =63, k* =3) Al
k=13 Al

Note: If working shown, award M1A1A1A1AO for k = \/5

[5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q5 | 5 marks

5. METHOD1

product of a binomial coefficient, a power of 3 (and a power of x?) seen (M1)
evidence of correct term chosen (A1)

”“C2><3””’2><(x2)2 [:@x?‘ xx“) OR n—r=1

equating their coefficient to 20412 or their term to 20412x* (M1)
EITHER
n+l -1
"C,x3" =20412 (A1)
OR
MC x3 =20412=7=6 (A1)
THEN
n=7 A1
METHOD 2
x2 n+l

3n+1 Ll + _]

3

2
product of a binomial coefficient and a power of X OR % seen (M1)
3
evidence of correct term chosen (A1)
Y (n+1)
3n+1 > n+1C2 X(x—] (= 3n—1 nn x4j
3 2

equating their coefficient to 20412 or their term to 20412x* (M1)

+1
35 0HD o412 (A1)
n="7 A1

Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ1 | Q8 | 7 marks

8. (@ (l==)i6

(b) attempt to find arg(z)+arg(w)
arg(zw) =arg(z)+arg(w)

ZE_ZIm[: (1—2k)nj

5 5 5

—14 —

Question 8 continued

() () zweZlZ= arg(zw) is a multiple of 7t

= 1-2k is a multiple of 5
k=3

(i) zw= 16(cos(—n)+isin(—n))
-16

Apollo | Original source crop | 9

A1
[1 mark]

(mM1)

A1
[2 marks]

continued...

M21/5/MATHX/HP2/ENG/TZ1/XX/IM

(mM1)

(m1)
A1

A1
[4 marks]
Total [7 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q2 | 5 marks

2. (a)

(b)

attempt to use u1+(n—1)d =0
60-2.5(k-1)=0

k=25

METHOD 1
attempting to express Sn in terms of n

use of a graph or a table to attempt to find the maximum sum
=750
METHOD 2

EITHER
recognizing maximum occurs at n=25

S5 = 22(60+0), 5,5 = 2>(2x60+ 24x-2.5)

OR
attempting to calculate S,,

Sy =2—24(2><60+23><—2.5)

THEN
=750
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(M1)

Al
[2 marks]

(M1)
(M1)

Al

(M1)

(A1)

(M1)

(A1)

Al

[3 marks]
Total [5 marks]



Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q7 | 5 marks

7. (a) Jack and Andrea finish in that order (as a unit) so we are considering the

arrangement of 7 objects (M1)
7! (: 5040) ways Al
[2 marks]

(b) METHOD 1

the number of ways that Andrea finishes in front of Jack is equal to the number of

ways that Jack finishes in front of Andrea (M1)
total number of ways is 8! (A1)
% (=20160) ways Al
[3 marks]
METHOD 2
the other six runners can finish in 6! (: 720) ways (A1)

when Andrea finishes first, Jack can finish in 7 different positions

when Andrea finishes second, Jack can finish in 6 different positions etc

7+6+5+4+3+2+1 (=28) ways (A1)
hence there are (7+6+5+4+3+2+1)x6! ways

28x 6! (: 20160) ways Al

[3 marks]
Total [5 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2021 TZ2 | Q8 | 5 marks

8 1+z:1+c086+isin0
1-z 1-cos@-isin@

attempt to use the complex conjugate of their denominator

_ (1+cos@+isin@)(1-cosd +isin o)
- (1-cos@—isin@)(1-cos@+isin )

Re(1+ zj _ 1-cos’O-sin’ 0 [_ 1-cos® §-sin’ 9]

1-z _(1—0059)2+sin29 2-2cos0

Note: Award M1 for expanding the numerator and A1 for a correct numerator. Condone
either an incorrect denominator or the absence of a denominator.

using cos® @ +sin? @ =1 to simplify the numerator

Re(“—zjzo
1-z

Apollo | Original source crop | 12

M1

Al

M1A1l

(M1)

AG

[5 marks]



Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

2. (@ () METHOD 1
attempts to expand (a)—l)(a)2 + a)+1)
=0+’ +o-0"-0-1

=w’-1

METHOD 2
@° -1

o-1

attempts polynomial division on

=’ +w+1

) (a)—l)(a)2 +a)+1) =w*-1

(i) (since @ isarootof 2°=1)=w’-1=0
and w#1

= w*+w+1=0

Note: In part (a), award marks as appropriate where @ has been converted into
Cartesian, modulus-argument (polar) or Euler form.
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(M1)

Al
AG

[2 marks]

M1

Al
AG

[2 marks]

R1
R1
AG

[2 marks]



Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

-17 - M21/5/MATHX/HP3/ENG/TZ2/XXIM
() METHOD 1
attempts to find either P,P, or P,P, (M1)
accept any valid method
e.g. 2sin L 12 412 —2COSE, 1 Rh from either AOP,P, or AOP,P,
3 . T . 27
smE sm?

e.g. use of Pythagoras’ theorem

i2r 1 3.
e.g. l-e?|, 1- _E+7I by calculating the distance between 2 points
PP, =+/3 Al
PP, =+/3 Al

Note: Award a maximum of M1A1AO for any decimal approximation seen in the
calculation of either P,P, or PP, or both.

so PP, xP,P, =3 AG

METHOD 2

attempts to find P,P, x P,P, =[1- o[|1- | (M1)

PP x PP, =|0’ — 0" —+1] Al

:‘1—(a)2+a)+1)+2‘ and since @” +w+1=0 R1

so PP, xP,P, =3 AG
[3 marks]
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

-18 — M21/5/MATHX/HP3/ENG/TZ2/XXIM
(c) METHOD 1
z4—1:(z—1)(23+22+z+1) Al
(w is aroot hence) ' —1=0 and w#1 R1
= o*+0*+w+1=0 AG
Note: Condone the use of w throughout. |
[2 marks]
METHOD 2
considers the sum of roots of z* -1=0 (M1)
the sum of roots is zero (there is no z° term) Al
=0’ +0*+w+1=0 AG
[2 marks]
METHOD 3
substitutes for w (M1)
.3n T
e.g.LHS =e 2 +e" +e2+1
=—1-1+1+1 Al
Note: This can be demonstrated geometrically or by using vectors.
Accept Cartesian or modulus-argument (polar) form.
= o*+0*+w+1=0 AG
[2 marks]
METHOD 4
4
-1
a)3+a)2+a)+1=a) Al
o-1
0
=——=0as w#1l R1
w-1
=0’ +0*+w+1=0 AG
[2 marks]

Apollo | Original sou

rce crop | 15



Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

-19- M21/5/MATHX/HP3/ENG/TZ2/XXIM
(d) METHOD 1
PP, =2 Al
attempts to find either P,P, or P,P, (M1)

Note: For example, P,P, =[L—i| and P,P, =[L+il.

Various geometric and trigonometric approaches can be used by
candidates.

PP =2, PP, =2 A1A1

Note: Award a maximum of AIM1A1AQO if labels such as PP, are not clearly

shown.
Award full marks if the lengths are shown on a clearly labelled diagram.
Award a maximum of AIM1A1AO for any decimal approximation seen in

the calculation of either P,P, or P,P, or both.

PoPy x PoP, X PPy =4 AG
[4 marks]
METHOD 2
attempts to find P,P, x P,P, x PP, = 1- o|fl— &’|[L- &’| M1
PP, x PP, xPP, = |-0° + 0° + 0 0" —~w +1] Al
=‘—(—1)+a)5 +1—(—1)—a)+1‘ since @’ =@’ =-1and o' =1 Al
:‘af’ —a)+4‘ and since @’ =@ R1
so PP, xP,P,xP,P, =4 AG
[4 marks]
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

—-20- M21/5/MATHX/HP3/ENG/TZ2/XX/M

METHOD 3

PP, =2 Al

attempts to find PP, x PP, =[1- | ‘1— w3‘ M1

POPleOP3:‘a)4—a)3—a)+l‘ Al

=[2—-(-w)- ] since o' =1 and &* =-w R1

so PP, xP,P,xP,P, =4 AG
[4 marks]

Apollo | Original source crop | 17



Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

-21- M21/5/MATHX/HP3/ENG/TZ2/XX/M

(€  (PPxPP,x..xPP,,)=n Al

[1 mark]

M () PP =[l-0|, PP, =[l-0 A1A1

[2 marks]

(i) PP, =[-0" Al
Note: Accept |1- | from symmetry.

[1 mark]
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

-22 - M21/5/MATHX/HP3/ENG/TZ2/XXIM

(@ @ z"-1= (z—l)(z”‘l +2" %4tz +1)

considers the equation 2" +z"? +..+z+1=0 (M1)
the roots are @, @°,...,0" " (A1)
SO (Z—a))(z—a)z)...(z—a)”_l) Al

[3 marks]

(i) METHOD 1

substitutes z =1 into (z—a))(z—a)z)...(z—a)“’l)z AN LRy |

M1

(1-)(1-0)..(1-0"*)=n (A1)

takes modulus of both sides M1
’(l—a))(l—wz)...(l—a)"’l)‘=| n|

|1—a)|‘1—a)2‘...‘1—a)”‘1 =n Al

so PP, xP,P, x..xPP, , =n AG

Note: Award a maximum of M1IA1FTM1AO from part (e). |
[4 marks]
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Mathematics: analysis and approaches HL | Paper 3 | May 2021 TZ2 | Q2 | 24 marks

- 23 - M21/5/MATHX/HP3/ENG/TZ2/XXIM

METHOD 2

2

(1—a)),(l—a)z),...,(l—a)”’l) are the roots of (1—v)"_l+(l—v)n_ +..+(1-v)+1=0

M1
coefficient of V" is (—1)”7l and the coefficient of 1 is n Al
- (_1)n—1 n
product of the roots is ~————=n Al
_1)

|1—w”1—a)2‘...‘l—a)"’1 =n Al
so PP, xP,P,x..xPP, _,=n AG
[4 marks]

Total[24 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q9 | 7 marks

9. (a) attempt to expand binomial with negative fractional power (M1)
1 1 2,2
~(1vax)z=1- &, 38X AL
V1+ax 2 8
1 2
T-x=(1-x)e =1-2-2 4+ Al
2 8
1 (1-a)  (3a’+1),
—\J1l-x= X+ X°+
J1+ax 2 ( 8
attempt to equate coefficients of X or x° (M1)
2
X : ]'_—a=4b; x* 3 +1:b
2 8
attempt to solve simultaneously (M1)
a= 1 b= 1 Al
3 6
[6 marks]
(b) [x<1 Al
[1 mark]

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q9 | 7 marks

-21- N21/5/MATHX/HP1/ENG/TZ0/XXIM

Section B
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

T .. T
=COS—+isin—
2 2

Note: Candidates who solve the equation correctly can be awarded the

above two marks. The working for part (i) may be seen in part (ii).

LGkj

@i (z-2)° =ei[2

z-1= ei(g+4gk)

5n
(k=1)=wm,=1+e®

Om
(k=2)=w,=1+e ¢

Apollo | Original source crop | 23

Al

Al

AG

(M1)

(M1)

Al

Al

[6 marks]

continue...



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

—-29 - N21/5/MATHX/HPL1/ENG/TZ0/XX/M

Question 12 continued.

(b) EITHER

T .5n 91
- 1 1

attempt to express € ¢, es , € 6 in Cartesian form and translate 1 unit in the

positive direction of the real axis (M1)
OR
attempt to express W,,W, and W, in Cartesian form (M1)
THEN
=
g 2
D
(9]
E
1 .
A
w
1
-1 0 i 2 3
W, Real
—14 c
-2

Note: To award A marks, it is not necessary to see A,B or C, the W, , or
the solid lines

AlAl1A1l

[4 marks]

continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

-30- N21/5/MATHX/HPL1/ENG/TZ0/XX/M

Question 12 continued.

(c) valid attempt to find @, — @, (or @, — @) M1
o, — 0, = 1+£+1i —(1—i):£+§i OR COS= +isin—= +isin=
2 2 2 2 6 6 2

J3 3.

valid attempt to find |—+—1I M1
2 2
3 9
= |[—+—
4 4
AC=4/3 Al
[3 marks]
continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

-31- N21/5/MATHX/HP1/ENG/TZO/XXIM
Question 12 continued.
(d) METHOD 1
3
. z-1 .
(z—1)3=|z3:>(—J =i M1
z
3 &
(_Z‘lj —e? Al
z
a-1_.7 Al
o

Note: This step to change from z to @ may occur at any point in MS.

T
i
a-1l=qae®

Apollo | Original source crop | 26

AG

continue...



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

-32- N21/5/MATHX/HP1/ENG/TZO/XXIM
Question 12 continued.
METHOD 2
3
. z-1 .
(Z_”3=”3:>(__J =i M1
z
3
1 i
(1——) =e? Al
z
1-L¢h Al
z

o= - AG

continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

-33- N21/5/MATHX/HPL1/ENG/TZ0/XX/M

Question 12 continued.

METHOD 3
3
3 1
LHS=(z-1)" = —-1
1-e®
LT 3
K
e 6
1-e®

:[:L_EigJs :5 3\/§+i(3\/§ 5] M1A1l

2 2

2 2

Note: Award M1 for applying de Moivre’s theorem (may be seen in
modulus- argument form.)

3

RHS= iz’ =i —
1-e6
i
b Al
(z-1)° =iz’ AG

continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

—-34 - N21/5/MATHX/HPL1/ENG/TZ0/XX/M

Question 12 continued.

METHOD 4

(z-1)° =iz’

2° -3 +3z-1=i7°
(1-i)z* -3z +3z-1=0

3 2

1 1 1

@$-i) — | =3 —| +3 — -1

1-g6 1-gF6 1-g'6

i )2 = 3
:(1—i)—3(1—e'5J+3(1—e5J —(1—e6]
(1—2ei6 + ei3J—(1—3ei6 +3e3 —eiZ]

:(1—i)—3[1—eigJ+3

=0

Note: If the candidate does not interpret their conclusion, award
(M1)(A1)AO0 as appropriate.

Apollo | Original source crop | 29

(M1)

(A1)

Al

AG

[3 marks]

continue...



Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

-35- N21/5/MATHX/HP1/ENG/TZO/XX/M
Question 12 continued.
(e) METHOD 1
1 1
== - - M1
1-e6 1—|cos= +isin—
S
2
= - Al
2-3-i
attempt to use conjugate to rationalise M1
_4-23 2+2| AL
(2—@) +1
_ 4-23+2i Al
8-443
—£+ 1 [
2 4-23
1
= Re(a) ZE Al

Note: Their final imaginary part does not have to be correct in order for the
final three A marks to be awarded

[6 marks]

continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

- 36— N21/5/MATHX/HP1/ENG/TZO/XX/M
Question 12 continued.
METHOD 2
1 1
— = M1
i= T .. T
1-e8 1—|cos—+isin—
(oo ang
attempt to use conjugate to rationalise M1
T . . T
1 (1—c056j+|sm6
= X Al
T . . T T . . T
1-cos— [—iSsin— |1-cos— |[+iSIn—
6 6 6 6
T . . T
(1—0036j+|sm6
_ 4 Al
(1—cosnj +sin?®
6 6
T . . T
1-cos— |[+isSin—
_ [a-emg )iy
1-2c0s ™ +cos? ™ +sin2®
6 6 6
T . . T
(1_0086j+|5m6
= Al
2—2cosE
6
.. T
1 i1sin—
2 2—2Cc0S—
6
1
:>R9(C¥):§ Al

Note: Their final imaginary part does not have to be correct in order for the

final three A marks to be awarded

[6 marks]

continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

- 37 - N21/5/MATHX/HP1/ENG/TZO/XX/M
Question 12 continued.
METHOD 3
e '
attempt to multiply through by —— M1
e 12
_i®
1 e 12
== T . T Al
1-e® e?-_g®

M1

T .. T
COS(—le+ISIn[—12j
__ Al
T . .. T T .. T
COS— +ISIn——| COS| —— [+ISIN| ——
12 12 [ ( 12) ( 12))

T .. T
COS——1ISIN—

—_ 12 12 Al
2isin1
12
1 1 T 1 1. T
=———cot =—+—lCOot—
2 2 12 2 2 12
1
:>Re(a):§ Al
[6 marks]
continue...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2021 | Q12 | 22 marks

- 38 - N21/5/MATHX/HPL/ENG/TZ0/XXIM
Question 12 continued.
METHOD 4
attempt to multiply through by — M1
l1-e ®
1 T = 1.7‘[ e LT Al
1-e6 1-g 6-g6+1
attempting to re-write in r-cis form M1
1-cos ™ —isin~
_ 6 . 6 Al
2—-2C0s—
6
attempt to re-write in Cartesian form M1
VB L 2= 1
_ 2 2 |__2 ., 2
2-3 2-J3 2-43
1
= Re(a) = E Al

Note: Their final imaginary part does not have to be correct in order for the

final A mark to be awarded

[6 marks]

Total [22 marks]
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2021 | Q5 | 9 marks

(b)

(©)

substituting their values for u, and r into S =

7
=—(=0.875
=1 (=0875)

ul
1-r

:%(: 4.66666...)

attempt to substitute their values into the inequality or formula for S

{GH)
" , 127 |8
14_ 3(3) <0001 ORS ="~ 2~
7
1—-
-5)

3 =3\8
attempt to solve their inequality using a table, graph or logarithms

(must be exponential)

Note: Award (MO) if the candidate attempts to solve S_ —u, <0.001.

correct critical value or at least one correct crossover value

63.2675...0R S, —S,, =0.001036... OR S, —S,, = 0.000906...
OR S, —S,,—0.001=0.0000363683.. OR S, —S,, —0.001=-0.0000931777...

least value is n=64

(M1)

Al

[2 marks]

(A1)

(M1)

Al

[3 marks]

(M1)

(M1)

(A1)

Al
[4 marks]

Total [9 marks]
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6. (@ METHOD 1
(p+q)’ -3pq(p+q)=p*+q°

attempts to expand (p+q)3 M1
p°+3p°q+3pg’ +q°

(p+q)’ —3pa(p+q)=p*+3p*q+3pg®+q°~3pq(p+q)

= p°+3p’q+3pg’ +9° —3p*g—3pg° Al
=p’+¢° AG

Note: Condone the use of equals signs throughout.

METHOD 2

(p+a)’ -3pg(p+a)=p’+q°

attempts to factorise (p+q)3 -3pa(p+q) M1
=(p+a)((p+a)’~3pa) (=(p+a)(p*-pa+a?))

=p’~p’q+pg’+p°q-pq’ +q’ Al
=p’+q° AG

Note: Condone the use of equals signs throughout.

METHOD 3

p*+q*=(p+q)’ -3pa(p+q)

attempts to factorise p°+0° M1
=(p+9)(p°-pg+q’)

=(p+a)((p+a)’-3pa Al
=(p+q)’-3pg(p-+0) AG

| Note: Condone the use of the equals sign throughout. |

[2 marks]
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(b)

Note: Award a maximum of AIMOAOA1MOAO for m=-95 and n=8 found

5+/17
4
Condone, as appropriate, solutions that state but clearly do not use the

values of o and f.

Special case: Award a maximum of AIM1AO0A1MOAO for m=-95 and
n =8 obtained by solving simultaneously for & and g from product of
roots and sum of roots equations.

by using a, 8= (a,=0219..,2.28...).

product of roots of X 2 X+ 1_ 0
2 2
1

af} = > (seen anywhere) Al
considers (%j[%} by stating L =(=n) M1

a)\P (aB)
Note: Award M1 for attempting to substitute their value of af into ( ! 3

af
1 1

(aB) ﬁ

2
n=8 Al
sum of roots of X* —=x+==0

2 2
5
a+ = > (seen anywhere) Al
3 3

1 1 a+ —-3af(a+ 3(a+
considers — +— by stating (a+5) f( A [OH’BJ - ( zﬂ) (=-m) M1

a B (aB) af ) (ap)

Note: Award M1 for attempting to substitute their values of + £ and af into their

expression. Award MO for use of (« +ﬁ)3 —3af(a+ ) only.

- (2}3 Egj@) (=125-30=95)
8

m=-95 Al
(x2 —95x+8:0)

[6 marks]
Total [8 marks]
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1. (@) fay:e;€ Al
t —t

0 AG

[2 marks]

(b) METHOD 1
(f©) +(9®)

substituting f and ¢ M1

B (et +e7t)2+(et _eft)Z

4
_E)Y+2+ (") Z(e‘)2 —2+(e™)? (M1)
_ (et)Z +(eft)2 (z eZt +e2tj Al

2 2
= f(2t) AG
METHOD 2
eZt +e—21
fa)="—
_ (et)Z +(e—t)2 M1
2
_ (et +e—t)2 Z(et _e—t)2 M1AL
=(f®) +(a)) AG

[3 marks]

Note: Accept combinations of METHODS 1 & 2 that meet at equivalent expressions.
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(c) (i) substituting e =cosu+isinu into the expression for f (M1)
obtaining e™ =cosu—isinu (A1)
. cosu +isinu+cosu—isinu
f(iu)=
2
Note: The M1 can be awarded for the use of sine and cosine being odd and even
respectively.
_2cosu
2
=COoSu Al
[3 marks]
n . cosu+isinu—cosu+isinu
(i) g(iu)=
2
substituting and attempt to simplify (M1)
_ 2isinu
2
=isinu Al
[2 marks]
(d METHOD 1
(f(iu))’ +(g(iu))’
substituting expressions found in part (c) (M1)
=C0s’ u—sin®u (= cos2u) Al
METHOD 2
2iu -2iu
fiuy=—1¢
COS2u +1Sin 2u 4+ cos2u —isin 2u
= M1
2
=C0s2u Al
Note: Accept equivalent final answers that have been simplified removing all
imaginary parts eg 2c0s’ U —1letc
[2 marks]
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) B (et +e7t)2 _(et _eft)Z

@ (f®) -(g) 7 M1
2t -2t 2t —2t
:(e +e 7 +2)—(e"+e " -2) Al
4
= 4 =1 Al
4
Note: Award A1l for a value of 1 obtained from either LHS or RHS of given
expression.
(f(iu))’ —(g(iu))’ =cos?u+sin’u M1
=1 (hence(f®)’ ~(9)" =(f(iw)’ ~(9v)’) AG
Note: Award full marks for showing that ( f (Z))2 —(g(z))2 =1,vzeC.
[4 marks]
(f)
AlA1A1A1
Note: Award A1l for correct curves in the upper quadrants, Al for correct curves in
the lower quadrants , A1l for correct x-intercepts of (-1, 0) and (1, 0) (condone
x=-1and 1), Alfory=X andy =—X.
[4 marks]
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(g) attempt to rotate by 45° in either direction (M1)

Note: Evidence of an attempt to relate to a sketch of Xy =k would be sufficient for

this (M1).
attempting to rotate a particular point, eg (1, 0) (M1)
1 1
1, 0) rotatesto | ——, =—| (or similar Al
0.0 rosto [+ L s -
hence k :i% AlAl

[5 marks]
Total [25 marks]
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2. (a) attempting to expand the LHS (M1)
LHS = (4n’ —4n+1)+(4n” +4n +1) A1
=8n’ +2(=RHS) AG

[2 marks]

(b) METHOD 1

recognition that 2n—1 and 2n+1 represent two consecutive odd

integers (for ne7Z) R1
8n’ +2=2(4n" +1) A1
valid reason eg  divisible by 2 (2 is a factor) R1
so the sum of the squares of any two consecutive odd integers is even AG
[3 marks]
METHOD 2
recognition, eg  that n and n+2 represent two consecutive odd integers
(for ne ) R1
n2+(n+2)2:2(n2+2n+2) A1
valid reason eg  divisible by 2 (2 is a factor) R1
so the sum of the squares of any two consecutive odd integers
is even AG
[3 marks]
Total [5 marks]
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11.

(@)

(b)

attempt to find modulus
r=243(=2)

attempt to find argument in the correct quadrant

O=m + arctan[—?j

swi swi
3t e e (:2\/§e6J

attempt to find a root using de Moivre’s theorem
1 5mi

12618

2
attempt to find further two roots by adding and subtracting Tn to

the argument
1 Tmi

126e 18
1 17z

126¢ 18

Note: Ignore labels for u, v and w at this stage.
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(M1)
A1
(m1)

A1

A1

[5 marks]

M1
A1

m1
A1
A1

[5 marks]

continued...
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Question 11 continued

(c) METHOD 1

attempting to find the total area of (congruent) triangles UOV,VOW
and UOW M1

1 1
Area=3(%)[126J[126jsin2?n A1A1

1 1
- - .2
Note:Award A1 for [126j(126] and A1 for sm?n.

3\/_ (123] (or equivalent) A1
[4 marks]
METHOD 2
1y y YA o
uv? =(126J 4{12") —2[126j(12")cos? (or equivalent) A1
1
UV = \/3(126) (or equivalent) A1

1 .
attempting to find the area of UVW using Area = 5 x UV xVW xsina

for example M1
1 1
Areazé(\/gxu"J[\/gleéjsing
3f (123] (or equivalent) A1
[4 marks]
(d) u+v+w=0 R1
1
126 cos —E +1sin _7_11: +coss—+1sm5—ﬂ:+coslﬂ+1smﬂ =0 A1
18 18 18 18 18 18
consideration of real parts M1
1
126 cos _7_7: +coss—n+cosl7—7t =0
18 18 18
cos _7_n =cos7—n explicitly stated A1
18 18
coss—n+cos7—n+cosl7—n=0 AG
18 18 18
[4 marks]
Total [18 marks]
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55 Y
2. 1 M1)(A1
(a) (+4X100J (M1)(A1)
1.056 A1
[3 marks]
continued...

Apollo | Original source crop | 45



Mathematics: analysis and approaches HL | Paper 2 | Specimen 2021 | Q2 | 6 marks
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Question 2 continued

(b)

EITHER

5.5
00x4

2P=P><(1+l j " OR 2P = Px(their (a))” (M1)(A1)

| Note: Award (M1) for substitution into loan payment formula. Award (A1) for correct substitution.

OR

PV =+l
FV=72
I%=35.5
P/Y =4
C/Y =4
n=>50.756... (M1)(A1)

OR
PV =+1

FV=72

1% =100 (their (a)—1)

P/Y =1

C/Y =1 (M1)(A1)

THEN

= 12.7 years

Laurie will have double the amount she invested during 2032 A1
[3 marks]

Total [6 marks]
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8.  substituting w=2iz into z* —3w=5+5i
z' —6iz =5+5i
let z = x+ yi
comparing real and imaginary parts of (x—yi)—6i(x+yi) =5+51
toobtain x+6y =5 and -6x—-y=>5
attempting to solve for X and y
x=-1and y =1 and so z=—I1+1
hence w=-2-2i
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q6 | 5 marks

6. EITHER
attempt to obtain the general term of the expansion
T.=1C,(8x) (2] orT,.=c, (8¢) (=] o

2X 2X

OR
recognize power of x starts at 3N and goes down by 4 each time (M1)
THEN
recognizing the constant term when the power of x is zero (or equivalent) (M1)
r :?an orn :%r or 3n—4r=0 OR 3r—(n-r) =0 (or equivalent) Al
r is a multiple of 3 (r = 3,6,9,...) or one correct value of n (seen anywhere) (A1)
n=4k,keZ’ Al

Note: Accept n is a (positive) multiple of 4 or n=4,8,12,...
Do not accept n=4,8,12

Note: Award full marks for a correct answer using trial and error approach
showing n=4,8,12,...and for recognizing that this pattern continues.

[5 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q8 | 6 marks

8. Assume that a and b are both odd. M1

Note: Award MO for statements such as “let a and b be both odd”.

Note: Subsequent marks after this M1 are independent of this mark and can be
awarded.

Then a=2m+1land b=2n+1 Al
a’+b*=(2m+1)*+(2n+1)?

=4m?+4m+1+4n®+4n+1 Al
=4(m2+m+n2+n)+2 (A1)
(4(m2 +m+n’+ n) is always divisible by 4) but 2 is not divisible by 4. (or equivalent) R1
= a®+b? is not divisible by 4, a contradiction. (or equivalent) R1
hence a and b cannot both be odd. AG

Note: Award a maximum of MLAOAO(AO)R1R1 for considering identical or two
consecutive odd numbers for a and b .

[6 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q9 | 6 marks

9. (a) 2zz,=(1+bi)((1-b%)-(2b)i)
=(1-b*-2i’b*)+i(-2b+b—b°) M1

:(1+b2)+i(—b—b3) AlA1l

Note: Award A1l for 1+b* and Al for —bi—b%.

[3 marks]
—b-b® T
b =arctan| —— |=— M1
(b) arg(zz,) arcan( 1+b2J n (M1)
EITHER
arctan(—b) :% (since 1+b?#0,forbeR) Al
OR
—b—b*=1+b? (or equivalent) Al
THEN
h=-1 Al
[3 marks]

Total [6 marks]

Apollo | Original source crop | 51



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q9 | 6 marks

-19- M22/5/MATHX/HPL/ENG/TZ1/XXIM

Section B
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ1 | Q10 | 18 marks

10. (@) () EITHER

pinx 3
Inx  plnx

attempt to use a ratio from consecutive terms

1Inx 1
OR ZInx=(Inx)r> OR pInx:InxL%J

1

in geometric sequence.

o
o |lwlikr

Award M1 for T =

Note: Candidates may use Inx*+InxP +Inx3 +

. and consider the powers of x

1
:i—
P

M1

M1

Al

AG

Note: Award MOAO for r? :% or p?

1 .
— with no other working seen.

continued...
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Question 10 continued
(i) EITHER
. 1 1
since, |p|=—= and — <1 R1
=72 5
OR
: 1
since, |p|=—= and —1<p<1 R1
V3
THEN
= the geometric series converges. AG

Note: Accept I instead of .

Award RO if both values of P not considered.

Inx
(iii) =3++3 (A1)
I (2. 8)

NG

Inx:3—%+\@—% OR Inx=3-+3+3-1 (=Inx=2) Al
X =g’ Al
[6 marks]

continued...
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Question 10 continued

() () METHOD1

attempt to find a difference from consecutive terms or from U,
correct equation

plnx—lnx:%lnx—plnx OR %Inx:lnx+2(plnx—lnx)

M1

Al

1
Note: Candidates may use InX'+Inx” +Inx3 +... and consider the powers of x
in arithmetic sequence.

Award M1A1 for p—lzé— p.

4 4
2pInx=—Inx 2p=—
plnx = [:» p 3j

D= 2
3
METHOD 2
, , U, + U,
attempt to use arithmetic mean u, = 5

1
Inx+=Inx
pinx=

4 4
2pInx=—Inx 2p=—
plnx = (:» p 3j

)2
3
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AG

M1

Al

Al

AG

continued...
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Question 10 continued

METHOD 3

attempt to find difference using U,

1Inx:lnx+2d (:>d :—llnxj
3 3

1(1 1
u2=Inx+E élnx—lnx OR plnx—lnx=—§lnx

plnx—glnx
3
o2
3
1
i d=-=Inx
(ii) 3
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M1

Al

Al

AG

Al

continued...
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Question 10 continued

(i) METHOD 1
S, :DLZIn x+(n—1)><(—lln XJJ
2 3

1

attempt to substitute into Sn and equate to In(gj (M1)
n 2Inx+(n—1)x[—llnxJ =In(%)

2 3 X

1 3 -3

In = =-Inx’(=Inx?) (A1)
=-3InX (A1)
correct working with Sn (seen anywhere) (A1)

n n 1 n(n-1) n 4-n

—| 2Inx-=Inx+=Inx| OR nMx——————hn<OR—-mx+(———ynx

2{ 3 3 J 6 2 3

correct equation without In X Al

n(7 n -
_L___J=_3 OR n_n(nTl):_3 (or equivalent)

Note: Award as above if the series 1+ p +%+... is considered leading to

n(7 n

5y

2\3 3
attempt to form a quadratic =0 (M1)
n°-7n-18=0
attempt to solve their quadratic (M1)

(N-9)(n+2)=0

n=9 Al

continued...
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Question 10 continued
METHOD 2
| Lo Inx}(=Inx®
n ;g._—nx(_.nx ) (A1)
=-3Inx (A1)
listing the first 7 terms of the sequence (A1)

2 1 1 2
InX+=Inx+=Inx+0-=Inx—=Inx=Inx+...
3 3 3 3

recognizing first 7 terms sum to O M1
8" term is —%Inx (A1)

h .5
o term is —glnx (A1)
sum of 8" and 9" terms =-3InX (A1)
n=9 Al
[12 marks]

Total [18 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q1 | 5 marks

1. (@ wu=12

(b) 15-3n=-33
n=16

(c) valid approach to find d

u,—u,=9-12 OR recognize gradientis -3 OR attempts to solve
-33=12+15d

d=-3
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Al
[1 mark]

(A1)
Al

[2 marks]

(M1)

Al
[2 marks]
Total [5 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q2 | 6 marks

2. (a)

(b)

(n-1)+n+(n+1)
=3n

which is always divisible by 3

(n—l)2 +n’ +(n+1)2 (= n*=2n+1+n°+n”*+2n+1)

attempts to expand either (n—l)2 or (n +l)2 (do not accept n*—1 or n*+1)
=3n°+2

demonstrating recognition that 2 is not divisible by 3 or % seen after correct

expression divided by 3
3n” is divisible by 3 and so 3n° +2 is never divisible by 3

OR the first term is divisible by 3, the second is not

2
OR 3(n2+§j OR 3n +2:n2 2

3 3

hence the sum of the squares is never divisible by 3

(A1)

Al
AG

[2 marks]

Al
(M1)

Al

R1

AG
[4 marks]

Total [6 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q5 | 7 marks

5. (a)

(b)

EITHER

recognises the required term (or coefficient) in the expansion

bx°="C,x’> OR b='C, OR 'C,

b= 27!5!5! [z 2!(771 2)!}

correct working

Tx6x5x4x3x2x1 7x6 42
2x1Ix5x4x3x2x1 21 2

OR
lists terms from row 7 of Pascal’s triangle
1,7,21,...

THEN
b=21

a=7
correct equation

s ax°+35x* 7x° +35x"

21x OR 21x°=

correct quadratic equation

7x*—42x+35=0 OR x*—6x+5=0 (or equivalent)

valid attempt to solve their quadratic

6:/(-6)" ~4(1)(5)
(x-1)(x=5)=0 OR x= \/ 200

x=1 x=5

Note: Award final A0 for obtaining x=0, x=1, x=5.
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(M1)

Al

(M1)
Al

AG

[2 marks]

(A1)
Al

Al

(M1)

Al

[5 marks]
Total [7 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2022 TZ2 | Q9 | 5 marks

9. METHOD 1 (rearranging the equation)

assume there exists some @ €7 such that 2a®+6a+1=0

Note: Award M1 for equivalent statements such as ‘assume that « is an integer
root of 2a°* +6a+1=0". Condone the use of x throughout the proof.

o . 1
Award M1 for an assumption involving &® +3a+==0.

Note: Award MO for statements such as “let’s consider the equation has integer
roots...” “let a € Z be aroot of 2a® +6a+1=0..."

Note: Subsequent marks after this M1 are independent of this M1 and can be
awarded.

attempts to rearrange their equation into a suitable form

EITHER
2 +6a =-1
ae? =20’ +6a is even

2a® +6a = —1 which is not even and so « cannot be an integer

Note: Accept ‘ 2a® + 6a = —1 which gives a contradiction’.

OR
1= 2(—0{3 —Ba)

anz(—as—Ba)eZ

=1 is even which is not true and so « cannot be an integer

Note: Accept ‘=1 is even which gives a contradiction’.

continued...
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M1

M1

Al
R1
R1

Al

R1

R1
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Question 9 continued
OR
1
Z=—0a’-3a Al
2
ael=(-a’-3a)el R1
s : : 1 .
—a” —3a is not an integer :E and so a cannot be an integer R1

’

1
Note: Accept ‘—a® — 3« is not an integer (z E] which gives a contradiction’.

OR
o } Al
Z(a +3)
1
acl = 7 7 e R1
2(a”+3)
—% is not an integer and so a cannot be an integer R1
Z(a +3)
Note: Accept —+ is not an integer which gives a contradiction’.
2(a*+3)
THEN
so the equation 2x%+6x+1=0 has no integer roots AG

[5 marks]

continued...
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Question 9 continued
METHOD 2
assume there exists some « €Z such that 2a® +6a +1=0 M1

Note: Award M1 for statements such as ‘assume that « is an integer root of
20°+6a+1=0’. Condone the use of x throughout the proof. Award M1

. : 1
for an assumption involving o +3a + > =0 and award subsequent marks

based on this.

Note: Award MO for statements such as “let’s consider the equation has integer
roots...”, “let a € Z be aroot of 2a° +6a+1=0...”

Note: Subsequent marks after this M1 are independent of this M1 and can be
awarded.

let f(x)=2x°+6x+1 (and f(a)=0)
f'(x)=6x*+6>0 forall XeR = f is a (strictly) increasing function M1A1
f (0)=1 and f(—l)z—? R1

thus f (X) =0 has only one real root between —1 and 0, which gives a contradiction

(or therefore, contradicting the assumption that f («)=0 for some a €Z), R1
so the equation 2x*+6x+1=0 has no integer roots AG
[5 marks]
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12. (@ 1z, =re" (A1)
* ia, A—if0

2,2, =re“re” Al

22, =rre? AG

Note: Accept working in modulus-argument form |

[2 marks]
(b) Re(zz,)=rr,cos(a-0) (=0) Al
a—6=arccos0 (r,r,>0)
a—&zg(as O<a-0<m) Al
so Z,0Z, is aright-angled triangle AG
[2 marks]
(c) () EITHER
Z2 r-2
OR
il 9+Z L
Z, = rze( 3J [: rze"’e'3] (M1)
THEN
2, =z,° Al
Note: Accept working in either modulus-argument form to obtain
T, . . . . 1 3.
Z,=1,| COS—+ISIN— | orin Cartesian form to obtain 2, =2, —+——1|.
3 3 2 2
continued...
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Question 12 continued

, i
substitutes z, = z,e ® into 212 + 222

M22/5/MATHX/HPL/ENG/TZ2/XXIM

(i) M1
2 2
2P +2, =23 +2,) |=2,°| e +1 Al
EITHER
iﬁ i*
ed+l=e?3 Al
OR
27
= 1 3.
27| e3 +1|=12 ——+£|+1
2 2
1 3.
=2, —+£| Al
2 2
THEN
22+2,2=1%"°
= z{zzeiBJ and z,° =z, Al
2 2
so 2,°+12,° =11, AG
Note: For candidates who work on the LHS and RHS separately to show
20 2
equality, award M1A1 for z,°+2,° =2,¢ ® +2,° {z Zzz[e 3 +1D , A1 for
i 2 iz o
2,2,=12,"e® and Al for e ® +1=e3. Accept working in either modulus-
argument form or in Cartesian form.
[6 marks]
continued. ..
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Question 12 continued
(d) METHOD 1
Z,+2,=-a and 7,2, =D (A1)
a’=22+1+2z7, Al
a’=227,+2,2,(=322,) Al
substitutes D =2,Z, into their expression M1
a’=2b+b OR a’=3b Al
Note: If Z, +Z, =—a is not clearly recognized, award maximum (A0)A1A1M1AO.
so a®>-3b=0 AG
METHOD 2
Z,+7,=-a and 7,2, =D (A1)
(z,+2,) =22 +2,°+22,7, Al
(z,+72,) =222, +2,2,(=322,) Al
substitutes b= Z,Z, and Z,+Z, =—4a into their expression M1
a’=2b+b OR a’=3b Al
Note: If Z, +Z, =—a is not clearly recognized, award maximum (A0)A1A1M1AO.
so a®°-3b=0 AG
[5 marks]
(e) a*-3x12=0
a=16 (=2’ +62+12=0) Al
for a=—6:
2, =3+ J3i, z, =3-4/3i and a—c9=—5?n which does not satisfy 0<a—6@ <7 R1
for a=6:
7, =—3—/3i, 2, =—3++/3i and a—Hzg Al
so (for 0<a—6 <), only one equilateral triangle can be formed from point O and
the two roots of this equation AG
[3 marks]

Total [18 marks]
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9. (a 6x5!
=720 (accept 6!)

(b) METHOD 1
(Peter apart from girls, in an end seat) °P,(=1680) OR
(Peter apart from girls, not in end seat) 'P,(=840)
case 1: Peter at either end
2 °P,(=3360) OR 2x °C, x 41(=3360)
case 2: Peter not at the end
8x 'P, (= 6720) OR 8x 'C, x 41(=6720)

Total number of ways =3360-+ 6720
=10080

METHOD 2

(Peter next to girl, in an end seat) 4x °P,(=1344) OR
(Peter next to one girl, not in end seat) 2x4x 7P\,’(:1680) OR

(Peter next to two girls, not in end seat) 4x3x 'P,(=504)
case 1: Peter at either end

2x4x°P,(=2688)

case 2: Peter not at the end

8(2x4x P, +4x3x P, )(=17472)

Total number of ways =P, —(2688+17472)

=10080
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(A1)(AL)
Al

[3 marks]

(A1)

(A1)

(A1)

Al

(A1)

(A1)

(A1)

Al
[4 marks]

Total [7 marks]
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9. (a)

Ix9xB8x7x6x5 (=9><9P5) (M1)

I
=136080 (: 9x%j Al

Note:

|
Award M1AO for 10x9x8x7x6x5 (: P, =151200 :14%)

Note:

Award M1A0 for °P, = 60480

(b)

[2 marks]

METHOD 1
EITHER

every unordered subset of 6 digits from the set of 9 non-zero digits can be
arranged in exactly one way into a 6-digit number with the digits in increasing order. Al

OR
°C,(x1) Al

THEN
=84 Al

METHOD 2
EITHER

removes 3 digits from the set of 9 non-zero digits and these 6 remaining digits can
be arranged in exactly one way into a 6-digit number with the digits in increasing

order. Al

OR

°C,(x1) Al

THEN

=84 Al
[2 marks]

Total [4 marks]
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L@ O R(n) = o—2)n 2—\3—4}[1 R |33(n): " —Zk—nj Al
2
R(n) =" AL
_ n’+n _
Note: Award AOAL if %(n) = only is seen.

Do not award any marks for numerical verification.

n(n+1)

so for triangular numbers, P;(n) = 5 AG
[2 marks]
(i) METHOD 1
uses a table of values to find a positive integer that satisfies P,(n) =351 (M1)
for example, a list showing at least 3 consecutive terms ( 325, 351, 378...)
Note: Award (M1) for use of a GDC’s numerical solve or graph feature. |
n=26 (26th triangular number) Al
Note: Award AO for n=-27,26 . Award AO if additional solutions besides
n=26 are given.
METHOD 2
attempts to solve n+1) _ 351 (n2 +n-702= 0) for n (M1)
-1+ /1 —4(1)(-702
no T HET2) ok (n-26)(n+27)=0
N=26 (26th triangular number) Al
Note: Award AO for n=-27,26 . Award A0 if additional solutions besides N =26
are given.
[2 marks]
continued...
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Question 1 continued

(b) ()

(ii)

attempts to form an expression for P;(n)+P,(N+1) in terms of n

EITHER
n(n+1) N (n+1)(n+2)
2

_(n+1)(2n+2) (z 2(n+1)(n +1)j
- 2 - 2

Py(n)+Py(n+1) =

OR

P,(n)+ P,(n+1) E[”?Zg}{@ﬂ%l]

2 2
E(n ;n}r[n +2n;1+n+1] (=n?+2n+1)

THEN
=(n+1)°

the sum of the Nth and (n+1)th triangular numbers

is the (n+1)th square number
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M1

Al

Al

AG

[2 marks]

Al
[1 mark]

continued. ..
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Question 1 continued

(i)

Al

O O 0O O X
O O O X X
O O X X X
O X X X X
X X X X X

Note: Accept equivalent single diagrams, such as the one above, where the 4th
and 5th triangular numbers and the 5th square number are clearly shown.

Award Al for a diagram that show P3(4) (a triangle with 10 dots) and
P,(5) (atriangle with 15 dots) and P,(5) (a square with 25 dots).

[1 mark]

continued...
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Question 1 continued

() METHOD 1
8P3(n)+1=8(@j+1 (=4n(n+1)+1)
attempts to expand their expression for 8P,(n)+1
=4n*+4n+1

=(2n+1)*
and 2n+1 is odd

METHOD 2

M22/5/MATHX/HP3/ENG/TZ1/XXIM

Al

(M1)

Al

AG

8P3(n)+1:8((n +1°-Ry(n +1))+1 [:8((n +1) —W]H} AL

attempts to expand their expression for 8P,(n)+1
8(n2 +2n +1) —4(n?+3n+2)+1 (=4n*+4n +1)
=(2n+1)°

and 2n+1 is odd
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AG

continued...
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Question 1 continued

METHOD 3

8Pa(n)+1=8(@]+1 (=(An+B)2) (where A BeZ")

attempts to expand their expression for 8P,(n)+1

4n® +4n+1 (= A’n® + 2ABn + B?)

now equates coefficients and obtains B=1 and A=2
=(2n+1)?

and 2n+1 is odd
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Al

(M1)

Al

AG
[3 marks]

continued...
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Question 1 continued

(d)

-13- M22/5/MATHX/HP3/ENG/TZ1/XX/M
EITHER
U =1and d=3 (A1)
substitutes their U, and their d into B,(n) :g(2u1+(n—1)d) M1
n n
P5(n):5(2+3(n—1)) (=§(2+3n—3)J Al
OR
U, =1and u,=3n-2 (A1)
substitutes their U; and their U, into P,(n) :2(U1+Un) M1
Ps(n)=g(1+3n—2) Al
OR
R,(n)=(3(1)-2)+(3(2)-2)+(3(3)-2)+...+3n-2
R (n)=(3(1)+3(2)+3(3)+...+3n)-2n (=3(1+2+3+..+n)-2n) (A1)
1
substitutes n(n2+ ) into their expression for P (n) M1
n(n+1
P5(n):3[ (n+ )]—Zn
2
P (n)==(3(n+1)-4) Al
OR
attempts to find the arithmetic mean of n terms (M1)
1+(3n-2)
_ Al
2
multiplies the above expression by the number of terms n
Ps(n):g(1+3n—2) Al
THEN
so R,(n)= n(3r21—1) AG
[3 marks]
continued. ..
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Question 1 continued

() METHOD 1

forms a table of P,(n) values that includes some values for N>5

forms a table of P,(m) values that includes some values for m>5

Note: Award (M1) if at least one P, (n)value is correct. Award (M1) if at least

one B, (m) value is correct. Accept as above for (n2 + n) values and

(‘?»m2 - m) values.

n =20 for triangular numbers

m =12 for pentagonal numbers

Note: Award (A1) if N=20 is seen in or out of a table. Award (A1) if m=12 is
seen in or out of a table. Condone the use of the same parameter for
triangular numbers and pentagonal numbers, for example, N=20 for
triangular numbers and N =12 for pentagonal numbers.

210 (is a triangular number and a pentagonal number)

Note: Award all five marks for 210 seen anywhere with or without working
shown.
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(M1)

(A1)
(A1)
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Question 1 continued
METHOD 2
EITHER
attempts to express P;(n) =R, (M) as a quadratic in n (M1)
n’+n+(m-3m?)(=0) (or equivalent)
attempts to solve their quadratic in n (M1)
aeiomt—ame1 | 12T -4(m-3m?)
2 2
OR
attempts to express P;(n)=P,(M) as a quadratic in m (M1)
3m’ —m—(n’+n)(=0) (or equivalent)
attempts to solve their quadratic in m (M1)
2
L _ixViznteianet | 1+ (1) +12(n* +n)
6 6
THEN
n =20 for triangular numbers (A1)
m =12 for pentagonal numbers (A1)
210 (is a triangular number and a pentagonal number) Al
continued...

Apollo | Original source crop | 80



Mathematics: analysis and approaches HL | Paper 3 | May 2022 TZ1 | Q1 | 27 marks

-16 - M22/5/MATHX/HP3/ENG/TZ1/XXIM
Question 1 continued
METHOD 3
n(n+1) m@Bm-1)
2 2
let n=m+k (n>m)andso 3m*—m=(m+Kk) (m+k+1) M1
2m? = 2(k +)m— (k> +k) =0 Al

attempts to find the discriminant of their quadratic
and recognises that this must be a perfect square M1

A=4(k+1)*+8(k*+K)
NZ =4 (k+1)? +8(K? +k) (= 4(k +1)(3k+1))

determines that k =8 leading to 2m° —18m-72=0=>m=-3,12 and so m=12 Al
210 (is a triangular number and a pentagonal number) Al
METHOD 4
n(n+1) m@Bm-1)

2 2
let m=n—-Kk (m<n) and so n2+n:(n—k)(3(n—k)—1) M1
2n* —2(3k +)n+(3k? +k) =0 Al

attempts to find the discriminant of their quadratic

and recognises that this must be a perfect square M1
A=4(3k+1)?-8(3k>+K)
N? =43k +1)*-8(3k*+k) (: 4(k +1)(3k +1))

determines that k =8 leading to 2n° —=50n+200=0=n=5,20 and so n=20 Al
210 (is a triangular number and a pentagonal number) Al
[5 marks]

continued...
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Question 1 continued
(f)
Note: Award a maximum of RIMOMOA1M1A1A1RO for a ‘correct’ proof using n
and n+1.

consider N=1: B (1)=1+(1-1)(r-2)=1and P, (1)= (r-2) (12)2—(r—4) @ _,
so true for n=1

R1
r—2)(1*)—(r—4)(
Note: Accept P.(1)=1 and R(l)z( )( )2 =@ _,
Do not accept one-sided considerations such as ‘P, (1) =1 and so true for
n="_.
Subsequent marks after this R1 are independent of this mark can be
awarded.
2
Assume true for N=K, ie. Pr(k)z(r—Z)k Z_(r_4)k M1

Note: Award MO for statements such as “let N =K ”. The assumption of truth
must be clear.

Subsequent marks after this M1 are independent of this mark and can be
awarded.
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Consider n=k +1:

(P.(k+1) can be represented by the sum

k+1

> (1+(m-1)(r-2))= i:(u m-1)(r-2))+(1+k(r—-2)) and so

m=1 m=1
2
P (k+1) = F=2K . —DK L 1k (r-2)) (P (k+D) =P (k) +(1+k(r-2))) M1
_(r=2)k*—(r-4)k+2+2k(r-2) A1l
2
_(r=2)(kK*+2k)—(r—4)k+2
2
(r=2)(kK*+2k+1)—(r—-2)—(r—4)k+2 M1
B 2
:(r—2)(k+1)2—(r—4)k—(r—4) (A1)
2
(r=2)(k+1)*—(r—4)(k+1) Al
2
hence true for N=1 and n=k true =>n=Kk+1 true R1
therefore true for all ne Z*
Note: Only award the final R1 if the first five marks have been awarded. Award
marks as appropriate for solutions that expand both the LHS and (given)
RHS of the equation.
[8 marks]

Total [27 marks]
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3. (a)

Note: Award a maximum of MTAO0AO if the candidate manipulates both sides of
the equation ( such as moving terms from one side to the other ).

METHOD 1 (working with LHS)
attempting to expand (a2 —1)2 (do not accept a*+1 or a*—1)

at=2a* +1 or 4a* +a* =24 +1

LHS=a" +
4
_a'+2a’+1
4

_ (a22+1J2 (=RHS)

Note:

Do not award the final A1 if further working contradicts the AG.

METHOD 2 (working with RHS)
2
attempting to expand (a2 +1)

4 2
RHS:a +2a” +1

_4a2+a4—2a2+1

) [a’-1 2 -
=a +( 5 j (=LHS)

Note:

Do not award the final A1 if further working contradicts the AG.
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(M1)

A1

A1

AG

(mM1)

A1

A1l

AG

[3 marks]

continued...
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Question 3 continued

2 —

(b) recognise base and height as a and (a J (may be seen in diagram) (M1)
correct substitution into triangle area formula A1

2_ ala*-1 3_

Area=2| 2 ! (or equivalent) | = ( )= "

20 2 4 4
[2 marks]
Total [6 marks]
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5. (a) productof roots =80 (A1)
3—1 is aroot (A1)
attempt to set up an equation involving the product of their four roots and 80 (M1)

(3+i)(3-i)a’ =80=10a" =80

a=2 A1

[4 marks]

(b) METHOD 1

sum of roots =—p (A1)

—p=3+i+3-i+2+4 (M1)

Note: Accept p=3+1+3—-1+2+4 for (M1)

p=-12 A1
METHOD 2

(z=(3+1))(z=(3-1))(z-2)( - 4) (M1)
((z-3)=i)((z=3)+i)(z=2)(z—4) (A1)

(22 —6z+10)(z2 —6z+8) =z 122 +....

p=-12 A1

[3 marks]

Total [7 marks]
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12. (@) ()

z,=1+1

arg(zo)= arctan(l) =—=45°

K
4

Note: Accept any of these three forms, including an answer marked on an
Argand diagram.

n +n+1}

(i) arg(z,)=arctan (2;

(ii)

attempt to use the compound angle formula for tan

tan (arctan (a)) +tan (arctan (b))
1- tan(arctan(a))tan(arctan(b))

tan (arctan (a)+arctan (b)) =

a+b
1—ab

= arctan(a)+ arctan(b) = arctan( a+h j
1—ab

METHOD 1

arg(wl) = arg(zozl) = arg(zo) + arg(zl)
= arctan (1) +arctan (%j

1+l
3

=arctan| ——
1

1—=

3

= arctan (2)
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A1

A1l

[3 marks]

M1

A1

AG

M1

(A1)

A1

AG

continued...
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Question 12 continued

METHOD 2
w = zyz, = (1+1)(3+1) (M1)
=2+4 A1

4 .

arg(w, ) = arctan 5 or labelled Argand diagram A1
= arctan(2) AG
[5 marks]
continued...
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Question 12 continued

(c) letn=0

LHS = arg(w, ) =arg(z,) = aman(l)(: %)

RHS = arctan(l)(= %j so LHS = RHS

Note: Award RO for not starting at n =0, for example by referring to the result in

(b) (ii) for n=1. Award subsequent marks.

assume true for n =k, (so arg(w, ) =arctan(k+1))

Note: Do not award M1 for statements such as “let n=%k" or “n =k is true”.

Subsequent marks can still be awarded.

arg ( Wi )

= arg(Wka+1 )(= arg(Wk ) + arg(ZkH ))

=arctan (k +1)+arctan . !
(k+1) +(k+1)+1

1
(k+1)+[(k+1)2+(k+1)+1}

1
l_(kﬂ)£(k+l)2+(k+1)+1}

=arctan

=arctan

= arctan

(k+1)(k2+3k+3)+1
(K +3k+3)—(k+1)
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continued...
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Question 12 continued
3 2
_ arctan k +24k +6k+4 A1
k=+2k+2
(k+2)(k2 +2k+2)
= arctan > A1
k"+2k+2

=arctan(k+2)(= arctan((k+l)+l)) A1

since true for n =0, and true for n =k +1 if true for n =k, the statement is

true for all » € N by mathematical induction R1

Note: To obtain the final R1, four of the previous marks must have been

awarded.

[10 marks]

Total [18 marks]
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3. 86.4=50" (A1)
r :1.2£: §/8567J seen anywhere (A1)
50(1.2"-1) )

————>33500 OR 250(1.2" 1) =33500 (A1)
attempt to solve their geometric S, inequality or equation (M1)

sketch OR 1 >26.9045, n=26.9 OR S,, =28368.8 OR S,, =34092.6 OR algebraic

manipulation involving logarithms
n=27 (accept n>27) A1

Total [5 marks]
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Note: Do not award any marks if there is clear evidence of adding instead of
multiplying, for example °C. +(ax)”" +(1)" .

valid approach for expansion (must be the product of a binomial coefficient with n =9

and a power of ax) (M1)

°C (ax)*” (1) OR °C,_(ax)" (1> OR °C,(ax)’(1)’ +°C (ax)' ()" +...

recognizing that the term in x° is needed (M1)
Term in x° .
————=k" ORr=6 ORr=30R9-r=56
21x
correct term or coefficient in binomial expansion (seen anywhere) (A1)

’Cy(ax)’(1)’ OR °C,a’x" OR 84(a’x)(1) OR 844°

EITHER

correct term in x* or coefficient (may be seen in equation) (A1)

9
%aéx4 OR 4a°x* OR 44°

Set their term in x* or coefficient of x*equal to gasx4 or %aS (do not accept other

powers of x) (M1)

’ 6_ 4 8 5.4 6 8 5
—2a°x"=—a’x" OR 44" =—a
21 7 7

continued...
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Question 5 continued
OR
correct term in x° or coefficient of x° (may be seen in equation) (A1)

844°x® OR 84a°

Set their term in x° or coefficient of x°equal to 24a’x°or 244’

(do not accept other powers of x) (M1)

84a°x® =24a°x° OR 84a =24

THEN
2
a=2~0286(0.285714..) A1

Note: Award AO for the final mark for a =% and a=0.

Total [6 marks]
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7. METHOD 1
3i (is a root)

(other complex root is) —3i

Note: Award A1A1 for P(3i)=0 and P(-3i)=0 seen in their working.
Award A1 for each correct root seen in sum or product of their roots.

EITHER
attempt to find P(3i)=0 or P(-3i)=0

4m—3mi +22(3i) - (3i) =0
m

4m—3mi—22(-9)+27i=0
m

attempt to equate the real or imaginary parts
36

27-3m=0 OR 9x—=4m
m

OR

attempt to equate sum of three roots to 36
m

Note: Accept sum of three roots set to —ﬁ.
m

Award MO for stating sum of roots is J_rﬁ.

m m

m
3i—3i+r=§(:>r=§j

substitute their rinto product of roots

36 36
31)(=3i)| = | =4m OR (2> +9)| =
(3i)( 1)(,%} m OR (2 + )(m zj
9x§=4m OR 4—m=ﬁ

m 9 m
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continued...
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—14 —

Question 7 continued

OR

attempt to equate product of three roots to 4m

M23/5/MATHX/HP1/ENG/TZ1/XX/IM

(mM1)

Note: Accept product of three roots set to —4m .
Award MO for stating product of roots is +4m .

(31)(-3i) = 4m(: r :4_”1)

9
substitute their r into sum of roots

3io3is 236 or (zz+9)(4—m—zj
9 m 9

4m 36
9 m
THEN

m=9

third root is 4
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(m1)

(A1)
A1
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Question 7 continued
METHOD 2
3i (is a root) A1
(other complex root is) —3i A1

recognition that the other factor is (z+3i) and attempt to write P(z) as product of three
linear factors or as product of a quadratic and a linear factor (M1)

P(z):(z—3i)(z+3i)(r—z) OR (Z—3i)(Z+3i)=22 +9 :>P(z):(z2 +9)(47m—z]

Note: Accept any attempt at long division of P(z) by z* +9.

Award MO for stating other factor is (z +3i) or obtaining z* +9
with no further working.

attempt to compare their coefficients (M1)
—9=-m OR dm _ 36

9 m
m=9 (A1)
third root is 4 A1

Note: Award a maximum of AOAO(M1)(M1)(A1)A1 for a final answer
P(z)=(z-3i)(z+3i)(4—2z) seen or stating all three correct

factors with no evidence of roots throughout their working.

[6 marks]
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10. (a) (i) recognitionthat n=35
S =45

(i) METHOD 1
recognition that S +u, =S

us =15

METHOD 2

recognition that 60 = g(S1 +ug)

60 =3(5+u,)

u, =15

METHOD 3

substituting their u, and d values into u, +(n—1)d

us =15

(b) recognition that », = S, (may be seen in (a)) OR substituting their », into s,

OR equations for S; and S, in terms of 4, and d

1+4 OR 60=§(u1+15)

u =5
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A1
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[4 marks]

(M1)

A1

[2 marks]
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Question 10 continued
(c) EITHER
valid attempt to find d (may be seen in (a) or (b)) (M1)
d=2 (A1)
OR
valid attempt to find S, =S, (mM1)
n2+4n—(n2—2n+1+4n—4) (A1)
OR
equating n’ +4n =§(5+un) (M1)
2n+8=>5+u, (or equivalent) (A1)
THEN
u,=5+2(n-1) ORu, =2n+3 A1
[3 marks]
(d) recognition that v,r* =v, OR ()" =v, x, (mM1)
=3 OR v, =(%)53 (A1)
r=+3 A1

Note: If no working shown, award M1TA1A0 for \/g

[3 marks]
(e) recognition that » is negative (M1)
45
v =—15{3 |=——= A1
5 [ V3 j
[2 marks]
Total [14 marks]
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1
7.  let P(n) be the proposition that z =1- for all integers, n>1

(r+l) (n+1)

considering P(1):

LHS:% and RHS:% and so P(1) is true R1
assume P |s true ie, Z ! M1
(r+1)! (k+1)!

Note: Do not award M1 for statements such as “let n=%k" or “n==F is true”.
Subsequent marks after this M1 are independent of this mark and can be
awarded.

considering P(k+1):

& Lo k+1
D e TP 3y TRl (PR )

T(r+1)!

1 k+1
=1- A1
(k1) (k+2)!

(k+2)—(k+1)
(k+2)!

=1- A1

1 1
- =1= A1
(k+2)!( ((k+1)+1)!]
P(k+1) is true whenever P(k) is true and P(1) is true, so P(n) is true

(for all integers, n>1) R1

Note: To obtain the final R1, any four of the previous marks must have been
awarded.

[7 marks]
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11. (a) METHOD 1
2
lu| = (-1)’ +(\/§) (= \/1+3)
=2
reference angle:% OR argu =m—tan”' (\/g) OR argu =m+tan™' (—\/5)
T
:Tc —_——
3
Note: Award the above M1A1 for a labelled diagram that convincingly shows that
21
argu =—.
8 3
2n
:2_n and so u=2e¢ 3
3
METHOD 2
T -1 -1
reference anglezg OR argu =m—tan (\/5) OR argu = m+tan (—\/5)
T
:Tc —_——
3
Note: Award the above M1A1 for a labelled diagram that convincingly shows that
T
argu =—.
S
_2m
3

r[cosz?nﬂsinz?nj = —l+\/§i

~—h-tonr 8
cos—n — sin—7t ﬁ
3 2 3 2

2n
2
=2 andso u=2e¢?
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A1
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m1

A1

AG

[3 marks]

M1

A1

AG

A1

AG
[3 marks]

continued...
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Question 11 continued

. u 2nn

(b) () u eR:T=kn (keZ) (M1)(A1)
. . 2nm 0 An 2nm . . 2nm

Note: Award M1 for noting that SmT: 0 from u" =2 COSTHSIHT .

Award (A1) for a multiple of 3 considered.

n=3 A1
(i)  substitutes their value (must be a multiple of 3) for » into u" (M1)

u' =2%cos2n
=8 A1
[5 marks]

continued...
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Question 11 continued
(c) (i) —1—\/§i is a root (by the conjugate root theorem) A1
e

Note: Accept 2¢ 3.
let z=c be the real root
EITHER
uses sum of roots (equated to +5) (M1)
((—1+\/§i)+(—1—x/§i)+c)=—5 (A1)
—2+c=-5 (A1)
OR
uses product of roots (equated to +12) (M1)
(—1+\/§i)(—1—\/§i)c=—12 (A1)
4e¢=-12 (A1)
OR
(z—(—1+\/§i))(z—(—l—\/§i))=22+2z+4 (A1)
compares coefficients eg (M1)

(z—c)(2* +22z+4)=2"+52"+10z+12

4c=12 (A1)

THEN

c¢=-3 (and so z=-3 is aroot) A1
continued...
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— 26— M23/5/MATHX/HP1/ENG/TZ2/XX/M
Question 11 continued

(i) METHOD 1

compares z° +5z° +10z+12=0 and 1+ 5w+10w* +12w’ =0

w z
1+ 1
NS S B G EVE A1A1
37 -1+4/3i 4
METHOD 2
attempts to factorize into a product of a linear factor and a quadratic factor (M1)
1+ 5w+10w +12w* = (3w-+1)(4w’ + 2w+1) A1
_1+ 1
wet L _J_ 1£43i A1A1
37 -1£4/3i 4
[9 marks]
d) (a+bi) =2(a—bi) A1
attempts to expand and equate real and imaginary parts: M1
a’> —b* +2abi=2a-2bi
a’—b’>=2a and 2ab=-2b
attempts to find the value of a or b M1
2b(a + 1) =0
b=0=a’=2a= a=2 (real root) A1
a=-1=1-b=2=b=+3 (complex roots —li\/gi) A1
[5 marks]
Total [22 marks]
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5. product of a binomial coefficient, a power of ax® and a power of b seen (M1)

evidence of correct term chosen
for n=8: r=2(or r=6) OR for n=10: r=2 (or r=8) (A1)

correct equations (may include powers of X) AlAl
°C,a’%h’ =448 (28a’h° =448 = a’h°® =16), 1°C,a’h’ = 2880 (45a’h’ = 2880 = a’h® = 64)
attempt to solve their system in a and b algebraically or graphically (M1)

b:2;a=% AlAl

Note: Award a maximum of (M1)(A1)A1A1(M1)A1AO for b=+2 and/or a= i%.

[7 marks]
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6. (a) attempt to use De Moivre’s theorem (M1)

1 . . 11z 11 .11 Lan, .
[cosl—gﬂsm—n) —cos— L is n—nn(:e18 ] OR cos(110°n)+|sm(110°n)

18 18 18
EITHER
attempt to consider imaginary part (M1)
sin222! __1 OR sin(110'n) =1
18
OR
attempt to consider argument of —i (M1)
1lmn. 3m.
e _g?
THEN
Lizn :3—7[,7—7[ ,E :3—n+2nk, keZ | OR
18 2 2 2 2
110'n = 270°,630°(,990")...(= 270" +360°k, k € Z) (A1)
11n=27,63,99,...
n=9 Al
[4 marks]
continued...
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Question 6 continued
(b) EITHER
10 10(}}Ei] o _ N 10y T 10
7°=e ‘\®/|=e9 =e? | OR arg(z ):5 OR arg(z") =20 (A1)

Note: Accept equivalent arguments given in any interval, in degrees or radians.

recognising that the difference between arg(z'°) and arg(z) is needed (M1)
1lxn o
arg(z) —arg(z) == ———~= -2
9(z™)—arg(2) 9 18 2
OR
recognising that z*° =z°x z (M1)
%gﬂ Yo 3n T
’=e ¥/ =e?2 =e? |OR arg(zg):?or - OR arg(z®) =270 or —90° (A1)

Note: Accept equivalent arguments given in any interval, in degrees or radians.

THEN

.3 . -
a rotation 77[ OR —g OR equivalent angle about the origin. Al

Note: Accept correct answer given in degrees.

4k -1
Accept g clockwise or 121[ or ( > )n

The centre must be stated to gain the final Al.

forkeZ.

[3 marks]
Total [7 marks]
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9. Assume p®—-8q-11=0, (p,qeZ) M1

Note: This M1 is dependent on the assumption of truth (implied by “assume” or
“suppose that ... is true”.)
Subsequent marks should be awarded independently.

EITHER

p? =8q+11(=2(4g+5)+1)so p’odd = p odd R1
OR

p even = p>—8q =11 even which is a contradiction so p is odd R1

Note: This R1 should be awarded for any valid reason to conclude that p must be
odd.

THEN
p=2k+1(,keZ) M1

(2k +1)° =8q+11
4k* +4k +1=8q+11 (AL)
4k* +4k =89 +10
2k? + 2k = 4q+5 or equivalent with one side odd and one side even Al

a contradiction as LHS is even and RHS is odd R1

Note: This R1 is dependent on all previous marks.

Accept correct variations such as work based on p =2k —1.

therefore, if p,qe€Z then p°—8q-11#0 AG
Total [6 marks]
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Section B
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4, attempt to use the binomial expansion of (x+ h)8 (M1)

SCxh° + Cx 't + SC X h + ..

a=8h (accept *C, h) A1

b=28h" (accept °C, h’) A1

d =70h* (accept °C,h*) A1

recognition that there is a common ratio between their terms (M1)

8hxr=28h> OR 28h>xr="70h" OR 8hxr>=70h"

correct equation in terms of 4 (A1)

28K = 70K (or equivalent)

8h 28K’

h=1.4 A1

[7 marks]

Apollo | Original source crop | 110



Mathematics: analysis and approaches HL | Paper 2 | May 2023 TZ2 | Q9 | 5 marks

9. METHOD1

10 numbers of the form 3n, 10 numbers of the form (3n—1) and 10 numbers of the

form (3n—2)( may be seen anywhere) (M1)
considers one of the following two cases of forming a sum divisible by 3 (M1)
case 1:

chooses 3 numbers of the form 37 or chooses 3 numbers of the form (3n—1) or

chooses 3 numbers of the form (31 -2)
Cy+"°Cy+°C, (=3x°C, =3x120=360) ways A1
case 2:

chooses 1 number of the form 3n and chooses 1 number of the form (3n—1) and

chooses 1 number of the form (3n—2)

30 20 10
00 % 1°C x 1°C, (: (*c) =10°= 1000) ways OR —.% ;‘ * €1 (=1000) ways A1
total number of ways is 3x °C, +'°C, x "°C, x "°C, (=360+1000)
=1360 A1
METHOD 2
total number of ways of choosing 3 numbers (without restriction) is 30C3 =4060 A1

attempts to find the total number of ways of choosing 3 numbers whose sum is not
divisible by 3 (M1)

chooses 2 numbers from one group and chooses 1 number from another group

eg chooses 2 numbers of the form 3n and chooses 1 number of the form 3n—1

31 °C, x "°C, =2700 (M1)A1

Note: Award (M1) for any integer multiple of '’C, x "°C, .

total number of ways is 4060 —2700

=1360 A1
[5 marks]
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Section B
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2. (@ m=2,c=-1

1
- A1
2 (A1)
2, l, -1
2
EITHER
al=t o 1.3 A1
2 2 2
OR
this sequence has a common difference of —% A1
OR
the (arithmetic) mean of 2 and —1 is % A1
THEN
hence L(x)=2x-1 is an AS-linear function AG
[2 marks]
) () (L(r)=0=)mr+c=0 A1
r=—< AG
m
Note: Award A0 for numerical verification from L(x)=2x~1 in part (a).
[1 mark]
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-17 - M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 2 continued
(i) METHOD 1
EITHER
attempts to use (d =)r—-m=c—r (M1)

Note: Award (M1) for attempting to use (d :)m —-r=r—c.

(d=)—£—m=c—(—£) A1

m m
Note: Award A1 for (d :)—i—m _cn
m 2
removes the denominator m from their expression involving m and ¢ (M1)

m* +cm+2c =0 (or equivalent)

OR
m+c
attempts to use =r (M1)
2
m+c=--5 A1
m
removes the denominator m from their expression involving m and ¢ (M1)

m*> +cm+2c =0 (or equivalent)

OR

attempts to use c=m+2d (M1)

c:m+2(—£—mj A1
m

Note: Award A1 for c=m +2[C_(_£D .
m

removes the denominator m from their expression involving m and ¢ (M1)

m* +cm+2c =0 (or equivalent)

continued...
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-18 — M23/5/MATHX/HP3/ENG/TZ2/XXIM
Question 2 continued
OR
attempts to use r =m+d and c=m+2d (c = m+2(r—m)) (mM1)
m*> +dm+m+2d =0 (or equivalent) A1
substitutes @ = <" into their expression involving m and d (M1)
m* +cm+2c =0 (or equivalent)
THEN
m2
c(m+2):—m2:>c:— A1
m+2
m2
Note: Award A1 for a convincing demonstration that ¢ =— 5
m+
m2
o] L(x) =mx— AG
m+2

Note: Do not accept working backwards from the AG.

METHOD 2

considers L(x)=mx—mr

attempts to use (d =)r—m=c—r (M1)

Note: Award (M1) for attempting to use (d :)m —r=r—c.

(d=)r—m:—mr—r A1
attempts to express r in terms of m (M1)
2Zr+mr=m=r= A1
m+2
m2
so L(x) =mx— AG
m+2
Note: Do not accept working backwards from the AG.
[4 marks]

continued...
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Question 2 continued
(i) m#-2 (m#0) A1
[1 mark]
(c)
attempts to find an integer value of m (M1)

e.g. uses the result that m +2 exactly divides 2 OR uses a table OR uses a graph
and slider OR uses systematic trial and error

2
Note: Award (M1) for solving m* = k(m+2) for m or solving mr — n 5 =0 for m or
m+
solving m”* +cm+2c=0 for m.
m=—4 OR m=—3 (A1)
—-4,2,80R-3,3,9
L(x):—4x+8, L(x):—3x+9 A1
Note: Award (M1)(A1)A0 for —4x+8 and —3x+9.
[3 marks]
d @ —-= A1
[1 mark]
iy = A1
a
[1 mark]
continued...
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Question 2 continued

e) () b-a A1

Note: Award marks as appropriate in parts (e) (ii) and (iii) for use of r, —r, =a—b.

[1 mark]
(i)  attempts to eliminate 7, M1
2, :—S—(b—a):%] =az_2$ (or equivalent) A1

Note: Award A1 for a correct alternative form of 7, or £2r,.
SO 7 =az+:_b AG

Note: Do not accept working backwards from the AG.
[2 marks]
continued...
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Question 2 continued
(i) METHOD 1
EITHER
a+b
(=) (A1)
2
attempts to equate two expressions for either r, or 27, in terms of a and b M1
2 2 _
a+b:a ab-b ORa+b=a ab-b
2 2a a
OR
b-r=nrn-a (A1)
a*—ab—-b
attempts to use b—r, =1, —a with r, :2— m1
a
a’—ab-b a’*—ab—-b
b— = —a
2a 2a
OR
(r1 z) a+d (A1)
2 — — —
attempts to use r, =a+d with 4=Lbb and d:b ? m1
2a 2
a*—ab-b b—a
=a+
2a 2
THEN

2a*+2ab=2a*-2ab-2b OR a&* +ab=a*—ab-b
dab+2b=0 OR 2ab+b=0
2b(2a+1)=0 OR b(2a+1)=0 A1

Note: Award (A1)M1 for any valid approach that correctly leads to 2ab+5b =0 (or
equivalent).
Do not accept numerical verification from the AG.

sob:Oora:—% AG

continued...
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Question 2 continued

METHOD 2
(b=)a+2d OR (r1 =)a+d (A1)
attempts to equate two expressions for either # or 27 in terms of ¢ and d M1

*—a(a+2d)—(a+2d *—a(a+2d)—(a+2d
ara - L=alax2d)=(ax2d) oo 2(a+d)=2 ala+2d)=(a+2d)

2a a

2a° +4ad +a+2d =0
(2a+1)(a+2d):O A1

Note: Do not accept numerical verification from the AG.

sob=00ra:—% AG

[3 marks]

continued...
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Question 2 continued
()  METHOD 1
a a a
n=—ORr=-—-O0ORd=—= A1
b2 ) 2 (A7)
c=-a (A1)
attempts to find the values of a (M1)

EITHER

the roots of ax* —a =0 are 1 and %:J_rl

OR

3
substitutes xzig into ax’> —a =0 giving %—a:O

OR

a’ a a a

c
(rr,=)—=——=c=—-—andso -a=——=>—-a=0
a 4 44

Note: Award (M1) for attempting to find the values of a from their arithmetic sequence
expressed in terms of a .

OR

THEN
a=+2 (A1)

(l"l=il, b=0,r, =7l c:$2)

o] Q(x)=2x2—2, Q(x):—2x2+2 A1

Note: Award A0 for 2x° —2 and —2x” +2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either a=2 or a=-2.

continued...
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Question 2 continued
METHOD 2
t,=-d ORr,=d OR a=-2d (A1)
c=2d (A1)
attempts to find the values of d (M1)
EITHER

the roots of —2dx* +2d =0 are %1

OR
substitutes x =+d into —2dx* +2d =0 giving —2d” +2d =0

OR

2d

attempts to use rr, =< toform —d* ===
a -2d

Note: Award (M1) for attempting to find the values of d from their arithmetic sequence
expressed in terms of d .

THEN
d=1l1 (A1)

(a:iZ, rn==x1, b=0, r,=7Fl, c:$2)

so O(x)=2x"-2, O(x)=-2x"+2 A1

Note: Award A0 for 2x* —2 and —2x*+2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either d =1 or d =-1.

continued...

Apollo | Original source crop | 121



Mathematics: analysis and approaches HL | Paper 3 | May 2023 TZ2 | Q2 | 31 marks

—-25— M23/5/MATHX/HP3/ENG/TZ2/XXIM
Question 2 continued
METHOD 3
a=21r, ORr,=—1, OR d =—7, (A1)
c=-2r (A1)
attempts to find the values of r, (M1)
EITHER

the roots of 27x” =27 =0 are *1

OR

substitutes x = +7; into 27x” =27 =0 giving 27’ =27, =0
OR

o

c
attempts to use 7, =— to form -7’ =
a

25

Note: Award (M1) for attempting to find the values of 7 from their arithmetic sequence

expressed in terms of 7.

THEN
P (A1)

(a:iZ, rn==x1, b=0, r,=7FI, c:¢2)

SO Q(x)=2x2—2, Q(x):—2x2+2 A1

Note: Award A0 for 2x* -2 and —2x° +2.
Award (A1)(A1)(M1)(A0)AO0 for obtaining either r, =1 or 1, =—1.

[5 marks]

continued...
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- 26— M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 2 continued
(g) (i) attemptsto express 7; interms of b with a :—% (M1)
Note: Do not award (M1) if a :% is used.
EITHER
a+
uses r, =——
2
OR
a*—ab—b
uses 1, =
2a

OR

uses ,—a=b-r,

THEN

_1
= 26-11 b l,: 2 A1
4 2 4 2
[2 marks]
continued...
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- 27 - M23/5/MATHX/HP3/ENG/TZ2/XXIM
Question 2 continued
(i) METHOD 1
EITHER
substitutes their expression for 7, with a :—% into O(x)(=0) (M1)
2b-1 1(26-1\"  (2b-1
= (20)=>—=| Z—| +b| =— |+¢(=0
G S (o R
OR
6b+1( 3b 1
]/'2 = =—4—
4 2 4
substitutes their expression for 7, with a =—% into O(x)(=0) (M1)
6b+1 1(6b+1Y"  (6b+1
=0)=>—— +b +c(=0
e U R
THEN
c= 4b2+1 (: 2b+%) (seen anywhere) A1
4b*> +20b+5=0
attempts to solve their quadratic in b (M1)
-5+
b=—5_2\/g A1
2
substitutes into ¢ = 4b+1
-9+
C=9_T4\/§ A1

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

continued...
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- 28— M23/5/MATHX/HP3/ENG/TZ2/XXIM
Question 2 continued
METHOD 2
substitutes their expressions for 7, and r, with a :—% into O(x) (M1)
1 2b-1 6b+1
2 4 4
—lx2 +bx—§b2 +lb+L
2 8 8 32
c= 4b2+1 (: 2b +%) (seen anywhere) A1
it 3yl L
2 8 8 32
4b*> +20b+5=0
attempts to solve their quadratic in b (M1)
-5+
b= —5 — 2\/5 A1
2
substitutes into ¢ = 4b+1
9+
(o NS A1

2

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

continued...
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-29 - M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 2 continued
METHOD 3
6b+1( 3b 1
]/'2 = = —b4 —
4 2 4
substitutes their expressions for 7 and 7, with a =—% into 77, =< (M1)
a
(Mj( 6b +1) S (or equivalent)
4 4 1
2
EITHER
c= 4b2+1 (: 2b+%) (seen anywhere) A1
OR
_1(2b-1)(6b+1) (6b+1) 2b-1 ( 1 A1
2\ 4 4 4 4 2
THEN
4b*> +20b+5=0
attempts to solve their quadratic in b (M1)
-5+
b= DENS 2Js A1
2
substitutes into ¢ = 4b+1
-9+

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

continued...
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-30- M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 2 continued
METHOD 4
1
attempts to equate two expressions for r, with a = —5 (M1)

_h++/H? _
b+b* +2c :2b4 l(imzﬂﬂ—lj

1 4

4b+1
CcC=

5 (= 2b+%) (seen anywhere) A1

12b2—4b—1+32(2b+%j=0 (46> +20b+5=0)

attempts to solve their quadratic in 5 (M1)
-5+
=222 A1
2
substitutes into ¢ = 4b+1
-9+
‘= 9 —24‘/§ A1

Note: Award AOAOQ for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

continued...
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- 31 - M23/5/MATHX/HP3/ENG/TZ2/XX/M
Question 2 continued

METHOD 5

EITHER

r=d—
2

substitutes their expression for 7 in terms of d with a :—% into O(x)(=0) (M1)

Q(d—%)(:o):—%(d—%jz+b(a’—%]+c(: 0)

v :3d—%

substitutes their expression for r, in terms of d with a :—% into O(x)(=0) (M1)

Q(3d—%)(=0):>—%(3d—%)2+b(3d—%j+c(=0)

THEN
b=2d —% and ¢ =4d —% (seen anywhere) A1
4d*> +8d -1=0
attempts to solve their quadratic in d (M1)
-2+
d= 245
2
-5+
b= DENS 2J5 A1
2
substitutes into ¢ = 4b+1
-9+
C = 9_TN§ A1

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

continued...
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-32- M23/5/MATHX/HP3/ENG/TZ2/XX/IM

Question 2 continued

METHOD 6

rlzd—l and r2=3a’—l
2 2

, , . , , 1.
substitutes their expressions for 7, and r, in terms of d with a =3 into rr, :£(M1)
a

(d —%)(% —lj = Ll (or equivalent)

2
2
c=4d —% (seen anywhere) A1
4d° +8d—-1=0
attempts to solve their quadratic in d (M1)
2+
o225
2
-5+
b==2 26 A1
2
substitutes into ¢ = ab+1
-9+
- A1

2

Note: Award AOAO for b and ¢ expressed as decimal values.

Note: Award a maximum of (M1)A1(M1)AOAOFT for FT from part (g) (i).

[5 marks]
Total [31 marks]
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3. (a) METHOD 1

attempt to form at least one equation, using either S, or S, (M1)
65=25p-5¢ (13=5p-q) and 40=16p—4q (10=4p—gq) (A1)
valid attempt to solve simultaneous linear equations in p and ¢ by substituting
or eliminating one of the variables. (M1)
p=3,q=2 A1A1
Note: If candidate does not explicitly state their values of p and ¢, but gives
S =3n’—2n, award final two marks as A1A0.
METHOD 2
attempt to form at least one equation, using either S, or S, (M1)
5
65 =5(2u1 +4d) (26=2u,+4d) and 40=2(2u,+3d) (20=2u,+3d) (A1)
valid attempt to solve simultaneous linear equations in «, and d by substituting
or eliminating one of the variables. (M1)
U, = 1, d=6 A1
n 2
S =—(2+6(n-1))=3n"-2n
= 2(2+6(n-1))
p=3andg=2 A1
Note: If candidate does not explicitly state their values of p and ¢, do not award
the final mark.
[5 marks]
(b) us=3S,—S, OR substituting their values of u, and d into u; =u, +4d
5
OR substituting their value of u, into 65 =E(u1 +uus ) (M1)
5
(u;=)65-40 OR (us=)1+4x6 OR 65 =§(1+u5)
=25 A1
[2 marks]
Total [7 marks]
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5. attempt to apply binomial expansion (M1)
(1+kx)" =1+"Chx+"C,k’x* +... OR "Ck=12 OR "C,=28

nk =12 (A1)

"(”2_1)=28 OR — = 28 (A1)

n*-n-56=0 OR n(n—1)=56

valid attempt to solve (M1)
(n-8)(n+7)=0 OR 8(8-1)=56 OR finding correct value in Pascal’s triangle

=>n=38 A1
2

Note: If candidate finds » =8 with no working shown, award M1TAOAOM1A1AO.

3
If candidate finds » =8 and k& = Ewith no working shown, award

M1A0AOM1A1A1.

[6 marks]
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6. basecase n=1:5"-2"=25-8=17 sotruefor n=1 A1
assume true for n=k ie 5* —2°* =175 for se€Z OR 5°* —2%*is divisible by 17 m1

Note: The assumption of truth must be clear. Do not award the M1 for statements
such

as “let n=k” or “n=kis true”. Subsequent marks can still be awarded.

EITHER

consider n=k+1 : m1
52(/c+1) _23(k+1)

:(52)52k_(23)23k A1
=(25)5%" —(8)2*

=(17)5* +(8)5* —(8)2% OR (25)5% —(25)2* +(17)2* A1

=(17)5* +8(5 —2%)  OR 25(5 —2%)+(17)2*

=(17)5* +8(17s) OR 25(17s)+(17)2*

=17(5% +8s) OR 17(25s+2* ) which is divisible by 17 A1
OR

(5°F —2%)x5° =572 —25x2* =175x25 M1
=522 _8x 2 —17x2* =175x25 A1

=572 %P _17x 2" =175x25

= 5200 03 _1750% Z174%25 AT
=520 _ 93 _175%25+17x 2%

hence for n =k +1: 52k _ 93k _ 17(25s +23") is divisible by 17 A1

THEN
since true for n =1, and true for n =k implies true for n =k +1,

therefore true for all n e Z* R1

Note: Only award R1 if 4 of the previous 6 marks have been awarded

Note: 52 and 2**may be replaced by 25" and 8* throughout.

[7 marks]

-13 - 8823 -7106M
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7. METHOD1

attempt to substitute solution into given equation (M1)
(5+qi)2 +i(5+¢i)=-p+25i

25—¢° +10gi—q+5i+ p—25i=0 OR 25-¢° +10gi—q +5i=— p +25i A1
25-¢° +p—q+(10q—20)i=0

attempt to equate real or imaginary parts: (M1)
10g—20=0 OR 25—¢" + p—g=0

qg=2, p=-19 A1A1

METHOD 2

2 +iz+p-25i=0

sum of roots=—i, product of roots = p —25i M1

one root is (5+¢i) so other root is (—5—gi—1i) A1

product(5+¢i)(-5-¢i—i)=-25-5¢i—5i—-5qi+¢* +q = p—25i

equating real and imaginary parts for product of roots (M1)

Im: -25=-10¢-5 Re: p=-25+q¢°>+q

g=2, p=-19 A1A1
[5 marks]
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3. (a) METHOD 1

attempt to form at least one equation, using either S, or S, (M1)
65=25p-5¢ (13=5p-q) and 40=16p—4q (10=4p—gq) (A1)
valid attempt to solve simultaneous linear equations in p and ¢ by substituting
or eliminating one of the variables. (M1)
p=3,q=2 A1A1
Note: If candidate does not explicitly state their values of p and ¢, but gives
S =3n’—2n, award final two marks as A1A0.
METHOD 2
attempt to form at least one equation, using either S, or S, (M1)
5
65 =5(2u1 +4d) (26=2u,+4d) and 40=2(2u,+3d) (20=2u,+3d) (A1)
valid attempt to solve simultaneous linear equations in «, and d by substituting
or eliminating one of the variables. (M1)
U, = 1, d=6 A1
n 2
S =—(2+6(n-1))=3n"-2n
= 2(2+6(n-1))
p=3andg=2 A1
Note: If candidate does not explicitly state their values of p and ¢, do not award
the final mark.
[5 marks]
(b) us=3S,—S, OR substituting their values of u, and d into u; =u, +4d
5
OR substituting their value of u, into 65 =E(u1 +uus ) (M1)
5
(u;=)65-40 OR (us=)1+4x6 OR 65 =§(1+u5)
=25 A1
[2 marks]
Total [7 marks]
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5. attempt to apply binomial expansion (M1)
(1+kx)" =1+"Chx+"C,k’x* +... OR "Ck=12 OR "C,=28

nk =12 (A1)

"(”2_1)=28 OR — = 28 (A1)

n*-n-56=0 OR n(n—1)=56

valid attempt to solve (M1)
(n-8)(n+7)=0 OR 8(8-1)=56 OR finding correct value in Pascal’s triangle

=>n=38 A1
2

Note: If candidate finds » =8 with no working shown, award M1TAOAOM1A1AO.

3
If candidate finds » =8 and k& = Ewith no working shown, award

M1A0AOM1A1A1.

[6 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2023 TZ2 | Q6 | 7 marks

6. basecase n=1:5"-2"=25-8=17 sotruefor n=1 A1
assume true for n=k ie 5* —2°* =17s for se€Z OR 5°* —2%*is divisible by 17 m1

Note: The assumption of truth must be clear. Do not award the M1 for statements
such

as “let n=k” or “n=kis true”. Subsequent marks can still be awarded.

EITHER

consider n=k+1 : M1
52(/c+1) _23(k+1)

=(5%)5" —(2°)2* A1

(25)5% —(8)2*
(17)5% +(8)5% —(8)2* OR (25)5* —(25)2% +(17)2* A1

=(17)5* +8(5 —2%)  OR 25(5 —2%)+(17)2*

=(17)5* +8(17s) OR 25(17s)+(17)2*

=17(5% +8s) OR 17(25s +2* ) which is divisible by 17 A1
OR

(5°F —2%)x5° =572 —25x2* =175x25 M1
=522 _8x 2 —17x2* =175x25 A1

=572 %P _17x 2" =175x25

= 5200 03 _1750% Z174%25 AT
=520 _ 93 _175%25+17x 2%

hence for n =k +1: 5251 _ o3k _ 17(25s +23") is divisible by 17 A1

THEN
since true for n =1, and true for n =k implies true for n =k +1,

therefore true for all n e Z* R1

Note: Only award R1 if 4 of the previous 6 marks have been awarded

Note: 52 and 2**may be replaced by 25" and 8* throughout.

[7 marks]

-13 - 8823 -7111M
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7. METHOD1

attempt to substitute solution into given equation (M1)
(5+qi)2 +i(5+¢i)=-p+25i

25—¢° +10gi—q+5i+ p—25i=0 OR 25-¢° +10gi—q +5i=— p +25i A1
25-¢° +p—q+(10q—20)i=0

attempt to equate real or imaginary parts: (M1)
10g—20=0 OR 25—¢" + p—g=0

qg=2, p=-19 A1A1

METHOD 2

2 +iz+p-25i=0

sum of roots=—i, product of roots = p —25i M1

one root is (5+¢i) so other root is (—5—gi—1i) A1

product(5+¢i)(-5-¢i—i)=-25-5¢i—5i—5qi+¢* +¢ = p—25i

equating real and imaginary parts for product of roots (M1)

Im: -25=-10¢-5 Re: p=-25+q¢°>+q

g=2, p=-19 A1A1
[5 marks]
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7. (@ (@) (9! =) 362880 Al

| Note: Accept 9! or 363000. |

(i)  attempt to consider girls as a single object (M1)

(3! x 7! =) 30240 Al

| Note: Accept 30200. |

[3 marks]
(b) METHOD 1
recognition of the two different cases for 2 girls and 3 girls (M1)
exactly 2 girls is °C, x °C, =60 and exactly 3 girls (3C3 ><) °C, =15 (A1)
total (=60+15)=75 Al
METHOD 2
recognition of the three different cases: total choices, 1 girl and no girls (M1)
total choices °C, =126 , one girl case°C, x °C, =45 , no girl case °C, =6 (A1)
total (=126—-45-6)=75 Al
[3 marks]

Total [6 marks]
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-16 - 8823 -7107M

(1)
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2023 TZ2 | Q7 | 6 marks

7. (@ (@) (9! =) 362880 Al

| Note: Accept 9! or 363000. |

(i)  attempt to consider girls as a single object (M1)

(3! x 7! =) 30240 Al

| Note: Accept 30200. |

[3 marks]
(b) METHOD 1
recognition of the two different cases for 2 girls and 3 girls (M1)
exactly 2 girls is °C, x °C, =60 and exactly 3 girls (3C3 ><) °C, =15 (A1)
total (=60+15)=75 Al
METHOD 2
recognition of the three different cases: total choices, 1 girl and no girls (M1)
total choices °C, =126 , one girl case°C, x °C, =45 , no girl case °C, =6 (A1)
total (=126—-45-6)=75 Al
[3 marks]

Total [6 marks]
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(1)
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q5 | 5 marks

10" =1
5. (@ §,= A1
9
(a:IO,b:9)
[1 mark]
(b) METHOD 1
S +8,+8+...+8,
—10_1+102_1+ +10”—1 A1
9 9 9 (A1)
C10-1+10° ~1+410° ~1+...+10" —1 or 9(10—-1+10* ~1+10° ~1+...+10" ~1)
9 81
attempt to use geometric series formula on powers of 10, and collect -1's together M1
. 10(10" -1)
10+10°+10° +...+10" =——* and —-1-1-1..=-n A1
10(10" 1) o 10(10" ~1) o,
Tlo-1 —n 10-1
= — OR A1
9 81
Note: Award A7 for any correct intermediate expression.
10(10" ~1)-9n
_ AG
81
continued...
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-13- 2224 -7101M
Question 5 continued
METHOD 2
attempt to create sum using sigma notation with S, M1
210" -1 1['1 L D
—_— =—| >100=-> 1
5 [sEex
n 10(10" -1
10 =M A1
= 9
l=n A1
i=l
1[10(10" -1} 1 10(10" ~1)=9n
=—|————n|OR — A1
9 9 9 9
10(10" -1)-9
_10(10"=1)-9n ac
81
continued...
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-14 - 2224 -7101M

Question 5 continued

METHOD 3

10(10"—1)—9n
81

let P(72) be the proposition that S, + S, +S,+...+ 8, =
considering P(1):

10' -1 10(10' =1)—-9(1)

LHS=3S§, = =1 and RHS= <

=1 and so P(1) is true R1

10(10" —1)—9k
81

assume P(k) istrueie. S, +S,+S,+..+8, = m1

Note: Do not award M1 for statements such as “let n =k " or “n =k is true”. Subsequent marks after
this M1 are independent of this mark and can be awarded.

considering P(k +1):

10(10° —1)-9% 1o+ -
S+, +S5+..+8,,, = ( ) +10 !

81 9
104! —10—9k+9(10"”)—9
— A1
81
10104 =1)=9(k +1)
B 81
P(k +1) is true whenever P(k) is true and P(1) is true, so P(#) is true R1
(for all integers n>1)
‘ Note: To obtain the final R1, the first RT and A1 must have been awarded.
[4 marks]
Total [5 marks]
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7. Basecase n=1:LHS = 'C,=1 and RHS = °C, =1, so true for n=1

R1

Note: Award RO if the value of 'C, and *C, are not evaluated.

Subsequent marks can still be awarded.

k
assume true for n =k ie ) "C,=""C, for some k e Z

r=l1

M1

Note: The assumption of truth must be clear.
Award MO for statements such as “let n=k" or “n =k is true”.

Subsequent marks can still be awarded.

consider n=k+1

k+1

LHS =) 'C,
r=l1

k

ZZrCI_l_kHCl

r=1

(k+1)1 (k+1)!
+

20611 &

— k+1C2 + k+lcv1 OR

EITHER

attempt to cancel factorials and use a common denominator

(k+1)k+2(k+l)(= (k+2)(k+1)]

2 2
OR
attempt to use a common denominator

k(k+1) 2(k+1)!(:(k+2)(k+1)!j

|
= .—|—
2k! 2k! 2k!

THEN

_(k+2)! [; . (k+2)! J

21! (k+2-2)!

— k+2C2
since true for n =1, and true for n = k implies true for n =k +1,

therefore true for all ne Z”*

(M1)

A1

M1

M1

A1

R1

Note: Only award the final R17 if 4 of the previous 6 marks have been awarded.
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Total [7 marks]




Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q7 | 7 marks

-18 - 2224 -7101M

Note: Throughout this question, condone presence of any additional terms once the first two
correct terms are seen.

/A3
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q12 | 20 marks

12. (a) attempt to expand the brackets or attempt to find modulus and argument of ¢ (M1)
3
(a+bi)3 =a’ +3azbi+3a(bi)2 +(bi)3 OR (\/a2 +b’ ) cis (3 arctan (QD
a
2 b
(i) real partis @’ —3ab> OR (a2 +l)2)2 cos(3 arctan(—jj A1
a
2 b
(i)  imaginary partis 3a’h—b" OR (a2 +192)2 sin(3 arctan (—D A1
a

Note: Award (M1)A1A0 for (a* —3ab’)+(3a’h-b’)i OR

3 3
(a2 +b’ )5 cos (3 arctan (ED + (a2 +b° )5 isin (3 arctan EED
a

a

3
For (ii) condone (3a2b—b3)i OR (a2 +l)2)2 isin (3arctan(2D

a

[3 marks]

(b) attempt to substitute a =1 and b = \/g into their real or imaginary part found in (a)
OR to expand the brackets OR to use polar form M1

(1-9)+(3v3-3V3)i OR (24/3i-2)(1++/3i) = 243i-2-6-243i OR

in 3
(2e3] ~8e™ OR (20is(60°))3=80is(180°) A1
=_8 AG
[2 marks]
) v=—2,w=1-/3i A1A1

Note: Award A71A0 for v =1—\/§i, w=-2 orif the labels v and w are not clearly specified or
missing. Candidates may be awarded full FT marks for subsequent parts.

[2 marks]

continued. ..
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q12 | 20 marks

-31- 2224 -7101M
Question 12 continued
(d) METHOD 1
triangle UVW has height # =3 and base b = 243 (A1)
attempt to find area of triangle with their height and base (M1)
area = %x 2J3x3
=33 (square units) A1
METHOD 2
2
triangle UVW has sides of length ( 3 +(\/§) =J\/ﬁ (A1)
attempt to find area of equilateral triangle with their side length (M1)
1 2 1 NG
area = 5(\/5) sin OR 5@(3) OR (\/E) 7
= 3\/§ (square units) A1
METHOD 3
2
triangle UVO has sides of length [ I’ + (\/g) =]2 (A1)
, . . . . 2n
attempt to find area of three isosceles triangles with their side length and angle ? (M1)
1 .2
area = 3(—(2)2 s1n—nj
2 3
=33 (square units) A1
[3 marks]
continued...

Apollo | Original source crop | 155



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q12 | 20 marks

-32 - 2224 -7101M
Question 12 continued
(e) attempt to express u,v or w in the form re* and multiply by = (M1)
Lo 7—T[i
u' =2e’e* =j2e12 A1
4 o 3
V' =2¢e"et =2¢* =j2e 4 A1
w = 2ef§lezi :] 2e_Ei A1

Note: These AT marks should be awarded independently and in any order. ‘

[4 marks]
() EITHER
attempt to find one of (u')3 ,(v')3 or (w')3 (M1)
3 Ei 3 Ei _m 3 ,‘ﬁi 3 _m
(u") :(ZelzJ =8¢* =8¢ * OR (v =[2e 4 j =8¢ ¢ OR
. 3 .
(W')3 :(26 121] =8¢ * (A1)
OR
attempt to find product of their three roots u',v' and w' (M1)
u'xv'xw' :(c+di)
Ei ,Ei _ T Ei Sii - -5
2e!2 x2e 4 x2e 2 =8¢ 4 OR 2¢!? x2e* x2¢ 2 =8e * (or equivalent) (A1)
OR
. 3 3
attempt to find (ze“lj for any z such that z* =—8 OR to rotate —8 by Tn (M1)
LA 3 3li 3—7[i _m
[ze“} =z%e* =|-8e* OR 8¢ * OR 8cis(—45") (A1)
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ1 | Q12 | 20 marks

-33- 2224 -7101M
Question 12 continued
THEN
-2 1 1 8
8¢ 4 =8| ———1 |=—=(1-1
(ﬁ 2 j 70
=42 - 42i A1
Note: Accept c=— ——i
5
[3 marks]
(g) METHOD 1
attempt to write the arguments of u,v,w,u’,v' and w' over a common
denominator OR to write the arguments in degrees (M1)
-9n —4n -m 4n Tn 12
R R IR R T OR -135°,-60°,-15°,60°,105°,180°
127127127127 127 12
THEN
, _ 3n Sn . ,
arguments of u,v,w,u’,v' and w' differ by E and E OR 45" and 75
so arguments of polygon vertices differ by % or15° (A1)
n=24 A1
METHOD 2
Let z =rcisd = z" =r"cis(nf) = r"cis(nd) , where 6 is the argument of
u,v,w,u',v' and w'.
recognition to find nf where n=6,12,18,... and 9——3—n,—£,—£ E 7—n (M1)
4’ 37 12’3712°
when n=6 = (n9 :) —9—n,—2n,—£,2n,7—n,6n
2 2 2

when n=12= (nf =)—9n,—4n,—n,4n,7n,12n (which is not a multiple of 2m)

n=24

(A1)

A1
[3 marks]

Total [20 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q7 | 7 marks

7. (a) a+ﬂ+7/:%

(b)  p—3i is also aroot (seen anywhere)

recognition of 5 roots and attempt to sum these roots
. .7
p+&+p—&+§

. .7 11
+31+ p-3i+—=—
p P D)

p=1

(c) (i) attempt to find product of 5 roots and equate to =10
. Ny
(l+31)(1—31)5a,8 =10

af =2

(i) oa=1and g=2
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A1

[1 mark]

A1

(mM1)

A1

AG

[3 marks]

(M1)

A1

A1

[3 marks]

Total [7 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q7 | 7 marks

-18 - 2224 -7106M
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q9 | 7 marks

9. (a)

"C, A1

[1 mark]

EITHER

finding the number of ways to assign the students with the two students apart

number of ways to assign two students 2C1 (seen anywhere) (A1)
number of ways to assign others HC2 to have one group of 3 (seen anywhere) (A1)

2 -2
number of ways = “C,x"°C,

attempt to set up an equation involving either half of their answer to part (a) and

their number of ways or their answer to part (a) is twice their number of ways M1
1 n n—

5 "C,=2C,x"2C, OR"C,=2xC,x""C,

valid attempt to eliminate all factorials from their equation (M1)

% =2x2 XW or equivalent with no factorials
X

n(n—l) = 12(11—3)

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q9 | 7 marks

-20- 2224 -7106M

Question 9 continued.
OR
finding the number of ways to assign the students with the two students together

number of ways to assign two students and one other to the first group "_2C1
(seen anywhere) (A1)

number of ways to assign three other students the first group HC3 (seen
anywhere) (A1)

number of ways = "C, +"C,

attempt to set up an equation involving either half of their answer to part (a) and
their number of ways or their answer to part (a) is twice their number of ways M1

1
5 "C,=""C,+"C; OR "C, =2("7*C,+"C;)

valid attempt to eliminate all factorials from their equation (M1)
n(n—1)(n-2) X (n—2)+2x (n=2)(n-3)(n—4)
3x2 3x2

n(n—-1)=12+2(n-3)n-4)

THEN

n’—13n+36=0 A1
(n—=9)(n—4)=0

n=9 A1

Note: Do not award the final A1 if additional values of n are given.

[6 marks]

Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q9 | 7 marks

-21- 2224 -7106M

SECTION B
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q10 | 16 marks

10. (a) attempt to find a difference
d=p-a2d=q-a,d=q—p OR p=a+d,q=a+2d,q=p+d

correct equation

(or equivalent)

p—a=q—-p OR q—a:2(p—a) OR p=a;q

2p—qg=a

(b) attempt to find a ratio

S t t 2
r=—,r'=—, r=— OR s=ar,t=ar’,t=sr
a a s

correct equation

2
(ij _L or 5_¢ (or equivalent)
a S
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(mM1)

A1

AG

[2 marks]

(m1)

A1

AG
[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q10 | 16 marks

—-22 — 2224 -7106M
Question 10 continued
(c) EITHER
2p-1=s" (or equivalent) A1
2
+1
(s2>0) = 2p-1>0 OR s=2p-1=2p-1>0 OR p:ST (and s> >0) R1
OR
2p—-l=a and s’=a A1
2 a+1
(s°>0,s0)a>0 = 2p—-1>0 OR p:Tand a>0 R1
= >l AG
P 2
Note: Do not award AOR1.
[2 marks]
continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q10 | 16 marks

- 23— 2224 -7106M

Question 10 continued

@ @) 951,-3 A1A1

Note: Award A1 for each of 2" term and 4" term

(ii) 9,3,1,% A1A1

Note: Award A1 for each of 2" term and 4™ term

[4 marks]

(e) (i) attempt to find the difference between two consecutive terms (M1)

d=u,—u =5+In3-9-In9 OR d =u, —u, =1+In1-5-1In3
In9=2In3 OR In1=0 OR ln3—ln9=1n%(=ln3_1=—ln3) (seen anywhere) (A1)

d=-4-In3 A1

continued...
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Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q10 | 16 marks
—24 —
Question 10 continued.

(i) METHOD 1

attempt to substitute first term and their common difference into S|,

%(2(% In9)+9(-4-1n3)) OR %(2(9+21n3)+9(—4—1n3)) (or equivalent )

=5(—18-5In3) (or equivalent in terms of In3)

10
D u;=-90-25In3

i=1

METHOD 2

1y =9+In9+9(-4—-1n3)(=-27+In9-9In3)

attempt to substitute first term and their u,, into S,

170(2(9+1n9)+9(—4—1n3)) OR 170(9+1n9—27+1n9—91n3)0R

10 10

=5(—18-5In3) (or equivalent in terms of In3)

10
DU, =-90-25In3

i=1
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?(2(9+2ln3)+9(—4—ln3)) OR 7(9+1n9—27—71n3) (or equivalent)

2224 -7106M

(mM1)

A1

A1

AG

(m1)

A1

A1

AG

[6 marks]

Total [16 marks]



Mathematics: analysis and approaches HL | Paper 1 | May 2024 TZ2 | Q10 | 16 marks

-25- 2224 -7106M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q1 | 7 marks

1. (a) recognition that a 15% loss leaves 85% OR finding 15% and subtracting from original (M1)

0.85x35000 OR 35000 —0.15x35000
=(8)29750

Note: Accept ($) 29800 .

(b) EITHER
29750x%0.89°

OR

N=9
1% =-11
PV =3x29750

THEN
value (FV)=($)10423

Note: For this A1 the answer must be rounded to the nearest dollar.
Accept ($)10441 from using 3 sf answer from part (a).
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A1

[2 marks]

(A1)

(A1)

A1

[2 marks]

continued...



Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q1 | 7 marks
-9- 2224 -7102M

Question 1 continued

(c) METHOD 1
attempt to solve the inequality (or equation) 29750x 0.89""' <3500 OR table of values (M1)

19.3643...0R (n=19=>)3651.80... OR (n=20=)3250.10... (A1)

Note: For candidates using ($)29800, n>19.3787..., (n =19 :>) 3657.93...,
(n =20 :>) 3255.56....

n=20 A1
[3 marks]

METHOD 2

use of the finance app with 1% =-11, PV =329750, FV = 43500

OR 29750x0.89" <3500 (condone the use of 7 or x) (M1)

(N =)18.3643... (A1)

Note: For candidates using ($)29800, N =18.3787...

n=20 A1
[3 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q1 | 7 marks

-10 - 2224 -7102M
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q9 | 7 marks

9. (a)

METHOD 1
the number of ways Alvin and Bobby can be seated is 2><8(: 16) (A1)
the number of ways the other children can be seated is 8!(: 40320) (A1)

Note: These A1 marks may be awarded independently. ‘

total number of ways is (16x8!=)645120 A1

Note: Accept 16x8! and 645000 .

METHOD 2

the number of ways children can be seated in a row of 10 seats is 2><9!(: 725760) (A1)

the number of ways the children can be seated with Alvin and Bobby in seats 5 and 6
is 2x8!(: 80640) (A1)

Note:

These A1 marks may be awarded independently.

total number of ways is (2x9!-2x8!=)645120 A1

Note:

Accept 16x8! and 645000 .

[3 marks]

METHOD 1
attempt to find number of ways that A and B are seated next to each other AND C and
D are seated next to each other and subtract from part a) (M1)
Case 1: A and B are sat at the end of a row (8 ways)
6(2) =12 ways to seat C and D together
12x6!(=8640)ways (A1)
the total number of ways is 8x12x6!(=69120)

continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q9 | 7 marks

-19 - 2224 -7102M

Question 9 continued

Case 2: A and B are not sat at the end of a row (8 ways)

5(2) =10ways to seat C and D together

10x6!="7200ways (A1)
the total number of ways is 8x10x6!(=57600)

total number of ways is 645120 —(69120+57600)

=518400 A1

Note: Accept 5180000r 518280 (from use of 645000 ).

METHOD 2

attempt to split into cases based on position of A and B and adding all possibilities (M1)

Case 1. A and B are sat at the end of a row (8 ways)
the number of ways C and D can be seated:

with at least one in the same row as A and B 2(1+15) =32

with both in a different row to A and B 2(6) =12
the number of ways C and D can be seated is 44 x6!(=31680) (A1)

the total number of ways is 8 x31680 =253440

Case 2. A and B are not sat at the end of a row (8 ways)
the number of ways C and D can be seated:

with at least one in the same row as Aand B 2(2+15) =34

with both in a different row to A and B 2(6) =12
the number of ways C and D can be seated is 46><6!(: 33120) (A1)

the total number of ways is §x33120 = 264960
total number of ways is 253440+ 264960
=518400 A1

Note: Accept 518000.

[4 marks]
Total [7 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ1 | Q9 | 7 marks

-20- 2224 -7102M

Section B
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q8 | 10 marks

8. (a) METHOD1

_ sin 260 sin26
() argz=arctan ——— | | tan(argz)=—"—— A1
1+ cos26 1+ cos26
uses 2sinfcosd in the numerator and any double angle identity for cos 26 in
the denominator M1
2sinfcos 2sinfcosf
argz =arctan| ————— | | tan(argz)="—————
2cos” 0 2cos”" 6
T T
= argz = arctan(tan6) (—5<9<5j A1
=0 AG
[3 marks]
(i) attempts to express |z| in the form \/(Rez)z +(Imz)2 (M1)

2| = \/(1 +cos 29)2 +sin’ 260
attempts to expand (1+c0526?)2 and then uses

cos’ 260 +sin’ 26 =1 in an attempt to simplify (M1)

|z|=\/2+20052¢9 A1
|z| =+/4cos’ @ (= 2|cos <9|) A1
=2cosf (—§<0<gj AG

[4 marks]
METHOD 2 (i) and (ii)

z=1+2cos’ —1+2sinOcosOi M1A1A1
z=2cos’ @+2sinfcosbi A1
attempt to form z =rcis@ M1

z=2cosf(cos@+isinO) A1A1
|Z| =2cosf and argz =6. AG
continued...
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q8 | 10 marks

-16 — 2224 -7107M
Question 8 continued.

(b) 20=(2cos 6’)3 (A1)
attempts to solve for € (M1)
0=0.913236...
0=0913 A1

Note: Award all marks for & =0.913 found directly without using part (a).

Note: Award (A1)(M1)A0 for 6 =3.97".

[3 marks]

Total [10 marks]
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Mathematics: analysis and approaches HL | Paper 2 | May 2024 TZ2 | Q8 | 10 marks

-17 - 2224 -7107M
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q3 | 4 marks

3. METHOD 1

attempt to expand (3n+2)2 —(311—2)2 M1

2
Note: Award M0 for invalid attempts such as (3n+2) =91’ +4.

:9n2+12n+4—(9n2—12n+4> or equivalent A1

=24n OR 12n+12n

24 24
=12(21) OR =2 OR 7”:12;1 OR 12n+12n=12(n+n) (or equivalent) R

A1

so is a multiple of 12 AG

Note: Do not award the R7 unless both A marks have been awarded.

METHOD 2
use of a’ b’ =(a+b)(a—b)where a=3n+2,b=3n-2 M1

=(3n+2+3n-2)(3n+2-3n+2)

=6nx4 A1
=24n A1
24 24
=12(2n) OR 1—2”=2n OR 7”:1271 OR 12n+12n=12(n+n) (or equivalent)
R1
so is a multiple of 12 AG
Note: Do not award the R7 unless both A marks have been awarded.
continued...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q3 | 4 marks

Question 3 continued.

METHOD 3

base case n=1: (3(1)+2)2 —(3(1)—2)2 =25-1=24

so true for n=1 A1
assume true for n =k i.e. (3k+2)2 —(3>k—2)2 is a multiple of 12 m1
consider n=k+1:

(3(k+1)+2) ~(3(k+1)-2)

((3k+2)+3) —((3k~2)+3)

(3k+2)" +6(3k+2)+9~((3k~2)" +6(3k~2)+9)

(3k+2)" —(3k—2)" +24

using the assumption (3k+2)2 —(3k—2)2 =12M

12M +24

12(M +2)

which is a multiple of 12, hence true for n =k +1 A1

since true for n =1, and true for n =k implies true for n =k +1

therefore, true for all neZ"* R1

Note: Do not award the R7 unless both A marks have been awarded.

[4 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q5 | 6 marks

5. attempttouse u, =u, +(n—1)d or S, :g[zul +(n=1)d] or S, =%[u1 +u,|to
set up at least one equation in u, and 4 (M1)
25

16 =u,+9d and 100:7[2u1+24d] (A1)

attempt to solve their two linear equations in u, and & simultaneously (must eliminate

one variable) (M1)

d=-4(=u, =52) A1

attempt to solve u, =0 with their ¢ (or with their & and u,) (M1)

= k=14 A1
[6 marks]
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q12 | 20 marks

12. (a) [16]=16 and arg(16i):g (A1)

attempt to use De Moivre’s Theorem (M1)

SR o

k) .. k
attempts to find other solutions using z = 2(005 (ng%jﬂsm (gJF%D or

equivalent (M1)

z, = 2((:05 (%t] +1sin (%[D (or any other root) A1
z; =2| cos 9—nj+isin 9_nj and z, =2 COS(B—nj+iSin 13_71) A1
8 8 g 2

Note: Award a maximum of (A1)(M1)A1(M1)A1A0 for more than four roots or any
roots outside the range.

Note: Allow use of r-cis form throughout.

[6 marks]

(b) attempt to evaluate a ratio with their roots eg 2 (M1)
Z

( (571:) .. (SRD
2| cos| — |+1sin| —
% 8 8 or equivalent

" {olD)(3)
[{3)(3)

=1 A1
[3 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q12 | 20 marks

Question 12 continued.

(c)
Im
B
\ A
- Re
0
D
point A in approximately correct place in first quadrant A1
points A, B, C and D approximately the same distance from the origin A1
T
approximate angular separation of 5 A1

Note: Dotted lines not required. ‘

[3 marks]

continued...
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2024 | Q12 | 20 marks

Question 12 continued.

(d)

EITHER

2,2,2,2, = =161

(z2,2,2,) =(-16i)
22,2z =16i
THEN

(z* =)-16i

(azO, b:—16)

T T 3n
arng :g-{'z :?

AB=+/22+22 =8 =22

= AA =2
= 0A'=|w|=+2
LW = x/icis3?7t

considers when arg(w”)eZ" (multiple of 21)
= p=16
=q=8
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(A1)
(A1)

(A1)

(A1)

(A1)

(A1)

A1

[3 marks]

A1

A1

(mM1)
A1

A1

[5 marks]
Total [20 marks]



Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q2 | 4 marks

2. EITHER

attempt to form a product of binomial coefficient, a power of 2xand a power of -5 seen

’C,(2x)°(=5)’ OR °C,(2x)°(-5)’ OR 84x(2x)°(-5)’

Note: Award A1 for °C, or °C,or 84, A1 for (2x)°(-5)’.

OR

attempt to use the general term
°C.(2x)’"(-5)" and r=3
THEN

—672000 (exact)

Note: Award A0 for a final answer of —672000x°.
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(mM1)
(A1)(A1)

(M1)
(A1)(A1)

A1

[4 marks]



Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q2 | 4 marks

-10 - 8824 -9701M
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Mathematics: analysis and approaches HL | Paper 2 | Nov 2024 | Q7 | 6 marks

7. (a) total ways=31"C;(= "R, =1320) OR total ways together =3!x10(=60) (A1)
attempt to consider the total ways of sitting — total ways of sitting together (M1)
31%C, -31x10
=1260 A1
[3 marks]

(b) METHOD 1
attempt to multiply ways of seating AVP by ways of sitting additional people (M1)

AVP can sitin 3!x10(=60) ways ( may be seen in part (a))

other 3 then have 9x8x7(="P,)ways to sit (A1)

total ways =3!x10x9%x8x7

=30240 A1
Note: Award (M1)(A0)AO for 3!x10x °C, = 5040 .

METHOD 2
attempt to consider ‘AVP’ as one item, so 4 ‘items’ in total (M1)
°C,x31x41( =P, x3!) (A1)
=30240 A1
[3 marks]
Total [6 marks]
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8. (a)

METHOD 1

suppose w=x+1y

ww' :(x+iy)(x—iy) A1
=x"+y A1
=|w[’ AG
METHOD 2
suppose w=re"’
ww = (reig)(re'ig) A1l
=72 A1
=|w[’ AG
METHOD 3
suppose w =r(cosf +isin6)
ww' :(r(cos@+isinﬁ))(r(cos@—isin@)) A1
=7’ (cosZHJrsin2 9)(= r2) A1
=|w[’ AG
[2 marks]
(b) EITHER
multiplying first equation by w OR multiplying LHS and RHS of both equations M1
Sww= (l — 2i)22W OR Swzw= (l — 2i)22 (10+10i)
5(24/5)? = (1-2i)(10+10i) z(=100 = (30 10i) z) A1
OR
attempt to eliminate w and w™ using ww™ =20 m1
((1—2i)22}(10+10ij:20
5 z
(1-2i)(10+101) A1
5
continued...
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—-17 - 8824 -9701M
Question 8 continued.
THEN
P (= lo.j (A1)
(1-2i)(1+i)\ 3-i
z=3+1 A1
(a=3,b=1)
[4 marks]
Total [6 marks]
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9. (a) recognition that |log, c|<1 (M1)

05<c<2, (c#1) A1A1

| Note: Award A1 for endpoints and A7 for strict inequalities. ‘

[3 marks]

(b) attempttofindS, = lbi_]r (M1)

__ (: S 12.0471...} (A1)
l—log2(1.5) 1-0.58496...

attempt to solve their |S, —S,[<0.1 (M1)

n—1 ‘ 5 5(1_(10g2 (15))")
5(log, (1.5))'|<0.1 OR - <0.1
1- 1og2 (15) = ‘l—logz(l.S) 1-log, (1.5)
Note: Award (M1) for solving an equality. Condone absence of absolute value
signs.
n=238.93574...
n=9 A1
[4 marks]
Total [7 marks]
-18 - 8824 -9701M

Section B
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1. (a) T,=1.1(6000)-500 OR 7, = 6600-500 A2
=6100 AG

[2 marks]

(b) (i) T,=1.1(6100)—500 (7; :1.1(1.1(6000)—500)—500) OR T, =6710-500 A1
=6210 AG

[1 mark]

(i)  T,=1.1(6210)-500 OR T, =6831-500 (A1)

=6331 A1

[2 marks]

continued...

Apollo | Original source crop | 190



Mathematics: analysis and approaches HL | Paper 3 | Nov 2024 | Q1 | 27 marks

-8—

Question 1 continued.

EITHER
attempts to eliminate the denominator

(c) (i)

n-1

7, =6000(1.1)" ~5000((1.1)"" ~1) (=(6000-5000)(1.1)""+5000)

Note: Accept correct equivalent forms, eg. 7, :6000(1.1)"_l —5000(1.1)"_1 +5000.

OR

attempts to express 7, with a common denominator of 0.1

T,__600(L1Y’1—500((L1Y11—1) L__éoo(Lly"—500(L1Y’1+500

! 0.1 0.1

Note: Accept correct equivalent forms.

THEN
T, =1000(1.1)"" +5000

EITHER

attempts to find 7, using the explicit formula for 7|

T, :1000(1.1)6_1 +5000 OR T, =6610.51

OR

attempts to find 7; using 7,,, =1.17, —500
T,=6331, T, =6464.1, T, =6610.51

OR

attempts to find 7, using a finance solver application
N=5, 1=10%, PV =-6000 and PMT =500
THEN

6611

Note: Accept 6610.
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(mM1)
A1

(mM1)

A1

AG

[2 marks]

(mM1)

(m1)

(M1)

A1

[2 marks]

continued...
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Question 1 continued.
(d) () METHOD1
attempts to use the explicit formula for D, to find an expression for D, ., —D, (M1)

= 1.1D, =750 ~(~1500(1.1)" +7500)

= 1.1(~1500(1.1)"" +7500) - 750~ (~1500(1.1)"" +7500) A1
EITHER

=—-1650(1.1)"" +8250—~750+1500(1.1)"" —7500 A1
OR

=1500(1.1)"" ~1500(1.1)"

=1500(1.1)"" (1-1.1) (=1500(1.1)"" (~0.1)) A1
THEN

D,,-D,=-150(1.1)" AG
METHOD 2

attempts to express D, , —D, interms of D, (M1)

D,,-D,=1.1D,—750-D,

=0.1D, =750 (A7)
= 0.1(~1500(1.1)"" +7500) 750 (= ~150(1.1)"" +750~750) A1
D,,-D,=-150(1.1)" AG
[3 marks]

continued...
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Question 1 continued.

(i) D,,-D,<0 (because (1.1)"" >0 and so —150(1.1)"" <0) R1

Note: Award R1 for responses such as:

‘The difference is negative’.

~150(1.1)"" <0

D,=D,,+150(1.1)"
Accept responses such as:

D,-D

n+l

>0 or ‘the difference is positive’ as long as D, — D, ,, is referred to.

n+l

Do not accept arguments based on specific numerical examples.

therefore D

n+l

<D,=D, >D,,, AG

(and hence the predicted number of trout at the start of any year will be greater than the predicted
number at the start of the next year)

[1 mark]

continued...
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—-11 -

Question 1 continued.

(e)

METHOD 1

8824 —9702M

attempts (numerically, graphically, algebraically or by trial & improvement) to find the

least value of n suchthat D, <0 (D,=0 OR D, <0)

Note: Award (M1) for attempting to obtain —1500(1.1)"_1 <-7500 or

—1500(1.1)"_1 =-7500 (or equivalent) and then attempting to take the log
of both sides.

For the use of trial & improvement, award (M1), for considering values of

n either side of D, =0.

EITHER

17.8863... (: log, ,5+1, :lln—151+lj (critical value of n seen anywhere)
nil.

OR
D,, =607.540... (607.540...< 750)
OR

D, =-81.7054...(<0)

THEN
trout disappears from the lake during (at the end of) the 17th year

Note: Award A1 for n =18 OR (‘during the) 18th year’ or ‘start of the 18th year’.

Note: Award as above for D ,, <0 (D,,,=0 OR D, <0).
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A1

continued...
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-12 - 8824 - 9702M
Question 1 continued.

METHOD 2

S = Z(Dn+1 —D,) is the total decrease in the number of trout by the end of year n or
start of year n+1

attempts (numerically, graphically, algebraically or by trial & improvement) to find the
least value of n such that S, <-6000 (S, =—-6000 OR S <—6000) (M1)

~150((1.1)" -1)

1.1-1

(=-1500((1.1)" ~1}) < ~6000

Note: Award (M1) for attempting to obtain —1500((1.1)" —l) <-6000 or

—1500((1.1)" —1) =-6000 (or equivalent) and then attempting to take the
log of both sides.

For the use of trial & improvement, award (M1), for considering values of n
either side of S, =-6000.

n=16.8863... (A2)
trout disappears from the lake during (at the end of) the 17th year A1

Note: Award A1 for n =18 OR (‘during the) 18th year or ‘start of the 18th year'.

[4 marks]
() METHOD 1

C, =(6000-10d)(1.1)"" +10d (A1)
EITHER
6000—-10d =0 (recognizes that C, is independent of n) (M1)
OR
10d = 6000 (sets C, = 6000 and compares coefficients) (M1)
THEN
d =600 A1

continued...
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-13 - 8824 - 9702M
Question 1 continued.

METHOD 2
EITHER

C.i—C, (: 0)
6000(1.1)" ~10d((1.1)" ~1)~(6000(1.1)"" ~10d (1.1 ~1))(= 0) (A1)

OR
0.1C, —d (=0) (similar to part (d) (i) method 2)

0.1(6000(1.1)”’1 —10611((1.1)”’1 —1))—d(= 0) (A1)

THEN

attempts to expand to eliminate the linear terms in d and then attempts to factorize (M1)

600(1.1)"" ~d (1.1 (= 0) ((600-d)(1.1)” (=0)]

d =600 A1

METHOD 3

considers C,,, =1.1C, —d and C, = 6000 (A1)

EITHER

6000 =1.1x6000—d (C, =C, =6000) (A1)

OR

systematically varies the value of d (M1)

THEN

d =600 A1
continued...
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- 14 - 8824 —-9702M
Question 1 continued.
METHOD 4
EITHER
considers a specific C, =C, ,, for example, C, =C, (A1)

6000(1.1)~10d (1.1-1) = 6000(1.1)" ~10d ((1.1)" -1}

attempts to solve their C, =C,, for d (M1)
for example, 1.1d = 660

OR

considers a specific C, = 6000, for example, C, = 6000 (A1)

6000(1.1)"" =104 ((1.1)"" ~1) = 6000

attempts to solve their C, = 6000 for d (M1)
6600—d = 6000
THEN
d =600 A1
[3 marks]
continued...
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—-15 - 8824 - 9702M
Question 1 continued.
Lod =)y d( =)
n=1: =u, an =\uyr ———|=uyr ————==1u
) 1: LHS=u, and RHS=| 4, 1 1 1 1 R1
r— r—

LHS =RHS and so true for n =1

Note: Award RO for considering n=2.

Subsequent marks after this R1 are independent of this mark and can be awarded.

d(r*' -1
assume true for n=k [uk =u " (—I)J M1
v —

Note: The assumption of truth must be apparent. Do not award M1 for statements
such as “let n=k" or “assume that n =k is true”. Subsequent marks after
this M1 are independent of this mark and can be awarded.

attempts to substitute for u, in u,,, =ru, —d M1
d(r"'-1
= r[ulr“ u}d
r—1
dr(r* ' =1) d(r-1 k_
o ( ) _d(r-1) el U A1
r—1 r—1 r—1
:ulrk_dl"k+dlf‘—dl”—d — lrk—drk_d A1
r—1 r—1
d(r* -1
zulrk _ ( ) A1
r—1
since true for n =1 and true for n =k +1 if true for n =k, hence true for all n(e Z*) R1
Note: To obtain the final R1, four of the previous six marks must have been
awarded.
[7 marks]
Total [27 marks]
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2. (@) k=—2(_L _o01 A1
400\ 100

[1 mark]

(b) attempt to find binomial coefficients or multiply out brackets (M1)

e.g. Pascal’s triangle down to correct row OR (1 +2x+x° )2 OR substitute into

binomial expansion

(1 + x)4
=1+4x+6x> +4x° +x* A1
[2 marks]
(c) METHOD 1
recognition that the expansion can be used with x replaced with k (M1)
4
(73
100
=14+—+ +...(=14+0.04+0.0006 +... A1
100 100 ( ) (A1)
multiplies by 1000 (seen anywhere) (M1)
1 4
1000(1 +—j
100
=1000+40+0.6+...(= 1040.6...)
=1041 (dinar) A1
METHOD 2
attempt to find the value of (1+k)4 by hand (M1)
(1.01)* =(1.0201)(1.01)" = (1.030301)(1.01)
=1.0406... (A1)
multiplies by 1000 (seen anywhere) (M1)
1000(1.01)"
=1040.6...
=1041 (dinar) A1
[4 marks]
Total [7 marks]
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5. (a) (i) forasequence of areas, uses two consecutive terms to find a common
ratio OR for sequences of both widths and heights uses two consecutive
terms for both sequences to find both common ratios OR recognises that

3
both widths and heights are geometric sequences with common ratio 5

45
areas form a geometric sequence with first term 20 and common ratio —

n-1 n-1
OR area of picture frame F is 4(%) XS(%]

F

n-1
areaof F, is 20(%)

S M {5}
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(mM1)

(A1)

A1

[5 marks]

continued...



Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ1 | Q5 | 8 marks

Question 5 continued.

(b) recognition that median is between 5" and 6™ picture frame

3] o2

median area =
2
4
20(9j @ﬂj
_ 4 4
2
_65(9Y
2\4
_65
=5
[ (0
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(mM1)

(A1)

A1

[3 marks]
Total [8 marks]
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7. (@) (3=)¢" OR a=In3 A1
[1 mark]
®) () Zzéeim OR (Re(z))=e ™ cos(In3) (A1)
(Re(z))zécos(ln?)) A1
e l_ —iln3 [ _ _ L _ l — In3 _
(ii) Z—3e (—3(005( In3)+isin( ln3))) OR (Re(z) je cos(—In3) (A1)
1
Re(—]=3cos(—ln3)
z
=3cos(In3) OR 3cos(lnéj A1
[4 marks]
Total [5 marks]
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8. (a) I+log,n=log,2+log,n
=log,(2n) A1
2n>n+1 OR log,(2n) > log,(n+1) R1
(for neZ") (since log, x is an increasing function)

l+log, n>log,(n+1) (for neZ") AG

| Note: Do not award AOR1. |

[2 marks]
(b) for n=1
log,1=0 and 1>0 OR LHS =1, RHS = log,1=0 OR log, 2 >log, | R1
(so true for n=1)
assume true for n =k, ie k >log, k m1
Note: Award MO for statements such as “let n=k", “assume n =kis true”. The
assumption of truth must be clear. “Assume P true” is accepted.
The following two marks after this M7 are independent of this mark and can be
awarded.
hence
14+ k >1+log, k (using assumption) m1
> log, (k+1) (using result from part a)) A1
hence if true for n =k then true for n =k +1 R1
and as true for n =1, therefore true forall ne Z".
Note: Only award the final R1 if the first three marks have been awarded. ‘
[5 marks]
Total [7 marks]
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9. METHOD1

assume that <4 (for 0<x<1) M1
x(1—x)
Note: Award MO for statements such as “let <4,
x(1-x)
Award MO for incorrect use of weak inequality signs such as “assume that
! <4,

x(1-x)

since 0<x<1 (= x>0 and 1-x >0, therefore) x(1—x)>0 (seen anywhere) R1

Note: Subsequent marks after this M71R1 are independent of these two marks and
can only be awarded provided a correct or weak inequality (< or <) is
used at the assumption step.

attempt to form a quadratic inequality in x (using their assumption) (M1)
l<4x(l-x) OR =0=9)
x(1—x)
4x* —4x+1<0 (or equivalent) A1
EITHER
(2x—=1)> <0 (or equivalent) A1
a contradiction, since (2x—1)°>0 (for 0<x<1) R1
OR
1
a graph of y =4x’ —4x+1 with the vertex touching the x-axis at x = ) A1
a contradiction, since 4x” —4x+1>0 (for 0<x<1) R1
THEN
hence >4 forxeR,0<x<l1. AG
x(1-x)

Note: Award a maximum of MOR1(M1)A1A1R0 for incorrect use of weak
inequality signs.

continued...
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-20- 2225-7111M
Question 9 continued.
METHOD 2
assume that <4 (for 0<x<1) M1
x(1-x)
Note: Award MO for statements such as “let <4
x(1-x)
Award MO for incorrect use of weak inequality signs such as “assume that
1 »
x(1-x)

Subsequent marks after this M1 are independent and can only be awarded
provided a correct or weak inequality (< or <) is used at the assumption

step.
! E£+ B =1=A(1-x)+Bx
x(1-x) x 1-x
attempt to equate both coefficients OR substitute two values eg 0 and 1 (M1)
A=1and B=1 A1

‘ Note: Award A1 for both correct values.

Let f(x):l+%

x l-x
equating their f’(x) =0 and solve for x OR a concave upward graph for 0 < x <1 (M1)

, 1 1 ) 5 1
f(x)z——2+ >=0=>x" -2x+l=x"=>x=—

X (l—x) 2

- . 1
minimum value is f(EJ =4 A1
a contradiction, since 4 <4 R1
hence >4 for xeR,0<x<1. AG

x(1-x)

Note: Award a maximum of MO(M1)A1(M1)A1R0 for incorrect use of weak
inequality signs.

continued...
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- 21—
Question 9 continued.
METHOD 3
assume that <4 (for 0<x<1)
x(1-x)
Note: Award MO for statements such as “let <4
x(1-x)
Award MO for incorrect use of weak inequality signs such as “assume that
! <4,
x(1—-x)

Subsequent marks after this M1 are independent and can only be awarded
provided a correct or weak inequality (< or <) is used at the assumption
step.

Let f(x)=

x(1—x)

attempt to use product rule to find /*(x)

ST D B G
f'(x)= xz(l—x) x(l—x)z( xz(l—x)zJ

equating their /”(x)=0 and solve for x

1
X=—
2

1
minimum value is f(zj =4
a contradiction, since 4 <4

hence

>4 forxeR,0<x<l.
x(1-x)

Note: Award a maximum of MO(M1)A1(M1)A1R0 for incorrect use of weak
inequality signs.
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[6 marks]
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Section B
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1
11. (a) attempt to use the binomial expansion with n = 5

:1+@(5x)+...

correct substitution into at least three terms

_ 1+(%J(5x)+w(5x)z + @HX_;J (5x) +...

2! 3!

5 25, 125
=]l4—Xx-——XxX +—

5 . > x*(+..)

Note: Award A7 for 1+§x—%x2 and A1 for %f.

(b) atleast 3 correct terms in expansion of (1+ qx)fl

:1+(—1)(qx)+#(qx)2 +...(:1—c])c+(]2x2 +)

attempt to find product
(1+px)(1—qx+q2x2 +...):1—c]x+c]2x2 o px—pgx’+ ...

:1+px—qx+q2x2—pqxz+...(:1+(p—q)x+(q2—pq)x2+...)

| Note: Award A0 if the final answer is not in ascending order.
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[4 marks]

A1

(mM1)

A1

[3 marks]

continued...
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- 26 — 2225-7111M
Question 11 continued.
(c) equating their coefficients of either x or x’ (M1)
one correct equation A1
5 2 25
—g== OR _ —_=
pP—q > q9 —pq 3
valid attempt to solve for g or p (M1)
5 25 ) 5 25 15 5
—-—qg=——0R g - +—|=—— OR ——¢g=— A1
217y N q(q 2j 8 4 177

1 1
Note: Award full marks for ?S—q :g provided a full solution for p = ?5 is seen

first. Using p = %5 from part (d)’s stem is not sufficient.

2 AG
7 4
[4 marks]
(d) (i) attempt to find x (M1)
I+5x=1.2
x= 2%(: 0.04) (or equivalent) A1
substituting their value of x with p and ¢ (M1)
1+E !
4\ 25
1+é !
4\ 25
us (23 A1
105 21
219 2191 . .
Note: Award (M1)A1(M1)A1 for an answer of — or using the expansion
200 2000
from part (b) or (a).
continued...
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- 27 — 2225-7111M
Question 11 continued.
5 5
(ii) 5 _ \ﬁ =125
2 4
1
xX=— A1
20
1
R1

recognising 2LO > 2—5

5
therefore, approximation for > is not as accurate as the approximation

for V1.2 AG

[6 marks]
Total [17 marks]
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Mathematics: analysis and approaches HL | Paper 1 | May 2025 TZ2 | Q12 | 19 marks

12. (a) =z —2£cos[—2—nj+1sm(—2—n OR Z* —2{cos(4—nj+isin[4_njj A2
3 3 3 3

| Note: Award A1 for correct modulus or argument seen. ‘

zt = 2(cos[—2?n+2knj+isin(—2?n+2knjj OR z* = 2(005(2—“+2kﬂ)+isin[4§+2knjj

attempt to use De Moivre’s theorem M1

z:\/E[cos(—§+knj+isin(—§+knjj OR Zzﬁ(cos(?+knj+isin(2?n+knn
z:ﬁ(cos(—g]ﬁsin(—gj} z:x/z[cos[z?ﬁjﬂsin(z?nn A1

5 .. (5
Note: accept z= ﬁ(cos(?n)ﬂsm(?nn in place of the 15t term above.

accept rcis@ form throughout.

[4 marks]
2 .
(b) (i) z =£—£1 and z, = £+£1 A1A1
2 2
Note: may be seen in part (a).
Award A1AO0 for z, and z,interchanged.
1 3.
Accept factorised form, e.g. z, = \/E(E—glJ
2 .
(i) z :£+£1 and z, =—£—ﬁl A1A1
2 2 2
Note: Award A1A0Q for z, and z, interchanged.
1 3.
Accept factorised form, e.g. z; = \/5(5+§1j
Award ATFTA1TFT for z, =their(z,) with Re(z,)>0 and z, = their(z,) .
[4 marks]
continued...
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-29 - 2225-7111M

Question 12 continued.

(c) (i) Argand diagram with all four points plotted in approximately correct positions
forming a rectangle. A2

Im(z)

Note: Award A7 for any two points plotted correctly on an argand diagram.
Award A1AQ if the four points form a square.

Condone absence of labels, coordinates if they are approximately in correct
positions and same distance from the origin. Dotted lines not required.

(i) METHOD 1
attempt to find the length OR the width of rectangle (M1)
V2 J6

2x— OR 2x—
2 2

length :\/8 and width =~/2
area of rectangle = J12 (: 2\/5) A1

continued...
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—-30-

Question 12 continued.

(d)

METHOD 2
attempt to find the area of triangle

l><\/§><\/§><sir12—n OR l><\/§><\/§><sinE
2 3 2 3
4>{%x\/§x\/5x§]

area of rectangle = 2\/§

. 1
recognition that z =—
w

4 2 2 4
(lj +2(lj L4_0 OR 2w H4w

4
w w w

Aw* + 2w +1=0

p=4,9=2,r=1
() EITHER
attempt to take conjugate
V2 6.
I 22 (V246
X X
7 Ve[ e, (Vaei) (Va+ei)
2 2 2 2
OR
attempt to use De Moivre’s theorem
L(cos£+isin£j
203 3
THEN
:gjtgi (or equivalent)

Apollo | Original source crop | 218

2225-7111M

(m1)

A1
[4 marks]

(m1)

(A1)

A1
[3 marks]

M1

M1

A1

continued...
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-31- 2225-7111M

Question 12 continued

1
(i)  recognition of dilation/stretch by a scale factor of 5 for both dimensions (M1)

Jﬁ(ﬁj

area of rectangle =——| =— A1
4 2
Note: Award follow through from their area found in part (c)(ii). ‘
[4 marks]
Total [19 marks]
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1. (a) correct application of log, xy =log, x+log, y or log, x" =mlog, x (M1)

correct expression in terms of log,,2 AND log,,3 (arguments must be 2 and 3) (A1)

3log,,2+log,,3 OR log,2+log,,2+log,,2+log,3

3p+gq A1
[3 marks]
(b) (log,8=) log,, 8 _ 3log,, 2 (A1)
log,, 3 log,, 3
_3p A1
q
[2 marks]
Total [5 marks]
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1utal |V 1iairnyj

8. (a) attempt to find modulus OR argument of z, (M1)

r=\/§(=2\/§) orH:—% A1

2 =+12¢ 3 [: 2\/§e_i3j A1

[3 marks]
Sm
z 2\/561? i’ 22
b) | =——== eﬁ[=e ] (A1)
g 23e 3
recognizing three equivalent arguments (M1)
[ 5m
z i X omk BEL v 7.2
eg—2=e( ]ORZ—zze 6 e ¢ ,eb
Z Z
attempt to find a root using de Moivre’s theorem (M1)
( 5m 2mk ((12k-5)n ((2k+T)m
Reuey [: oL ]J (A1)
17w Sm Tn
e_‘ﬁ,e_‘ﬁ,eIE A1
[5 marks]
Total [8 marks]
-13 - 2225-7116M
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10. (a) () METHOD1

attempt to equate differences of consecutive terms (M1)
3-2k)—(k-5)=(5k+3)-(3-2k) OR (k—5)—-(3-2k)=(3-2k)—(5k+3) A1
8-3k=Tk

4
(k=) 5 A1
METHOD 2 (system of equations)
TWO correct equations involving £ and d A1
k—-5+d=3-2k OR 3-2k+d=5k+3 OR k—-5+2d =5k+3

OR %(2(k—5)+2d):k—5+3—2k+5k+3 (or equivalent)

valid attempt to solve their system of equations using substitution or elimination  (M1)

(d=5.6)
4
k=) — A1
(k=) .
METHOD 3 (in terms of k)
%(k—5+5k+3)=k—5+3—2k+5k+3 (or equivalent) A1
combining like terms (M1)
9k—-3=4k+1 OR 5k =4 (orequivalent)
4
k=) — A1
(k=) s
METHOD 4 (arithmetic mean)
attempt to find mean of u, and u, (M1)
(k—5)+(5k+3)=3_2k A1
2
3k—1=3-2k
4
k=) — A1
(k=) s
(i)  substituting their value of k into expression for u, (A1)
4
(u3 =) 5 Xg‘i‘ 3
=7 A1
[5 marks]
continued...
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-17 - 2225-7116M

Question 10 continued

(b) (i) substituting k=12 into u,, u, or u, (M1)
(u, =) 7 AND (u, =) —21 AND (u, =) 63 (A1)
(r:)ﬂ:ﬁ (=-3) OR (-21)’ =7x63 OR r=-3 R1

7 =21
u, , u, and u, are in geometric sequence AG
(ii) since|r|21 (accept|r|>lorr<—1) R1
hence not convergent AG
[4 marks]

(c) (i) attempts to find ratios, in terms of k&, of consecutive terms and equating (M1)
3-2k Sk+3
( ) _( ) OR (3—2k)* = (k—5)(5k +3) (or equivalent)

(k=5 (3-2k)
912k +4k* =5k* - 22k -15 A1
Note: Award A1 for correct expansion of all brackets leading to given result.

kK =10k-24=0 AG

(i)  recognizing need to factorize, complete the square or substitute into quadratic
formula (M1)

+
(k+2)(k—-12)(=0) OR (k—5)* 49 (=0) OR k:lo—T V196

k=-2 (accept k=—2and k=12) A1
substituting their value of k (other than k=12)to find u,, u, or u, (M1)
(u, =) =7 AND (u, =) 7 AND (u, =) -7 A1
(i) (S,,=) 0 A1
[7 marks]
Total [16 marks]
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-18 - 2225-7116M

(2 (4
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12. (a) substituting into modulus formula with either correct real part or correct imaginary

part
Jx=2+(r-1)° (=3)

x> —4x+4+3y*-2y+1=9

X’ +y’—4x—-2y—-4=0

(b) METHOD 1
zZ+ p

z—1

in the form a +1b

recognizing the need to express

z+pxz*—1 OR z+px(x—yi)—l OR (x+p)+iyx(x—1)—iy

z—1 z -1 z—1 (x—yi)-1 (x-D+iy (x-D-1y

expanding their 22, = -1

z—-1 z'-1

zz'—z+pz —p OR X4y —x—yi+px—pyi-p

zzt—z—z"+1 Xy —x—yi-x+yi+l
or FFHPE=D+y" +(x=Dy—(x+p)y)i
(x—l)ery2

X +y +(p-Dx—p—(p+1)yi
x4y —2x+1

:arg(z+p]: arctan —(p+Dy
z—1 ¥ +y +(p-Dx—p

z+p

z+

z—1 z—

equating their arg( ] to % OR their expression for

OR equating real and imaginary parts

([ —p+y ) m o (prly

(or equivalent) (seen anywhere)

P inxand yto 1

arctaanz +

—(p+Dy=x>+y*+(p-Dx—p

x2+y2+(p—l)x+(p+l)y—p:O
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Y+(p-Ix-p) 4 X+ +(p-Dx-p

(M1)

(A1)

A1

AG

[3 marks]

(mM1)

A1

(M1)

A1

(A1)

(mM1)

A1
AG

continued...
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— 22 —
Question 12 continued

METHOD 2

arg (H—fj =arg(z+ p)—arg(z—1)

=arg(x+ p+ yi)—arg(x—1+ yi)

= arctan[ Y j —arctan (Lj
X+p x—1

attempt to use compound angle formula for tan

2225-7116M

(m1)
A1
A1

(mM1)

)

xX+p

tan (arctan [yD —tan [arctan ( Y 1
X+ X —
tan (arctan( Y j — arctan[ Y n = p
x Yy Yy
1+ tan (arctan [D x tan (arctan (
X+p X —

Ly oy
x+p x-1
N

x+p x-1

equating their expression for tan(arctan[ 4 }— arctan (LJ] to tan%

X+p xX—
Yy
- -Dy—(x+
x+p x-1 —tan ™ (j(x )y —(x P){:lj
Ly v T a T epa-Dy
x+p x-1

(x+p)x—-D+)y’=—y—py
X’ —x+px—p+y =—y—py

x2+y2+(p—1)x+(p+1)y—p=O
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)

A1

(m1)

A1

AG
[7 marks]

continued...
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23—

Question 12 continued

[arg(z+4j:%:>j x> +3y* +3x+5y—4=0 (seen anywhere)

solving simultaneously their equations in x and y
7x+7y=0 (= x=-y)(or equivalent)
substituting to obtain an equation in either x or y
xX*—x-2=00R }*+y-2=0

solving for either x or y

x=-land x=2 OR y=-2 and y=1

(z, =) —1+i AND (z, =) 2-2i (or equivalent)

Note: Accept x=-1, y=1AND x=2, y=—2.

let - z .z and z, berootsof z* +ax’ +bz* +cz+d =0
12 3 4

2s
EITHER
a=—(z,+z,+z,+z,)

OR

expanding (z—2z,)(z—z,)(z-2z)(z—z,) to obtain term in z°

—(z1 +Z2)Z3 —(z3 +Z4)Z3

THEN

recognizing that z; and z, are conjugates of z and =z, (seen anywhere)
roots are —1+1, —1—-1,2-21,2+2i1

a=—((=1+i)+ (=1 -i)+(2-20) + (2 +2i))
)

2225-7116M

A1

(M1)
A1
(m1)

(m1)

A1
A1

[7 marks]

(A1)

(A1)

(m1)
A1

A1
[4 marks]
Total [21 marks]
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8. (a) Im(ezri(ei +e3i))

_ Im(e(ZH-l)i 4 e(21+3)i) A1

Note: This A1 is for clearly showing that the powers are added.

Accept alternative notation for the step of adding the arguments e.g.
(cos(2¢) +isin(2t))(cos(1) +isin(l)) = cos(2¢ +1) +isin(2¢ +1)

=sin(2¢+1) +sin(2¢ +3) A1

= h(?) AG

‘ Note: Accept argument in reverse |

[2 marks]
(b) e +e” =1.08060...e"
1.08¢* A1A1
‘ Note: Award A7 for modulus A7 for argument ‘
r=1.08(=2cos(l)) , 9=2
[2 marks]

(c) METHOD 1

attempt to use their answers to part (a) and (b) to write /(f) as the imaginary part of a
number in the form re” (M1)

h(t) = Im(ez"' (1.08060...¢* ))

= Im(1.08060...¢***" (A1)
h(t) = 1.08060...sin(2¢ +2)

=1.08sin(2z +2)(= 2 cos(1)sin(27 +2)) A1
METHOD 2

Considering the graph of A(?)

amplitude =1.08060...

p=1.08(=2cos(1)) (A1)
attempt to consider the horizontal shift of the graph of & (M1)
first negative zero of graph is -1

h(t) =1.08060...sin(2(z +1)) (=1.08060...sin(2¢ + 2))

=1.08sin(2z +2)(= 2 cos(1)sin(2z +2)) A1

[3 marks]
Total [7 marks]
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10. (@) 15 A1
[1 mark]

(b) attempt to add 11 cards onto a stack with 3 rows OR attempt to consider all 4 rows (M1)

valid diagram with 4 rows OR #, =15+11 OR ¢, =2+5+8+11

=26 A1
[2 marks]

(c) METHOD 1

recognition that 7 is a sum of an arithmetic sequence (M1)

t=2+5+8+11+...

attempt to use formula for the sum of n terms of an arithmetic sequence M1
n

t =—(2(2)+3(n-1 A1
n

t = —(3n + 1) AG
2

METHOD 2

attempt to split 7, into the total number of stacked and horizontal cards (M1)

stacked 2+4+6+...:%(4+2(n—1))(:%(2n+2)j A1

horizontal 0+1+2+...:%(O+l(n—1))(=%(n—l)j A1

n n n n
" —5(4+2(n—1))+5(0+1(n—1))(—5(2n+2)+5(n—1)j

f, =%(3n+l) AG

continued...
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- 20 - 2225-7107M
Question 10 continued.

METHOD 3

recognition that a stack with » rows is made up of complete triangles with the bottom row

of horizontal cards removed and that the numbers of complete triangle cards form an
arithmetic sequence (M1)

t,=(3+6+9+12+..43n)—n OR t, =3(1+2+3+4+..+n)—n

attempt to use formula for the sum of » terms of an arithmetic sequence M1
tn=§(2(3)+3(n—1))—nOR tn:3><§(1+n)—n A1
t,==(3n+1) AG
2
[3 marks]
n(3n+1)

(d) attempt to solve <14(52)(=728) (M1)

| Note: Accept an attempt to solve an equation for (M1). ‘

21.8642... OR n=21,¢t, =672 and n=22,t =737 (A1)
max number of rows is 21 A1
[3 marks]

continued...
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-21- 2225-7107M
Question 10 continued.
(e) EITHER

attempt to solve by listing at least six values of ¢, (M1)
2,7,15,26,40,57...
OR

1

—n(Bn+1)
recognition that 5—2 must be an integer (M1)

%n(3n +1) =52k (where k is an integer)

THEN

min number of rows is 13 A1

Note: Award (M1)A0 for an answer of 5 packs.

1
Award MOAO for any answer resulting from solving En(3n +1)=52.

[2 marks]

continued...
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- 22 - 2225-7107M
Question 10 continued.
() EITHER
attempt to use Pythagoras’s Theorem or trigonometry to find the height of an equilateral
triangle with sides 88mm (M1)

height=+/88> —44> OR 88sin60° OR 88c0s30° OR 44 tan 60° OR

44
tan 30

OR 4443 (=76.2102...) (A1)

o

attempt to solve 44n+/3 > 2000 OR their perpendicular height x n > 2000 (mM1)

Note: Accept an attempt to solve an equation for (M1). |

OR
attempt to use trigonometry to find the side of an equilateral triangle with height 2000mm
(M1)
side= 5121?28° OR ci(s)(;8° OR 4\(20 (=2309.40...) (A1)
attempt to solve 88n >2309.40... OR 88n > their side (M1)
Note: Accept an attempt to solve an equation for (M1). ‘
THEN
n>26.2431...
so min number of rows is 27 (A1)
t,, =1107 A1
[5 marks]
Total [16 marks]
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12. (a) attempttoreplace x with —x M1
fi(=x)= Z(—2(—x)2 )r OR —2(—x)2 =-2x* (seen anywhere) A1
r=0
f,(=x)=£,(x) A1
so f, is even for all values of n AG
[3 marks]
b) () A =1-20+(-20) +(-227) A1
=1-2x" +4x* —8x° AG
(i) =1-2x"+4x" -8x° +16x° A1
[2 marks]
(c) (i) recognition of geometric series with common ratio —2x? (M1)
converges for |—2x2| < 1(: ¥’ < %) (A1)

largest K =L =£ A1
N
(i) use of formula for S_ of a geometric series with first term 1, common ratio —2x° (M1)

1
f(x)—m

1

= A1
(=5
a=1,b=2
[5 marks]
continued...
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- 26— 2225-7107M
Question 12 continued.
(d) (i) g is a one-to-one function (A1)
since g is a (strictly) decreasing function OR g has no points of zero gradient
(turning points) R1
(i)  attempt to rearrange and swop Y and y (at any stage) (M1)
1 2
xX= s> x+2x° =1
142y
y =l (A1)
2x
y=t N-x
2x
1-x
-1
X)=,— A1
g (¥)=\7,

Note: Award AQ0 if g_1 (x) is missing.

1
a + bx?

Award FT A1 marks only if f is of the correct form f'(x)=

(domain) %<x£l A1

Note: This A1 can be awarded independently. ‘

[6 marks]

continued. ..
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- 27 — 2225-7107M

Question 12 continued.

(e)
| Note: Throughout part (e), do not award A1 marks as FT from part (d)

METHOD 1
curves intersect at x =0.5897545107... (A1)
attempt to add the areas to the left and to the right of the point of intersection (M1)
0.589... 1 0.589... 1 1 l—x

j g(x)dx+ I g_l(x)dx{: I ~dx + J‘ —dx]

0 0.589... 0 1 + 2X 0.589... 2X
=0.491548...+0.143738... (A1)

Note: Award A1 for one correct value seen, dependent on (M1)
=0.635286...
Area of R =0.635 A1
METHOD 2
curves intersect at x =0.5897545107... (A1)
attempt to find the area between y = g(x) and y = x to the left of the point of
intersection (M1)
0.589... 0.589... 0.589... 1
dx — dx = —x |dx

[ s [aes [ o)

=0.317643... (A1)

2(0.3176432617...) = 0.635286...

Area of R =0.635 A1

continued...
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— 28 — 2225-7107M
Question 12 continued.

METHOD 3
curves intersect at x =0.5897545107... A1

attempt to find the area under y = g™'(x) and y =x to the right of the point of
intersection and the area of a square of side x =0.589... (M1)

1 1
0.589.2+2 | gl(x)dx[=0.589...2+2 [ l_—xdx]

0.589... 0.589... 2x

=0.347810...+2(0.143738...) A1

Note: Award A1 for 0.143..seen, dependent on (M1)

=0.635286...
Area of R =0.635 A1
[4 marks]
Total [20 marks]
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4. (a) METHOD1

10
30000(1-%) OR 30000(0.85)"

5906.232130...
€5906.23

INote: Award (M1) for the correct list of values)

METHOD 2

PV =+30000

FV =35906.23213...
1% =-15%

P/Y =1

C/Y=1

N=10

€5906.23

(b) METHOD 1
r=c-i(=15-0.8)

r= 0.7(%)
attempt to substitute their values into inequality

50000(1+%) > 55000 (accept equality)

correct critical value OR at least one correct crossover value
n=13.6633...0R n=13,€54746.09 OR n=14,€55129.31

14 (months)

Note: Award (A1)(M1)(A0)AO0 for 164 (months)\
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(M1)

A1

(mM1)
A1
[2 marks]

(A1)

(mM1)

(A1)

A1
[4 marks]

continued...
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—-11 -

Question 4 continued.

METHOD 2

1+11(')f)

08" 1.00694... (r=0.694...(%))
100

attempt to substitute their values into inequality
50000(1.00694...)" > 55000 (accept equality)

correct critical value OR at least one correct crossover value
n=13.7722...0R n=13,€54706.84 OR n=14,€55086.75

14 (months)
Note: Award (A1)(M1)(A0)AO0 for 164 (months)|
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(A1)

(M1)

(A1)

A1

[4 marks]
Total [6 marks]
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7. (a) attempt to find common ratio (M1)
807" =0.74088

r=0.21 (A1)

u,=16.8 A1

[3 marks]

(b) METHOD 1

attempt to find common difference (M1)

u, +10d —u, =16.8—80 (10d = —63.2)

d=-6.32 (A1)
EITHER

attempt to find the value of »n using table or graph of S, (M1)
n=13

Si; :g(2x80—6.32><12)

OR

attempt to find greatest value of S, using table or graph (M1)
THEN

=547.04 A1

Note: Award (M1)(A1)(M1)AO0 for candidates who give maximum at
(13.1582...,547.1 19...).

[4 marks]
METHOD 2
attempt to find common difference (M1)
u, +10d —u, =16.8-80 (IOd = —63.2)
d=-6.32 (A1)
attempt to find the value of » using u, >0 (M1)
80+ (n—1)(—6.32) >0 (accept =) = n<13.6582...0R n=13
13
Si; :7(2x80—6.32><12)
=547.04 A1
[4 marks]
Total [7 marks]
-16 - 2225-7112M
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L 2 2 1 L
7. L__, 2(1—"—J OR ———=(¢-x")? (A1)
2 2
\Ng—x q q—x
substituting into extension of binomial theorem formula to find term in x° (M1)
1 (1 1 1 (Y 5 Y SRR :
——x(———ljx(———ij—x -——|= (——j -— OR| 2 |xg? x(—xz) (A1)
27 2 2 3 ¢ 16 q .
il 1Y 5 7 7
2l = I - 2 - 2x6 A1
1 ( 16} ( q) 167 167 (A7)
equating their coefficient to 5120 or their term in x® to 5120x° (M1)

5 1 5 4
—g 2=5120 OR —¢ 2x° =5120x°
16 16

q =0.0625 (= Lj A1
16

[6 marks]

-11- 2225-7117M
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8. METHOD1

EITHER

number of games played by n—1 players "'C,x2 OR (n—1)(n—2) (A2)
total number of games is "'C,x2+7 OR (n—1)(n—2)+7 (A1)
OR

total number of games that should have been played is 2x "C, OR n(n—1) (A1)
Stephen should have played 2(n—1) so he missed 2(n—1)—7 games (A1)
total number of games played is n(n—1)—(2(n—1)-7) (A1)
THEN

equating their total number of games to 513 (M1)
n=24 A1
METHOD 2

there are N students other than Stephen

number of games played by N students is 2((N—1)+(N—2)+...+2+1) (= N(N-1)) (A1)

total number of games that are played N(N —1)+7 (A1)
equating their total number of games to 513 (M1)
N =23 (A1)
number of students in class =24 A1

[5 marks]
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-12 - 2225-7117M
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q1 | 6 marks

1. (a) attempt to find the common difference (M1)
12=36+4d OR 2230
d=-6 (A1)
attempt to use the term formula for an arithmetic sequence (M1)
U, =1u, +12(—6) OR u; +8(—6)
u, =-36 A1
[4 marks]
(b) METHOD 1
attempttoset §, =0 (M1)
36+
3(2(36)+(n—1)(—6)) o or M0G0*m) o, 3
n=13 A1
| Note: Condone n=0,13 ‘
METHOD 2
attempt to recognize symmetry (M1)
36+30+...4+40+...—30-36
n=13 A1
[2 marks]
Total [6 marks]
-8- 8825 -7106M
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6. METHOD 1 Row Reduction
attempt to reduce a matrix or eliminate one variable (M1)

two correct rows or equivalent equations A1A1

1 0 -1 4 1 0 -1 4
2 2 1 14|=l0 2 3 6
1 2 a B| |0 2 l+a p-4

correct third row or equivalent equation A1

10 -1 4
02 3 6
00 a-2 B-10

equating the third row coefficients to zero (M1)
a=2 and =10 A1

METHOD 2 Writing an equation in one variable

attempt to eliminate either x or z using the first two equations (seen anywhere) (M1)
2(z+4)+2y+Z:14 OR 2x+2y+(x—-4)=14

one correct equation A1
2y+3z=6 OR 3x+2y=18

correct substitution into the third equation to create an equation in either x or z A2

x+18-3x+a(x—4)=p OR z+4+6-3z+az=p
OR (a-2)x=p+4a-18 OR z(a-2)=/-10

attempt to set coefficients equal to zero for infinite solutions (M1)
a=2 and =10 A1
continued...
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-17 - 8825—-7106M

Question 6 continued.

METHOD 3 Subtracting and comparing equations

attempt to add or subtract two equations (M1)
x+2y+2z=10 OR 2x+2y+(a—1)z =f+4 OR x+(l-a)z=14-p4 A2
attempt to compare coefficients with the third equation (M1)

a-1=1, p+4=14,1-a=-1,14—- =4
a=2 and =10 A1A1

METHOD 4 Vector approach

attempt to find direction vector of line of intersection using m, and =, (M1)
1 2
0 |x|2
-1 1
2
(d=) -3 A1
2
2
normal of =, is perpendicular to | -3 (M1)
2
1 2
2 -3(=0
al)l 2
a=2 A1
correct substitution of a point common to the first two planes into the third plane A1
0+209)+2(—4), 4+2(3)+2(0)
£=10 A1
continued...
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-18 - 8825-7106M
Question 6 continued.
METHOD 5 Finding a general point on the line of intersection
attempt to find intersection of m,and =, (M1)

3
x=4+z, y=3-—z
Y7

x=4+2t, y=3-3t, z=2t OR r=(4,3,0)+#(2,-3,2) A1A1
correct substitution of general point into m, A1

(4+2t)+23-30)+a(2t), 10+1(2a—4)

recognizing that the coefficient of  must be zero OR the constant term must be S (M1)

20-4=0 OR p=10

a=2 and =10 A1
Total [6 marks]

Apollo | Original source crop | 249



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q6 | 6 marks

-19 - 8825 -7106M

Apollo | Original source crop | 250
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1. (a)

(c)

attempt to multiply by conjugate
4 1-i3
1+iV3 1-iv/3

J3+4i .
%,1(1—1\5)

w=4+/3+1

(i) attempt to find either |w| or argw (could be seen in (ii))

1
[w]=+1*+3 OR arctan(—j OR labelled diagram

N

=2

(i) argw:% (accept 30°)

1
attempt to find a root using de Moivre’s theorem with » =5

Ve
attempt to find second root by adding or subtracting n from their argument

—11zi

\/Ee 12
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m1

A1

AG
[2 marks]

(M1)

A1

[2 marks]
A1

[1 mark]

(mM1)

A1
(M1)

A1
[4 marks]

continued...



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ1 | Q11 | 22 marks

- 26 — 8825-7106M
Question 11 continued.
(d () METHOD1
attempt to expand and equate to V3 +i (M1)

a® —b* +2abi =3 +i
at least one correct equation A1

a’~b*=+/3 OR 2ab=1

1
substituting b = > (M1)
1 2
-
2a
1
4a* —434>-1=0 OR a4—x/§a2—Z:0 A1
attempt to solve quadratic in a* M1
+
o 43 £/48+16 OR ﬁil
8 2
since a* >0 (accept a>0) R1
a’ = ? +1 AG
continued...
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- 27 - 8825 -7106M
Question 11 continued.
METHOD 2
Jw=a+bi (A1)
T T
a+bi=+2| cos— +isin— A1
( 12 12)
attempt to equate Re(\/;) M1
a=+2 cosi
12
a® =2cos’ % A1
attempt to use double angle formula (M1)
cos2a =2cos’ o —1
cos£+1 T
a’t=2 T6 z(cosg+1) A1
(a® :)?ﬂ AG
[6 marks]
1
(i) attempt to substitute a” into »> =4’ —+/3 OR b’ e (M1)
1
(?* l]‘ﬁ TR
4(3+ 1]
2
b’ ﬂ—? A1
Note: Accept the unrationalized answer of ! .
2\J3+4
[2 marks]
continued...
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-28 - 8825—-7106M
Question 11 continued.
(e) attempt to set up an equation using an argument of % (M1)
T b b’
tan| — |=—=,/— A1
(12) a a’ (A7)
substitution of the given a and their b M1
A1
tan(%J:2—\/§,acceptp:2, qg=-1 A1
[5 marks]
Total [22 marks]
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1.
METHOD 1
attempt to use u, =u, +(n—1)d (M1)
u,+6d==6 (A1)
u +5d +u, +11d =24 (A1)
2u, +16d =24 (u,+8d =12)
attempt to solve their equations simultaneously (M1)
u,=-12 and d =3 A1
METHOD 2
attempt to express u,and u,,in terms of the 7" term and d (M1)
u,=6-d (A1)
u,=6+5d (A1)
setting their sum of u,and u,, equal to 24 (M1)
12+4d =24
d=3 and u, =-12 A1
[5 marks]
-9 - 8825-7116M
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Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q11 | 20 marks

1. (@) () w=2e" A1A1

Note: Award A7 for r =2 and A1 for « :g.

(i)  attempt to apply De Moivre’s theorem: M1
8mi
(1+i\/§)8 =2% 3% OR 2gcis(8?n) (or equivalent) A1
8 -t 8n
(1—i\/§) =2% 3 OR 280is(—?j (or equivalent) A1
e = 1 i3 1 i3
((1+1\/§) +(1-iV3) _)256[—?7}256[—5—7] OR
28 cos(2—nj+cos(—2—nJ A1
3 3
=-256 AG
[6 marks]
(b) recognition that 1—-itan@d =1+itan(—6) (M1)

(1+itand)' +(1-itan6)* = (1+itand)" + (1 +itan(-6))’
_ cos40 +isindf cos(—40) +isin(—46)

A1
cos' @ cos’ (-0) (A7)
cos40 +isin4d cos40—1isin40
= n + Z A1
cos @ cos @
_ 2 cos4 40 AG
cos' @
[3 marks]
continued...
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-23- 8825-7116M
Question 11 continued
(c) considering cos46 =0 (M1)
9:2,3—7[,5—7[,71 or equivalent (A1)
2°2°2° 2
02233_11’5_71’7_1: or equivalent A1
8 8 8 8
hence roots are z = itan(%tj where k =1,3,5,7 (or equivalent) A1
Note: For the first two A7’s allow extra correct solutions.
For the final mark award A0 for more than four solutions.
Note: For candidates who use 46 = g,%,—%,—%{, award M1A1A0A0.
[4 marks]
(d) attempt to use binomial expansion (M1)
(1+Z)4 +(1—Z)4 =(1+4Z+6z2 +47° +Z4)+(1—4Z+622 —47° +Z4)
=2+12z> +2Z* A1
attempt to solve (for z*) z* +6z° +1=0 using formula or completing the square (M1)
22 =-3+22 orequivalent A1
substituting z = itan[%) M1
—tan? (gj — 34242 OR tan (%j =3+22
tan(%j:i 3122 A1
continued...

Apollo | Original source crop | 257



Mathematics: analysis and approaches HL | Paper 1 | Nov 2025 TZ3 | Q11 | 20 marks

- 24 - 8825-7116M

Question 11 continued

EITHER

tan (%) is the smallest positive root (hence take positive square root and negative sign

inside) R1
OR
o 3n

O<tan§<tan— R1
THEN
i

tan(gjz 3—2\/5 AG

[7 marks]

Total [20 marks]
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2. P, OR10x9x8 OR '""C,x3! OR '°C,x3! (=720) (A1)
correct number of ways the remaining four members can be selected
'C, OR 35 (A1)
| Note: The first two A1 marks are to be awarded independently. |
attempt to use the multiplication principle with their values (M1)
720%35
25200 A1
Total [4 marks]
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-9- 8825-7107M
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53
6. a) u=——
@ 1000
1
r=—
100
53
100{) (M1)(A1)
1——
100
S, :£(= 0.053)(=0.053) A1
990
| Note: Award (M1) for an attempt to use the sum to infinity formula. |
[3 marks]
(b) 0.2+£ m1
990
51 a1
990
[2 marks]
Total [5 marks]
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7. (a)

attempt to solve using gdc or manual row operations or elimination (M1)
10 1 17
2 4 6 18 -24 39 6x+18y—-24z=39
OR OR
0 1 _g é 6 -2 6 24 6x— 2y+ 6z=24
2 4

x:—lt+£, y:§t+§,z:t (x=-05t+425, y=15t+0.75,z=¢) OR

2 4 2 4
2 1 9 1
y=tiz==t——,x=———t (y=t2z=0.667t-0.5,x=4.5-0.333¢) OR
3 2 2 3
27 17 .
xX=ty =7—3t,z =7—2t x=t,y=13.5-3t,z=8.5—-2¢ or equivalent A1
[2 marks]
METHOD 1
attempt to use GDC or manual row operations or elimination to solve the 3 equations  (M1)
147 99
x:29,y=—73.5 —|,z=-495| — A1
2 2
METHOD 2
attempt to substitute their parametric solution from a) into the third equation with a =3
and k£ =-3 and solve to find the value of the parameter (M1)
1 1
3 ——t+—7 +12 it+i -16t=-3
2 4 2 4
147 99
x=29,y=-735|—1,z=-495|— A1
2 2
[2 marks]
(i) a=4 A1
(i) k=26 A1
[2 marks]
Total [6 marks]
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8 (a) 15! OR 1.31x10%(1.30767....x10%)

(b) recognise that the books need to be arranged in separate groups
6!(720) OR 5!(120) OR 4!(24) seen
recognise that the three groups can be placed in any order
3! seen
(6!x5!x4!x3!)=12441600

Note: Accept 12400000 or 6!x5!x4!x3!.

(c) recognition of the combination(s) required
°C,(=15) OR °C,(=5) OR *C,(=1) seen
recognition that the sum of 3 different cases is required
°C,+°C,+°C,=15+5+1
21
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A1

[1 mark]

(mM1)

(M1)

A1

[3 marks]

(mM1)

(mM1)

A1
[3 marks]
Total [7 marks]
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9. assume,2xy > %(2x+ y) m1

Note: A statement of assumption of truth is required for example “assume”,

“presume”, “suppose” or “let ... be true”.

Award MO for use of ‘let’ only or “consider”.

attempt to square both sides (which is valid since both x, y are positive) M1

Note: This M1 is independent of the previous method mark. ‘

2xy > %(2x+ y)2

8xy > 4x* +dxy+y°
y2
0>4x*—4xy+y°OR 0>x2—xy+7 A1
) 2
0>(2x-y) OR O>(x—%) A1
a square number can never be negative hence contradiction R1
Note: Do not award AOR1
therefore /2xy < %(2x+ ) AG

[5 marks]
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-17 - 8825-7117M

Section B
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